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Preface

We all know that in mathematics there are proofs that are more dif-
ficult than others, constructions that are more complicated than others,
and objects that are harder to describe than others. The objective of
computable mathematics is to study this complexity, measure it, and
find out where it comes from. Among the many aspects of mathemat-
ical practice, this book concentrates on the complexity of structures.
By structures, we mean objects like rings, graphs, or linear orderings,
which consist of a domain on which we have relations, functions, and
constants.

Computable structure theory studies the interaction between com-
plexity and structure. By complezity, we mean descriptional or com-
putational complexity, in the sense of how difficult it is to describe or
compute a certain object. By structure, we refer to the algebraic or
structural properties of mathematical structures. The setting of com-
putable structure theory is that of countable infinite structures, and
thus, within the whole hierarchy of complexity levels developed by lo-
gicians, the appropriate tools come from computability theory: Turing
degrees, the arithmetic hierarchy, the hyperarithmetic hierarchy, etc.
These structures are like the ones studied in model theory, and we will
use a few basic tools from there too. However, the intention is not to
effectivize model theory, and our motivations are very different from
those of model theory. Our motivations come from questions of the
following sort: Are there syntactical properties that explain why cer-
tain objects (like structures, relations, or isomorphisms) are easier or
harder to compute or to describe?

The objective of this book is to describe some of the main ideas
and techniques used in the field. Most of these ideas are old, but for
many of them, the style of the presentation is not. Over the last few
years, the author has developed new frameworks for dealing with these
old ideas — for instance, for forcing, r.i.c.e. relations, jumps, Scott
ranks, and back-and-forth types. One of the objectives of the book is
to present these frameworks in a concise and self-contained form.

vii



viii PREFACE

The modern state of the field, and also the author’s view of the sub-
ject, has been influenced greatly by the monograph by Ash and Knight
[AKOO0] published in 2000. There is, of course, some intersection be-
tween that book and this one. But, even within that intersection, the
approach is different.

The intended readers are graduate students and researchers working
on mathematical logic. Basic background in computability and logic, as
is covered in standard undergraduate courses in logic and computabil-
ity, is assumed. The objective of this book is to describe some of the
main ideas and techniques of the field so that graduate students and
researchers can use it for their own research.

This book is part I of a monograph that actually consists of two
parts: within the arithmetic and beyond the arithmetic.

Part I, Within the arithmetic. [Part 1] The first book is about
the part of the theory that can be developed below a single Turing
jump. The first chapters introduce what the author sees as the basic
tools to develop the theory: w-presentations, relations, and J-atomic
structures. It then goes into many topics where there is current active
research going on. Many of the topics covered in Part I (like Scott
sentences, 1-generics, the method of true stages, categoricity, etc.) are
generalized through the transfinite in Part II. Here is the list of chapters
of Part .

Table of contents of Part 1

Chapter I: Structures

Chapter II: Relations

Chapter III: Existentially atomic models

Chapter I'V: Generic presentations

Chapter V: Degree spectra

Chapter VI: Comparing structures and classes of structures
Chapter VII: Finite injury constructions

Chapter VIII: Computable categoricity

Chapter IX: The jump of a structure

Chapter X: Y-small classes

Part II, Beyond the arithmetic. This book moves into the
realm of the hyperarithmetic and the infinitary languages. To fully
analyze the complexity of a structure, the arithmetic hierarchy is not
enough. The hyperarithmetic hierarchy goes far enough to capture the
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complexity levels of relations in almost all structures — although, as we
will see, there are some structures whose complexity goes just beyond.

The first half of Part IT develops the basic theory of infinitary logic,
I} sets, and the hyperarithmetic hierarchy. The first chapter explains
how we treat ordinals in computability theory. We then move to infini-
tary logic and develop the model theory of infinitary logic on countable
structures. We hold on to Chapter III to introduce the computable ver-
sion of infinitary logic. The following chapters are on I} sets and the
hyperarithmetic hierarchy. Of course, we look at these descriptive-
set-theoretic notions from a computable structure theory viewpoint.
Chapter VI, the last one of this first half of the book, deals with over-
spill arguments, which are key on constructions that go just beyond
the computable ordinals.

The second half of the book introduces various techniques that are
repeatedly used throughout the subject. The first one is forcing, for
which our presenetation is only aesthetically new. Then we introduce
the game metatheorem, which was developed by the author and is
used to better organize many important theorems that were known
decades ago. Chapter IX on the Iterated True-Stages develops a pow-
erful machinery that can be used, among other things, to prove the
game metatheorem from the previous chapter.

Chapter XI is about the complexity of the isomorphism problem,
that is, the problem of deciding when to w-presentations of a structure
are isomorphic. This is a problem that has been studied in a wide
variety of settings and that shows up all over the subject.

The last chapter is on Vaught’s Conjecture, a topic that has capti-
vated the author attention for many years. This chapter takes a more
informal tone and does not prove everything that is claimed. The goal
of this chapter is to give the reader an idea of what we know and point
the reader to research papers for more in-depth proofs.

The two books are mostly independent of each other, and it is not
necessary to read Part I before reading Part II.

Acknowledgements

Many people helped in different ways throughout the long process
that was writing these two books, and I am grateful to all of them.
Many people have send me comments and typos over the years. Most
notably, Julia Knight, Mariya Soskova, and Jun Le Goh taught courses
at Notre Dame and Wisconsin following earlier drafts of this second
book, and then sent me typos and comments and got their students
to the same — that was extremely useful. David Gonzales did a great
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job proofreading the whole book. Matthew Harrison-Trainor and Dino
Rossegger also gave me a lot of useful feedback.

I learned the subject primarily from Julia Knight and my Ph.D.
advisor, Richard A. Shore. Together with Ted Slaman, they have been
instrumental in shaping my career. I was also greatly influenced by Rod
Downey, Denis Hirschfeldt, and Steffen Lempp. I am deeply indebted
to all of them.

My work was partially supported by NSF grants DMS-1854360.



Notation and Conventions from computability
theory

The intention of this section is to refresh the basic concepts of com-
putability theory and structures and set up the basic notation we use
throughout the book. If the reader has not seen basic computability
theory before, this section will be too fast an introduction and we rec-
ommend starting with other textbooks like Cutland [Cut80], Cooper
[Co004], Enderton [End11], or Soare [Soal6].

The computable functions

A function is computable if there is a purely mechanical process to
calculate its values. In today’s language, we would say that f: N — N
is computable if there is a computer program that, on input n, out-
puts f(n). This might appear to be too informal a definition, but the
Turing—Church thesis tells us that it does not matter which method of
computation you choose: you always get the same class of functions
from N to N. The reader should choose to keep in mind whichever
definition of computability feels intuitively most comfortable to him or
her, be it Turing machines, p-recursive functions, lambda calculus, reg-
ister machines, Pascal, Basic, C++, Java, Haskel, or Python.” We will
not use any particular definition of computability, and instead, every
time we need to define a computable function, we will just describe the
algorithm in English and let the reader convince himself or herself that
it can be written in the programming language he or she has in mind.

The choice of N as the domain and image for the computable func-
tions is not as restrictive as it may sound. Every hereditarily finite
object’ can be encoded by just a single natural number. Even if for-
mally we define computable functions as having domain N, we think

“For the reader with a computer science background, let us remark that we do
not impose any time or space bound on our computations — computations just
need to halt and return an answer after finitely many steps using a finite amount
of memory.

A hereditarily finite object consists of a finite set or finite tuple of hereditarily
finite objects.

xi



xii ~ NOTATION AND CONVENTIONS FROM COMPUTABILITY THEORY

of them as using any kind of finitary object as inputs or outputs. This
should not be surprising. It is what computers do when they encode
everything you see on the screen using finite binary strings, or equiva-
lently, natural numbers written in binary. For instance, we can encode
pairs of natural numbers by a single number using the Cantor pairing
function (z,y) = ((r +y)(z +y+1)/2+y), which is a bijection from
N? to N whose inverse is easily computable too. One can then encode
triples by using pairs of pairs, and then encode n-tuples, and then tu-
ples of arbitrary size, and then tuples of tuples, etc. In the same way,
we can consider standard effective bijections between N and various
other sets like Z, Q, Vi, L, ., etc. Given any finite object a, we use
Quine’s notation "a' to denote the number coding a. Which method of
coding we use is immaterial for us so long as the method is sufficiently
effective. We will just assume that these methods exist and hope that
the reader can figure out how to define them.
Let

(1)07 ®17¢)2a ¢37

be an enumeration of all the computer programs ordered in some effec-
tive way, say lexicographically. Given n, we write ®.(n) for the output
of the eth program on input n. Each program &, calculates the values
of a partial computable function N — N. Let us remark that, on some
inputs, ®.(n) may run forever and never halt with an answer, in which
case ®.(n) is undefined. If &, returns an answer for all n, ¢, is said
to be total — even if total, these functions are still included within the
class of partial computable functions. The computable functions are the
total functions among the partial computable ones. We write ®.(n){
to mean that this computation converges, that is, that it halts after a
finite number of steps; and we write ®.(n)1 to mean that it diverges,
i.e., it never returns an answer. Computers, as Turing machines, run
on a step-by-step basis. We use @, ;(n) to denote the output of ®.(n)
after s steps of computation, which can be either not converging yet
(@ s(n)T) or converging to a number (&, (n)l = m). Notice that,
given e, s,n, we can computably decide whether ®, ,(n) converges or
not: All we have to do is run ®.(n) for s steps. If f and g are partial
functions, we write f(n) = g(m) to mean that either both f(n) and
g(m) are undefined, or both are defined and have the same value. We
write f = g if f(n) = g(n) for all n. If f(n) = ®.(n) for all n, we say
that e is an index for f.

In his famous 1936 paper, Turing showed that there is a partial
computable function U: N2 — N that encodes all other computable
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functions in the sense that, for every e, n,
Ule,n) = (n).

This function U is said to be a universal partial computable function.
It does essentially what computers do nowadays: You give them an
index for a program and an input, and they run it for you. We will not
use U explicitly throughout the book, but we will constantly use the
fact that we can computably list all programs and start running them
one at the time, using U implicitly.

We identify subsets of N with their characteristic functions in 2V,
and we will move from one viewpoint to the other without even men-
tioning it. For instance, a set A C N is said to be computable if its
characteristic function is.

An enumeration of a set A is nothing more than an onto function
g: N — A A set A is computably enumerable (c.e.) if it has an enu-
meration that is computable. The empty set is computably enumerable
too. Equivalently, a set is computably enumerable if it is the domain
of a partial computable function.* We denote

We={neN:d.(n)l} and W.s={neN:d (n)l}.

As a convention, we assume that W, ; is finite, and furthermore, that
only on inputs less than s can ®, converge in less than s steps. One
way to make sense of this is that numbers larger than s should take
more than s steps to even be read from the input tape. In general, if a
is an object built during a construction and whose value might change
along the stages of the construction, we use a[s] to denote its value at
stage s. A set is co-c.e. if its complement is c.e.

Recall that a set is computable if and only if it and its complement
are computably enumerable.

The recursion theorem gives us one of the most general ways of using
recursion when defining computable functions. It states that for every
computable function f: N> — N there is an index e € N such that
fle,n) = @e(n) for all n € N.¥ Thus, we can think of f(e,-) = @.(-)
as a function of n which uses its own index, namely e, as a parameter
during its own computation, and in particular is allowed to call and

‘If A = range(g), then A is the domain of the partial function that, on input
m, outputs the first n with g(n) = m if it exists.

STo prove the recursion theorem, for each i, let g(i) be an index for the par-
tial computable function oy (n) = f(@i(i),n). Let eg be an index for the total
computable function g, and let e = g(eg). Then pc(n) = Vg(ey) = f(Pe,(€0),n) =

f(g(eo),n) = fle,n).
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run itself. An equivalent formulation of this theorem is that, for every
computable function h: N — N, there is an e such that W) = We.

Sets and strings

The natural numbers are N = {0,1,2,....}. For n € N, we some-
times use n to denote the set {0,...,n — 1}. For instance, 2% is the
set of functions from N to {0, 1}, which we will sometimes refer to as
infinite binary sequences or infinite binary strings. For any set X, we
use X <N to denote the set of finite tuples of elements from X, which
we call strings when X = 2 or X = N. For 0 € X<N and 7 € X=N,
we use 0”7 to denote the concatenation of these sequences. Similarly,
for x € X, 0"z is obtained by appending x to 0. We will often omit
the ©~ symbol and just write o7 and oz. We use ¢ C 7 to denote that
o is an initial segment of 7, that is, that |o| < || and o(n) = 7(n) for
all n < |o|. This notation is consistent with the subset notation if we
think of a string o as its graph {(i, o (7)) : i < |o|}. We use () to denote
the empty tuple. If Y is a subset of the domain of a function f, we use
f 1Y for the restriction of f to Y. Given f € X=N and n € N, we use
f I n to denote the initial segment of f of length n. We use f | n for
the initial segment of length n + 1. For a tuple 7 = (ny, ..., ns,) € N<N,
we use f [ 7 for the tuple (f(ng),...., f(n)). Given a nested sequence
of strings oy € 0y C ---, we let | J,.y0i be the possibly infinite string
f € X=N such that f(n) =m if o;(n) = m for some i.

Given f,g € XN we use f @ g for the function (f @ ¢)(2n) = f(n)
and (f @ ¢g)(2n + 1) = g(n). We can extend this to w-sums and define
@.,.cn fn to be the function defined by (P, o fn)((m, k) = fm(k).
Conversely, we define f"! to be the nth column of f, that is, f"/(m) =
f({n,m)). All these definitions work for sets if we think in terms of
their characteristic functions. So, for instance, we can encode countably
many sets {A, : n € N} with one set A = {(n,m):m e A,}.

For a set A C N, the complement of A with respect to N is denoted
by A°.

A tree on a set X is a subset T of X <N that is closed downward,
ie,if c € T and 7 C o, then 7 € T too. A path through a tree T is
a function f € X" such that f [ n € T for all n € N. We use [T] to
denote the set of all paths through T'. A tree is well-founded if it has
no paths.
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Reducibilities

There are various ways to compare the complexity of sets of natural
numbers. Depending on the context or application, some may be more
appropriate than others.

Many-one reducibility. Given sets A, B C N, we say that A is
many-one reducible (or m-reducible) to B, and write A <,,, B, if there
is a computable function f: N — N such that n € A < f(n) € B
for all n € N. One should think of this reducibility as saying that all
the information in A can be decoded from B. Notice that the classes
of computable sets and of c.e. sets are both closed downward under
<n-reducibility. A set B is said to be c.e. complete if it is c.e. and, for
every other c.e. set A, A <,, B.

Two sets are m-equivalent if they are m-reducible to each other,
denoted A =,, B. This is an equivalence relation, and the equivalence
classes are called m-degrees

There are, of course, various other ways to formalize the idea of one
set encoding the information from another set. Many-one reducibility
is somewhat restrictive in various ways: (1) to figure out if n € A,
one is allowed to ask only one question of the form “m € B?”; (2) the
answer to “n € A?” must be the same as the answer to “f(n) € B?”.
Turing reducibility is much more flexible.

One-one reducibility. 1-reducibility is is like m-reducibility it re-
quires the reduction to be one-to-one. The equivalence induced by
it, I-equivalence, is one of the strongest notions of equivalence between
sets in computability theory — a computability theorist would view sets
that are l-equivalent as being the same. Myhill’s theorem states that
two sets of natural numbers are 1-equivalent, i.e., each is 1-reducible
to the other, if and only if there is a computable bijection of N that
matches one set with the other.

Turing reducibility. Given a function f: N — N, we say that a
partial function g: N — N is partial f-computable if it can be computed
by a program that is allowed to use the function f as a primitive
function during its computation; that is, the program can ask questions
about the value of f(n) for different n’s and use the answers to make
decisions while the program is running. The function f is called the
oracle of this computation. If g and f are total, we write ¢ <p f
and say that g is Turing reducible to f, that f computes g, or that
g is f-computable. The class of partial f-computable functions can
be enumerated the same way as the class of the partial computable
functions. Programs that are allowed to query an oracle are called
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Turing operators or computable operators. We list them as @4, q,...
and we write ®/(n) for the output of the eth Turing operator on input
n when it uses f as an oracle. Notice that ®. represents a fixed program
that can be used with different oracles. When the oracle is the empty
set, we may write ®, for ®? matching the previous notation.

As we already mentioned, for a fixed input n, if ®/(n) converges, it
does so after a finite number of steps s. As a convention, let us assume
that in just s steps, it is only possible to read the first s entries from
the oracle. Thus, if ¢ is a finite substring of f of length greater than s,
we could calculate ®7 (n) without ever noticing that the oracle is not
an infinite string.

Convention: For ¢ € N<N ®%(n) is shorthand for
®?, (n), which runs for at most |o| stages.

g
elo]

Notice that given e, o, n, it is computable to decide if ®7(n).

As the class of partial computable functions, the class of partial
X-computable functions contains the basic functions; is closed under
composition, recursion, and minimization; and can be listed in such a
way that we have a universal partial X-computable function (that sat-
isfies the s-m-n theorem). In practice, with very few exceptions, those
are the only properties we use of computable functions. This is why
almost everything we can prove about computable functions, we can
also prove about X-computable functions. This translation is called
relativization. All notions whose definition are based on the notion of
partial computable function can be relativized by using the notion of
partial X-computable function instead. For instance, the notion of c.e.
set can be relativized to that of c.e. in X or X-c.e. set: These are the
sets which are the images of X-computable functions (or empty), or,
equivalently, the domains of partial X-computable functions. We use
WX to denote the domain of ®X.

When two functions are Turing reducible to each other, we say that
they are Turing equivalent, which we denote by =r. This is an equiv-
alence relation, and the equivalence classes are called Turing degrees.

Computable operators can be encoded by computable subsets of
N x NxN. Given ® C NNV x N x N, 0 € NN n, m, we write
®°(n) = m as shorthand for (o,n,m) € ®. Then, given f € NV, we let

d/(n)=m < (3o C f) ®°(n) = m.
We then have that g is computable in f if and only if there is a c.e.

subset ® € N<N x N x N such that ®/(n) = g(n) for all n € N. A
standard assumption is that (o,n,m) € ® only if n,m < |o|.
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We can use the same idea to encode c.e. operators by computable
subsets of NN x N. Given W C NN x N, ¢ € NN and f € N, we
let

W?={neN:(on) e W} and W/ =[]JW.
oCf
We then have that X is c.e. in Y if and only if there is a c.e. subset
W C NN x N such that X = WY. A standard assumption is that
(o,n) € W only if n < |a].

The Turing jump. Let K be the domain of the universal partial
computable function. That is,

K = {(e,n) : ®c(n)|} = P W-.

eeN

K is called the halting problem.9 It is not hard to see that K is c.e. com-
plete. Using a standard diagonalization argument, one can show that
K is not computable.! Tt is common to define K as {e : ®.(e)]} instead
— the two definitions give 1-equivalent sets. We will use whichever is
more convenient in each situation. We will often write 0’ for K.

We can relativize this definition and, given a set X, define the
Turing jump of X as

X' ={eeN:dX(e)}.

Relativizing the properties of K, we get that X’ is X-c.e.-complete,
that X < X', and that X’ £7 X. The Turing degree of X is strictly
above that of X — this is why it is called a jump. The jump defines an
operation on the Turing degrees. Furthermore, for X, Y C N, X <p
Y «— X' <, Y.

The double iteration of the Turing jump is denoted X” and the n-th
iteration by X .

Vocabularies and languages

Let us quickly review the basics of vocabularies and structures. Our
vocabularies will always be countable.

A wocabulary T consists of three sets of symbols {R; : i € I},
{fi - i € Ir}, and {c; : i € Ic}; and two functions agr: Ir — N and
arp: Ip — N. Each of Ig, Ir, and I is an initial segment of N. The
symbols R;, f;, and c; represent relations, functions, and constants,

IThe ‘K’ is for Kleene.

ITf it were computable, so would be the set A = {e : (e,e) ¢ K}. But then
A = W, for some e, and we would have that e € A <= (e,e) ¢ K <= e ¢&
W, < e ¢ A.
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respectively. For i € Ig, ar(i) is the arity of R;, and for i € Ip, ap(7)
is the arity of f;.

A vocabulary 7 is computable if the arity functions ar and ap are
computable. This only matters when 7 is infinite; finite vocabularies
are trivially computable. Except for a few occasions, the vocabularies
we use will always be computable.

Given such a vocabulary 7, a 7-structure is a tuple

M= (M;{RM:icIp}, {fM:iclp}, {cM:icly)),
where M is just a set called the domain of M, and the rest are interpre-
tations of the symbols in 7. That is, RM c M=) M. Nfor(@) 5 DM
and ¢cM € M. A structure is a T-structure for some 7.

Given two 7-structures A and B, we write A C B to mean that
A is a substructure of B, that is, that A C B, f* = fB ] A0,
R4 = R As() and ¢! = ¢f for all symbols f;, R; and c. This
notation should not be confused with A C B which only means that the
domain of A is a subset of the domain of B. If A is a 19-structure and B
a 11-structure with 79 C 71,"* A C B means that A is a 7p-substructure
of B | 19, where B | 7y is obtained by forgetting the interpretations of
the symbols of 7 \ 79 in B. B [ 7y is called the mp-reduct of B, and B is
said to be an expansion of B | 7.

Given a vocabulary 7, we define various languages over it. First, re-
cursively define a 7-term to be either a variable z, a constant symbol c;,
or a function symbol applied to other 7-terms, that is, f;(t1, ..., tap)),
where each t; is a 7-term we have already built. The atomic 7-formulas
are the ones of the form R;(ty,...,%4,(:)) or t; = ta, where each ¢; is a
T-term. A 7-literal is either a 7-atomic formula or a negation of a 7-
atomic formula. A quantifier-free T-formula is built out of literals using
conjunctions and disjunctions. If we also use existential quantification,
we get the existential T-formulas, or 3-formulas. FEvery r-existential
formula is equivalent to one of the form dx;---dxy ¢, where ¢ is
quantifier-free. A wuniversal T-formula, or V-formula, is one equivalent
to Yy - - -V @ for some quantifier-free 7-formula ¢. An elementary
T-formula is built out of quantifier-free formulas using existential and
universal quantifiers. We also call these finitary first-order formulas.

Given a 7-structure A, and a tuple @ € A<N, we write (A, a) for the
T UC-structure where ¢ is a new tuple of constant symbols and ¢ = a.
Given R € N x AN we write (A, R) for the 7-structure where 7 is
defined by adding to 7 relations symbols R; ; of arity j for ¢, 7 € N, and
RA ={ae Al: (i,a) € R}.

“*By 19 C 71 we mean that every symbol in 7y is also in 7y and has the same
arity.
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Orderings

Here are some structures that we will use quite often in examples.
A partial order is a structure over the vocabulary {<} with one binary
relation symbol which is transitive (z <y & y < z — x < 2), reflexive
(x < z), and anti-symmetric (z < y & y < x — xz =vy). A linear
order is a partial order in which any two elements are comparable
(Vx,y (xr < yVy < z)). We will often add and multiply linear orderings.
Given linear orderings A = (A4; <) and B = (B; <p), we define A+ B
to be the linear ordering with domain A LI B, where the elements of A
stand below the elements of B. We define A x B as the linear ordering
with domain A x B where (ay,b1) <axp (ag,bs) if either by <p by or
b1 = by and a; <4 as — notice that we compare the second coordinate
first.”" We will use w to denote the linear ordering of the natural
numbers and Z and Q for the orderings of the integers and the rationals.
We denote the finite linear ordering with n elements by n. We use A* to
denote the reverse ordering (A;>,4) of A= (A,<4). Fora <4 b€ A,
we use the notation A [ (a, b) or the notation (a,b) 4 to denote the open
interval {z € A:a <42 <4 b}. We also use A [ a to denote the initial
segment of A below a, which we could also denote as (—o0, a) 4.

As mentioned above, a tree T is a downward-closed subset of X <N.
As a structure, a tree can be represented in various ways. One is as
a partial order (T'; C) using the ordering on strings. Another is as a
graph where each node o € T other than the root is connected to its
parent node o [ |0 — 1|, and there is a constant symbol used for the
root of the tree. We will refer to these two types of structures as trees
as orders and trees as graphs.

A partial order where every two elements have a least upper bound
(x Vy) and a greatest lower bound (x A y) is called a lattice. A lattice
with a top element 1, a bottom element 0, where V and A distribute
over each other, and every element = has a complement (that is an
element z¢ such that z V 2° = 1 and = A ¢ = 0) is called a Boolean
algebra. The vocabulary for Boolean algebras is {0, 1, V, A, -}, and the
ordering can be defined by x <y <— y=2zVy.

The arithmetic hierarchy

Consider the structure (N;0,1,4, x,<). In this vocabulary, the
bounded formulas are built out of the quantifier-free formulas using
bounded quantifiers of the form Vo < y and 3z < y. A X{ formula
is one of the form Jx ¢, where ¢ is bounded. A IIY formula is one

T A times B is A B times.
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of the form Vz ¢, where ¢ is bounded. By coding tuples of numbers
by a single natural number, one can show that formulas of the form
Jrg3wy -+ .. 31y  are equivalent to XY formulas. Post’s theorem as-
serts that a set A C N is c.e. if and only if it can be defined by a ¢
formula. Thus, a set is computable if and only if it is AY, that is, if it
can be defined both by a 39 formula and by a I19 formula.

By recursion, we define the X9 | formulas as those of the form 3z ¢,
where ¢ is I19; and the ITY | formulas as those of the form Vz ¢, where
@ is X2 A set is A% if it can be defined by both a ¥ formula and
a I formula. Again, in the definition of X%, formulas, using one
existential quantifier or many makes no difference. What matters is
the number of alternations of quantifiers. Post’s theorem asserts that
aset A C Nis ce. in 0™ if and only if it can be defined by a 204
formula. In particular, a set is computable from 0’ if and only if it
is AY. The Shoenfield Limit Lemma says that a set A is AY if and
only if there is a computable function f: N?> — N such that, for each
n € Ny if n € A then f(n,s) = 1 for all sufficiently large s, and if
n & A then f(n,s) = 0 for all sufficiently large s. This can be written
as xa(n) = limg_,o f(n,s), where x4 is the characteristic function of
A and the limit is with respect to the discrete topology of N where a
sequence converges if and only if it is eventually constant.

The language of second-order arithmetic is a two-sorted language
for the structure (N,NY;0,1,+, x, <). The elements of the first sort,
called first-order elements, are natural numbers. The elements of the
second sort, called second-order elements or reals, are functions N — N.
The vocabulary consists of the standard vocabulary of arithmetic, 0, 1,
+, X, <, which is used on the first-order elements, and an application
operation denoted F'(n) for a second-order element F' and a first-order
element n. A formula in this language is said to be arithmetic if it
has no quantifiers over second-order objects. Among the arithmetic
formulas, the hierarchy of X2 and I1Y formulas are defined exactly as
above. Post’s theorem that ¥ sets are c.e. also applies in this context:
For every XY formula ¢ (F,n), where n a number variable and F is a
function variable, there is c.e. operator W such that n € W <=
Y(F,n). We can then build the computable tree T}, = {c € NN : n ¢
W7}, and we have that ¢ (F,n) holds if and only if F' is not a path
through T;,. A TI{ class is a set of the form {F € NY : ¢)(F)} for some
I19 formula (F). The observation above shows how every IIY class is
of the form [T] for some computable tree T C N<N.



