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(1) (20 points) Decide whether the following statements are True or False. Circle
the right answer. You don’t need to justify your answers. :

T@(N, +) is a group. Ho MulVS @

@F: Q7 is a subgroup of (R*, ), where R* =R\ {0}.

Ab (b= 0{—\
T (£)(@,+) and (@7, ) o somorphic, \?; Uao,:ab(( Lob > o)

@F: (Z<s|z),+) and (Z*, +) are isomorphic, where Z<3[z] is the set of poly-
nomials with integer coeflicients and degree at most 3.

@F: Zioy X Zs and Zg x Zq5 are isomorphic. Py 'Z_g ¢ )L% Myg-

T @84 has a subgroup isomorphic to Zg £ J._g&,g ))'l Z(g &L Lf

s €5y
T @very infegral domain is a field. .
s PN

T @lf R is a subring of F, both with unity, then E and F' have the same
characteristic. P — Z 7

R=14,20%
T Zos is a field.
@ 95:0»»71;5'

@F: Qi = {ai +b:a,bc Q}is a subfield of C.
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(2) (9 points)
Find all the solutions to the following equations. You don’t need to justify.
(a) 3z =7 in Zs.

Mjwwth L(’CM 8@5(%2!:‘&

. =5

i el becoun 8@3(3,(%)—;3
ol 317

(c) 8z =4 in Zys.
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(3) (12 points)
Consider Z, Q and R as additive groups.
(a) Prove that every element of f% has finite order.

(b) Find an element in § which has infinite order.
(¢) Show that & and % are not isomorphic.
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{(4) (10 points)
Consider the following operation on the set Rt = {r e R: r > 0}:
a*b=qas®),

Show that (RT, -, %) is a field. (You may skip the associativity and distributivity
properties. You'll get partial credit for proving parts of this.)

__\AJQQMM%}(\RH b on olellion grop .
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{5) (9 points)
Let & be an abelian group and let H = {{a,q,a) : a € G}. Show that H is a
normal subgroup of G x G x G and that

~He g(a@,aq GuiyeH fe @%aﬁ-@%ﬁ)-‘@ﬂ%@gé”
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(6) (10 points)
In a field F, we say that b is a cubic root of a, if b = a.

(a) Show that a'' is a cubic root of @ for every a € Zis.

(b) Show that if p = 2 (mod 3), then every element of Z, has a cubic root.

(¢) Show that if p = 1 (mod 3), the 1 has more than one cubic root in Z,.
(Hint: you may use the fact that on any finite abelian group G, if ¢ is prime
and g divides |G|, then G has an element of order ¢.)

(d) Show that if p =1 (mod 3}, then some element of Z, does not have a cubic
root.

(@ % ngm%gfs Qﬁa 72&&«« Cziéf A (/swd(F)

33 R A = (” 4 )

o L e 22 faed ) \}Q#LO(M‘JF;
) By G LK (sl p | Ve 2oB

el 2 B
Seme ;ﬂu M /‘Wj W Wl . zm%lbfjec}\ul’