Notation and Conventions from Part 1

Knowledge of [Part 1] is not necessary to read this book. However,
there are some basic notations and concepts developed at the begin-
ning of [Part 1] that we will review here. Most of these concepts are
carefully developed in [Part 1, Chapter I]. Here we review them rather
quickly.

Presentations

All the structures we consider are countable. So, unless otherwise
stated, “structure” means “countable structure.” Furthermore, we usu-
ally assume that the domains of our structures are subsets of N. This
will allow us to have everything we already know about computable
functions on N at our disposal.

DEFINITION .1. An w-presentation is nothing more than a structure
whose domain is N. Given a 7-structure A, when we refer to an w-
presentation of A or to a copy of A, we mean an w-presentation M
that is isomorphic to A. An w-presentation M is computable if all its
relations, functions, and constants are uniformly computable; that is,
if the set 7™, defined as

™M=PrMePFM e P, (1)
i€lR i€lp i€lo

is computable.

Atomic diagrams

Another standard way of defining when an w-presentation is com-
putable is via its atomic diagram. Let {¢;" : i € N} be an effective
enumeration of all atomic 7-formulas with free variables from the set
{0, x1,...}. (An atomic T-formula is one of the form R(ty, ..., t,), where
R is either “=" or R, for j € Ig, and each t; is a term built out of the
function, constant, and variable symbols.)

xxi
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DEFINITION .2. The atomic diagram of an w-presentation M is the
infinite binary string D(M) € 2N defined by

D(/\/l)(z')—{l if M=z 55 €N

0 otherwise.

It is not hard to see that D(M) and 7 are Turing equivalent.
We will often treat the w-presentation M, the real 7™, and the real
D(M) as the same thing. For instance, we define the Turing degree
of the w-presentation M to be the Turing degree of D(M). When we
say that M s computable from a set X, that a set X is computable
from M, that M is AY, that M is arithmetic, that M is low, etc., we
always mean D (M) instead of M.

Relaxing the domain

In many cases, it will be useful to consider structures whose domain
is a subset of N. We call those (Cw)-presentations. If M, the domain
of M, is a proper subset of N, we can still define D(M) by letting
D(M)(i) = 0 if ¢;" mentions a variable z; with j & M. In this case,
we have

D(M) =p M oM,
To see that D(M) computes M, notice that, for j € N, j € M if and
only if D(M)("z; = x; ") = 1, where "¢ is the index of the atomic
formula ¢ in the enumeration {¢;" : i € N}.

The following observation will simplify many of our constructions
later on.

OBSERVATION .3. We can always associate to an infinite (Cw)-
presentation M an isomorphic w-presentation A: If M = {my < my <
me < ---} C N, we can use the bijection i — m;: N — M to get a
copy A of M, now with domain N. Since this bijection is computable
in M, it is not hard to see that D(A) <7 D(M), and furthermore that
D(A)& M =1 D(M).

One of the advantages of (Cw)-presentations is that they allow us
to present finite structures.

Relational vocabularies

A vocabulary is relational if it has no function or constant symbols
and has only relational symbols. Every vocabulary 7 can be made
into a relational one, 7, by replacing each n-ary function symbol by an
(n 4+ 1)-ary relation symbol coding the graph of the function and each
constant symbol by a l-ary relation symbol coding it as a singleton.
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Depending on the situation, this change in vocabulary might be more or
less significant. For instance, the class of quantifier-free definable sets
changes, but the class of 3-definable sets does not (see Exercise [Part
1, Exercise ??]). For most computational properties, this change is
nonessential; for instance, if M is an w-presentation of a 7-structure,
and M is the associated w-presentation of M as a T-structure, then
D(M) =r D(M) (as it follows from [Part 1, Exercise ?77]). Because
of this, and for the sake of simplicity, we will often restrict ourselves to
relational vocabularies.

Diagrams of tuples

When dealing with an infinite vocabulary, we sometimes need to
approximate it using finite sub-vocabularies. We assume that all com-
putable vocabularies 7 come with an associated effective approximation
70 € 1 € -+ C 7, where each 7; is finite, and 7 = |J, 75. In general
and unless otherwise stated, we let 7, consist of the first s relation,
constant and function symbols in 7, but in some particular cases, we
might prefer other approximations. For instance, if 7 is already finite,
we usually prefer to let 7, = 7 for all s.

As a convention, when we enumerate the atomic formulas as {¢}" :
i € N} we do it an way that for each s, the 7,-atomic formulas on
the variables {zg,...,xs_1} are listed before the rest; that is, they are
©0 5 - Py, for some £, € N.

As a useful technical device, we define the atomic diagram of a
finite tuple as the finite binary sequence that encodes the set of atomic
formulas that are true of the tuple restricted to the smaller vocabulary.
We assume that 7 is relational.

DEFINITION .4. Let M be a 7-structure and let a = (ag, ..., as_1) €
M?. We define the atomic diagram of a in M, denoted D(a), as the
string in 2% such that

1 it Mgz —aj,j<s],
0 otherwise.

Dpm(a)(i) = {

OBSERVATION .5. For every o € 2<N and every s with ¢, > |o|,
there is a quantifier-free 7-formula 2 (zg, ..., xs_1) such that

Al ¢y (a) < o C Dala)
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for every 7-structure A and tuple a € A®, namely

v, (T) = AN er@|nl N\ i@

i<|ol,o(i)=1 i<|ol,o(i)=0

Congruence structures

It will often be useful to consider structures where equality is in-
terpreted by an equivalence relation. A congruence T-structure is a
structure M = (M; =M {RM :i € Iz}, {fM i€ Ip},{cM: i€ Ic}),
where =M is an equivalence relation on M, and the interpretations of
all the 7-symbols are invariant under =™ (that is, if @ =™ b, then
a € RM < bec RMand @) =M f; (b) for all relation symbols R;
and function symbols f;). If M = N, we say that M is a congruence
w-presentation. We can then define D(M) exactly as in Definition .2,
using =™ to interpret equality.

Given a congruence 7-structure, one can always take the quotient
M /=M and get a T-structure where equality is the standard N-equality.
To highlight the difference, we will sometimes use the term injective
w-presentations when equality is N-equality.

LEMMA .6. Given a congruence w-presentation M with infinitely
many equivalence classes, the quotient M/:M has an injective w-
presentation A computable from D(M). Furthermore, the natural pro-
jection M — A is also computable from D(M).

See [Part 1, Lemma 1.11] for a proof.
It follows that from a computational point of view, there is no real
difference in considering congruence structures or injective structures.

Enumerations

Assume 7 is a relational vocabulary. An enumeration of a structure
M is just an onto map g: N — M. To each such enumeration we can

associate a congruence w-presentation g~(M) by taking the pull-back
of M through g¢:

g M) = (N;~, {RE M i€ I,

where a ~ b <= g(a) = g(b) and RY ™ = g~1(RM) C Ne®, The
assumption that 7 is relational was used here so that the pull-backs
of functions and constants are not multi-valued. Let us remark that if
g is injective, then ~ becomes =y, and hence g~!(M) is an injective
w-presentation. In this case, the assumption that 7 is relational is not
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important, as we can always pull-back functions and constants through
bijections.
It is not hard to see that

D(g7 (M)) <r g & D(M).

Furthermore, D(g~*(M)) <r g ® 7™, where 7™ is as in Definition .1.

Throughout the book, there will be many constructions in which
we need to build a copy of a given structure with certain properties. In
most cases, we will do it by building an enumeration of the structure
and then taking the pull-back. The following observation will allow us
to approximate the atomic diagram of the pull-back, and we will use it
countless times.

OBSERVATION .7. Let g be an enumeration of M. Notice that for
every tuple a € M<N,
Dy-1my(@) = Du(g(a)).
Suppose that g was defined as | J . 0s where 09 C 01 C 05 C --- are
tuples of elements of M. Then Dg-1(x((0, ..., [o%] — 1)) = Du(ow),

and the diagram of the pull-back can be calculated in terms of the
diagrams of tuples in M as follows:

D(g~ (M) = | Du(on).

keN






CHAPTER 1

Ordinals

The ordinal numbers were introduced by Cantor in 1883 with the
intention of extending the iteration of his derivative process beyond just
the finite steps. They turned out to have a beautiful structure that we
describe in this chapter. Ordinal numbers extend the natural numbers
to the transfinite and allow us to define complexity classes beyond the
arithmetic. A set is said to be arithmetic if it can be defined within
arithmetic, that is, within the structure (N;0,1,+, x,<). The first
step to go beyond the arithmetic is to extend arithmetic.

The first couple sections describe the elementary properties of or-
dinals and well-founded partial orderings. Even if this is basic back-
ground for most readers, it is so important for the rest of the text-
book that we had to include it. We recommend the reader to skim
through the statements as there might be some interesting lemma here
or there. We then turn into complexity issues in Section 1.3 and define
computable ordinals in Section [.4.

I.1. Well-orderings

We start with a very quick introduction to ordinals and their prop-
erties. The first half of this section can be found in most basic logic
textbooks; the second half, which is about ordinal exponentiation, not
as much.

DEFINITION I.1. We say that a linear ordering is well-ordered if it
has no infinite descending sequences.

Equivalently, a linear ordering is well-ordered if every subset has a
least element: If a subset has no least element, one can easily define
an infinite descending sequence inside the set, and if we are given an
infinite descending sequence, its elements form a set which has no least
element.

In this book, we use the word ordinal to refer to the isomorphism
type of a well-ordering.”

“By tsomorphism type we mean an equivalence class under the equivalence
relation given by isomorphism. In the case of linear orderings, isomorphism types
are often called order types.
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All finite orderings are well-ordered. We use the number n to rep-
resent the linear ordering of size n. The first infinite ordinal is w, which
corresponds to the order on the natural numbers (N; <). Next come
wH1L wH2, . wtw, w241, w3, wew, W W W

EXERCISE 1.2. Consider N[z], the set of polynomials with coeffi-
cients in N. Order N[z] as follows: p < ¢ if lim, . q(z) — p(xz) > 0.
Prove that (N[z]; <) is a well-ordering.

Let LO denote the class of (Cw)-presentations of linear orderings."
Let WO denote the class of (Cw)-presentations of well-orderings. One
way to represent the set of countable ordinals is as the quotient WQ/=2.
We often abuse notation and refer to an ordinal when we actually mean
a particular (Cw)-presentation of that ordinal instead of an equivalence
class of (Cw)-presentations.

We start by proving the three main properties of well-orderings:
transfinite induction, transfinite recursion, and comparability. We need
the following notation: Given a partial ordering P = (P;<p) and
a € P, we use P, to denote the sub-ordering of P with domain P, =
{reP:x<pa}.

THEOREM 1.3 (Transfinite induction). Let W = (W; <w) be a well-
ordering and I a subset of W that satisfies that, for every a € W, if
Weo CI, thenael. Then I =W.

PrOOF. If I # W, the set W \ I has a minimal element. Call it a.
It satisfies that W, C I while a ¢ I, contradicting the hypothesis. [

THEOREM 1.4 (Transfinite recursion). Let W = (W; <) be a well-
ordering, X be any set, and ¥V be an operator that, given a € W and a
function W., — X, outputs an element of X. Then there is a unique
total function g: W — X such that

gla) =V(a,g [ W) for every a € W.

PRrROOF. Let C be the class of all functions g whose domain is a
downward-closed subset of W and which satisfy

g(a) =V(a,g | W.,) for every a € dom(g). (2)

First, we claim that if f, g € C, then f and g coincide on their common
domain: If not, let a € dom(f) N dom(g) be a minimal element such
that f(a) # g(a). By the minimality of a, f | W., = g | W,, and

"Recall that an (Cw)-presentations is a structure whose domain is a subset of
w. We use (Cw)-presentations instead of plain old w-presentations because we want
to allow for finite linear orderings.
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hence f(a) = V(a, f | W) = V(a,g | W<,) = g(a), contradicting our
choice of a.

Now, since all the functions in C are compatible, their union g = (JC
is also a function, given by g(a) = b if there is some f € C with f(a) = b.
It is easy to see that g is itself a member of C.

Last, we claim that the domain of ¢ is the whole of W. If not,
let a be a minimal element outside the domain of g. Define a new
function f: dom(g) U {a} — X by copying g on dom(g), and letting
f(a) =¥(a,g). This new function clearly belongs to C but it has larger
domain than g, contradicting the maximality of ¢ in C. U

OBSERVATION L.5. There is no one-to-one order-preserving function
from an ordinal to a proper initial segment of itself: To see this, suppose
towards a contradiction that f is a one-to-one order-preserving function
from an ordinal o to a., for some a € a. We claim that then, the
sequence a, f(a), f(f(a)), ... would be an infinite descending sequence in
«, which would contradict the well-orderness of a. To see this, we first
note that a > f(a) just because f(a) € a~,. Using that f preserves
order, we then get that f(a) > f(f(a)) and then by induction that

f(a) > " (a).

THEOREM 1.6. Given two well-orderings o and [, we have one of
the following three exclusive possibilities:

e « and [ are isomorphic.
e « is isomorphic to By for some b € (.
e (3 is isomorphic to a., for some a € a.

PROOF. To see that the possibilities are mutually exclusive, notice
that if two of them were true, we could compose the isomorphisms and
get either that « is isomorphic to a proper initial segment of itself or
that ( is isomorphic to a proper initial segment of itself. Either way,
we find a contradiction with the previous observation.

To prove that one of these isomorphisms exists, we start by defining
a partial function g: « — f as follows: Given a € «, let g(a) be the
b € (B such that a., = (. if it exists, and let g(a) be undefined if
it does not. Note that there can be at most one such b, as otherwise
we would get fop, = Sp, for by # by, contradicting the observation
above. Also, note that g is injective and order preserving, as if we had
ag < a; with g(ag) > g(ay), we could again compose the isomorphisms
and contradict the observation above. A key observation is that the
domain of ¢ is an initial segment of «, as if ¢ < a and a € dom(g), then
if f is the isomorphism a., = f.4w), we get that a.. = By, and
hence g(c) is defined and equals f(c). A symmetric argument shows
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that the range of ¢ is also an initial segment of 5. We now claim that
either the domain of g is the whole of «, the range of g is the whole of
[, or both. Otherwise, let a be the least element in « not in the domain
of g and let b be the least element in 3 not in the range of g. Then
g is an isomorphism from a., to ., and we should have g(a) = b,
contradicting our choice of a and b.

There are now three cases: If dom(g) = « and ran(g) = 3, then g
is an isomorphism from « to 3; If dom(g) = a but ran(g) C 5 and b is
the least element of 5\ ran(g), then g is an isomorphism from « to 5;
If dom(g) € a, ran(g) = B, and a is the least element of o \ dom(g),
then g is an isomorphism from a., to S. U

COROLLARY 1.7. If there is an order-preserving embedding from «
to 3, then there is an embedding from « to B whose image is an initial
segment of 3.

PROOF. If there is an order preserving embedding from o« to [,
then the third case of the theorem cannot be the case, as we would end
up with an embedding from a to a., for some a € «, which we know
cannot happen. O

Given linear orderings A and B, we use A < B to denote that there
exists an embedding from A to B. We have proved that the embed-
dability relation on ordinals is linear. Define w; as the quotient of WQ),
the class of (Cw)-presentations of well-orderings, over the isomorphism
relation ordered by embeddability. That is,

wr = (WO/=;<).

If o € wy, it follows from the theorem above that w;., = «. Thus,
all countable well-orderings are proper initial segments of wy, and all
proper initial segments of w; are countable well-orderings. A descend-
ing sequence in w; would be a descending sequence in some a € wj.
Thus, w; is itself well-ordered. Since no well-ordering is isomorphic to
a proper initial segment of itself, it follows that w; is not a countable
well-ordering: It is the first uncountable ordinal.

For every ordinal a we can form a new ordinal by adding an element
on top. We call this new ordinal the successor of o, and we denote it
by a4 1. Non-zero ordinals that are not successors of another ordinals
are said to be limit ordinals.

The operations of addition and multiplication on w; are just the
addition and multiplication of linear orderings defined on page xix.
One can prove that if A and B are well-orders, then so are A+ B and
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A x B. We know that those operations coincide with addition and
multiplication on natural numbers when A and B are finite.

These operations are not commutative: 1 +w = w % w+ 1, and
2Xw Zw Z w+tw = wx2. They are associative, they have identities —
0 and 1 respectively — and left multiplication distributes over addition.
Right multiplication does not distribute over addition: (1+1) X w = w
while 1 X w+ 1 X w & w+ w. Addition and multiplication are order
preserving: If ag < oy and By < 1, then ag + 6y < a1 + B and
ap X fo < ag x B1. They are strict-order preserving on the right: If
Bo < B1, then a+ Gy < a+ (1 and a X By < a X 3.

We will often write « - 5, and sometimes even «af, for a x .

On ordinals we have right subtraction: Given ordinals o < 3, there
is a unique vy satisfying o + v = [. To see this, let b € g be such
that o = ., and let v = 5;,. Uniqueness follows from the fact that
addition preserves strict-order on the right. We also have left division
with remainder: Given ordinals v and > 0, there exist unique ordinals
m <wvand p < § such that v = § x 7 + p. To see this, note that either
dXv=vordxv>=wv. Inthe former case, let 7 = v and p = 0. In the
latter case, let (d,n) € § x v be such that (0 x v)c@n) = v, and then
let m = v, and p = d-4. Uniqueness again follows from the fact that
addition and multiplication preserve strict-order on the right.

We can also consider the addition of infinitely many linear order-
ings: Given a list of linear orderings A; for ¢ € L, where L is also
linearly ordered, we define ), . A; to be the concatenation of the A;’s
according to £. That is, as domain use the disjoint union of the A4;’s,
and let a < b for a € A; and b € A; if either i <, j, or ¢« = j and
a <4, b. One can prove that if £ and all the A;’s are well-ordered, so
is Ziec A;.

Another important operation is the supremum. Given a countable
set {A; : ¢ € N} of countable well-orderings, we let sup; A; be the least
upper bound of the A;’s. To see this exists, notice that we already
know that there is an upper bound, namely » . A;, and since w; is
well-ordered, there must be a least upper bound.

I.1.1. Exponentiation. We will use ordinal exponentiation ex-
tensively throughout this book. It can be defined either by transfinite
recursion or by a direct construction on linear orderings. We give both
definitions.

An order-preserving function f: w; — wy is said to be continuous
if, for every limit ordinal A,

fA) = sup f(5).

B<A



6 I. ORDINALS

The reader can verify that addition and multiplication are both con-
tinuous on their second input. That is, if we fix an ordinal «, then for
every limit ordinal A,

e a+ \=supg.a+pf.

® X A =supg.,aXxp.
One could use these properties to define addition and multiplication
using recursion instead of a direct construction as above. These for-
mulas would be used for the limit case, and, at the successor cases, we
would use the following formulas:

ca+(f+1)=(a+p)+1

eax (f+1)=(axp)+a.
In a similar fashion, one can define exponentiation by recursion:

e’ =1,

e o1 =0af x a, and

e o =sup,, a” for A limit.
Alternatively, we could write these three equations in one that works
for all o and S:

o =sup{a” x a:v < B}.
It is not hard to see that exponentiation is order preserving on both
inputs and is continuous on its second input.
Recall that the base-b expansion of a natural number m is a se-

quence of numbers ng,...,n, between 0 and b — 1 such that m =
b* - ng+---+b-ny +ng. The same is true for ordinals:

LEMMA L[.8. Fix an ordinal 8. For every ordinal p, there are ordi-
nals cg > g > -+ >y, and vy, ..., v, < B such that

p=p% vo+ B 14+ % v
Furthermore, k, oy, ..., ag, Vo, ..., V. are uniquely determined from 8 and
It
PrROOF. We use transfinite induction on p and assume such a unique
decomposition exists for all p < u. If u had such a decomposition, the

first thing to observe is that g -1y 4 -+ + % - 1, < £, which can
be easily proved by induction on k. We must then have

LB vy < p <P (n+1) < oot

From this, we first observe that oy must be the supremum of all the
a’s with 8% < p. Second, that there is then a unique possible value for
vo: Using left-division with reminder, we can find vy and p < % such
that

p= 0% v 4 p.
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Since % x B = 1 > u, we must have vy < 3. Since p < % < p,
by the induction hypothesis, we can write p uniquely as

p=p" v+ 4+ B% 1.

Putting these last two equations together, we get the decomposition of
1 we were looking for. Note that a; < ag, as % < p < 2. U

The preferred base when dealing with ordinals is, of course, w. In
the case when g = w, this decomposition of u is called the Cantor
normal form of p.

One can use the base- decomposition of the elements of 5% to give
an order-theoretic and more constructive definition of exponentiation.
Given linear orderings A and B, where B has an element designated as
0z, we define a new linear ordering B4 as follows: We let the domain
of BA be the set of all functions from A to B of finite support, i.e.
equal to Og in all but finitely many inputs. We define an ordering on
B4 as follows: Given two different functions, f,g : A — B with finite
support, we let f <ga ¢ if and only if, for the A-greatest a € A with
/(@) # gla), we have f(a) <5 g(a).

When A and B are presentations of ordinals a and § with 0z being
the least element of B, one can prove that B4 has the same order type
as the ordinal 8¢ we defined above. In this isomorphism, a function
f: A — B with finite support corresponds to the element of 3% given

by
> B fla),

aca™

f(a)7#05
where o is the inverse order of a. Since almost all the values of
f(a) are zero, the summation above is a finite sum. We sum over the
inverse order of o because we put the terms corresponding to higher

exponents to the left and lower exponents to the right. That is, if
{a € A: f(a) # 08} = {ao > a1 > --- > ai}, then

ST 8- fla) = B flag) + B - flar) + oo+ B% - fla).

acA*

Exponentiation on linear orderings satisfies the usual properties of
exponentiation of real numbers:

BC+D ~ BC % B’D and BCXD ~ (BC)D.
We leave the verification of these properties to the reader.

OBSERVATION 1.9. If A is a computable linear ordering, using these
functions of finite support, we get a computable w-presentation of w*.
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Furthermore, the operation of addition is computable in w*, indepen-
dently of whether addition was or was not computable in A. If A
has a least element 04, then w®4 is the second least element of w™,
which we call 1,4. We also get a computable successor operator and a
computable way of deciding if a member of w* is limit or successor.

OBSERVATION [.10. Let us consider the particular case where A
has no least element, just for a minute. In this case, one can show
that B4 is dense and has no endpoints, and thus is isomorphic to the
rationals (Exercise 1.13). In general, every linear ordering A can be
decomposed as Awo + Ajo where Ay is well-ordered and Ajo has
no least element. We then get that BA = BAwr x Q.

EXERCISE 1.11. Prove that the well-ordering from Exercise 1.2 is
isomorphic to w®.

EXERCISE 1.12. Prove that if f: w; — w; is order preserving and
continuous, it has uncountably many fixed points.

EXERCISE 1.13. Prove that if A has no least element, B4 is dense
and has no endpoints.

EXERCISE 1.14. A linear ordering that will appear often in examples
is Z* for ordinal a.

(a) Prove that any two elements of Z* are automorphic.

(b) Prove that if a linear ordering £ satisfies that any two elements
are automorphic, then it must be isomorphic to Z4 for some linear
ordering A. See the hint in footnote.*

I1.2. Well-foundedness

We now move to well-founded partial orderings, which we will also
use extensively throughout the book. Again, the first half of this section
can be found in most basic logic textbooks, though the second half not
as much.

DEerFINITION 1.15. We say that a partial ordering is well-founded
if it has no infinite descending sequences. Otherwise, we say it is ill-
founded. A tree T C N<N is well-founded if it has no infinite paths, or
equivalently, if (7'; D) is a well-founded partial ordering. (Notice the
order in (T'; D) is reverse inclusion, with the root sitting on top.)

For each element ¢ of £, consider the supremum of the ordinals « such that
¢ belongs to a segment isomorphic to Z%. Then, consider the quotient of £ over
these segments.



1.2. WELL-FOUNDEDNESS 9

It is not hard to see that a partial ordering is well-founded if and
only if every subset has a minimal element, that is, an element with no
other element from the subset below it.

Well-founded partial orderings do not behave as neatly as ordinals.
However, some useful properties still hold. The induction and recur-
sion principles can be proved for well-founded partial orderings using
exactly the same proofs we used for transfinite induction and transfinite
recursion on page 2.

THEOREM 1.16 (Well-founded induction). Let P = (P;<p) be a
well-founded partial ordering and I a subset of P that satisfies that, for
everya € P, if P., C I, thena € l. Then I = P.

THEOREM 1.17 (Well-founded recursion). Let P = (P;<p) be a
well-founded partial ordering, X any set, and ¥ an operator that, given
a € P and a function P-, — X, outputs an element of X. Then there
1s a unique total function g: P — X such that

g(a) =V(a,g | Py) for every a € P.

We will assign to each well-founded partial ordering a rank, which is
an ordinal that in some sense measures its well-foundedness. We start
by assigning a rank to each element of a partial ordering as follows:
All the minimal elements in a partial ordering get rank 0. Among
the remaining elements, the minimal ones get rank 1. Among the
remaining elements, the minimal ones get rank 2, and so on and so
forth, continuing throughout the ordinals. An element that is never®
reached through this process gets rank co. Here is a more formal
definition.

DEFINITION [.18. For technical convenience, we let co be a symbol
for an element that we think of as larger than all ordinals. Also, for
technical convenience, we let oo satisfy oo +1 = 0o and oo < co. The
well-founded part WF(P) of a partial ordering P is the set of p € P for
which P, is well-founded.

We define the rank function rkp: P — w; U {oo} as follows: All
elements in the ill-founded part of P, namely P~ WF(P), are assigned
rank co. On WF(P), the rank function is defined by well-founded
recursion:

rkp(p) = sup{rkp(q) +1: ¢ € P,q <p p}.

In this context, the informal word ‘never’ means not even after o many steps
for any ordinal a.
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We then define rk(P) = sup{rkp(q) +1 : ¢ € P}. When we are
computing ranks of trees, it is customary to let

tk(T") = rkr(()).

Note that the rank of T" as a partial ordering and the rank of T" as a
tree are off by one.

LEMMA [.19. The rank function on a countable partial ordering P
is the least <-preserving function f: P — w; U {oo}.

PRroOF. First, observe that rk is indeed <-preserving, which is im-
mediate from the definition.

Suppose f: P — wyU{oo} is <-preserving. If p € P~ WF(P), then
f(p) must be oo, as if p >p p; >p ps >p - -, is an infinite descending
sequence, then so is f(p) > f(p1) > f(p2) > --- which could only
happen if f(p) = f(p1) = - -+ = co. We now use well-founded induction
to show that rkp(p) < f(p) for all p € WF(P):

tkp(p) = sup{rkp(q) +1:q€ P,q <p p}
< sup{f(¢)+1:q€ P,q<pp}
<

f(p).
The second line follows from the induction hypothesis, and the third
line from the fact that f is <-preserving. O

COROLLARY 1.20. Let P and Q be partial orderings. If there exists
a <-preserving map f: P — Q, then tk(P) < rk(Q).

PRrROOF. The composition rtkgof: P — w; U {oo} is <-preserving.
From the previous lemma we get that, for all p € P, rkp(p) < rko(f(p)).
It follows that

rk(P) = sup{rkp(p) +1:p € P}
< sup{rko(f(p)) +1:p € P}
<sup{rkp(q) +1:¢q € Q} =1k(Q). O

In the case of trees we also get the converse.

LEMMA 1.21. Let T, S C N<N be trees. Then vk(T) < rk(S) if and
only if there exists a C-preserving map f: T — S.

PRrROOF. The («=) direction follows from the previous lemma. Sup-
pose now that rk(7") < rk(S), and hence rk(()) < rkg(()). We build a
C-preserving map f: T — S defining f(7) by recursion on the length

YA map f: P — Q is <-preserving if whenever z <p y, f(z) <o f(y). Such
maps need not be one-to-one.
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|7| of the string 7. At each step, we make sure that rky(7) < rkg(f(7)).
Start by letting f(()) = (). Suppose that we have already defined f(7)
and we want to define f(o) for a child o of 7. Since rky(0) < rkp(7) <
rks(f(7)) and rkg(f(7)) = sup{rks(y) +1: v € S,y 2 f(7)}, there
must exist a child v of f(7) with rkg(y) > rky (o). Define f(o) to be
one of those ~’s. U

1.3. Well-foundedness versus well-orderness

Let us examine complexity. In this section, we show that deciding
whether a linear ordering is well-ordered is as hard as deciding whether
a partial ordering is well-founded, or deciding whether a tree is well-
founded. The ideas in the proofs, which require building one type of
object from another, will be useful throughout the book.

DEFINITION 1.22. Given classes of reals Ay C By € NN and A; C
B: C NN, we say that Ay effectively Wadge-reduces to A, within By
and B; if there is a computable operator ®: By — B; such that

XeA < d(X)e A

for all X € By. Two classes are effectively Wadge-equivalent if they
reduce to each other.

THEOREM 1.23. The following classes are effectively Wadge-equivalent:

(1) The class of well-orderings within the class of linear orderings.

(2) The class of well-founded partial orderings within the class of
partial orderings.

(3) The class of well-founded trees within the class of trees (viewed
as subtrees of N<V),

The proof of this theorem requires various lemmas and definitions.
We will finish it on page 13. Let us start with the reduction from trees
to linear orderings.

DEFINITION 1.24. The Kleene—Brouwer ordering <, is an ordering
on N<N which coincides with the lexicographic ordering on incompa-
rable strings but reverses inclusion on comparable strings: That is, for
o, 7€ NN o < _ 7if either 0 D 7, or (i) < 7(i) for the least i with
o(i) # 7(i).

Note that <, linearly orders N<N.

EXERCISE 1.25. Show that (N<N; <, ) has the same order type as

Qn(0,1].
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When we refer to the Kleene-Brouwer ordering of a tree T C N<N,
we mean the linear ordering KB(T') = (7; <,,,). Notice that

(T; SKB) = (TO; SKB) + (Tl; SKB) + (TQ; SKB) +ooet {<>}7

where T, = {0 € NN :n~0g € T}.
The following theorem gives us the reduction from trees to linear
orderings we need:

THEOREM 1.26. A tree T C N<N is well-founded if and only if
(T; <,p) is well-ordered.

Proor. If T is not well-founded, then a path through T is also a
descending sequence on (77; <,.,).

Suppose now that (7;<,.) is not well-ordered and that oy >kgp
o1 2KkB 02 >kB ‘- Is an infinite <, -descending sequence in 7; We
claim that f € N=N_ defined by f(n) = lim;_.o 04(n), is actually defined
for all n € N and is a path through 7. The proof that this limit exists
is by induction on n. Suppose that lim; ., 0;(m) exists for all m < n,
and hence that f [ n is defined and belongs to T. Let s be a stage
at which all these values have reached their limits. That is, s is such
that, o, [ n = o5 [ n for all t > s. Note that then f|[n=0,[ne€T.
Since 05 >kp 0s+1 >KB -+, we must have og4(n) > os.1(n) > ---. This
non-increasing sequence of natural numbers must eventually stabilize
and reach a limit. It follows that f(n) is defined and that f[n+1 € T.
Since for every n, f [n €T, f is a path through T. O

EXERCISE 1.27. (a) Prove that for every well-founded tree T
rk(T) +1 < KB(T) < w*™ 4 1.

(b) Prove that, for every ordinal o > 0, there is a tree S with
rk(S) = o and KB(S) = w® + 1. See hint in footnote.

To reduce well-founded partial orderings to well-founded trees, we
consider the tree of descending sequences: Given an w-presentation of
a partial ordering P = (P; <), let

Tp ={oc € PN:0(0) >po(l) >p--->po(lo] — 1)}
It is easy to see that Tp is a tree and that it has an infinite path if and
only if P has an infinite descending sequence.

OBSERVATION 1.28. The rank of the tree of descending sequences
of a partial ordering P is the same as the rank of P. The proof is, of
course, by well-founded induction. One needs to show that, for each

IRepeat each branch infinitely often.
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p € P, if 0 € Tp is a string whose last element is p, then rky(o) =
rkp(p). The reason is that

rkp(0) = sup (tkp(0”q) + 1) = sup (tkp(q) + 1) = rkp(p).
q<pp q<pp
In particular, the rank of the tree of descending sequences of an ordinal
a is a.

Proor orF THEOREM 1.23. The class of well-founded trees effec-
tively Wadge-reduces to the class of well-orderings via the Kleene-
Brouwer ordering as in Theorem [.26. The class of well-orderings effec-
tively Wadge-reduces to the class of well-founded partial orderings via
the inclusion map. The class of well-founded partial orderings effec-
tively Wadge-reduces to the class of well-founded trees via the tree of
descending sequences as in the paragraph above. All these reductions
stay within the classes of trees, linear orderings, and partial orderings,
respectively. 0

Theorem 1.23 holds the same way if, instead of considering (Cw)-
presentations, we consider indices for computable (Cw)-presentations.
That is, the sets

e {¢ € N: ®, is the atomic diagram of a well-ordered linear
ordering},

e {¢ € N: ®, is the atomic diagram of a well-founded partial
ordering}, and

e {¢ € N: @, is the characteristic function of a well-founded
subtree of N<N},

are m-equivalent. This is an important m-degree, which we will call
Kleene’s O. Before defining Kleene’s O formally as a set, the following
lemma specifies an indexing of linear orderings that is slightly nicer
than the usual one. This is just a technicality that will simplify our
notation later. The objective of this technicality is not to have to
worry about whether a number is an index for a linear ordering or not
later. Essentially, we will let £, be the linear ordering computed by
the Turing functional ®.. For the numbers e for which &, is not the
diagram of a linear ordering, we still want L. to be a linear ordering, as
this will simplify our constructions and definitions. For this, we need
to modify the definition of £, just a tiny bit.

LEMMA 1.29. There is a computable sequence {L. : e € N} of com-
putable (Cw)-presentations of linear orderings such that, if ®. happens
to be the diagram of a (Cw)-presentation of a linear ordering, then L.
15 computably isomorphic to that linear ordering.
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PRrOOF. For each e, we first build a finite approximation 4., C
Ac1 € -+ to the linear ordering with diagram ®.. Let A., be the
largest linear ordering whose domain is an initial segment of N for
which D( A s), as a finite binary string, is contained in ®, 4, the step s
approximation to ®.. (L.e., for all i < |D(A.)|, Pes(i) 4= D(A.5)(3).)
The limit of the sequence A,y C A.; C --- is a linear ordering with
diagram ®.. Notice that even if &, is not the diagram of a linear
ordering, this limit is still a linear ordering. The only obstacle to
building an w-presentation of | J, A. s is that the sequence may stabilize
and we might never know it. We thus define £, as a (Cw)-presentation
of this limit by letting the domain of L. be (J ey ({5} X (Ae,s N Aes—1)).
This is a computable set computably isomorphic to |, Ac - O

DEFINITION 1.30. We define O, as the index set of the computable
well-orderings according to the indexing of the previous lemma. That
is,

0., ={eeN: L. is well-ordered}.

The same way, we define O, to be the set of indices for com-
putable well-founded posets. As we mentioned above, these two sets
are m-equivalent. These sets are both m-equivalent to the well-known
Kleene’s O, which is a very important object in the study of the hyper-
arithmetic hierarchy. In this book we will use O,  instead of Kleene’s
old definition of O as we find O,  more natural, more direct, and closer
to intuition. Kleene’s original definition was quite different in format
but similar in spirit. Kleene created his own way of indexing the com-
putable well-orders and then defined O to be this set of indices. His
definition has a computable successor and limit relations, though as we
will see soon enough, this does not make a big difference.

EXERCISE 1.31. Show that O, is m-equivalent to the set of indices
e for which @, is total and is the diagram of a (Cw)-presentation of a
well-ordering.

EXERCISE 1.32. Show that O, is m-equivalent to the set of indices e
for which there is no infinite sequence (a,, : n € N) such that ®,.(a,+1) =
a, for all n € N.

Let us observe that the use of (Cw)-presentations instead of the
nicer w-presentations is just to allow for finite linear orderings. This
choice is of course not essential, and other choices would have been
equally good, as for instance using congruence w-presentations. The
reader should not put much emphasis on this, as it distracts from the
main underlying ideas.
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I.4. Computable Well-orderings

A computable ordinal is an ordinal that has a computable (Cw)-
presentation. We will often refer to a computable ordinal o, and mean
a computable (Cw)-presentation (A;<,) of a well-ordering of order

type a. We define
Wl

to be the least ordinal without a computable (Cw)-presentation. The
‘CK’ stands for ‘Church Kleene.” w{* is the effective analog of w; in
the sense that it is the first ordinal for which there is no effective bijec-
tion between it and w. Notice that the set of ordinals with computable
(Cw)-presentations is closed downwards, as we can always truncate an
(Cw)-presentation of a well-ordering. Not all countable ordinals have
computable (Cw)-presentations, as there are only countably many com-
putable ordinals and uncountably many countable ordinals. Thus, w{'%
is a countable ordinal, all ordinals below it are computable, and no or-
dinal above it is.

Let us remark that O, can compute an w-presentation of w{#:**

L= L.

e€0y,

Since every ordinal below w&® is isomorphic to some L., we get that

L > WK, Every initial segment of £ is contained in a finite sum of
L.’s with e € O,_, and hence is computable and below w. It follows
that £ = &K,

1.4.1. Effective transfinite recursion. We showed in Theorem
[.4 how to define functions using transfinite recursion, where one is
allowed to use the values of the function at lower ordinals to define the
new value. If the way of computing this new value from the previous
ones is computable, even if we are dealing with an infinite ordinal, the
function we get is also computable.

Let o be a computable well-ordering. Given a € a and e € N, let
el,., be an index for the computable function obtained by restricting
the domain of ®, to a,, that is,

() = O.(y) ifycaandy<,a
Y T ify€aory>,a.

“*This is an (Cw)-presentation, but, since it is infinite, one can easily make it
into an w-presentation as in [Part 1, Observation ?7].
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THEOREM 1.33. Let ¥ be a partial computable operator such that,
for every a € a and i € N, if dom(P;) = a,, then V(a,i) is defined.
Then, there is an index e for a partial computable function ®, with
domain a such that, for all a € a,

O, (a) =V(a,el

Oé<a>'

ProoF. By the Recursion Theorem, there is an index e for a partial
computable function ®, such that, for all a € o, ®.(a) = ¥(a,el,_,),
and, for all a & a, ®.(a) is undefined.’” We claim that ®, is defined
on every a € a. If not, let b € «a be the least element for which
®.(b) is undefined. Then, ®, is defined everywhere on a.y, and hence
(b, el,_,) converges. But then ®(b) would have to be defined too. [J

T Apply the Recursion Theorem as on page xiii to the function f where f(e,n) =
Y(n,el,_, ) forn€aand f(e,n)tforn ¢ a.



CHAPTER II
Infinitary Logic

In this chapter, we introduce the infinitary language L, ., where
one is allowed to take conjunctions or disjunctions of infinite sets of for-
mulas. Chris Ash was the first to notice that the computable infinitary
language, which we will see in Chapter III, provides the appropriate
syntax to describe computational properties of structures — finitary
first-order logic does not do the job. In this chapter, we introduce the
general theory of infinitary languages. We concentrate on the part of
the theory that deals with countable structures. For a more extensive
development of infinitary logic, we recommend Marker’s recent book
[Mar16|.

There is no computability theory in this chapter.

I1.1. Definitions

Given a vocabulary 7, the infinitary language L, ., over 7 is built
the same way as the finitary language, except that one is allowed to
use infinitary conjunctions and infinitary disjunctions, so long as the
number of free variables remains finite, and the number of conjuncts
or disjuncts is countable:

DerINITION II.1. Fix a vocabulary 7. Let L, ., be the smallest
class such that:

(1) All finitary quantifier-free 7-formulas are in L, .

(2) If pisin L, 4, then so are Vrp and Jzep.

(3) If 7 is a finite tuple of variables and S C L, ., is a countable
set of formulas whose free variables are contained in z, then
both the infinitary disjunction of the formulas in S, denoted
X/ ocs ¢» and the infinitary conjunction of the formulas in S,
denoted M\ g ¥, are in Lo, .

Notice that formally, according to this definition, negations occur
only at the level of the finitary quantifier-free formulas. In general, if
we want to take the negation of an £, ,, formula, we have to use the De
Morgan laws recursively and bring the negations down to the level of
the atomic formulas. For instance, = \{/ pes P 18 defined recursively to

17
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be /)(\cpe ¢ . This restriction is not essential, and the only reason for
this convention is that it will simplify the definition of the complexity
hierarchy later on.

In Section III.1, we will see how to represent L, ., formulas as
concrete countable objects, but for now the definition above is good
enough. Given an L, , formula ¢(Z), a structure A, and a tuple
a € APl we should also define what it means for (Z) to be satisfied,
to hold, or to be true of a a in A. We denote this by A = ¢(a). These
definitions are straightforward, and the only reason we will pay more
attention to them in Section III.1 is to study their complexity.

The ‘w;” and the ‘w’ in the notation L,, ,, come from the following
more general setting. Given cardinals x and A, £, » is the language in
which one can take conjunctions and disjunctions of any size less than
k, the number of free variables can be of any cardinality less than A,
and one can have strings of V’s or strings of 3’s of any length less than .
Then, for instance, £, denotes the standard finitary language where
all the disjunctions and conjunctions are finite. In L., one allows
conjunctions and disjunctions of any size, but formulas can only have
finitely many free variables. We will only deal with £, ,, in this book,
and when we refer to infinitary formulas, we will mean £, ,,. Some of
the concepts we introduce can be generalized to uncountable structures
if one uses L. In contrast, languages L, y for A > w behave quite
differently and do not have any connection to the material of this book.

I1.1.1. Examples. Consider the vocabulary 7 = {e, x} of groups.
A classical example of a class of structures that is not axiomatizable in
finitary first-order logic is torsion groups. These are groups on which
every element becomes the identity if you multiply it by itself enough
times. That torsion groups are not elementary axiomatizable can be
shown by a simple application of compactness. They are, however,
axiomatizable in L, ,,. The following infinitary sentence ¢ says that a
group is a torsion group:

Vx\)(/g*x*x*--~*x:e.
Vv

neN n times

That is, a group G is a torsion group if and only if G = .

Consider now the vocabulary 7 = { E'} of graphs. Another class that
is not axiomatizable by finitary first-order logic is connected graphs.
The following infinitary sentence says that a graph is connected:

Ve, y\X/ dz1, ..., 2, (:L‘EZl Nz21Ezg N 2ogFEzg A+ A any).

neN
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Consider the vocabulary 7 = {<} of orderings. Given two points z
and y in a linear ordering, the property of  and y being finitely apart
cannot be expressed in finitary first-order logic. The following formula
Fin(z,y) says that there are only finitely many elements between x and

y:
\X/Hzl,...,zn Yw (:1:<w<y:>\/w:zi).

neN i<n

Notice that the second disjunction is finite, and that is why we use
the notation \/ instead of \}/.

Suppose now that we want to describe the linear ordering of the
integers (Z; <). In addition to the axioms of linear orderings, we need
to say the following: The structure has no first element, has no last
element, and every two elements are finitely apart. We can thus write
a single infinitary sentence that is true only of the structure (Z; <).

EXERCISE I1.2. Write down the sentence describing the linear or-
dering Z2.

As for limitations of £, ,,, we will prove in Corollary I1.41 that the
class of well-orders cannot be described with an infinitary sentence.

I1.1.2. Quantifier complexity. We want to measure the com-
plexity of formulas in a way that matches the computational complex-
ity of the relations they define. For formulas of arithmetic, the way
to do this is by counting alternations of quantifiers. For infinitary for-
mulas, when counting alternations, we count infinitary disjunctions as
existential quantifiers and we count infinitary conjunctions as universal
quantifiers. Thus, for instance, a X:3* formula is one of the form:

\X/Ely1 /X\Vy2 \X/Ely3 /X\Vy4 (1#21,@2,@3,14(:6 yluy27y3>y4))

i1EN i2€N i3€N s €N ~
™ =~ Y= = finitary, quantlﬁer free

~
4 alternations

(.

There are infinitary formulas that are not 3** for any n, as, for instance,
an infinitary disjunction of formulas ¢,, where ¢,, is ¥:*. Such a formula
would be X, We need to continue through the ordinals.

DEFINITION IL.3. Let a be an ordinal. A formula is X2 if it is of the
form \X/,cn 3%: i (%5, §), where the formulas ¢; are Hm for some 3 < a.
Analogously, a formula is TI:* if it is of the form /}\; sz ©i(Z;,y), where
the formulas ¢; are X3 for some 8 < a. Both ¥§* and II5* are used to
denote the finitary quantifier-free formulas.
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In the examples above, the formulas for torsion of groups and con-
nectedness of graphs are I13*, and the formula for finitely-apart on linear
orderings is X3*. Here are examples of formulas of higher complexity.

I1.1.3. Well-founded ranks. Using transfinite recursion, we de-
fine, for each countable ordinal a, a sentence ), that is true of an
element a in a partial ordering P if and only if rkp(a) < «a. First, let
Yo(z) = Py (y < x). Then, assuming we have already defined 1, for
v < «a, let 1, (x) be the formula

Yy < x\X/w'y(y)

One can show by transfinite induction that v, is a II3® ., sentence.
The following lemma shows that we can do better.

LEMMA I1.4. For each ordinal v, there is a X3, formula @,q such
that, for any partial ordering P and a € P,

P = puala) < tkp(a) <w - a.

PROOF. Recursively, for each ordinal 3, we define a E;g formula
() that says x has rank below w - 5. If 5 is a limit ordinal, then
Pup(x) is the formula W/, _; ¢, (7), which is X5 (Recall that for 3
limit, 5 = 25.) For the successor case, we need to take an intermediate
step. Let @uyin(r) be the 1152, formula which states that x has rank
below w - v + n for finite n > 1, namely

VYis o Un (11 <o <o+ < yn <) = Py (1))-

Finally, if 8 = v+ 1, let ¢, 3(x) be the formula \X/, ., Puwy+n(x), which
is X352 1o O

In the case of linear orderings, there is an even more efficient formula
to calculate ranks.

LEMMA IL5. For each ordinal o > 1, there is a £3®, sentence which
15 true of a linear ordering if and only if the linear ordering is well-
ordered and has order type less than w®.

PROOF. By transfinite recursion, we write a formula ¢,s(z,y) that
holds of a,b € L if and only if the interval (a,b). is well-ordered and
has order type less than w”. If 3 = 1, then ¢, says that the interval
is finite, which we already saw in Section II.1.1 can be said by a 33*
formula we called ‘Fin(x,y).” If 8 is a limit ordinal, then ¢ s(x,y) is
the formula W/ _; oy (2, y). To see that this formula is Y57 use that,
by inductive hypotheses, the formulas ¢, (z,y) are Y5%, when v < /5.
For the successor case we need an intermediate step. We recursively
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define a formula ¢, that says that the interval between = and z has
order type below w” - n. Let ¢ v.,(z, 2) be the formula that says that
if we split the interval  and z into n intervals, one of them must be
shorter than w?:

VY05 s Yn (w =y <y < <yn=2 =\ @m(yz-,ym))
i<n
Note that this formula is TI3% , ;. Finally, for 8 = v + 1, let @ s (7, y)
be the formula \{/, cy uwrn, which is a 3%, formula. 0

I1.2. Scott sentences

A Scott sentence for a structure A is a sentence ¢ that identifies A
up to isomorphism among countable structures in the sense that ¢ is
true of a countable structure B if and only if B is isomorphic to A.

The goal of this section is to show that every countable structure
has a Scott sentence. The following lemma is a first approximation.
Before proving the lemma, let us review the definition of a back-and-
forth set.

DEFINITION II.6. Given structures A and B, we say that a set
I C AN x B<Nhas the back-and-forth property if, for every (a,b) € I,
e Dy(a) = Dg(b) (ie., |a| = |b|, and @ and b satisfy the same
Ta|-atomic formulas);
e for every c € A, there exists d € B such that (ac, bd) € I; and*
e for every d € B, there exists ¢ € A such that (ac, bd) € I.

We showed in [Part 1, Lemma 77| that if I is a back-and-forth set,
and (a,b) € I, then there is an isomorphism from A to B mapping a
to b.

LEMMA IL7. If two countable structures satisfy the same L, ., sen-
tences, they are isomorphic.

PRrOOF. Let A and B be structures which satisfy the same L, .,
sentences. Define I C A<N x B<N to be the set of pairs of tuples
(a,b) such that (A,a) and (B,b) satisfy the same L, ., sentences. We
claim that I has the back-and-forth property. From the hypothesis
of the theorem we get that ((),()) € I. Therefore, the claim would
imply that A and B are isomorphic. The first item in the definition
of the back-and-forth property is trivial, and the third is analogous to
the second, so we only prove the second item. Suppose (@, b) € I, and
suppose toward a contradiction that there is a ¢ € A such that, for every

“Recall that we are using the notation ac for the concatenation a"c.
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d € B, (ac,bd) ¢ I. We then have that for each d € B there is an L, ,,
formula 14(Z, z) such that A |= v4(a, c) but B |5 =tp4(b, d). Therefore,
on one side A = 3z M\ jc 5 ¥a(a, 2) as witnessed by ¢, while on the other
side B = V2 W je 5 ~%a(b, z). We have thus found a formula true about
(A, a) that is not true about (B,b), contradicting that (a,b) € I. O

In particular, we get that two tuples @ and b from the same structure
A are automorphic if they satisfy the same L,, ,, formulas, that is, if
they have the same L, ,-type: Just consider the structures (A, a) and
(AD).

Recall that the automorphism orbit of a tuple @ € A<V is the set of
all the b € Al@l for which there is an automorphism of A mapping @ to
b.

LEMMA IL1.8. The automorphism orbit of every tuple in a countable
structure s definable by an L, .,-formula.

PROOF. Fix a tuple a from a structure A. By the previous lemma,
for each tuple b not automorphic to @, there is a formula 6, 5(Z) true of
a and false of b in A. We then have that the formula ¢;(Z) defined as

/X\ 9&,5(3_7)
beAlal,(A,a)(Ab)
is true of a, but not of any tuple not automorphic to a. Since satisfac-

tion of L, ., formulas is preserved under automorphisms, the formula
above is true exactly on the tuples that are automorphic to a. O

We have already seen in [Part 1, Lemma ?7?] how to build a Scott
sentence if we are given definitions of all automorphism orbits. The
idea was to write down a sentence that is true of a structure B if and
only if the set

Is = {(a,b) € AN x BN : B = 0a(b)}
has the back-and-forth property, where ¢;(Z) is the formula that defines

the automorphism orbit of a. To include the pair of empty tuples ({), ())
into I, we let ¢ () be a sentence that is always true. The sentence is:

/X\ Vg, ..., T (9051(53) =

D<j> = DA<C_L) N (/X\ Ely(pac('i.y>> A (vy\X/ Spac(jy)> >7

ceA ceEA

where D 4(a) is the finite atomic diagram of the tuple a in A as defined
on page xxiii and, if we let 0 = D4(a) € 2<N, then “D(Z) = o7 is the
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quantifier free formula stating that the atomic diagram of z is ¢ as in
Observation .5 on xxiii. We get the following corollary.

THEOREM I1.9 (Scott [Sco65)). Every countable structure has a
Scott sentence in L, .

COROLLARY IL1.10. A relation on a structure A is L., ., definable
if and only if it is closed under automorphisms.

ProOF. Clearly, a definable relation must be closed under auto-
morphisms.

For the converse, let R be a relation in A* that is closed under
automorphism. Given a tuple a € A%, let ¢4(Z) be a formula that
defines the automorphism orbit of @. Then, \{/, . va(7) defines R. [

OBSERVATION II.11. If every automorphism orbit in A is definable
by a X*-formula without parameters, then A has a II¥%, Scott sen-
tence. To see this, just count the quantifiers in the Scott sentence given
above.

EXERCISE I1.12. Karp [Kar65]. Just for this exercise, consider
structures of arbitrary cardinality. For structures A and B, show that
they satisfy the same L, sentences if and only if there is a set [ C
AN x B<N that has the back-and-forth property and contains the pair
of empty tuples. See hint in footnote.’

I1.3. Scott Rank

We dedicated [Part 1, Chapter ?7] to study 3-atomic structures,
and showed that from various viewpoints they are the simplest struc-
tures around. We will see in the next few sections how every structure
can be made F-atomic if one adds enough relations to the vocabulary.
This will allow us to use the whole artillery of results from [Part 1,
Chapter ?7?] on all structures.

DEFINITION II1.13. Given a class I of £, , formulas (for example
Yinor II¢), a structure A is said to be I'-atomic if every automorphism
orbit is definable by a formula in I" without parameters.

ExampLE I1.14. (Q; <) is quantifier-free-atomic, as the automor-
phism type of a tuple is determined by the order of its elements.

"For the (<) direction, prove it for tuples within the structures and use trans-
finite induction on the rank of the formula.
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(Z; Adj) is 3-atomic,* as the automorphism type of a tuple is deter-
mined by the order of its elements and the distance between the el-
ements. (Z + Z + Z;Adj) is J-atomic over a finite set of parameters
(three actually). (Z; <) and (N; <) are X3"-atomic but not Xi"-atomic
as follows from the next observation and [Part 1, Exercise 77].

OBSERVATION IL.15. If A is ¥j*-atomic, it is also F-atomic. This
is because if /.y i(Z) defines the automorphism orbit of a tuple a,
where all the formulas ;(Z) are existential, then one of these disjuncts
must be true about a too — say 1;,. But, since v;,(z) alone implies
the whole disjunction W/, .y %i(Z), ¥4 (%) can only be true on tuples
automorphic to a. It follows that the automorphism orbit of a is exis-
tentially definable by ;. (7).

DEFINITION I1.16. We define the parameterless Scott rank of A to
be the least ordinal o > 0 such that A is X *-atomic. We define the
parametrized Scott rank of A to be the least ordinal a > 0 such that,
for some finite tuple of parameters a € AN, (A, a) is i -atomic. In
this book we use Scott rank to mean parametrized Scott rank.

OBSERVATION I1.17. If every orbit is X"-definable, then so is every
automorphism-invariant relation, as these are countable unions of au-
tomorphism orbits. The complements of automorphism-invariant rela-
tions are also automorphism invariant, and hence are also X1*-definable.
Therefore, all automorphism-invariant relations are AX"-definable, in-
cluding all orbits. The Scott rank is, thus, the least « such that, over
some finite tuple of parameters, every automorphism-invariant relation

is A*-definable.

So, for instance, from the example above we get that (Q; <), (Z; Adj),
and (Z + Z + Z; Adj) have Scott rank 1. (Z; <) and (N; <) have Scott
rank 2.

LEMmMA I1.18. w® has a Scott rank at most 2c.
We will prove in Corollary I1.40 that w® has Scott rank exactly 2a.

PROOF. Since w® is rigid, i.e., has no non-trivial automorphisms,
we need to find formulas defining each element of w®.
Let ¢,5(x,y) be the X3} formula from Lemma II.5 that says that
the interval between x and y has order type less than w”. There is a
5541 sentence s (z,y) that says that an interval (z,y) is isomorphic

By 3-atomic we mean I'-atomic where I' is the set of finitary existential
formulas.
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to w?, namely
~0,8(2,y) A (V2(r < 2 <y = pu8(z,2)))

Now consider v € w®. By taking its Cantor normal form, we can write
v as Wbt —|—w62 —I—---—i—w’gk with a > 51 > ﬁ2 AR Bk We can
then write a formula ¢, (y) that is only true of v within the structure
(W <):

dz1, .2 (21 << zp=YA A¢wﬁi+1(zi,2i+1)) )

i<k

where the conjunct v, (29, z1) corresponding to i = 0 is read as saying
that the interval to the left of z; has order type w®. This formula is
Y55, 4o and in particular Y37 O

EXERCISE I1.19. Prove that the Scott rank is preserved under Aj®-
bi-interpretability, where A}®-bi-interpretability is as in [Part 1, Defi-
nition ??], but using ¥3i* formulas instead of X$ ones.

EXERCISE I1.20. In a linear ordering, we say that x is an a-left
limit if it is a left limit of S-left limit points for all 5 < «. All points
are 0-left limits. Show that the relation of being an a-left limit is IT3?
definable. (Exercise 11.42 asks to prove sharpness.)

We will see that the Scott rank is not only a measure of the com-
plexity of the automorphism orbits of a structure, but is also a measure
of how difficult it is to distinguish the structure from others, and also
a measure of how difficult it is to find isomorphisms between different
representations of the structure.

Let us remark that, since Scott’s original definition in 1965 [Sco65],
there have been many definitions of Scott rank — and I do not mean
equivalent definitions, I mean mathematically different. For instance,
[Sac07, Section 2] and [AKO0O, Section 6.7] have their own definitions
(see [Monl5a, Section 3.1] for a quick review). These different def-
initions may, depending on the structure, be off by 1, by w, or even
by a multiplicative factor of w. They are not even off by the same
amount on all structures; how off they are depends on the structure.
The reason we prefer our definition is that it is more robust and we
get equivalence theorems like 11.23, VII.21, and VII.25 tying up various
measures of complexity very neatly, while, for the previous notions, we
did not get exact equivalences.



26 II. INFINITARY LOGIC

11.4. The type-omitting theorem

A type-omitting theorem is one that claims the existence of struc-
tures that satisfy certain sentences but omit certain types. Here, by
type, we mean a type as in model theory, namely a set of formulas
with a shared tuple of free variables, and by omitting a type we mean
that the structure has no element satisfying all the formulas in the type.
Type-omitting theorems are extremely useful in model theory, and they
are useful in infinitary logic too. The original version is due to Henkin
and Orey who used it for omitting the type of a non-standard natu-
ral number. See Lemma I1.28 for the statement of the type-omitting
theorem of finitary first-order logic.

There are various versions of the type-omitting theorem for infini-
tary logic, and, in most cases, their proofs are not too different from
the original finitary version. The instance we will see here, where we
need a sharp count of the alternations of quantifiers, is from [Mon15c],
while other versions in the literature are too coarse for our purposes.
Once the statement is set up correctly, the idea of the proof is not
new, and is based on ideas the author learned from conversations with
Julia Knight and Sy Friedman. The reader may consult Keisler’s book
[Kei71] or Barwise’s book [Bar75] for other versions and other proof
techniques, as for instance the use of Makkai’s consistency properties.

We have already proved the cases o = 1 of the results in this chapter
back in [Part 1, Chapter ??] using slightly simpler but similar proofs.
For general a we can take two possible approaches. We will take both
and give two proofs. First, in this section, we modify the proofs in
[Part 1, Chapter ??], but we do not rely on them, so the reader who
did not read [Part 1, Chapter ??| can follow them without problem.
Next, we will introduce the technique of Morleyization, which will allow
us to lift the results from [Part 1, Chapter ?7] directly without redoing
the proofs.

DEFINITION I1.21. A set of infinitary formulas ®(Z) is X" -supported
in A if there exists a X* formula ¢(Z) such that

Al 3z(e(@) A VE(e@) = N\ v(@).

Yped

LEMMA I1.22 (Type-omitting lemma (Version from [Monl5c])).
Let A be a structure and ¢ be a 11, sentence true of A. Let ®(z) be
a partial TIX™-type which is not X:*-supported in A. Then there exists
a structure B that models ¢ and omits .
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By a partial IIX"-type we just mean a set of II:* formulas all sharing
the same finite set of free variables. By omitting ® we mean that no
tuple from B satisfies ®.

ProoF. Write ¢ as /N\; V¥;;(7;), where each ¢; is 33" Let C' =
{co,c1,...} be a set of fresh constants. Using a Henkin-type construc-
tion, we will build a set S of X1 sentences over the vocabulary 7 U C
satisfying the following properties:

(A): If \{/ 0; € S, then 6, € S for some i.

(B): If 3yb(y) € S, then 6(c) € S for some tuple of constants ¢
from C.

(C): If M\ 6, € S, then 6; € S for all 1.

(D): If Vyb(y) € S, then 0(c) € S for all ¢ from C.

(E): For every atomic sentence 6 over 7 U C, either § € S or
=60 € S, but not both.

(F): For every j and every tuple ¢ from C of length |g;|, ¢;(C) €
S.

(G): For every tuple € from C of length |Z|, there is a formula
1 € ® such that —)(c) € S.

Furthermore, we will make sure along the way that every finite
subset of S is satisfiable. Then, once we have S satisfying (E), we can
build a structure B as usual: We let B have domain C', and we use the
atomic sentences in S to define a congruence T-presentation B.! By
induction on formulas, using properties (A)-(E), we get that B |= 6 for
every # € S. From (F) we get that B |= ¢, and from (G) we get that
B omits &.

The construction of S is by stages as in the usual Henkin construc-
tion. At stage s, we define a finite set of X" sentences Ss, and we
will define S = Usew S, at the end. Each S, mentions at most finitely
many of the constants from C'. To ensure consistency, we make sure
that, at each s, there is an assignment v, that assigns values in A to
the constants that appear in S, in a way that S, holds in A. That is,
if Sy mentions the constants ¢y, ..., ¢,, and v, maps ¢; to a; € A, then
for each formula 6(co, ...,c,) € S, A E 0(aq, ..., a,).

At each stage, we take care of a new instance of one of the require-
ments. Instances of the requirements (A)-(F) can all be satisfied in a
straightforward way without modifying the values in the assignment v;.
For instance, suppose that at stage s+1 we want to satisfy requirement
(B) for the sentence 3y6(co, ..., Cy, y) € Ss, and suppose v maps ¢; to
a; € A. Since A |= 3y6(ag, ..., an,7), we have that for some b € A<N,

‘Le., if the sentence ‘c; = ¢;” is in S, we let ¢; and ¢; be equivalent in B.
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A = 0(ag, ...,a,,b). Let € be a tuple of new constants, let vs,; be the
extension of v, which maps € to b, and let S,y; = S,U{0(c)}. We leave
the requirements (A), (C), (D), (E) and (F) to the reader.
Requirement (G) is a standard type-omitting argument: Take a
tuple ¢ from C' of the same length as z, and suppose we have already
built S,. Let o(¢,d) = A Ss, where d is the tuple of constants from C
that occur in Sg but are not present in €. So 37 ¢(,7) is a X3* formula
realized in A. Since @ is not 3 -supported, there is a formula 6(z) € @
such that A = —Vz(3gp(z,y) — 6(z)). That is, there are tuples
a,b € A<N such that A = ¢(a,b) A =0(a). Let S,41 = S, U {=6(c)},
and let vy, 1 map cd to ab. O

We will now use the type-omitting theorem to show how Scott ranks
and Scott sentences are connected.

THEOREM I1.23. Let A be a countable structure and o be a count-
able ordinal. The following are equivalent:

(U1) Ewvery automorphism orbit is ¥.2*-definable without parameters.
(U2) A has a IIE", Scott sentence.
(U3) Ewvery II*-type realized in A is L -supported within A.

This theorem is one of the first results in this book showing the
robustness of our notion of Scott rank introduced in [Mon15c|. Earlier
definitions of Scott rank did not produce such sharp equivalences.

PrOOF. We already saw how (Ul) implies (U2) in Observation
IT.11.

Let us now prove that (U2) implies (U3). Let ¢ be a II}%; Scott
sentence for A. Suppose, towards a contradiction, that there is a IT:»
type p(Z) realized in A by some tuple @ which is not ¥X* supported
within A. By Lemma I1.22, there is a structure B which models ¢ and
omits p(Z). The structure B cannot be isomorphic to A, as it omits
p(Z), and hence this contradicts that ¢ is a Scott sentence for A.

Let us now prove that (U3) implies (U1). For each tuple a in A, let
©a(T) be a 3 formula that supports II2*-tp4(a). We will show that
©a(Z) defines the automorphism orbit of a.

First, note that ¢z is true of a, as otherwise —p; would belong
to TI2*-tp4(a), and it would be implied by ¢z. Second, we need to
observe that if A |= ¢4(b), then A = o3(a) too. Suppose not, and that
A = 0a(b) A =gp(a). We would then have that —y(Z) € T-tp4(a),
and hence that ¢z(Z) implies —¢;(Z), which we know is not true, as

A E wa(b) A py(b).

Consider the set of pairs

P ={(a,b) € (A™)*: A = pa(b)}-
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We claim that P has the back-and-forth property. This would imply
that @ and b are automorphic whenever A = ¢4(b), and hence that
¢a(Z) defines the automorphism orbit of @. Suppose (@, b) € P. Clearly
D(a) = D4(b) as D4(a) is determined by IT3*-tp4(a). Let d € A; we
want to show that there exists ¢ € A such that (ac,bd) € P. Thus, we
need to show that A = Jy ¢ 4(a,y). Suppose not. Then Vy—y; 4(a,y)
is part of the IT!*-type of @, and hence implied by ¢z. But then, since

A = ¢a(b), we would have A = Vy—g5 4(b, y), contradicting that A =
SDI;d(b7 d) O

I1.5. Morleyizations

In [Part 1, Chapter ??|, we showed that a structure is J-atomic
if and only if it has a II3* Scott sentence. In this section, we use the
technique of Morleyization to lift that result to X -atomic structures
and show that those are exactly the ones that have a II% ; Scott sen-
tence. We will also use Morleyizations to prove an a-level version of
the type-omitting theorem. Most results we prove here using Morley-
izations were already proved in the previous sections using different
proofs.

DEFINITION II.24. Consider a vocabulary 7 and a countable set ¥
of L, T-formulas. The Morleyization of T with respect to W refers
to the following expansion 7 of the vocabulary. Let us assume that
U is closed under taking sub-formulas — if not, close it. For each
formula ¢ (z) in ¥, consider a new relation symbol Ry, of arity |z|. Let
%:TU{Rd,:Q/JE\I/}.

For each 7 structure A, the Morley expansion of A is the 7 structure

A= (AR} ¢ €T), where R = {a € A" : A= y(a)}.

The objective of Morleyization is to simplify the complexity of for-
mulas. For starters, all the formulas in ¥ become atomic. When study-
ing theories, we need to ensure that the new relations have the right
meanings. However, adding the definitions of the new relations directly,
namely VZ(Ry(Z) <> ¢(Z)) for ¢ € ¥, has the great disadvantage that
we are adding formulas that are as complex as the formulas in ¥, which
defeats the purpose of simplifying formulas. There is a way around this.

DEFINITION II1.25. For each formula ¢, we consider a sentence ¢y
that defines Ry, recursively:
(1) If () is atomic, then let ¢, be VZ(Ry(Z) ¢ ¥(7)).
(2) If () is =60(z), then let ¢, be VZ(Ry(Z) ¢ —Ry(7)).
(3) If () is Jyb(z,y), then let ¢y be VZ(Ry(Z) <> FyRy(Z,y)).
(4) If (z) is W/, 0i(z), then let ¢, be VZ(Ry(Z) <> W, R, (Z)).
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Let My be M\ ey Pu-
Note that My is IT13* and that

My = [\ VZ(R,(Z) < v()).

P(Z)ew

Also note that the Morley expansion A with respect to U is the unique
7-expansion of A that satisfies My.

For our first application of Morleyization, let us consider [Part 1,
Theorem ?7], which says that a structure is 3-atomic if and only if it
has a IT3* Scott sentence, and [Part 1, Lemma ?7?], which says that a
structure is 3-atomic over a finite tuple of parameters if and only if it
has a X3* Scott sentence.

PROPOSITION I1.26. For a structure A and an ordinal o > 0, the
following are equivalent:
(1) A is Xi*-atomic.
(2) A has a II'", Scott sentence.
If we consider parameters, we get that the following are equivalent:

(1) A is Xt -atomic over a finite tuple of parameters.
(2) A has a X, Scott sentence.

PROOF. Let us consider the first part of the theorem — the proof
of the second part is essentially the same.

(1) implies (2): We say that a formula is 1%, if it is IT}* for some
[ < a. Consider the set of all ¥* formulas that define automorphism
orbits of tuples in A. Let ¥ be the set of II'% formulas that appear
as sub-formulas of those X" formulas. Notice that these ¥:* formulas
are Yi® over U, meaning that if we replace the formulas in ¥ with the
corresponding relations, we are left with a 3 formula. Let A be the
Morley expansion of A with respect to W. Since every relation added
to the language of A was already definable in A, all automorphisms
of A remain automorphisms of A, and hence both structures have the
same automorphism orbits. These automorphism orbits in A are now
definable by ¥i* 7-formulas. By Observation I1.15, this implies that all
automorphism orbits are actually definable by 3-7-formulas. In other
words, A is 3-atomic. By [Part 1, Theorem ??], A has a II{* #-Scott
sentence ¢. Let ¢ be defined by replacing each occurrence of Ry in
¢ by ¢ for each 1 € W. We claim that ¢ is the desired II%; Scott
sentence for A. It is II% | because ¢ is II3* and each 1 being replaced
is IT22 . Let B be another structure satisfying ¢ and let BB be its Morley
expansion with respect to W. Then B = My, and hence B E @, as p
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and ¢ are equivalent over My. Thus, A and B must be isomorphic.
Their 7-reducts, namely A and B, must then be isomorphic too.

(2) implies (1): Let ¢ be the II'%; Scott sentence for A. Let ¥
be the set of I sub-formulas of ¢, and consider the corresponding
Morleyization. Within ¢, replace each maximal IT:2, sub-formula ) by
Ry. We get a II3* 7-sentence ¢. If we assume My, ¢ is equivalent to
. We thus get that ¢ A My is a II3* Scott sentence for the Morley
expansion A of A. By [Part 1, Theorem ??], every automorphism
orbit in A is definable by a 3-7-formula. Replacing Ry by ¢ within
each of these definitions, we get equivalent formulas in A, and hence
we get 21" 7-definitions for all the automorphism orbits in A. O

COROLLARY 11.27. The parameterless Scott rank of A is the least
ordinal o such that A has o IIT%, Scott sentence. The parametrized
Scott rank of A is the least ordinal o such that A has a X3, Scott
sentence.

We can use the same technique to lift other results from [Part 1,
Chapter ??]. For instance, we can lift the V-type-omitting theorem
we proved in [Part 1, Lemma ?7?] and make it a II}* type-omitting
theorem. Let us first recall that [Part 1, Lemma ??] says that if K is a
I13" class of structures and {p;(Z;) : i € N} a sequence of V-types which
are not J-supported in K, then there is a structure A € K that omits
all the types p;(Z;) for i € N. Recall that a type p(%) is '-supported in
a class K if there is a I" formula () realizable in K which implies all
the formulas in p(z) within K. First, let us deduce the classical finitary
type-omitting theorem.

LEMMA I1.28. Let T be a finitary first-order theory, and let {p; :
i € N} be a list of finitary first-order types that are not elementary
supported over T'. Then T has a model that omits all the p;’s.

In the context of finitary first-order logic, types that are elementary
supported are called principal types. Recall that an elementary formula
is a finitary first-order formula.

PROOF. Let ¥ be the set of all finitary first-order formulas, and
consider the corresponding Morleyization 7. Then T is equivalent to
a TIi* 7-sentence, each p; is a quantifier free type (and in particular a
V-type), and no p; is I-supported over T'A My, as otherwise they would
be elementary supported over 7. We can then apply [Part 1, Lemma
??] to get a 7-model of T'A My which does not realize any p;. O
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THEOREM 11.29. Let K be the class of models of a IIY,, sentence
@, and let {p; : i € N} be a list of TIX® types that are not L supported
i K. Then there is a structure in K that omits all the p;’s.

PrROOF. The proof is essentially the same as that of the lemma
above. Let U be the set of all IT*2, sub-formulas of ¢ and of the formulas
that appear in the types p; for i € N. Then ¢ is equivalent to a IT3*
7-sentence @, each p; is a II}* 7-type (and in particular a V-type), and
no p; is 3-supported over @ A My, as otherwise they would be XI*-
supported over ¢. We can then apply [Part 1, Lemma ?7] to get a

7-model of p A Mg which does not realize any p;. O

The type-omitting theorem for fragments of infinitary logic is due
to Keisler [Kei71]. Our formulation above, which is from [Monl5c],
is more subtle than Keisler’s original, as Keisler was not worried about
the complexity of the formulas, and the fragments he used were coarser
than the ones we use here.

EXERCISE 11.30. Use Morleyization on [Part 1, Theorem ?7] to
prove that a countable structure is X:*-atomic if and only if every IT:»
type realized in A is X supported in A.

REMARK II.31. Let us briefly mention how Scott ranks work for
uncountable structures. The correct definition in this setting is based
on the previous exercise. First, we need to consider the language L,
instead of L, ,,. The Scott rank of a structure is the least o such that,
over a finite tuple of parameters, every II** type is Y*-supported. One
can then prove that the Scott rank is also the least a such that there is
a X%, sentence that determines the structure up to L« -elementary
equivalence.

I1.6. Back-and-forth relations

The back-and-forth relations measure how hard it is to differen-
tiate two structures, or two tuples from the same structure or from
different structures. They are a combinatorial device used to study
Y2 elementary equivalence. The rough idea is that two tuples are n-
back-and-forth equivalent if we cannot differentiate them using only n
Turing jumps.

With the techniques we have seen so far, we can prove upper bounds
on Scott ranks by either giving X1 definitions of all orbits or exhibiting
a X, Scott sentence. What we do not have yet is a technique for
showing that these formulas are as simple as possible. That is where
the back-and-forth relations step in.
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DEerFINITION I1.32. For each ordinal «, we define a pre-order <,
on the tuples of all the 7-structures by transfinite recursion. Given an
ordinal o, T-structures A and B, and tuples a € A<N and b € BN, let

(A,a) <, (B,b) <= Vy<a
Vd € BN Je e AN (A, ac) >, (B,bd).

For the base case, we let (A,a) <o (B,b) if @ and b | |a| satisfy the
same quantifier-free 7j;-formulas, or equivalently, if D4(a) C Dg(b)."
We will sometimes write @ <, b instead of (A,a) <, (B,b) if one can
easily deduce from context where the tuples are coming from.

OBSERVATION I1.33. In most cases, one considers back-and-forth
relations only between tuples of the same length, and the reader may
imagine that is the case for now. For tuples of different lengths, one
can show by transfinite induction that a <, b if and only if |a| < |b|
and a <, b | |al.

OBSERVATION II.34. Back-and-forth relations are preserved under
taking sub-tuples. That is, if (A,a,a’) <, (B,b, V), then (A, a) <,
(B, b). This can be proved by an easy transfinite induction too.

OBSERVATION IL.35. It is easy to see that the a-back-and-forth
relations get finer as o grows. Furthermore, (A,a) <,41 (B,b) not

only implies (A, a) <, (B,b), but also (A,a) >, (B,b). This, again,
can be proved by an easy transfinite induction argument.

The back-and-forth relations can be visualized in terms of a game
where player 1 is trying to show (A, a) £, (B,b) by challenging player
IT to come up with matchings for player I's moves. This is a clopen
game, that is, a finitely terminating game where there are infinitely
many possibilities for each move. Fix 7-structures A and B, and tuples
a € A<N and b € B<N of the same length. The game G(«, (A, @), (B,b))
starts with player I playing a tuple by € B<N and an ordinal v, < a,
and player II responding with a tuple a; € A<N of the same length.
They then continue playing the game G(vy, (B, b, b1), (A, @, ay)), where
now player I is trying to show (B,b,b;) %, (A,a,a;). That is, for
the second move, and for subsequent even-numbered moves, player I
plays a tuple @, € A<N and an ordinal v, < yx_1, and player II plays
a tuple b, € B<N of the same length. At odd-numbered moves, I plays
a tuple b, € B<N and an ordinal v, < 7_1, and player II plays a tuple
ay € A<N of the same length.

TRecall that 7, refers to the step s approximation to the vocabulary 7. Recall
that to have D 4(a) be a finite string, we defined D 4(a) so that it only contains the
truth values of the 7)5-formulas. See page xxiii.
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Player 1 ‘ bi,m as, Y2 by, V3 o0 o b
Player II ‘ a, b . e a

The game ends when they reach v, = 0. Player IT wins the game
if D4(a,as,...,a;) = Dg(b, by, ..., b), and player I wins otherwise. One
can show by transfinite induction that player II has a winning strategy
for the game G(a, (A, a), (B,b)) if and only if (A, a) <, (B,b).

There is yet a thlrd way of visualizing back-and-forth relations. The
following theorem, due to Carol Karp, characterizes the back-and-forth
relations in terms of II*"-types.

THEOREM 11.36 (Karp [Kar65]). Let a be a nonzero ordinal, A
and B 7-structures, and @ and b tuples in AN and B<N. The following
are equivalent:

(1) (A a) <q (B,b). _
(2) Hm—tpA( ) C IIE2-tpg(b), that is, every IIE* formula true about
a in A is true about b in B.

PRrROOF. The proof is by transfinite induction on a.

The theorem was stated for o > 0 because for @« = 0 we have
that (A,a) <, (B,b) if and only if D4(a) C Dp(b), and recall that
D 4(a) only deals with atomic formulas over the finite sub-vocabulary
Tja)- This small discrepancy disappears at higher levels.

For the downward direction, consider a IT3* formula N\, oy V7ii (7, 7:)
true of @ in A, where each ¢; is ¥ and a; < o — we need to show this
I1:* formula holds of b in B. Take i € N and d € B%! — we need to
show that B = ¢;(b, d). Since (A, a) <, (B,b), there is a tuple ¢ € Al
such that (A, a,¢) >, (B,b,d). Since A = Vipi(a, %), A = ¢i(a,c).
By the induction hypothe51s applied to —yp;, we get B = ¢i(b,d) as
needed. (When a; = 0, we need to extend d to any string d’ that is long
enough so that all the symbols in ¢; are in the finite approximation 7,4,
to the vocabulary 7. We would then get & with (A,a,¢) >0 (B,b,d'),
and hence A |= ¢;(a, ¢) implies B |= ¢;(b, d).)

For the upward direction, we prove the contra-positive. Suppose
(A,a) £o (B,b), and let d € BN and 8 < a be such that, for all
ce AN (A a,¢) #5 (B,b,d). By the induction hypothesis, for each
¢ € Al there is a I formula v, true of bd in B, but not of ac in A.

Then
vg X/ —ve(a, p)
ce Aldl
is a II** formula true of @ in A, but not of b in B as witnessed by d. [

We will see later in Theorem VII.30 that the back-and-forth re-
lations can also be characterized in descriptive set theoretic terms:
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A <, B if and only if distinguishing the copies of A from the copies of
B is X2 hard.

In the literature, one can find definitions of what are also called
back-and-forth relations, but which are not equivalent to the one we
give here. The key advantage of the definition we use here is Karp’s
characterization in terms of IT* types, Theorem I1.36. As we men-
tioned before, there are also various different non-equivalent definitions
of Scott rank in the literature. Most of them are based on some notion
of back-and-forth relation. We will see how our definition of Scott rank
can be defined in terms of this back-and-forth relation, and compare
it to Ash and Knight’s [AKO0O, Section 6.7] definition of Scott rank in
Section I1.9

I1.6.1. Example: Linear Orderings. There are various classes
of structures whose back-and-forth relations have been thoroughly an-
alyzed: The back-and-forth relations of interval Boolean algebras of
ordinals are calculated in [AKOO, Proposition 15.14]; The back-and-
forth relations on F-vector spaces are calculated in [AKO0O, Section
15.3.2]; The back-and-forth relations on linear orderings are simple up
to level two, but they get messy after that. The most comprehensive
analysis of the back-and-forth relations on scattered linear orders to
date can be found in Alvir and Rossegger’s paper [AR20a].

Linear orderings are a good case study for playing with back-and-
forth calculations. The first level only involves the order among the
different elements of the tuple:

(./4, ao, ...,ak) <o (B, bo, ,bk) <
a; SAaiji SBbj fOI‘&HZ,]Sk’

At the next level, we compare sizes:
A< B <« |Al>|B|,

where | A| is the cardinality of A, which is either a finite number or co.
This is because for every n < |B|, if one chooses a tuple of different
elements b € B", one has to be able to match it in A, and hence A
needs to have size at least n. To decide if (A, a) <; (B,b), one needs to
look inside the segments defined by the tuples. The following lemma
shows how, in linear orderings, back-and-forth calculation can be vastly
simplified by comparing segments.

LEMMA I1.37. (See [AKO00, Lemma 15.7 |) For a > 0, when com-
paring tuples on linear orderings under <., it is enough to compare the
segments determined by them. That is, if A and B are linear orderings,
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and we have tuples a3 <4 a9 <p -+ < a and by <g by <p --- <p b,
then

(A,a) <o (B,b) <= (ai,ai11)a <a (bi,biv1)s for alli <k,
interpreting ag and by as —oo, and ap11 and bgyy as +0o.
PROOF. The proof is a straightforward transfinite induction. [

The next level up, namely <, is a bit more complicated, but it
can still be reasonably well understood. See [Mon10, Section 4.1].
The relations <3 get much messier, except when we restrict ourselves
to particular classes of linear orderings as, for instance, the class of
ordinals.

LEmMA 11.38. Let A and B be linear orderings, and assume both
have a first element. Let o be an ordinal. Then

w* A <gen W B, = |A]>]B].

Proor. This is a purely combinatorial proof, and the reader should
work it out with pen and paper while reading the details.

The proof is by transfinite induction. In the case a = 0, we have
20 +1 = 1 and w® = 1, which puts us in the setting we already
mentioned above.

For the (<) direction, assume |A| > |B|. Consider a tuple

\<71,17 bl>7 ceey <71,€17 bl)}? <’72,1a b2>7 sy <P)/2,f27 b2>7 ERR <7k,fk-7 bk>j

N

Gw‘;xr{bl} Ewo‘::{bg} Gw"‘::{bk}

from w® - B, where the v, ;’s belong to w® and the b;’s to B. Assume
the tuple is given in increasing order. Also, by adding elements to the
tuple if necessary, we may assume that 7, is the first element of w®
for each 7 < k, and that by is the first element of B.** We need to find
a matching tuple in w® - A. Using that |A| > |B| > k, we can pick a
tuple a; <4 -+ <4 ay from A, where a; is the first element of A. We
keep the v, ;’s unchanged. Thus, our matching tuple looks like this:

\<71,17 a1>7 seey <’71,517 a1>7§72,17 a2>7 teey <’72,527 CL2>, RN <’Yk,fk7 ak>1~
Gw"’::{al} Gw"‘::{ag} Gwo‘;{ak}

We now need to verify that each of the intervals in w® - A determined
by this tuple is >5,-above the corresponding interval on the w® - B side.
There are two types of intervals. First, we have the intervals of the form
((Vi.j, bi), (Vi j+1,bi) )wos, which are contained in a copy of w® and are

IRecall that (a,b) 4 denotes the open interval {z € A:a < x < b}.
“*Notice that when proving that a back-and-forth relation holds, we can add
elements to the tuples without loss of generality by Observation 11.34.
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isomorphic to their corresponding intervals ((7v;;, @:), (Vij+1,@:))wea,
and hence >j,-back-and-forth related. Second, we have the inter-
vals of the form ((v;s,, i), (Yi+1.1,bi+1))wes and their corresponding in-
tervals ((Vie, @i)s (Vit1.1, @it1))wea, Which are isomorphic to intervals
of the form w® - B; and w® - A; respectively, where B; = [b;,bi11)5
and A; = [a;,a;41)4 are linear orderings with first elements. Note
that this is also the case for the last intervals ((yx., , bx), +00)ep and
((Y,r» @k), +00) e 4. To prove that these intervals are >,,-back-and-
forth related as needed, it is enough to show the following: If A and B
are linear orderings with first elements (and no assumptions on their
sizes), then w® - A >, w* - B.

The proof starts pretty much the same way as the paragraph above.
Consider a tuple cq, ..., ¢ from w® - A and an ordinal § < «. Adding
elements if necessary, assume that if an element from a copy of w®
is one of the ¢;’s, so is the first element of that copy. This way, the
intervals we get are either isomorphic to an ordinal smaller than w?,
or of the form w® - A, where A is a segment of A with a first element.
The last segment (cg, +00),04 is always of the latter form. We now
need to match these elements to elements from w® - B. We proceed as
follows. All the ¢;’s will be matched to elements d; in the first copy of
w®. We do it in a step-by-step fashion. Map the intervals which are
isomorphic to ordinals below w® to isomorphic copies of them. Map
the intervals of the form w® - A to intervals of the form w”. Since w®
is closed under addition, all these intervals can be found one after the
other within the first copy of w® in w®-B. By the inductive hypothesis,
we know that w® - A, which is isomorphic to w” - w*# - A, is <gg,1 WP,
The last interval (cg, +00),0.4, Which is of the form w® - A, is matched
with the last interval of w®-B. Both last intervals are infinite multiples
of w?. So, all the matching intervals we defined are <gp+1-less than
their corresponding intervals in A.

For the (=) direction, assume |A| < |B| — we need to pick a tuple
in w®- B without a matching tuple in w®- A. For this, let by < --- < by
be |A| 4 1 distinct elements from B, and consider the tuple

(0,b0),(0,b1), ..., (0, b4)

from w®- B. All the intervals are isomorphic to w® - [b;, b;11)5. Consider
a matching tuple in w® - A. By the pigeon-hole principle, two elements
of this tuple must come from the same copy of w®. The interval between
those two elements is then isomorphic to some ordinal below w® — say
v. We now need to prove that for all v < w® and all B v Foq W B.
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To prove this, consider the partition of v into two intervals splitting
v as v + w’, where w® is the last term in the Cantor normal form of
7. If v is already of the form w®, let 79 = 0. Consider now a potential
matching partition of w® - B into two intervals. The second interval
must be isomorphic to w® - B = w’ - (w*~?) - B for some end segment B
of B. Since 1 < w9 . B|, we get from the induction hypothesis that
W’ Losi1 w® - B. So, there is no way to match the partition of v in
w - g, showing that v %9, w* - B. 0

COROLLARY 11.39. Let A be any linear ordering. Then
w® o0t w* + w* - A, but w® $2a+1 w® +w - A.

We are now ready to calculate the precise Scott rank of an ordinal
[Mil83, Lemma 3.5]. Given an ordinal ¢, define log,(d) to be the
ordinal o such that w® < § < w®*1.

COROLLARY 11.40. The parametrized Scott rank of an ordinal § is
21log,,(9).

Thus, in particular, the Scott rank of w® is 2a.

Proor. We already know from Lemma II.18 that w® has Scott
rank at most 2«. If § is of the form § = w* + W + - -+ + W, where
ap > oy > -+ > g, then it has Scott rank at most 2aq (which equals
2log,,(0)), as one can add parameters to separate the summands of the
form w.

For the lower bound, by the lemmas above, § >94,+1 WP 4+ w4
-+ w* for any B > aq." It follows that every Y3n, 41 Sentence true
about ¢ is also true about w® +w® + - -+ 4+ w* and hence it cannot be
a Scott sentence for §. Thus, using Proposition 11.26, the Scott rank
of & must be at least 2c. O

COROLLARY 1141 (Morley [Mor65], Lopez-Escobar [LE66])* ).
There is no L, . sentence whose countable models are exactly the
countable well-orderings.

PROOF. Suppose ¢ is a X2* sentence true of all ordinals. Since it
is true of w?, it is also true of w® - A for any linear ordering A with
a first element, and hence in particular of w® + w® - Q, which is not
well-founded. O

"We are using here that if A <, B, then A+ C <, A+ C. This can be proved
easily by transfinite induction on a. For the case when C has a least element, which
is the situation we are applying it to, it just follows from Lemma I1.37. We are also
using Corollary I1.39 to get that w™ >54,11 w?, noting that w® = W +w0 .=,

#Lusin and Sierpinski had already proved the class of countable well-orderings
is not Borel.
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EXERCISE I1.42. Show that the II32 formula defining the relation
of a-left limit in Exercise 11.20 is best possible in the sense that there is
no X3¢ formula defining the a-left limit relation in all linear orderings.
See hint in footnote.”

EXERCISE 11.43. (a) Show that the X3 sentence @ o from Lemma
I1.5 that says that a linear ordering is strictly less than w® is the best
possible in the sense that there is no II3% sentence expressing the same
thing. See hint in footnote.'

(b) Write a II32 | sentence that is true exactly of the well-orderings
less than or equal to w®. Show that there is no such ¥3%_; sentence.

EXERCISE 11.44. ([Ash86a, Lemma 7]) This exercise provides a
complete description of the back-and-forth relations on ordinals. Given
different ordinals £ and ~, decompose them as follows:

ﬁ:waﬁl—i_& & Vzwa’}/l—i_(sa

where 81,71 # 0, § < w®, and « is the largest for which such a de-
composition exists. To find such a decomposition, one needs to look
for the rightmost term in the Cantor normal forms of 5 and ~ that is
different. Prove:

(a) Let m and n be the remainders of 8; and 7, in the division
over w. (Le., 8 =w- By +m, and 71 = w - y2 + n.) Prove that either
|B1] # |71| or m # n, where |S| represents the size of §, that is, |3| =
if 6 <wand |f|=cif > w.

(b) B <sa41 v if and only if [8| > |7].

(c) If B; and = are both infinite, then § <s,.2 7 if and only if
n > m.

Goncharov, Harizanov, Knight, McCoy, and R. Miller [GHK"05]
proved that

o — (0% * « « *
2% - w =9qy1 L% -w*, but Z% w Logio L~ - W,

and gave a complete analysis of the back-and-forth tuples within these
structures.

EXERCISE I1.45. Prove that the Scott rank of Z* - A is 2« plus the
Scott rank of A.

EXERCISE I1.46. Show that the parameterless Scott rank of an
ordinal § is either 2log,(d) or 2log,(d) + 1, depending on whether

*Consider w®+w®, and show that every IT'%, | formula that holds of some tuple
also holds of some tuple contained in the left copy of w®.

Show that if a II%%,  formula is true about some tuple in w®, then it also true
of some tuple inside a smaller ordinal.
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the Cantor normal form of § starts with only one copy of w'°&~(©®) and

then continues with smaller terms, or starts with at least two copies of
log,, (6)
w :

EXERCISE 11.47. What are the possible parametrized and parame-
terless Scott ranks of equivalence structures?

EXERCISE 11.48. What are the possible parametrized and parame-
terless Scott ranks of Q-vector spaces?

I1.6.2. 3V- and X9-hardness. As we mentioned before, another
way of defining the back-and-forth relations is in terms of how difficult
it is to distinguish the w-presentations of one structure from the w-
presentations of the other. In this section, we work out the cases of
<y and <5, as to give the reader an idea of how these work. To get
the general characterization of <, we will need to use the technique of
forcing for the boldface case, which we will see in Chapter VII (Theorem
VII.30), and to use the technique of iterated true stages for the lightface
case, which we will see in Chapter IX (Theorems VIII.7 and 1X.10).

Let us start with the <;-case.

DEFINITION I1.49. Given computable w-presentations A and B, we
say that distinguishing A from B is ¥0-hard if there is a computable
operator I' such that, for all X € 2N, I'X is an w-presentation of a
structure, and

B if X =0,

where 0 is the infinite sequence of all zeros.

FXE{A if X # 0%

THEOREM I1.50. Let Ay and A, be computable w-presentations such
that Ay <y Ag. Then distinguishing Ay from Ag is X9-hard.

PrOOF. Given X € 2V, we build a structure B uniformly com-
putable from X such that BX = A, if X contains some 1 and BX =2 A,
if X is always 0. Let X € 2 be defined as follows:

X(s)=1 <= 3Jt<s (X(t)=1).

Thus, if X = 0%, then X = 0, and if X # 0%, then X starts
with a few zeros, and then it is all ones from some point on. At each
stage s we will define a ﬁnitg tuple as of length s that belongs to A
if X(s) =0, and to A; if X(s) = 1. Let By be the finite structure
with domain {0,...,s — 1} obtained as the pullback of a;. That is
D(By) = DA)?(S)(ZLS). We will define BX as the limit of the structures
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B, so we need to ensure that they are nested. Equivalently, we need
to ensure that, for all s € N,

D.A)?(S) (C_LS) - D.A)?<S+1) (as—l-l)'

We will end up with

D(BX) = D(B,) = Das,, (@)

In the construction, while )A((s) = 0, we let @, consist of the first s
elements of Ag. This way, if X = 0%, we will end up with BX = A, as
wanted. N
R Otherwise,Athere is a point at which X changes its value from
X(s) =0to X(s+ 1) = 1, and we need to switch and start taking
tuples from A; instead of Agy. Since A; <; Ajg, there is a tuple b € A5
so that (A1, b) >0 (A, @s), i.e., D4, (as) = D4, (b). Define @, to be b,
together with some extra element from the domain of A; so that it has
length s+ 1. From this point on we have that X is all ones. When we
have X(s) = X(s+ 1) = 1, we define @, extending a in A; making
sure all elements of A; will eventually show up. This way, we will end
up with BX = A,. O

Let us now consider the <, case.

DEFINITION II.51. Given computable w-presentations A and B, we
say that distinguishing A from B is ¥9-hard if there is a computable
operator I' such that, for all X € 2 T'X is an w-presentation of a
structure and

X o A if X has finitely many zeros
~ | B if X has infinitely many zeros.

THEOREM I1.52. Let Ay and Ay be computable w-presentations such
that Ay <5 Ag, and such that the set

{(a,0) € AZ" x AT (Ao, @) <1 (A1, D)}
is c.e. Then distinguishing Ay from Ag is ¥9-hard.

ProOF. Given X € 2V, we build a structure B uniformly com-
putable from X such that BX = Aj if X has infinitely many zeros
and BX = A, if X is always one from some point on. As above, at
each stage s we will define a tuple a, € Ax(, of length s satisfying
Day(,_yy(@s-1) € Dy, (@s). As above, we can then define BY as the
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limit of a nested sequence of finite structures B defined as the pullback
through a, of Ax(s). We end up with

D(BX) = U D-Ax(s) (C_LS>‘

In the case where there is a point after which X(s) is always 1,
if we ensure that after that point we have ay C as, 1, we will end up
with B* 2 A;. This will follow from the case X (s — 1) = X(s) in the
construction below.

In the case where X has infinitely many zeros, to ensure that the
limit structure is isomorphic to Ay, we will require that

o ift <sand X(t) = X(s) =0, then @, C a, € A"
We will then have that g = US:X(S):O ds is a bijection from BX to Aj.
Suppose that we have X () = X(s) = 0 and that X(r) = 1 for all r
between ¢ and s. Suppose that we have already defined a,_, € A;Y
and we want to define a;,. We need to find a, € Ay extending a; and
satisfying that D 4, (as—1) € D4, (as). What condition would guarantee

the existence of such as? The answer is: (Ag, a;) <1 (A1, as_1). So, let
us impose that condition too:

o ift <r, X(t) =0and X(r) =1, then (Ay,a;) <1 (Ay,a,).

This adds an additional burden in the construction of a,. The condition
that guarantees the existence of such a, is Ay >5 A;.
Let us be more precise in the construction of a,:

(1) If X(s—1) = X(s), let a, extend as—; by adding one element,
say the least element in the w-presentation Ax ) that is not
already in a,_q.

(2) If X(s) = 1 and X(s — 1) = 0, define a, € Aj so that
(Ag,as—1) <1 (Ay,as). The existence of such a, follows from
the hypothesis that Ay >2 A;. We can find as computably by
our effectiveness condition on <j.

(3) If X(s) =0and X(s—1) =1, let t < s— 1 be the largest
with X (¢) = 0. Because of the way we have carried out the
constructions so far, we have that

ap <1 Qg1 S gy € - C agq.

Thus (Ag,a;) <1 (A1, as-1). We then know that there exists
as € A5 with a, 2 a; and (A, as) >o (A1, s 1).

This finishes the construction of the sequence of tuples (as : s € N)
satisfying the conditions we imposed above. 0
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I1.7. Scott sentence complexity

The Scott rank of a structure was defined in Section I1.3 as a mea-
sure of the complexity of the automorphism orbits of tuples in the
structure. We then saw in Proposition I1.26 that the Scott rank also
measures the complexity of the Scott sentences for the structure: A
structure is ¥*"-atomic over parameters (i.e., it has Scott rank «) if
and only if it has a X% ,-Scott sentence. The former is a measure of
complexity from within, measuring the difficulty of distinguishing tu-
ples within the structure. The latter is a measure of complexity from
the outside, measuring the difficulty of distinguishing the structure
from other structures.

In this section, we analyze the second approach further and look for
the simplest Scott sentences. We will see that when the Scott rank of
a structure is a successor ordinal, using the parameterless Scott rank
and the parametrized Scott rank of a structure we can deduce its Scott-
sentence complexity, and vice versa, as in Table 1 below. If the Scott
rank of a structure is a limit ordinal, we get new interesting cases.

We use d-3* to denote X A TIE®, that is, the class of formulas of
the form ¢ A ¢, where ¢ is 32 and ¢ is IT**. (The ‘d’ is for difference,
as these formulas can be viewed as the difference of two 3" formulas.)
As we will see in Theorem IL.57 below, if a structure has both a X2,
Scott sentence and a II'%; Scott sentence, then it has a d-3¥* Scott
sentence.

REMARK IL.53. Alvir and Harrison-Trainor [AGHTT21| showed
that the Wadge degree of the set of w-presentations of a structure can
only be X% TI or d-3%. Alvir, Greenberg, Harrison-Trainor, and

Turetsky [AGHTT21| do a deep analysis of the landscape of Scott
sentence complexities.

DEFINITION I1.54. The Scott-sentence complexity of a structure A
is the complexity of the simplest Scott sentence for A, which could be
Yin T or -3 for some ordinal a.

Let us start by ruling out a few cases. Harrison-Trainor [AGHTT21]
(and previously Arnold Miller [Mil83] for relational languages only)
showed that no infinite structure has a ¥.3* Scott sentence.

Finite structures have d-Xi* Scott sentences, but we will not worry
about them. Thus, the simplest Scott-sentence complexity of an infinite
structure is TI3", which is the Scott-sentence complexity of F-atomic
structures [Part 1, Theorem ??]. We can also rule out ¥!* and d-3*
for limit ordinals a as possible Scott-sentence complexities: This is
because if a structure satisfies a 3** formula, it must satisfy one of its
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Scott sentence | parametrized | parameterless | complexity of
complexity Scott rank Scott rank parameters
Z;I;FQ « a+ 2 Hi};l

d-X57y, o a+1 e
17 o) o none
« limit ordinal:

S a a+1 I

I o o none

TABLE 1. This table shows all the possible Scott-
sentence complexities for structures of Scott rank . The
first three rows are for all & > 1, and the last two lines
occur only when « is a limit ordinal. All these cases are
attainable. The left column reflects the Scott-sentence
complexity, the second column the Scott rank, the third
column the parameterless Scott rank, and the last col-
umn the complexity of the parameters over which the
structure is X1*-atomic.

disjuncts which is Efign for some 8 < «. Therefore, if a structure has
a YIn Scott sentence, it has a simpler one. Also, if a structure has a
d-X1* Scott sentence, the X3 -conjunct could be simplified to X3 for
some 3 < a, and hence the structure would have a ITX* Scott sentence.
All other Scott-sentence complexities are attainable — we will give
examples or references below.

Suppose we have a structure A of Scott rank a. We dedicate the rest
of this section to analyzing the possible Scott-sentence complexities of
A. We know from Proposition I1.26 that A has a ¥, Scott sentence
and no E;“H Scott sentence for any 8 < «. This does not say anything
about whether A has a IT¥" | or II',, Scott sentence, which, as we will
see, will depend on the complexity of the parameters over which A is
Yinatomic. Also, when « is a limit ordinal, this does not rule out A
having a X[, Scott sentence and still having Scott rank c.

Let p € A<N be such that (A, p) is Li*-atomic. The first observation
is that the orbit of these parameters must be II3? ;-definable: We know
that (A,p) has a II}%; Scott sentence ¢(p) (Proposition I1.26), and
hence ¢(z) is a I, formula defining the automorphism orbit of p.
Let us now consider three cases depending on the complexity of these
parameters.
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Case 1. The automorphism orbit of p is not £1, definable. In
this case we know from Proposition I1.26 that A does not have a H;Ier
Scott sentence, and hence its Scott-sentence complexity must be 52,
Here is an example.

EXERCISE I1.55. (due to A. Miller) Show that the adjacency linear
ordering (2 - Q + 1 + Q; <,Adj) has Scott rank 1 and Scott-sentence
complexity ¥i*. See hint in footnote.*

Case 2. The automorphism orbit of p is X%, definable, but not
Yin definable.  As we prove below, in this case, the structure must
have a d-X}, Scott sentence. We know from Proposition I1.26 that
A does not have a II}%; Scott sentence. This implies that the Scott-
sentence complexity must be either d-X3%, or X% ,. When « is a
successor ordinal, the latter case would imply that the structure has
Scott rank a—1, and hence the only possibility is to have Scott-sentence

complexity d- E;‘jrl

EXERCISE I1.56. Show that w® 4 w® has Scott sentence complexity
d-¥32 . See hint in footnote.’

When « is a limit ordinal, an example of a structure with Scott-

sentence complexity X" | was recently built by Alvir, Greenberg, Harrison-
Trainor, and Turetsky [AGHTT21].

THEOREM I1.57 (A. Miller [Mil83], D.Miller [Mil78]). Let A be a
structure and o an ordinal. The following are equivalent:

(1) A has both a X, Scott sentence and a IILY, Scott sentence.

(2) A is X™-atomic over a tuple of parameters whose automor-
phism orbzt is X -definable.

(3) A has a d-X¥,, Scott sentence.

Proor. (Alvir [AKM20]) Start by assuming (1) and let us prove
(2). Since A has a X1, Scott sentence, A must be ¥¥-atomic over
some tuple of parameters. Since A also has a II¥" , Scott sentence, the
automorphism orbit of every tuple is definable by a X" ; formula as in
Proposition II.26.

Let us now assume (2) and prove (3). Let p be the parameters over
which A is ¥,-atomic. Let ¢(p) be a Il,41 Scott sentence for (A, p),
and let y(z) be a ¥, formula deﬁnmg the automorphism orbit of p.
The following formula is a 1%, A 1%, Scott sentence for A:

dry(z) A VE(Y(T) = @(T)).

iShow that it is J-atomic over the middle ‘1,” but that the middle ‘1’ is not
Yir_definable as it is >, all elements to its right.
§Use Exercise I1.42 on a-limits.
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To see that this is a Scott sentence for A, suppose it is true about B.
Let b € B<N be such that B = v(b). We then have that (B,b) = ¢(b),
and hence that (A,p) = (B,b).

The implication (3) = (1) is straightforward. O

If we keep on simplifying the parameters, the next step is when the
parameters are IT:*, which turns out to be equivalent to the case above.

LEMMA I1.58. In the theorem above, we have a fourth equivalent
statement

(4) A is X™-atomic over a tuple of parameters whose automor-
phism orbit is TIE*-definable.

PROOF. It is clear that (4) implies (2). For the converse, assume
the statements in the theorem are true about A. We then have that
A is ¥,-atomic over a tuple p of parameters which is X3, definable.
If an automorphism is X", definable, one of the disjuncts must be
true about the tuple, and hence that disjunct must define its auto-
morphism orbit too. We thus have that p is definable by a formula
of the form 3y (7, %), where v is II3*. Let b € A<N be a witness for
A = 7(p,b). Recall that since every automorphism orbit is definable
by a X" formula over p, so is every automorphism invariant relation
(as an automorphism invariant relation is a union of automorphism
orbits). Taking complements, we get that all automorphism invariant
sets are TI:* definable, and in particular so are all automorphism or-
bits. We thus get that the automorphism orbit of b is II:* definable
over p; let §(z,7) be such that if A = 6(p,b'), then b’ is automor-
phic to b via some automorphism that fixes p. We claim now that
the automorphism orbit of pb is IT3* definable without parameters by
the formula v(z,y) A 0(Z,y). This would finish the proof of the the-
orem because A is ¥i"-atomic over pb. To prove the claim, suppose
AE (@, 0) NS, V) — we need to show that p'b is automorphic to
pb. First, since A = 3y v(p',9), we get that p and p’ are automorphic.
Let 0" be the tuple matching ¢’ under this automorphism so that 't/
is automorphic to pb”. Then, since A = 6(p/,V'), we also have that
A = §(p,b") and then that pb” is automorphic to pb. O

Case 3. The orbit of the parameters p is ¥:* definable. In that case,
all orbits would be 3" definable without parameters, and A would be
Y,-atomic over no parameters. Thus, A would have a II¥%, Scott
sentence. In the case when « is a successor ordinal, A does not have a
3 | Scott sentence, as otherwise it would have Scott rank a—1, so the
Scott sentence complexity must be II'" ;. An example of a structure of
Scott sentence complexity II32 . ; is the linear ordering w® (see Exercise
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[1.46). In the cases where « is a limit ordinal, the structure could have
Scott sentence complexity II:®. (Recall that d-X1* and XI* are not
possible.) An example of a structure with Scott-sentence complexity
[T for limit « is given by the disjoint union of structures of Scott ranks
o, where sup,,cy o, = @, having unary predicates to distinguish the
domains of the different structures.

HisTORICAL REMARK II.59. Most of the analysis of the last section
was also done independently and almost simultaneously by Rachel Alvir
[Alv].

The original proof of Theorem I1.57 by A. Miller [Mil83] was no more
than an observation using D. Miller’s descriptive set theoretic result [Mil78]
that when we have a Polish group acting continuously on a Polish space,
two disjoint Hg 41 invariant sets of reals can be separated by a countable
union of invariant X0 A T sets of reals. A. Miller’s paper [Mil83] ana-
lyzes which Scott-sentence complexities are possible by studying the Borel
complexity of the sets of w-presentations. A. Miller also proves that 33" is
not a possible Scott-sentence complexity when the vocabulary is relational.
Matthew Harrison-Trainor [AGHTT21]| then proves this for all vocabular-
ies. A. Miller shows IT:® is a possible Scott-sentence complexity, and claims
his proof can be extended to IIi* for all limit ordinals A, but it is not clear
how to do that. However, our construction above (due to Harrison-Trainor)
easily works for all \. A. Miller left open whether Ei\rjrl for A limit is a pos-
sible Scott sentence complexity. Alvir, Greenberg, Harrison-Trainor, and
Turetsky’s have recently shown it is [AGHTT21].

The proof of Theorem I1.57 given above is quite recent and due to Rachel
Alvir [AKMZ20]. In that paper, they also prove a computability theoretic
version: If A has both a computable ¥,,1 and a computable 11,1 Scott
sentence, then it has a computable ¥, AIl, one.

The most comprehensive analysis of the Scott sentence complexity
of structures within a class of structures is Alvir and Rossegger’s study
of scattered linear orderings [AR20b].

I1.8. The Lowenheim-Skolem theorem

We say that an L, . sentence is satisfiable if it is true in some
structure. In finitary first-order logic, this is equivalent to being con-
sistent. Versions of this equivalence have been proved for infinitary
logic once the correct notion of infinitary proof is defined. We will not
get into infinitary proofs in this book — the interested reader may con-
sult [Bar75, Chapter III]. However, we would still like to understand
the complexity of the satisfiability predicate. As we defined it, it uses
an existential quantifier over models of arbitrary size — this is way
too complex for us. Fortunately, the Lowenheim-Skolem theorem from
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finitary first-order logic works for infinitary logic too, as we will see
below. This implies that an L, ., sentence is satisfiable if and only if
it is true in some countable structure, which will allow us to conclude
that the satisfiability predicate is 3i.

LeEMMA I1.60 (Vaught’s criterion). Let W be a set of L, ., formulas
closed under taking sub-formulas. Consider structures A C B such
that, for every ¢(Z,y) € U and a € AP, if B |= 3y ¥ (a,y), then there
erists a ¢ € A such that B = 1(a,c). Then, for every () € VU and
ac APl AE=0@) < BE6fa).

ProOF. The proof is by induction on formulas the same way as in
the standard proof of Vaught’s criterion. The only difference is that
now we need to use well-founded induction. For atomic formulas this
is immediate. For negations too. For infinitary conjunctions, apply
the inductive hypothesis to each conjunct. Do the same for infinitary
disjunctions. Lastly, given an existential formula Jy v (a,y) and a €
AN B = Jy ¢(a,y) if and only if B = ¢(a,c) for some ¢ € A by
our assumptions on A and B, which by the induction hypothesis holds
if and only if A = ¢(a,c) for some ¢ € A, which is equivalent to
A E Jy ¢(a,y). For universal formulas, negate existential ones. O

THEOREM I1.61 (Léwenheim-Skolem). If an L, ., sentence is satis-
fied in some model of any cardinality, then it is satisfied in a countable
structure.

PROOF. Let 6 be an L, ,, sentence and B an uncountable model of
0. Let W be the set of all sub-formulas of €, including @ itself. We will
build a countable sub-structure A of B satisfying Vaught’s criterion for
. Since § € ¥ and B |= 6, this will imply that A |= 6.

The construction of A is a standard closure argument. Let Ay be
the countable sub-structure of B generated by the constants in the
vocabulary 7. Given A,, we define A,,; with A, C A,,; C B by
first adding a witness ¢ € B for each formula ¢(Z,y) € ¥ and tuple
a € A such that B = Jy ¥(a,y) and then closing under the functions
of the vocabulary to obtain a sub-structure A,,;. Note that since A,
and ¥ are countable, we are adding at most countably many witnesses,
keeping A, countable. Finally, let A = (J, .y An, and observe that
the sub-structure A of B with domain A satisfies the hypothesis of
Vaught’s criterion for ¥, and hence satisfies 6. 0

I1.9. Scott rank via back-and-forth relations

In this last section we will see how the Scott rank can be defined in
terms of the back-and-forth relations using the notion of a-free tuple.
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This will allow us to calculate the Scott rank of a structure if we know
how to calculate the back-and-forth relations on it. This section is a
bit technical, so some readers may want to skip it. We will use results
from this section in Theorem VII.21 later in the book.

As we mentioned before, there are various non-equivalent definitions
of Scott rank in the literature. Most of them are defined out of some
notion of back-and-forth relation, of which there are also various non-
equivalent definitions. The closest definition to ours is from Ash and
Knight [AKO00, Section 6.7], who use the same back-and-forth relations
we use but a slightly different definition of rank. They define r(A) to be
the least o for which the relation <, coincides with the automorphism
relation on A, that is, the least a such that, for all a,b € A<N, a <, b
implies @ 22 b. We will prove below that

r(A) < SR (A) < r(A)+1

for all structures A, where SR, (A) denotes the parameterless Scott
rank of A.

We start with a lemma that shows that all II** types realized in a
structure A are II}*-principal within the structure.

LEMMA I1.62. For every a € A<N and every ordinal «, there is a
12" formula pz(T) true about a which, within A, implies all other I3
formulas true about a. In other words

AEYT (pa(@) « M\ v@).
Pellip-tpa(a)
or equivalently, for all b € Al
AEpa(b) <= a<,b

PROOF. About the equivalence of the last two statements, recall
from Theorem I1.36 that a <, b if and only if b satisfies all the formulas
in TI2-tp4(a).

We know from Theorem I11.36 that for every ¢ € Al with a £, ¢
there is a TI:* formula ¢z(Z) true about a, false about ¢. It follows that

N\ ve(z)

ce Alal

Lot
is true about a and false about any ¢ 2, a. Since this formula is II}",
again by Theorem I1.36, it must also be true about all b >, a. 0

It follows that if <, coincides with the automorphism relation on A,
then every automorphism orbit is H(if—deﬁnable, as every automorphism
orbit is of the form {b € A%l : @ <, b} for some a € A<N. Conversely, if
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every automorphism orbit is II:*-definable, every automorphism orbit
is of the form {b € A% : @ <, b}, and hence <, coincides with the
automorphism relation on A. Therefore, r(A) is the least ordinal «
such that every automorphism orbit in A is TI:*-definable. Since II:-
definable implies %7 -definable, we get that SR, (A) < r(A) + 1.
Since having all orbits Y"-definable implies that all automorphism-
invariant sets are also X::*-definable, and hence IT:*-definable (by taking
complements), it follows that SR _, (A) < 7(A) as we had claimed
above. In any case, we get that if 3 > SR, (A) then <z coincides
with the automorphism relation on A, and if § < SR_, _(A) then <g
does not coincide with the automorphism relation on A.

For some structures, we have 7(A) = SR, (A) while for other
structures, we have 7(A) = SR, (A) + 1.

EXERCISE I1.63. Give an example of a structure with r(A) =
SR, ....(A) and another example with r(A) = SR_,_ (A) + 1.

To distinguish between these two cases, we need to introduce the
notion of an a-free tuple.

DEFINITION I1.64. (Ash and Knight [AKOO, Section 17.4]) We say
that a tuple a is a-free in A if for every tuple b € Al and every 38 < a,
there are tuples a’, b’ such that

ab <z a'b/ and
a %, ad.
LEMMA I1.65. A tuple a is a-free if and only if its TIX* type is not
i supported within A9

PROOF. For the (=) direction, suppose that the IT** type of a is
Y& supported within A by the formula 3g(z,y) where ¢ is TI5* for
some 3 < «. (Recall that if the TI:* type of a is supported by a formula
of the form \¥/, 3y¢;(z,y), then whichever of these disjuncts is true
about @ would also support its II}* type.) Let b be a witness to this
formula, i.e., A = ¢(a,b). Now, for every @', b, if ab <g @'/, then
A= o(@ V) as ¢ is I}, Since Igp(z,7) supports IP-tp4(a), we get
that @’ satisfies all the formulas in IT:"-tp4(a) and hence that a <, @'
This shows that a is not a-free.

Conversely, suppose that @ is not a-free, and that b and 8 < « are
such that for every pair of tuples @, V', if ab <g @'’ then a <, @. Let
¢(7,y) be the IT}*-formula given by the previous lemma which implies

ISupported types were defined in II.21.
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the whole IT§* type of ab. We claim that 35 (7, %) supports the T3
type of a. To see this, suppose that A = 3y ¢(a’,y) for some tuple a’
— we need to show that a <, @’. Let V' be such that A |= p(a’,b'). It
follows that ab < ga b, and hence that a <, @ O

THEOREM I1.66 (Ash and Knight [AKO0O0, Proposition 6.11]). The
parameterless Scott rank of A is the least a for which no tuple is a-free.

Proor. Follows directly from Theorem I1.23. O

We can use this characterization of Scott rank to build infinitary
sentences that are true of structures with certain Scott ranks.

LEMMA I1.67. For each vocabulary T and ordinal o, there is a TI52,
sentence p, such that

Al po <= SR(A) >«
for all T-structures A.

ProOF. The idea is for p, to say that for every possible tuple
of parameters Z there is no tuple z that is a-free over z. (For the
parameterless Scott rank just omit the parameters.) Thus, we can
define p, as

VZ VZ (Z is not a-free over %), |

and we can write down Z being a-free over z as

M\ Vo 3Ty (zzy <p 22y AzE Lo 2T,

B<a
We need to show that the back-and-forth relations <g are L,,, .-definable.
In other words, we need formulas ¢z(Z,y) for § < a such that

These formulas can be easily defined by transfinite recursion by spelling
out the definition of <g from Definition II1.32. That is, define

pa(z,y) as X\ Vo 3% ¢, (g0, 72).
v<B
The base case needs to say that ¥ and y have the same diagrams:
¢o(Z,y) is the formula \/__ ¢, D(Z) =0 AD(y) = 0.
To see that p, is 15}, we first need to observe that g is I153. To
see this, we need to change the definition of ¢z that we give above in

the case when f is a limit ordinal. When f is a limit ordinal, we can
define ¢z as N\ <p Py~ We can then use transfinite induction to show

A tuple @ is a-free over a tuple b in A, if it is a-free in (A, b).
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that ¢z is H;g Then, we get that the formula saying that z is « free
is TI32 |, and that p, is TI32 5. O



CHAPTER III

Computably Infinitary Languages

To study the computational properties of structures syntactically
the appropriate language is the computable infinitary language, as first
noticed by Chris Ash in [Ash86b]. We are referring to the subset of
L, that consists of the infinitary formulas that have computable
representations. It can also be defined as the set of £, , formulas
where the infinitary conjunctions and disjunctions must be taken over
computable lists of formulas. We have already worked with the first
few levels of the computable infinitary language in [Part 1]. The
main result connecting these formulas with computational complex-
ity is the Ash-Knight-Manasse-Slaman—Chisholm Theorem [Part 1,
Theorem ?7], which states that a relation is r.i.c.e. if and only if it is
Y$ definable over parameters. We will see in Theorem VII.18 that this
result extends through the arithmetic and hyperarithmetic hierarchies.

III.1. Representing infinitary formulas as trees

When we defined infinitary formulas in the past chapter, we did
not really represent them as concrete objects — such formality was
not necessary. However, now that we want to talk about computable
representations of formulas, we need to settle on some way of repre-
senting them. We will represent infinitary formulas with trees, where
each node is labeled with either W, M\, Vx, or dy, and each leaf of the
tree is labeled with a finitary quantifier-free formula.

DEFINITION IIL.1. A tree representation for a 7-L,, ., formula con-
sists of

(1) a well-founded tree T,

(2) a labeling function ¢ that assigns to each node of T a string
of characters satisfying that, if o is a leaf of T, then ¢(0) is a
finitary quantifier-free 7-formula, and if ¢ is not a leaf, then
{(0) can be one of: W, M\, Vx, or Ay, where x and y can be
any variable symbols. When (o) is either Vx or dy, ¢ has a
unique child in the tree T
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FiGure I11.1. Tree for the infinitary sentence that says
that a graph is connected.

(3) a free-variable function var(-) that assigns to each node of 7" a
finite set of variables satisfying that, if £(c=) = W or £(c7) =
N\, then var(o) C var(o™); if £(0~) = Vy or £(¢~) = Hy, then
var(o) C var(o~) U {y}; and if o is a leaf of the tree, then the
quantifier-free formula ¢(o) only uses variables from var(c).*

Now that we know what a formula is, the next step is to describe
what it does. That is, we need to define the satisfaction relation =
that, given a formula ¢(Z), a structure A, and a tuple a, decides if
¢ is true of a in A, written A = ¢(a). For this, we need to define
the notion of wvaluation, which is a function that assigns a truth value
to every sub-formula of ¢ with every possible interpretation for their
variables.

DEeFINITION II1.2. Consider an infinitary formula ¢ as in the def-
inition above with free variables z = var(()), a structure 4, and a
tuple @ € A, A waluation for ¢ and A is a function v that assigns
to each o € T and each variable assignment p: var(oc) — A, a truth
value v(o,p) in {True,False}. A valuation v is valid if it satisfies the
obvious rules of logic, that is:

o If ¢(6) = W, then v(o, p) = True if and only if, for some i with
o~i €T, v(oc™i,p) = True.

o If /(o) = [\, then v(o,p) = True if and only if, for all i with
o~ €T, v(oc™i,p) = True.

e If /(0) = dx and 7 is the unique child of ¢ in T, then v(o, p) =
True if and only if, for some b € A, v(r, p[— b]) = True.

e If /(o) = Vx and 7 is the unique child of ¢ in T', then v(o, p) =
True if and only if, for all b € A, v(, p[x + b]) = True.

* We use 0~ to denote o without its last entry.
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e If o is a leaf of the tree, then v(o,p) = True if and only if A
satisfies the quantifier-free formula ¢(o) with the variables in
var(o) assigned according to p.'

It can be shown by transfinite recursion that, for every structure A
and formula ¢ as above, a valid valuation exists and is unique.

DEFINITION II1.3. We let A | ¢(a) if v((),p) = True, where v
is the unique valid valuation v for ¢ and A, and p is the variable
assignment mapping 7 to a.

OBSERVATION II1.4. We will introduce 11} and X1 sets in the next
chapter, but for those readers already familiar with these notions, let
us observe that A |= ¢(a) is a 31 property of A, ¢, and a: one needs
a 2nd-order existential quantifier to say that there exists a valuation
and then checking that a valuation is valid is arithmetical. By the
uniqueness of valuations, it is also a II} property.

DEFINITION II1.5. The computable infinitary formulas are the ones
with computable tree representations, meaning that the tree 7" and the
functions ¢(-) and var(-) are all computable. We use L., to denote the
set of all computable infinitary formulas.

ExAMPLE II1.6. The formulas for torsion, connectedness, and finitely
apart from Section II.1.1 are all computable. So are the formulas that
give bounds for well-founded ranks and well-orderings from Lemmas
IT.4 and II.5 when the given ordinal is computable. To see this, one
has to use effective transfinite recursion (Theorem 1.33). Let us look,
for instance, at the formula 1, (x) from Section II.1.3 that expresses
that the well-founded rank of x in a partial ordering is at most «.
Recall that we defined

¢a($) as Vy<uw \X/ %(y)-

<o

Suppose we were already given a computable w-presentation S of an
ordinal, and we are thinking of « as a member of . We need to define a
computable function with domain /3, such that for every v in (3, it gives
us an index for a computable tree-representation of the formula v, (z).
This is a direct application of effective transfinite recursion (Theorem
[.33): If we are given a function that gives us the indices for the tree-
representations of 1., (y) for v < «, we can easily build a computable
tree-representation of Vy < W/ _, ¥4 (y).

"By p[r — b] we mean the variable assignment that maps x to b and behaves
like p on the variables different from x.
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The sentence from Lemma I1.67 that hold on a structure if and only
if the structure has Scott rank at least « is also computable provided
« is a computable ordinal.

We now want to classify the computable infinitary formulas accord-
ing to their alternation-of-quantifier complexity. The process of count-
ing alternations of quantifiers in infinitary formulas is not necessarily
computable. Thus, for technical reasons, in the definition below we ask
for the existence of a computable function that counts alternations.

DEeFINITION IILI.7. The computable infinitary ¥, formulas, which
we denote by X¢, are the computable infinitary formulas for which we
can computably witness that they are X", That is, given a computable
ordinal , a computable infinitary formula is ¢ if there is a computable
ranking function that assigns X¢ to the root of the tree. A ranking
function assigns to each node in the tree representation a symbol of
the form 33 or IIj for 8 € o+ 1 following the obvious rules: Formulas

that start with ¥ and M\ are assigned I1°’s, and formulas that start with
d and W are assigned X¢’s; every time a node switches with respect to
its parent node from either V or M\ to either d and W or vice versa, its
ranking goes down;* and the finitary quantifier-free sub-formulas may
be assigned either X or II.

Every computable infinitary formula is ¢ or IIS for some com-
putable ordinal a: Given a formula ¢ as above, let o be the Kleene-
Brouwer ordering on 7', and assign to each node o of T either X¢ or
IS according to whether £(c) is d or W, or ¥V or M. Let us note that
this is far from the optimal ranking function for ¢.

I11.2. Representations from the bottom up

Another way of defining computable infinitary formulas is by re-
quiring the infinitary conjunctions and disjunctions to be over lists of
formulas that are computable. For this to make sense, we need to have
already defined indices for the formulas of smaller rank, so that we can
talk about conjunctions and disjunctions over a c.e. set of indices. We
then need to define indices for computable infinitary formulas by effec-
tive transfinite recursion. The idea is that a 2¢ formula with index e is
the disjunction of all the formulas with indices in W,, the e-th c.e. set.
We use the same idea as when we defined indices for the ¥$ formulas

*We do not ask for the ordinal assigned to a node to be the least one with
these properties. Thus, this ranking function does not need to be the least ranking
function.
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in [Part 1, Section ??]. Let ¢ (z) for i, j € N be an effective enumer-

ation of the quantifier-free finitary 7-formulas, where j is the number
. . . _ g , 28 af /— .

of free variables (i.e. j = |Z|). Let %33 (Z) = ¢;5(2) = ¢; ;(2). Given

a computable ordinal «, we define gof?‘ (21, ...,z;), the e-th X¢ formula

with 7 free variables as follows:

c . 1z T

(1,k,8)EWe
BEa
and define
c 06
Qoo (1, .y y)  as /X\ YY1, o Uk Pi (2,90
(1,k,B)EWe
BEa

By effective transfinite recursion on a computable well-ordering «,
one can define a function that, given 5 < «a, an index e, and a number

c

7, produces computable tree representations for the formulas gpz‘; and
(p:f;, and computable ranking functions. Conversely, again by effective

transfinite recursion, given a tree representation with a computable
ranking function for a X¢ formula, we can effectively find an index for
it.

§When we write 1§ for B € a, we are identifying the ordinal 5 with the corre-
sponding element of the given w-presentation for a.






CHAPTER 1V

Pi-one-one Sets

In this chapter, we explore the tight connection between II}-ness
and well-orderness. This connection is one of the pillars of higher re-
cursion theory.

Recall that a formula in the language of second-order arithmetic is
arithmetic if it has no quantifiers over second-order objects (see page
xx). Throughout this section, we will use the variables F' and G to
range over functions N — N. We call them second-order variables.
We call the elements of 2Y and NN reals. We use n, m, z, y, 2, etc.
for variables that range over numbers in N. We call them first-order
variables.

DEFINITION IV.1. A I} formula is one of the form
VE € NY o(F),

where ¢ is an arithmetic formula which may have both first-order and
second-order free variables other than F. A X{ formula is one of the
form 3F € NN o(F), where ¢ is an arithmetic formula.

A subset of either N or NV is said to be II} if it can be defined by
a I} formula.

OBSERVATION IV.2. Standard arguments show that II} formulas
are closed under conjunctions and disjunctions. It is not hard to
see that they are also closed under first-order universal quantification:
VaVF O(F, x) is equivalent to VFVz 6(F, x). They are also closed under
first-order existential quantification, but this requires an argument; one
has to observe that

IneNVE e NYO(F,n) <= VFeN'3IneNIFr n),

where F"l(m) = F((n,m)). The (=) direction is straightforward. For
the (<) direction, prove the contra-positive as follows: If Vn 3F,,=0(F),, n),
then F' = @, F, witnesses that 3F Vn —0(F" n).
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IV.1. Well-orders

Recall from Definition 1.30 that Kleene’s O, is the set of indices for
computable well-orderings, using the indexing from Lemma 1.29 that
assigns a linear ordering £, to each natural number e.

OBSERVATION IV.3. Kleene’s O, is a II} subset of N. Just write
down its definition and count quantifiers: e € O, if and only if no
function from N to L. is a descending sequence in L., that is, if
VF dn (F(n+1) £z, F(n)).

Similarly, WO, the set of (Cw)-presentations of well-orderings, is a
I} subset of 2.

DEFINITION IV.4. A set X C N is ITi-complete if it is I} and every
other I} set Y C N m-reduces to it. A set X C NN is I} -complete if it
is TI1 and every other IT} set 9) C NY effectively Wadge* reduces to it.

We will show that O, is IT}-complete as a set of numbers and that
WO is ITi-complete as a set of reals.

LEMMA IV.5 (Kleene normal form). Every ¥} formula of arithmetic
is equivalent to one of the form 3G € NN o(G), where ¢ is T19.

PROOF. Let ¥ be a formula of the form
JFVn3ImiVne3ms .. . YngIng O(F, ny,my, ng, ma, ..., Nk, mg,),

where 6 is a bounded formula of arithmetic.” We will prove that 1 is
equivalent to a formula of the form 3G € NN Vn € N (G, n), where
1 is a bounded formula. The key point is that a formula of the form
Vn Im O(n,m) is equivalent to 3G € N"Wn 6(n, G(n)) — the function
G is called a Skolem function for 6. Iterating this idea, we get that
is equivalent to

ElF, Gl, ceey Gk S NN ‘v’nl,ng, -~
O(F,n1, Gi(n1), ng, Ga(ni,n2), ..., g, Gr(no, .., k),
which is equivalent to

ElGVn(an,...,nk <n G(G[O},nl,G[l](nl),....,nk,G[k](nl,...,nk))). O

Recall that for every II9 formula ¢ (F), there is a computable tree
T such that ¥ (F') holds if and only if F' is a path through T'. (See page
xx or [Part 1, Definition ?7].)

*See Definition 1.22.
"Recall from page xix that a bounded formula of arithmetic is one where all
quantifiers are of the form Va < a or Jy < b.
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COROLLARY IV.6. (1) Let S C NN be a ! set of reals. There is a
computable tree T such that

XeS <« IJF(XeFell).

(2) Let S C N be a X1 set of numbers. There is a computable
sequence of trees {T,, : m € w} such that m € S if and only if T,, is
ill-founded.

PROOF. For the first part, write the formula defining S in the form
JFp(X, F), where ¢ is TI%. Let T be a computable tree such that
©(X, F) holds if and only if X @& F is a path through 7.

For the second part, the formula defining S is of the form 3Fp(m, F'),
where ¢ is I1Y. Let T be a computable tree such that ¢(m, F') holds if
and only if m™F is a path through 7', and let T}, = {c € NN : m~o €
T}. O

COROLLARY IV.7. WO is a IT{-complete set of reals.

PROOF. Given a I1} set of reals ) C NN, let T be as in the corollary
above for the complement of ). For each X € NV, let

T ={ceNVN: (X I|o|)®oecT}.

Note that T is a tree and that it can be built computably from X.
We then have that X € Q) if and only if VF' (X @ F' ¢ [T']), which holds
if and only if T is well-founded. Thus,

XeY = (T <) € WO. O
THEOREM IV.8. Kleene’s O, is a I1i-complete set of numbers.

PRrROOF. Consider a IT} set S C N. By Corollary IV.6 applied to
the complement of S, there is a computable sequence of trees {7, :
m € w} such that m € S if and only if T, is well-founded. Let
f be a computable function that, given m, outputs an index for the
computable linear ordering (75,; <,,). We then have that m € S if
and only if T,, is well-founded, if and only if f(m) € O, . O

To emphasize such an important theorem, let us state it again: A
set of numbers is I1] if and only if it is many-one reducible to O, . This
is the defining property of O as a many-one degree. As a corollary,
we get that the first step of the projective hierarchy is proper.

COROLLARY IV.9. Kleene’s O, is not ¥1.

PROOF. If O, were X}, the set
R={e: P (e)d ND.(e) €O, .}
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would be IT{. But then there would be a total computable function f
such that e € R <= f(e) € O,,. Let eg be a computable index for
f. We would then have that

e € R < f(eg) €0, < P (e0) €0, < e¢ R O

In terms of its Turing degree, the main use of Kleene’s O, is that
it computes paths through ill-founded trees:

LemMmA IV.10. O,, can compute paths through every computable
tree that has a path.

PROOF. Let T be a computable tree with a path. Let S C T be the
set of o € T for which T, is not well-founded, where T, is the subtree
of T" extending o. Notice that S is computable from O, . Since T is
ill-founded, so is S. Furthermore, S has no end nodes, so one can climb
it straight up in a step-by-step way without ever getting stuck. This
process produces an S-computable path. U

EXERCISE IV.11. Given X € 2%, let O be Kleene'’s O, relativized
to X, that is, the set of e’s such that £ is well-ordered, where £X is
the eth X-computable linear ordering (as in Lemma 1.29).

Prove that 2A C 2V is H% if and only if there exists an n € N such
that, for all X € 2V, X € A <= n e OX.

IV.2. Sigma-one-one bounding

In this section, we prove an extremely useful lemma called X}
bounding. An important property of w; is that every countable set
of countable well-orderings has a least upper bound in w;. The same is
true for wX if we consider 31 sets of computable well-orderings. There
are two versions, one for sets of indices of computable well-orderings
and one for sets of w-presentations of well-orderings.

THEOREM IV.12 (X} bounding for numbers). For every 1 subset
A g @) CK

) ., there is an o < wi™ such that each e € A is an index for a
well-ordering smaller than a.

We give two proofs. The first is a short application of the fact that
O.. isnot X1. The second is more hands-on and shows us how to obtain
the upper bound « effectively from a ¥} index for A.

PROOF. Let
B={e:3n (n€ A & there exists an embedding L. — L,,)}.

Note that B is ¥} and that B C O,_. Since O, is not X} itself, there
must be an e € O \ B. Let a be the order type of L.. Then a £ L,
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for all £,, for n € A. We then have that o = L, is an upper bound for
all £,, for n € A. O

THEOREM IV.13 (3] bounding for sets of reals). Let 2 be a 3 set
of atomic diagrams of w-presentations of well-orderings. There is an
a < w8 such that every 8 € A is below a.

PROOF. The proof is the same as that of the theorem above. Let
B={e:3L (LA & there exists an embedding L. — L£)}.

Note that B is ¥} and that B C O, . Since O, is not X1 itself, there
must be an e € O ~. B. We then have that o = £, is an upper bound
for all £ € 2. O

The above proofs do not specify how to construct the upper bounds.
However, in both cases, the upper bound « can be computed from an
index for the Xi set A or 2, as we will see in the proofs below. The
ideas in these proofs are useful tools for other results in the literature
too. A key operation used in the proof is the product of trees, whose
rank is the minimum of the ranks of the input trees:

DEFINITION 1V.14. The merging of strings o = (ao,...,a;) and
7 = (b, ..., bg) of the same length is defined as follows:

O *xT = <<a0,bo>, ceey (ak,bk»
We define the product of trees S and T' as
SxT={ox17:0€ S, 7T, |o|=|}.

A path through S+ 7T is obtained by merging a path through S and
a path through 7. Thus, S x T is ill-founded if and only if both S and
T are ill-founded. Much more can be said about S * T

LEMMA IV.15. For all trees T and S,
k(S * T') = min{rk(S),rk(T)}.

PRrOOF. To see that rk(S = T') < rk(S), consider the C-preserving
map 71: S T — S given by m(0 * 7) = o, and apply Lemma I1.21.
Do the same with T to get rk(S « T') < rk(T'). It follows that rk(S
T) < min{rk(S),rk(7T")}. Suppose now that rk(S) < rk(7T") and hence
that min{rk(S),rk(T")} = rk(S) — the case where rk(7") < rk(S) is
completely symmetric. By Lemma [.21, there is a C-preserving map
f: 8 —T. Define g: S — S«T by g(c) = ox(f(c) [|o]), and note that
g is C-preserving. It follows that min{rk(S),rk(7)} < rk(S*T). O
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UNIFORM PROOF OF THEOREM IV.12. Since A is ¥} and O, is
I1}-complete, there is a computable f such that

ec A = fle) €0, < L & WO.
For each e € N, consider the tree
Se = T[;e * Tﬁf(e),

where T, is the tree of finite descending sequences of £ as defined
on page 12. Since A C O, for every e, either e € O, ore € A. It
follows that one of L, or L) must be well-founded, and thus S, is well-
founded for all e. Recall from Observation .28 that if £ is well-ordered,
then rk(7;) = L, and if £ is not well-ordered, then rk(7;) = oo. If
e € A, then k(7% ,,) = oo, and hence 1k(S,) = rk(T,) = L.. Recall
from Exercise .27 that rk(7") < (T; <) for every well-founded tree
T. (We include a proof in this footnote.*) What we have so far is that
the linear ordering (Se; <,.) is always well-ordered, and for e € A, we
have

Le = 1k(Tr,) = rk(Se) < (Se; <yp)-
Finally, add together all the linear orderings and define

L= Z(Se; <up)-
ecw
It follows that £ is a computable well-ordering that is longer than L,
for all e € A. O

UNIFORM PROOF OF THEOREM IV.13. In the previous theorem,
we added up all the linear orderings (S,; <,) for e € N, but that is not
possible in this proof, as there are continuum many linear orderings to
consider. Instead, we will merge them all together.

Since we are talking about w-presentations of linear orderings, the
only important part of the diagram is the ordering, which is a subset
of N2. So, let us assume that 2 is a set of orderings <, on N, all of
which happen to be well-ordered.

Since 2 is X}, there is a computable tree S such that £ € A <=
31X e NNV L@ X € [S]. Consider the I1Y class P of triples L& X & Z,
where £ € 2V is an w-presentation of a linear ordering, X is a witness
that £ € A (ie., LB X € [5]), and Z € NV is a descending sequence
in the linear ordering with diagram L. Since 21 contains only well-
orderings, if there exists a witness X that £ € 2, then no descending
sequence Z exists. Let us consider the tree T associated with this T1¢

iThe proof is again by transfinite induction. Show that for each 7 € T,
k() < (Tr;<yz) by observing that (Tr;<,;) = (C,en(Trni<ks)) +1 2
SuanN((TT’\n; SKB) + 1)'
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class; Let T be the set of all strings o such that if we write o as AP,
then A& € S, and ( appears to be a descending sequence according to
A, that is, A((C(:+1),¢(4))) = 1 for all i with (C(i+1),¢(7)) < |A|. Tt is
easy to see that [T] = P. Now, since 2 consists only of well-orderings,
this I1{ class is empty, and T has no paths. Thus, T is a computable
well-founded tree. We now claim that the rank of 7" is a bound for A,
that is, that for every £ € 2, the order type of L is below the rank of T'.
Fix £ € 2 and a witness Y that £ € 2. Note that (L[n)® (Y [n) € S
for every n. Let T, be the tree of descending sequences through L.
T, has rank £ (Observation 1.28). We can easily embed T into T" by
C—= (LTI @ (Y 1[¢]) @ ¢, getting that the rank of T is greater than

that of T. ]
Let O, ., = {e: L. % a}, where A < B if there is an embedding

from A to B. X} bounding can be stated as saying that if A C O, is
31, then A C O, _,, for some a < w&E. Notice that the sets O, are
A1 (that is, both II} and %1): The definition we gave is 3, and also
eeO < e€ O, &a+1#£ L., which is IT{. This observation

WO SO&
can be stated more generally as follows:

THEOREM IV.16 (X} separation). Let A and B be disjoint 31 sets.
There exists a A% set C such that A C C C B°.

PROOF. Let f be an m-reduction from B¢ to O, . By ¥1 bounding,
since f(A) is a £ subset of O, _, there is an o € O, such that L) <

for all e € A. Let C = {e € N: Ly) < a} = f71(O,,<,)- It is clear
that A C C' C B*. Since O, ,, is Al sois C. d

THEOREM IV.17 (X} separation for sets of reals). Let 2 and B be
disjoint ¥} subsets of NN. There exists a Al set € such that A C € C
SBe.

PRrROOF. Apply Corollary IV.6 to B to get a computable tree T
such that

XeB <« JF(XeFell).
For each X, let
T*={ceNVN: (X I|o|)®0ocT}.

So, we have that X € 98¢ if and only if T is well-founded, and only if
(T <.p) is well-ordered. The set {(T%; <yp): X € A} is a X} set of
well-orderings, and hence from Y}-bounding (Theorem IV.13), we get
an ordinal « such that for every X € 2, (TX; <kg) is below a. Let

¢={Xec2V:(T% <kp) < al.
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It is clear that 2l C € C B¢. Since the existence of embeddings is 1,
¢ is ¥1. Notice that X ¢ € if and only if, either 7% is ill-founded, or

a+ 1< (T%;<gp). Thus, € is also X1, and hence € is Al O
COROLLARY IV.18. A set C C N is A} if and only if C <, O,,,

for some o < WK,

PRrROOF. The (<) direction follows from the observation above that
the sets O, ., are Aj. For the (=) direction, we have to look at the
proof of the theorem above applied to A = C' and B = C¢. We get
that the only separator, namely C, is equal to f~'(O,, .,), and hence
C<,0 - O

wo <o’
Another corollary of ¥! bounding is Spector’s theorem:

THEOREM V.19 (Spector [Spe55]). Every %} well-order L = (L; <
) is isomorphic to a computable one.’

PROOF. Let
B = {e: there exists an embedding £, — L}.

Note that B is ¥} and that B € O,,. By X} bounding, there is a
bound a < w{E for B. We must have £ < o < wf*, and hence £ has
a computable presentation. O

COROLLARY IV.20. Let T C N<N pe ¢ Y1 well-founded tree. Then
rk(T) < Wik,

ProoF. Consider (T; <kp) and apply the previous theorem. [

IV.3. Gandy basis theorem

This is another extremely useful theorem. It is often the case that
we want to find reals with a certain property that are not too complex.
For instance, if the property is I19, the low basis theorem of Jockusch
and Soare [JS72] states that there has to be a low X with that property
(i.e., an X with X’ =¢ 0’). We now consider the case where the
property is Xi. First, let us look at the limitations we may have in
finding such a real. The following lemma shows that there are X1 sets
of reals without easily definable members. Recall that a set is Al if it
has both a II} definition and a 3] definition.

LEMMA IV.21. The class ® = {Y CN:Y is A} s II].

By X1 well-order, we mean an w-presentation of a well-ordering (L; <) where
both L and < are 1.
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We thus have a X} class of reals without A] members, namely the
class of all non-A} reals.

PROOF. We claim that Y is Al if and only if there exist computable
sequences {T,, : n € N} and {5, : n € N} of trees such that if n € Y
then S, £ T,, , and if n € Y then T, £ S,,, where T' < S means that
there is a C-preserving map from 7" to S. Note that the existence of
such a sequence of trees is a [T} statement about Y, as the existence of
C-preserving maps is ¥:1. Thus, it will follow from the claim that @ is
I11.

To show the claim, let us first recall that there is a C-preserving
map from 7" to S if and only if rk(7") < rk(S) by Lemma I.21. It follows
that for any two trees T'and S, either T' < S, or S < T, or both. Then,
if we have sequences of trees {7}, : n € N} and {S,, : n € N} as above,
we have that, for every n € N|

neyY <= S, LT, <= T, 5,.

This gives us a Aj definition of Y.

Conversely, if we know Y is Al, by Corollary IV.6, there exist two
computable sequences of computable trees — {7}, : n € N} and {5, :
n € N} — such that, for every n € N,

neY <« T, is well-founded <— 5, is ill-founded.
Thus, S, £ T,ifne Y, and T,, £ S, if n € Y, as needed. O

We need to go higher up in the complexity hierarchy to find a
member of a i class.

LEMMA IV.22. Kleene’s O, computes a member of every mon-
empty X1 class of reals.

PRrROOF. Let & C NN be a non-empty %! class of reals. As in
Corollary IV.6, let T be a computable tree such that, for all X € NV,

Xe6 <« T ={reNM:.X||rf|@ereT} isill-founded.

Since & is non-empty, 7T is ill-founded. Kleene’s O, can then compute
a path X @Y € [T], as proved in Lemma IV.10. O, then computes
X e6. O

Not only does O, compute members of every non-empty i class,

it computes members that are low in a sense we need to specify.

DEFINITION IV.23. Given X € 2V let wi¥ be wK relativized to X,
that is, w is the least ordinal that does not have an X-computable
w-presentation.
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DEFINITION IV.24. A set X C N is low for w; if w¥ = w¢x,

LEMMA IV.25. For every X C N, wi¥ > W% if and only if O, is
Al relative to X.

PROOF. For the (=) direction, suppose that w;* > W and hence
that there is an X-computable presentation of w{'¥. Since the L,’s are
computable, we have that L. is well-ordered if and only if there exists
an embedding from L. to w®. The existence of such an embedding
can be expressed with a ¥} in X formula that uses X to describe the
presentation of w{X. Therefore, O, is ¥ in X. Since O, is I1}, this
implies it is Al in X.

For the (<) direction, suppose O, is ¥ relative to X. Consider
the linear ordering

L= L.,

e€0y0

which, as we saw on page 15, is isomorphic to w{%. We claim that
Lis X1 in X. The domain is {{e,n) : e € O, ,n € L.}, which is 3]

in X. The ordering is given by (eg,ng) <, (e1,nq) if ey <y e, or
eo =n €1 and ng <z, ni, which is computable. We thus have a ¥l-in-
X w-presentation of £. By Spector’s theorem (Theorem IV.19), L is

isomorphic to an X-computable well-ordering. U

The following proof of Gandy’s theorem is more tricky than it is in-
formative. There is a more informative proof using Gandy-Harrington
forcing, but since this type of technique is not central to this book, we
include only the shorter proof.

THEOREM IV.26 (Gandy basis theorem). Every non-empty X1 set
S of reals has a member that is computable in O,, and low for w;.

wo

PRroOF. Consider the set R of pairs X @ Y such that X € & and
Y is not Aj in X. Relativizing Lemma IV.21, one can see that the set
of pairs {Y @ X : Y is Af in X} is IT]. Thus, R is X]. R is non-empty
because once you pick X € &, you can pick any Y that is not Al in X.
Then O,, computes a member X &Y of R (Lemma IV.22). Since Y
is computable in O, and not A} in X, O, cannot be A} in X either.
From the previous lemma, we then get that w;¥ = WX, Putting it all
together, X € &, X <7y O, and wi* = w{X as needed. O

EXERCISE IV.27. Prove that if A C N is IT} but not A{, then O,
is Al in A.
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IV.4. An application of the Gandy basis theorem

Let us build some interesting-looking structures.

THEOREM IV.28. If a I} set of indices of computable infinitary
sentences has a model, it has one with an w-presentation that is low
for wy.

PROOF. As we mentioned before (Observation I11.4), the satisfia-
bility predicate A = ¢ is a ¥} property of A and . In other words,
there is a ¥{ formula ¢ (X, x) such that, if D(A) is the diagram of
some structure and e is the index for an L., sentence ¢, (as in Section
I11.2), then ¢(D(A),e) <= A E ¢.. Now, if S is a II] set of indices
of computable infinitary sentences, then the set of w-presentations A
such that Ve (e € S — A | ¢.) is 1. Tt is also non-empty, as we are
assuming that this set of sentences has a model, and by the Lowenheim-
Skolem theorem, Theorem I1.61, it must have a countable one. By the
Gandy basis theorem (Theorem IV.26), there is an w-presentation A

in that set with w”™ = WOk O

In Section VI.2, we will study structures of high Scott rank. These
are structures whose Scott rank is an ordinal they cannot compute. We
give a proof of their existence here.

COROLLARY 1V.29. There is an w-presentation A whose Scott rank
is an ordinal that is not computable in A.

PROOF. Consider the set of sentences that say that “SR(A) > L.”
for e € O, as defined in Lemma I1.67, say for the vocabulary 7 of

wo ?

linear orderings. This is a II} set of computable infinitary sentences,
and it has a model — as, for instance, the linear ordering w{* viewed

as a structure has rank w¢'®. By the previous theorem, it has a model

A with w!’ ) = Wi Since A satisfies all these sentences, A must
have Scott rank at least w{'X. U

We will improve this corollary later on and show there is a com-
putable structure whose Scott rank is not computable (Lemma VI.9).
We will also show that the Scott rank of such a structure can be at
most w® + 1 (Corollary VI.19).

The following corollary assumes ZFC is w-consistent, i.e., that it has
a model where the w of the model looks exactly like the standard N.
The reader not comfortable with this assumption may take a fragment
of ZFC instead.
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COROLLARY 1V.30. (Assume ZFC is w-consistent.) There is a
countable model M of ZFC for which the chain of ordinals (ONM; Em)
is ill-founded and has a well-founded part isomorphic to wSE.

PROOF. Let 7 be the vocabulary of set theory {€}. Let I' be a
sentence that consists of the infinitary conjunction of all the axioms of
ZFC plus one more sentence that says that the natural numbers look like
N. To say that the natural numbers in the model are like the standard
natural numbers, one first has to observe that w, zero, and the successor
function S(-) are definable in ZFC. Then, using these definitions, we
can write down the formula Vo € w \{/, .y = S(S(....5(0))).

———

The assumption that ZFC is w-consistent says that I" has a model
and, by the Léwenheim-Skolem theorem (Theorem I1.61), a countable
one. The theorem above then implies that I' has a countable model
M with wP™ = EK Since wM = N, everything that can be defined
in arithmetic can be defined in M. In particular, every computable
well-ordering of w has an w-presentation in M. Since M satisfies ZFC,
every well-ordering of w is isomorphic to an ordinal, and hence M con-
tains ordinals isomorphic to every computable well-ordering. It follows
that all computable ordinals are initial segments of ON™. In other
words, w{'® is an initial segment of ON*. However, there cannot be
an element in ON™ isomorphic to wiE | as otherwise we could use the
diagram D(M) of M to compute an w-presentation of wch , contra-
dicting that wf)(M) = WK Thus, ONM \ WX has no least element,
and hence the well-founded part of ON™ is exactly wS¥. O

On the one hand M is a model of ZFC satisfying all true II} sen-
tences, and on the other hand M believes ON™ is well-ordered while
in reality it is not. This has some interesting consequences, which are
often quite useful in proofs.



CHAPTER V

Hyperarithmetic Sets

The hyperarithmetic hierarchy extends the arithmetical hierarchy
through the computable ordinals, giving us new complexity levels that
are sometimes necessary to describe the complexity of relations or iso-
morphisms on structures.

V.1. Computably infinitary definable sets
A set A C N is arithmetic if it can be defined in

N =(N;+, x,0,1,<)

by a finitary first-order formula. We now take a step beyond the
arithmetic.

DEFINITION V.1. A set A C Nis hyperarithmetic if it can be defined
in ' = (N;+, x,0,1,<) by a computable infinitary formula, that is,
if there is a computable infinitary formula ¢(z) in the vocabulary of
arithmetic such that

A = {neN:N oy}

For example, 0 = D..en 0™ is not arithmetic, but it is hyper-
arithmetic:

(n,m) € 0 — \X/n:k A me0®,
keN

where k is shorthand for 1 4 --- 4 1 k times, and 0%*) is shorthand for
the 229 formula defining 0.

OBSERVATION V.2. The hyperarithmetic sets are closed downward
under Turing reducibility and closed under Turing jumps: Suppose
that X C N is hyperarithmetic and definable by ¢(x). Then, if Y is
computable from X via the eth Turing functional,

ney «— \X/ cCX

oe2<N
®7(n)=1

71
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and
neX «<— \X/ o C X,

oec2<N
o7 (n)l

where 0 C X is shorthand for

N e@n N\ =)

i<|o]| i<|o
o(i)=1 o(i)=0

LEMMA V.3. The following are equivalent:

(1) A is hyperarithmetic.
(2) There is a computable list {p, : n € N} of computable infini-
tary sentences in the empty vocabulary such that

ne€A < v, holds.

For (2), we allow for the use of symbols T and L, representing propo-
sitions that are always true and always false respectively.”

Proor. To prove that (2) implies (1), consider the formula ¢(z)
n times
defined as /\\,cn(* =10 — ¢,), where n is short for 1 +--- 4 1.

The interesting direction is (1) implies (2). Let A be definable in
(N;+, x,0,1, <) by a computable infinitary formula. As an interme-
diate step, we show that A is computably infinitary definable by a
formula ¢ (w) in the structure (N;0,1,2,....) over the vocabulary that
only contains constants naming each natural number, but does not
contain any relation or operation. For this, replace each sub-formula
r+y==zby

\X/ r=cAy=dAz=e

c,d,eeN,
ct+d=e

Do the same for each sub-formula of the form x x y = 2z and x < y.
In this way, we obtain an equivalent formula that does not use the
symbols +, x, or <.

Now, replace each universal quantifier Va by /X\,,cy and, within the
disjunct corresponding to m, replace x with m. The same way, replace
existential quantifiers with infinitary disjunctions. That is, if we have
a sub-formula of the form 3z ¢(x), replace it with \X/,, .y ¢ (m).

We now have an equivalent formula ¢(w) which mentions no vari-
ables other than w. For the last step, for each n € N, consider the

“We may use a conjunction over the empty set to represent T and a disjunction
over the empty set to represent L. In terms of complexity, count T and L as both
3§ and II§ formulas.



V.1. COMPUTABLY INFINITARY DEFINABLE SETS 73

formula ¢,,, where the free variable w is replaced by n. This way we
eliminate all the variables, and all the atomic sub-formulas are of the
form a = b for some a,b € N. Replace each of those atomic formulas
by either T or L depending on whether the equality is true or false.
We are now left with computable infinitary formulas ,, whose only
symbols are \{/, M\, L, and T, and such that n € A if and only if ¢,
holds. O

We call these formulas, which only use the symbols \{/, /\, L, and
T, infinitary propositional sentences.

OBSERVATION V.4. It is not hard to see from the proof above that
the complexity of the formulas is preserved. That is, that for a > 0,
A can be defined by a 3¢ formula of arithmetic if and only if there is
a computable sequence of ¥¢ formulas over the empty language as in
part (2) of the lemma.

DEFINITION V.5. We say that a set A is X0 if it is definable by a
3¢ formula of arithmetic.

For n € N, this definition of X2 set coincides with the one we gave
in the background section on page xix.

LEMMA V.6. Let A be a computable w-presentation of a T-structure
and p(z) a ¢ T-formula for a > 1. The set {a: A = p(a)} C Nl s
Y.

«

PROOF. Each atomic formula about A can be replaced by its com-
putable definition in N' = (N; +, x, 0, 1, <), which can be chosen to be
¥ or T1%, depending on whether the atomic formula appears negatively
or positively and what complexity is wanted for it.

For instance, suppose ¢ () is a X 7-formula of the form

W/ 39 (4] (z,9) 76 (2,9)),

ieN
where 9] is a conjunction of atomic 7-formulas and 6] is a conjunc-
tion of negations of 7-atomic formulas. Since each atomic 7-formula
is computable in this particular w-presentation of A, each atomic 7-
formula is equivalent to both a ¢ N-formula about (N;+, x,0,1, <)
and a I1¢ N-formula about (N; +, x, 0, 1, <)." If we replace each atomic
T-formula in 7] by its equivalent 3§ N-formula, we get that 1] is equiv-
alent to a X¢ N-formula /. If we replace each atomic 7-formula in
07 by its equivalent II{ N-formula, we get that 67 is equivalent to a
»¢ N-formula 6. We then get that (%) is itself equivalent to a ¥

t By N-formula, we mean a formula in the vocabulary of arithmetic.



74 V. HYPERARITHMETIC SETS

N-formula ¢ (z) given by W,on 3y (¥V(z,9) A 6N (z,7)). That is, if
a € AN = N<V then

AE¢T@ <= (N+x,01<) V@)

If we start with a 3¢ formula instead of a 3§ formula, apply the
same procedure to the maximal > and II{ sub-formulas of ¢. O

LEMMA V.7. Given a X, T-sentence ¢ and an index e for a com-
putable structure A., deciding if A. satisfies ¢ is 3.

We remark that for e to be the index of some computable structure
we must have that @, is total and that it is of the form D(A.) of some
structure A., meaning that the function symbols are represented by
functions, etc. This is a I3 property about e.

PROOF. Let ¢7 be a ¥¢ 7-sentence. In the proof of the lemma
above, we described a procedure to go from an index e for a computable
w-presentation A, with diagram D(A.) = ®. € 2" to a ©¢ N-sentence
¢ such that

A E ¢ <= (N;+,x,0,1,<) IzgoN’e.

We then have that the set of indices of structures satisfying ¢™ can be
defined in (N;+, x,0,1, <) by the formula ¢ (z) given by

\X/(J::e)/\cp’e. O

eeN

LEMMA V.8. Given a computable ordinal «, the set of indices of
computable well-orderings less than o and the set of indices of com-
putable well-founded trees of rank less than o are hyperarithmetic.

Furthermore, if & = w?, the former set is 235, and if o« = wvy, the
latter set is Egv.

Proor. This follows immediately from the previous lemma using

the computable infinitary formulas we defined in Lemmas I1.4 and IL.5.
O

THEOREM V.9. (Kleene) Let A be a subset of N. The following are
equivalent:

(1) A is hyperarithmetic.

(2) Ais A}
(3) A< O,,, for some a < wi™.
Recall that O, ., = {e : Lo < a} and that {£, : e € N} is a

computable enumeration of the computable linear orderings defined in
Lemma I.29.



V.2. THE JUMP HIERARCHY 75

ProoFr. For (1)=(2), recall from Observation III.4 that there is
a Y1 formula that decides if an infinitary sentence is true on an w-
presentation. Thus, hyperarithmetic sets are X} sets. Since the com-
plement of a hyperarithmetic set is also hyperarithmetic, they are also
.

That (2)=-(3) was proved in Corollary IV.18.

That (3)=-(1) follows from the previous lemma and Observation V.2
that hyperarithmetic sets are closed under many-one reducibility. [

LEMMA V.10. A X% disjunction of ¢ formulas is equivalent to a
¢ formula. A X° congunction of IS formulas is equivalent to a TIS
formula.

By “¥? disjunction” we mean an infinitary disjunction of formulas
whose indices come from a 2 set.

ProoF. Consider a formula ¢ of the form \Y/ ., we*, where I is %20,
By Lemma V.3, there is a computable sequence {1, : n € N} of X¢
propositional sentences such that n € I <= 1,,. Then ¢ is equivalent
to the following ¥¢ formula:

W (e A oe®).

eeN

For the second part, M\ e is equivalent to N\ oy (¥e — et ), which
is II¢,. U

HistToriCAL REMARK V.11. The hyperarithmetic sets were in-
troduced independently in the early 1950s by Martin Davis, Andrej
Mostowski and Stephen Cole Kleene.

V.2. The jump hierarchy

Another way of defining the hyperarithmetic hierarchy is using
transfinite iterates of the Turing jump. We know that a set A C N
is arithmetic if and only if it is computable in 0™ for some n € N
(page xix). Correspondingly, we will see that a set is hyperarithmetic
if and only if it is computable in 0(*) for some computable ordinal .

DEFINITION V.12. Given a computable linear ordering L, a jump
hierarchy on L is a set H C L x N such that

(Va € £) HY = (H<ealy, (JH)
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where

HY = {new:(a,n)e H} and
Hi<ed = {(bn)eLxw:b<sak (bn)ec H}
= HnN (L(<a) X w).

If £ is a computable well-ordering, we use 0£) to denote the jump
hierarchy corresponding to £. If & € £, we often write 0(*) as shorthand
for 0(£1%). Recall that £ | o is the same as L(<q), the restriction of the
linear ordering to the elements below a.

Given a well-ordering £, it is not hard to prove by transfinite recur-
sion that £ admits a jump hierarchy, and then by transfinite induction
that such a jump hierarchy is unique. We will consider ill-founded lin-
ear orderings in future chapters. We will see that in the ill-founded
case, jump hierarchies may or may not exist, and if they exist, they
need not be unique. For now, let us concentrate on the case where £
is well-ordered.

Suppose that Oz, 1.,2,, ... are the first elements of £, and H is the
jump hierarchy along £. Then H ¢l = HI<02) — (/. We then have that
HOel 2,07 where 2, means computably isomorphic or 1-equivalent.
We did not write ‘equals’ because HI<'2l is not equal to 0/ but to
{0} x 0. Continuing on, we see that H<l =, 0"+1) for all n € N:

Hirel  —  pl<cncl
— (Ui x 1)
<n
gl ( U{Zﬁ} % O(i+1))/

<n
~Y

~ (oY
i<n

Y

=N (O("))’
O(n+1)7

and hence
Hl<emel o gm) for all m € N.

In particular, if m is the finite linear ordering with m elements, then
0™ is Turing equivalent to the m-th iterate of the Turing jump.
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OBSERVATION V.13. If £ is a computable well-ordering, the set 0(*)
is Al (and hence hyperarithmetic). This is because, for k € £ x N,

ke0¥) <« (3HCLxN) H isa jump hierarchy on £ and k € H
< (VH C L xN) if H is a jump hierarchy on £, then k € H,

and H being a jump hierarchy on £ is a I property of H and £ (see
equation JH).

OBSERVATION V.14. If we want to define the Lth jump of a real X,
we need to modify the definition of jump hierarchy at the start and let
HDO = X' We then define X©) to be the unique such jump hierarchy.

V.2.1. Jump hierarchies and L.,. We can pinpoint the com-
plexity of 0(*) much better than just saying that it is Al. We will
prove in Theorem V.16 below that 01"V is a complete X9, set for all
computable well-orderings .t We start by proving the easier direction
of completeness.

LEMMA V.15. For each computable ordinal o, 0©+Y 4s 39 .

PRrROOF. Let £ be a computable well-ordering extending «, so that
we can think of o as a member of £. Let H be the jump hierarchy
along £. We need to show that for each a € £, H=¢ is 3¢ . Notice
that H[=29l is the same thing as 0(*+1.

The first idea is to use induction on o € £. One has to be careful
with the limit cases though, because, to prove that HS2A is 39| for
A limit, we will need more than just knowing that H=¢% is %0 L for
all B < \: We will need to know that this happens uniformly.

What we will do is to use effective transfinite recursion (Theorem
[.33) to define a computable function f: £ — N, such that for each
v € L, f(7) is an index for a X, formula of arithmetic defining H bl
This will give that H[=: = Diec., HPis 3¢ too. We are now
ready to get into the details to define f.

If a set X is AZ-definable, its jump is X7 definable. To see this, use
that

re X — \X/ cCX

oe2<N
o7 (z)d

"The indices a + 1 and 1 + o may seem to be off. Unfortunately, the 00®) and
the E% hierarchies were historically defined in a way that causes this mismatch.
For finite n, 0™ is »9 complete, while it is 0“+1) which is X2 complete. What we
can say about 0“) is that it is A% Turing complete. For infinite «, the complete
¥9 set is 0(®+1) (Theorem V.16).
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to produce an index for the ¢ formula ¢ defining X' from indices for
the 3¢ and II¢ formulas > and 6" defining X:

Yla) is \W/ N 7@ N\ —0"()

oc2<N i<|o]| i<|o|
DI (x) o(i)=1 o(1)=0

We can use this to calculate f(v), the X{, -index for HD! using a
index for H<£7, To get a AS 4, index for

Hl<e — @ H[ﬁ],
BELIY

recall that we are using effective transfinite recursion, and we have
access to a computable index for f [ £(<,) to get X7, 5 indices for each

AC

14y

H for < ~v. We can easily transform a Y5, index to both a Xf,
index and a IIf , index for each § <+, and thus obtain a Af, index

for HI<e!, O

THEOREM V.16. For each computable well-ordering o, 0t s g

complete 3, set.

PROOF. Again, let £ be a computable well-ordering extending «,
so that we can think of o as a member of L.}

We will use effective transfinite recursion (Theorem 1.33) to de-
fine a computable function f: £ x N — N that assigns to each X{ -

[e3

. = .
propositional sentence . ™ over the empty language (as in Theorem
V.3) a number f(«,e) such that

oo holds if and only if (a, f(a,e)) € 0,

The case a = 0 just says that 0/ is ¥%-complete, which we already
know, and we know how to define f(0,¢).9 Let us now define f(a,e)
assuming we have access to a computable index for f [ a X w.

Recall that 4,05 i*"‘, the eth X$,  -sentence over the empty language,

was defined as

(m,1+~)eWe
1+y<l+4a

SWe can view 1+ L as a computable well-ordering too, and when we write 1+q,
we are thinking of an initial segment of 1 + L.

"By a = 0, we just mean that « is the first element of L.

IWe are assuming that o # 0, so we may assume that II§ formulas do not show
up in the disjunction.
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Thus, go? Lte holds if and only if
IyeLlladmew ((m1+7) €W, and (v, f(y,m)) & 0).

There is a number k such that this holds if and only if k& € 0(*). Let
f(a,e) be that number k. Then, we have that ©."** holds if and only
if (o, f(a,e)) € 0 as needed. O

This theorem gets us a new characterization of the hyperarithmetic
sets:

COROLLARY V.17. A set A C N is hyperarithmetic if and only if
A <7 0% for some computable well-ordering L.

V.2.2. Independence on presentation. Given an w-presentation
of a well-ordering «, there is a unique jump hierarchy along «. But
different w-presentations of a would give different jump hierarchies.
The goal of this section is to show that, for computable ordinals «, the
Turing degree of 0% is independent of the w-presentation of a.

When we have a computable isomorphism between two different
w-presentations of «, it is not too difficult to show that the respective
jump hierarchies are Turing equivalent (Lemma V.18). However, the
isomorphism between two w-presentations of an ordinal may be quite
hard to compute. We will see that 0% itself can compute such iso-
morphisms. We will see how this is just good enough to show that
the jump hierarchies along such different w-presentations of « are still
Turing equivalent.

LEMMA V.18. Let o and B be computably isomorphic computable
well-orderings. Then 0(®) =, 09,

PROOF. Let H, and Hgz be the jump hierarchies along o and f3,
respectively. Let f be the computable isomorphism from o« to 5. We
will use effective transfinite recursion on a € o to define a computable
sequence of indices 1, for Turing reductions such that

where X <7, ; Y is shorthand for ®¥ = X. Observe that
<gfla d ([;]
M = qdy < HY = | (o)} x @
deplf(a) ceala

Since we are using transfinite recursion, we can assume we have access
to an index for the computable function ¢ + 7, for ¢ € a [ a. We can
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then find an index e for the Turing reduction

u (e
Hé<ﬁf( )] _ {f(e)} x q)ifcla <r i e U {c} x H([f} — H£L<a,a]‘
I

ceala ceala

(Notice that this would not work if we did not assume f was com-
putable, and we will have to deal with non-computable such f’s later
on.) Once we have e, let i, be an index for the following Turing reduc-
tion

Hé<ﬁf(a)]’ <7 " H£C<aa]/‘ n

In the next lemma, we will show that 0(*) can compute the isomor-
phism between o and another computable copy of . However, if we
want uniformity, we need an extra jump:s

LEMMA V.19. Let o and 3 be isomorphic computable w-presentations
of an ordinal and let f: o — [ be the isomorphism between them. Let
H, be the jump hierarchy along o. Then, for every a € A, f | a(<q) is

] s

uniformly computable from HY.

ProoF. We use effective transfinite induction on a € « to define a
computable sequence of indices e, for Turing reductions such that

f [a(<a) ST via eq Hgl}'

Consider a € a. We want to find e, using an index for the computable
sequence {e.:c € a | a}.

If a is the first element of a, f [ (<, is the empty function. Let us
assume a is not the first element of a. We split the construction into
three cases:

(1) a is a limit ordinal;

(2) a=b+1 and b is a limit ordinal;

B3)a=b+1land b=c+1.
Use 0”, which is computable from Hc[ya], to determine which case we are
in and to find b and c.

Case (1): If a is a limit ordinal, then f [ a(<a) = Ueeata [ | @(<e)-
So, using an index for the sequence {e. : ¢ € a | a}, we can figure out
an index for

[l oea <7 H([faa] <r HL“].

(Notice that in this limit case we did not need the full power of Hc[ya]
and that Hy" was enough. We will use this a few times later.)

“*Recall that f [ D is the partial function obtained by restricting f to the
domain D.



V.2. THE JUMP HIERARCHY 81

Case (2): If a = b+ 1 and b is a limit ordinal, then f [ oq) =
1oy U{(b f(b)}. We saw before that we can compute f | o)
from H(Ef“b]. We now use oracle HL“] =7 Héf“b}" >7 (f [ a<p)” to find
f(b), which is the least element of 3 that is not in the image of f [ ().
That is, use (f [ <p))” to find d € 3 such that

e forallce a b, d+# f(c), and
e for all e € [ d, there is some h € a [ b such that e = f(h).

Case (3): Suppose now that a = b+ 1 = ¢+ 2. We can use HY to
get an index for f [ o). To find f(b), just use 0” to find the successor

of f(c) in f. O

THEOREM V.20. Ifa and B are isomorphic computable w-presentations
of an ordinal, then 00 =, 009,

PRrROOF. Let H, and Hg be the jump hierarchies along o and j3,
respectively. Let f be the isomorphism from « to . From the lemma
above, we have a computable sequence of indices e, such that f |
X(<a) <T via €a Ho[za]~

As in Lemma V.18, we will use effective transfinite recursion on a €
a to define a computable sequence of indices i, for Turing reductions
such that

ngf(a)] < I via i HO[éa].

via 1q

This time we will have to be a bit more careful. Since we are using
transfinite recursion, we can assume we have access to an index for the

]

computable function ¢ — i, for ¢ € a [ a. First, we want to use H&a to

find an index for the Turing reduction
H/éqaf(a)} <5 H(Ey<aa]‘
Recall from the proof of Lemma V.18 that
[<p/(a)] &
H M = {f(0)} x @+
ceala

So, using f | a(<q) and the sequence {i. : ¢ € o [ a}, we can compute
H E’B 7@ from Hc[fo‘a]. However, we know that f [ (<, is computable

from H” but not necessarily from Hi*“ — it is close though.
We split the construction into two cases:
(1) a is a limit ordinal;
(2) a=b+1.
Use 0”, which is computable from HL[?], to determine which case we are
in and to find b in the latter case.
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Case (1): If a is a limit ordinal, we saw in the proof of Lemma V.19
that f | a<q) <r Hie

Case (2): If not, and a = b+ 1, then we know that f [ aepy <r
HY < HE*'. We are missing the value of f(b) which HY can com-
pute. Using the value of f(b) as a parameter, we can find an index for
the reduction

U {(0)} x o < Hle,

ceala

One way or another, we have shown that HEﬁf(a)] <; HEY and

we have used H([f] to find an index for that reduction. We can then
use HY to find an index for H;Bf(a)}, <r HE Y and thus computably
find an index ¢, for

H/é’f(a)] ST via 1q HO[[CL] . O

COROLLARY V.21. If o and [ are isomorphic computable w-presentations
of a successor ordinal, then 01 and 0%) are computably isomorphic.

PRrROOF. Recall that if two sets are Turing equivalent, their jumps
are computably isomorphic. O

V.3. Hyperarithmetically infinitary formulas

An infinitary formula is said to be hyperarithmetically infinitary if
it has a hyperarithmetic tree representation as in Definition III.1.

In this section, we show an important closure property of the hy-
perarithmetic sets: a set defined in (N;+, x,0,1,<) by a hyperarith-
metically infinitary formula is still hyperarithmetic. If in a rush, the

reader may skip this section, as we will not use this result in the rest
of the book.

THEOREM V.22. Fvery hyperarithmetically infinitary formula is
equivalent to a computable infinitary formula.

The rest of this section is dedicated to proving this theorem.

First, every hyperarithmetically infinitary formula is an X-computable
infinitary formula for some hyperarithmetic X € 2¥. As in Section
I11.2, if a formula has an X-computable tree representation, it has a
¥X index for some X-computable well-ordering . Recall that the ¥
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formula with index e (denoted @géx) is the disjunction of the J-over-
% formulas™ with indices in W.X. That is,

c °x
S i W I e @),
(i.,B) WX
B<a
(In Section I11.2, we also used a sub-index j describing the arity of the
formula. We omit it here to simplify the notation.)

Let £ be a hyperarithmetic well-ordering extending «, so that we
can think of o as a member of £. We want to show that every ZCBX
formula, for § € L, is equivalent to a computable one. There are
two obstacles. The first obstacle is that the infinitary disjunctions and
conjunctions are not c.e. but X-c.e. The second obstacle is that the
ordinals £ | # indexing the complexity classes are also not computable
but X-computable. We will resolve the first issue by recursively ap-
plying Lemma V.10, which states that a 3° disjunction of 3¢ formulas
is equivalent to a X¢ formula. We will resolve the second issue using
Spector’s theorem (Theorem IV.19), which states that every hyper-
arithmetic well-ordering has a computable copy.

By Spector’s theorem, there is a computable well-ordering C iso-
morphic to L. Furthermore, the isomorphism h: £ — K is hyperarith-
metic: Recall from Lemma I1.18 that there are computable infinitary
formulas ., (x) for v € K such that

LEY,(a) <= L]a=ZK]y < h(a)=1.

The formulas 1), are defined computably uniformly in v € K. Since
L and K are w-presentations, we can think of h as a hyperarithmetic
function N — N. Let Z be a hyperarithmetic real that computes X
and computes the isomorphism h from L to K.

LEMMA V.23. Every 2. formula is equivalent to a X% formula.*

PROOF. Using Z-effective transfinite recursion (Theorem 1.33), de-
fine a Z-computable function g: £ x N — N that, for each o € £ and
e € N, produces an index g(a, e) for a Z;Z(a) formula equivalent to the

eth ¥X formula. That is, g(«, e) will be defined so that

cZ
Zh(a) cx

EO&
Polae) 7 P -

""The JF-over-TIX, formulas are the ones generated from the T2, and XX
formulas using finitary conjunctions and disjunctions and existential quantifiers.
#Recall that a 222 formula is a EZ( formula for some 3 € L.
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For this, let g(«, e) be an index for the Z-c.e. set given by

Wi = {g(8,9),0(B)): B € LTaand i) € WK},
so we get that

ECZ . —
oy i W 30 ey @)
(i,B)eWX
B<la

which by transfinite induction is equivalent to @?ZX. U

The next step is to show that every Y% formula is equivalent to a
computable infinitary formula — now knowmg that KC is computable.
Let m be a computable ordinal that is large enough that Z is A% .*

LEMMA V.24. For every v € IC, every E;Z formula is equivalent to

C
a X5, formula.

PROOF. We use effective transfinite recursion (Theorem 1.33) to
define a function f: I x N — N such that, for v € L and e € N, f(v,¢e)
is an index for a ¥, formula equivalent to the eth X7 formula; that
is, f(~,e) will be defined so that

cZ
‘rr+’Y

P r(ve) A (pe
Recall that we defined

CZ ez
e’ as \W 37 o

(i,6)eWZ
SER ]y

Using the same idea as in Lemma V.10, this is equivalent to

nZ
W o) ew? A3y & 3)
(1,6)ENXKC |y
Recall that we chose 7 so that WZ is ¥°. Thus, the formula “(i,d) €
WZ” can be replaced by a ¢ sentence e (i,5) over the empty vocabu-
lary (Lemma V.3), defined uniformly on e and (3, §).
To define f(7,e) recursively, we define an auxiliary function f. Let
£(5,7) be the index of the IS, 5 formula “(i,0) € WZ A gof&‘s) 7 By
the induction hypothesis, the formula (3) is equivalent to

W/ 35 (.6 ew? A 90??55)'

(4,6)ENXK [y > ~~

*So that WZ is X0 for all e.
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Finally, we define f(v,e) as the index for the c.e. set

Wf(%e) = {{f(i,9), 7+ ) :(i,0) e Nx K [~} O

V.4. Complexity classes in Cantor Space

Infinitary formulas can also be used to define sets of reals. Con-
sider formulas (D) in the language of arithmetic with an extra unary
relation symbol D, which we treat as a second-order variable.” Let us
call these, N-formulas. If T is a class of N-formulas, a set 2 C 2N is
said to be I'-definable if there is an N-formula ¢(D) in I' such that
A = {A € 2V : p(A)}. As in Lemma V.3, one can show that ev-
ery N-L,, ,-formula ¢(D) is equivalent to a quantifier-free one in the
vocabulary containing only the relation D, where, by ‘equivalent,” we
mean equivalent when evaluated within the structure of the natural
numbers. To see this, replace sub-formulas of the form Vz(z) and

3z (¢(x)) by Mpen ¢(n) and ¥/, oy ©(n) respectively, where n is short
n times
—
for 1+ ---+ 1, and then replace atomic sentences that do not use D
by T or L depending on whether they are true or false.
The standard topology on 2N has a sub-base of open sets that consist
of the sets of the form

Oni ={A €2V : An) =i},

forn € Nand ¢ € 2. With this topology, the open sets are the countable
unions of finite intersections of sub-basic open sets, which are exactly
those defined by infinitary disjunctions of finite conjunctions of formu-
las of the form D(n) or =D(n), namely the ¥i*-formulas. The closed
sets are the ITi* definable sets.

DEFINITION V.25. The class of Borel sets is the smallest class of
subsets of 2V which contains all the sub-basic open sets and is closed
under countable unions, countable intersections, and complements.

THEOREM V.26. A set 2 is Borel if and only if it is N-L,, .-
definable.

PROOF. First observe that the class of N-L,, ,-definable sets con-
tains all the basic open sets is closed under countable unions, countable
intersections, and complements, because the £, ,-formulas include the
quantifier-free formulas and are closed under countable disjunctions,

"This is still an infinitary first-order formula which, on top of the standard
vocabulary of first-order arithmetic, has atomic sub-formulas of the form D(z) for
x ranging over the natural numbers.
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countable conjunctions, and negations. So, all Borel sets are L, .-
definable.

The other direction is proved by transfinite induction on the com-
plexity of the L, definition of the set. Suppose that 21 is X de-
finable, say by the formula \\/,.; 39:(v:(¥;, D)) where each ¢; is II%%,.
We can then write 2 as the countable union of the sets defined by the
formulas ¢;(n, D) for i € I and 7 € N%! and by the induction hy-
pothesis, we may assume each of these sets is Borel. It follows that 2
is Borel too. O

THEOREM V.27. (Souslin) A set 2 is Borel if and only if it Al
relative to some oracle A € 2V.

PROOF. For the (=) direction, suppose that 2 is Borel and hence
L, o~definable. Let A be such that A is L ,-definable relative to A.
Recall from Observation I11.4 that there is a ¥} formula that decides
if an infinitary sentence is true. We thus have that 2l is X1 relative to
A. Applying the same argument on its complement, we get that 2 is
I}, and thus Af, relative to A.

For the (<) direction, apply Corollary IV.6 to the complement of
2 to get an A-computable tree T such that

Xed <« VFXaF¢IT).
For each X, let
T*={ceNVN: (X I|o|)®ocT}

So, we have that X € 21 if and only if 7% is well-founded, and only if
(T; <,p) is well-ordered. The set {(T%; <yp): X € A}isaXi(A) set
of well-orderings, and hence from the ¥}-bounding theorem (Theorem
IV.13), we get an A-computable ordinal a such that for every X € 2,
(TX; <kp) is below a. Using Lemma I1.4, and using T as an oracle,
one can write a N-£,, ,-formula ¢(X) which says that (T%;<gp) is
below a.. This shows that 2l is Borel. U

REMARK V.28. If 2 is A}, it is not just N-L,, ,-definable, but also
N-L. ,-definable. To see this notice in the (<) direction of the proof
above, when A = (), the tree T' and the ordinal « can be taken to be
computable, and hence the formula ¢ is computable too.

V.4.1. The space of presentations. Fix a vocabulary 7. Let
Mod,. be the set of all w-presentations of all 7-structures. Each -
structure is determined by its diagram, so Mod. is essentially 2", with
the difference that we think of the elements Mod, as w-presentations
of T-structures instead of binary sequences. We equip Mod, with the



V.4. COMPLEXITY CLASSES IN CANTOR SPACE 87

same topology as 2V. Notice that the sub-basic open sets are now of
the form
{K € Mod, : K =) [x; —j:jeN]}
and
{K € Mod, : K &~y [x; = j: j € N]},
where ¢ is the nth atomic 7-formula.
Given a T-sentence ¢, we let

Mod(p) = {K € Mod, : K |= ¢}.

As in Lemmas V.6 and V.7 one can see that, if ¢ is a 2¢ sentence, then
Mod(y) is 8. We will see in our chapter on forcing that the converse
is also true (Theorem VII.25).






CHAPTER VI

Overspill

VI.1. Non-standard jump hierarchies

We saw in Section V.2 that over every computable well-ordering
we have a jump hierarchy, and that it is unique. The definition was
for jump hierarchies over linear orderings in general, but we did not
say much about what happens when the linear ordering is not well-
ordered. The following lemma uses an overspill argument to show that
there are jump hierarchies over certain non-well-ordered computable
linear orderings.

LEmMmA VI.1. There is a non-well-ordered computable linear order-
ing over which there exists a jump hierarchy.

PROOF. Let J be the set of indices of computable linear orderings
over which there exists a jump hierarchy.

J={eeN:3H C L., xNVae L, (H" = (H<)}.

Deciding if a set H is a jump hierarchy over a linear ordering L. is a
I19 property of H and e. Thus, J is ¥]. As we saw in the previous
chapter, over every well-ordering there is a jump hierarchy. So we have
that

0, CJ

We proved in IV.9 that O, is not ¥} and that it is actually II}-
complete. So, J cannot be equal to O,_; it must overspilll That is, O,
must be a proper subset of J, and there must exist some e € J \ O,
that is an index for a non-well-ordered computable linear ordering over
which there is a jump hierarchy. U

These jump hierarchies are hard to visualize, as there does not seem
to be a way to build them. The lemma above just says they exist. The
next lemma shows that, indeed, they cannot be hyperarithmetic.

LEMMA VI.2. Let {X; : i € N} be a sequence of reals such that
Xi 1 <r X, for every i. Then all the X;’s compute all the hyperarith-

KA
metic sets.

89
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PRrROOF. We prove that, for every a < w¢* | every X; computes 0(*)
by transfinite induction on «. This is obvious for & = 0. Assume this
is true for a. Then for every 4, since X;,; computes 0%, X, computes
0@’ =, 0D and hence it is true for a + 1. For a limit ordinal \,
suppose that every X; computes every 09 for 5 < X. Observe that
0N =7 @540, The fact that X; computes each 0%¥) does not mean
that it computes them uniformly — we need a couple of jumps to get
that uniformity: Given e, X” can check if ¢ is a jump hierarchy along
B (recall that checking this is I19). That is, X; can compute the set of
pairs (5, e) such that gpfi“ is a jump hierarchy along 5. It can then
compute their join and hence compute 0™). U

Let HYP be the class of all hyperarithmetic sets.

THEOREM VI.3. (Spector-Gandy [Spe60, Gan60]) If ¢(X) is a
I} formula of arithmetic, then

X € HYP y(X)

is equivalent to a I formula.
Conversely, every I1I1 formula ¢(Y') is equivalent to one of the form
3X € HYP (¢(X)), where v is 113.

The formulas above may have 1st- or 2nd-order free variables.

PROOF. For the first part, the idea is to replace the second-order
quantifier “4X € HYP” with a first-order quantifier over the indices
of hyperarithmetic sets. Let ¢;%(z) be the eth Y7 -formula with one
free variable z, where £, is the computable linear ordering with index
a (as in Lemma 1.29). Notice that for ©2*(x) to be an L., formula,
we need to have a € O, . Therefore, the set of pairs (a,e) which can
be used as indices for L., formulas is [I}. We then have that

dX e HYP (X)) <=
Ja,e €N (a € O, & VX (if :%(2) defines X — ¥(X))).

Recall that satisfaction of £, ., formulas is Aj (Observation I11.4) and
hence that saying that a formula 2% (x) defines a set X, namely

Vn (n € X < 2% (n)),

is a Al property of X, a and e. So the right-hand-side of the equivalence
above is IIj.

For the second part, let £, be a linear ordering such that ¢ holds
if and only if £, is well-ordered. We can build £ uniformly from ¢
and the parameters in ¢. We know from Section V.2 that if £, is
well-ordered, there exists a jump hierarchy on it and this hierarchy
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is hyperarithmetic. Conversely, if £, is not well-ordered, then either
there is no jump hierarchy over it, or if there is one, it cannot be
hyperarithmetic by the previous lemma. We then get that

¢ <= dH € HYP (H is a jump hierarchy over L,). O

Jump hierarchies over ill-ordered linear orderings produce <p-descending
sequences {X; : i € w} satisfying X/ | <p X, for all i. As we see in
the following lemma, such sequences cannot be uniform.

LEMMA VI.4 (Steel [Ste75]). There is no sequence {X; : i € N}
where X; computes X | for all i uniformly, that is, where for some
computable operator ', X!, = T'(X;) for all i € N.

PROOF. Assume such a sequence exists. Using the Recursion The-
orem, we will find an ey € N such that for all i € N,

eo € X <= (Fj>1) e & X

Before showing the details of how to find such an eg, let us show how
we get a contradiction from it. If for some ip € N we have ¢y € X] ,
then for some 4; > i, eg € X . Thus, one way or another, there exists
iy with eg ¢ X[ . Then, for all j > iy, eg € X}. But if eg € X] ., there
must exits i, > 7; with eg ¢ X , contradicting the previous line.

Let us now prove that such an eq exists. Using I', find a computable
operator ® such that for all X;, ®(X;) = X,4;. Given k, let ['y, =
['o @' This way, we have that, for i < j, X; = T';_;(X;). Now, to
apply the Recursion Theorem, we define a computable function f on
indices of computable operators as follows: Given e, let f(e) be the
index of a computable operator such that, for all n,

7 (n) L <= Tk >0 e & Ii(X).

Using the Recursion Theorem, let ey be such that (1355(60) = @jf) for all

X. Substituting X; for X and eq for e, f(e), and n above, we get
e € X| < PXi(eg) L <= Tk >0e & X] . O

EXERCISE VL.5. Prove that if £ is a computable linear ordering
over which there is a jump hierarchy, then £ has no hyperarithmetic
descending sequences. See hint in footnote.”

* Use the same idea as in the previous lemma, using the fact that the columns
along a hyperarithmetic descending sequence compute the sequence.
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VI.1.1. Harrison’s linear ordering. The Harrison linear order-
ing is one of the most interesting objects in higher computable structure
theory. It is a computable linear ordering with an initial segment iso-
morphic to w¢E. It will thus allow us to fix indices for all ordinals
below w{'K. Tt follows from Exercise VI.5 that there is a computable,
non-well-founded linear ordering without hyperarithmetic descending
sequences. We give a more direct proof:

THEOREM VI.6. (Harrison [Har68|) There is a computable linear
ordering that is not well-ordered but has no hyperarithmetic descending
sequences.

PROOF. Let S be the set of indices of computable linear orderings
without hyperarithmetic descending sequences. Since well-orders have
no descending sequences, S contains all of Kleene's O, . The set S
is definable by a formula of the form —3X € HYP ¢(X) where ¢ is
arithmetic, and hence by the Spector-Gandy Theorem VI.3 applied to
the negation of this formula, the set S is ¥1. Therefore, the set S must
overspill. That is, since S D O, and S is 3{, we must have O, C S.

Any element of S\ O, is an index for a computable, ill-founded linear
ordering without hyperarithmetic descending sequences. U

Note that a computable linear ordering has no hyperarithmetic de-
scending sequences if and only if every hyperarithmetic subset has a
least element. This is because, given a hyperarithmetic descending se-
quence {a, : n € N}, the set {b € L : In (a,, <z b)} is hyperarithmetic
and has no least element, and conversely, given a hyperarithmetic set
A with no least element, the sequence defined by a,; as the <y-least
b e A with b <p, a, is a hyperarithmetic descending sequence.

THEOREM VL.7. ([Har68]) Every computable linear ordering with-
out hyperarithmetic descending sequences is isomorphic to an initial
segment of W& + WK . Q.

PROOF. Let £ be a computable linear ordering without hyperarith-
metic descending sequences. Consider the equivalence relation on £
defined by a ~ b if the interval [a,b] in £ is well-ordered. This is, of
course, a convex equivalence relation in the sense that if a < b < ¢ and
a ~ ¢, then a ~ b ~ ¢c. We will prove the following three facts about
~ that together imply that £ is isomorphic to an initial segment of

WfE (1 +Q):

(1) Every equivalence class is well-ordered.
(2) The quotient is isomorphic to either 1, 1 + Q, or 1 + Q + 1.
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(3) Every equivalence class has order type w¢E except possibly
the last one. If there is a last one, it must be isomorphic to a
proper initial segment of w{X.

Part (1) is the crux of the proof. Pick an element b € L. It is easy to
see that the upper half of b’s equivalence class, {c € L : ¢ > bAb ~ ¢},
is well-ordered by L. To show that the bottom half, {a € L : a <,
bAa ~ b}, is well-ordered, we must show it has a first element. Notice
that as a decreases within the ~-equivalence class of b, the order type
of [a,b] either grows or stays the same. If there is a maximum order
type among the order types of [a,b] for a ~ b, say «, then we would
have that, for a < b, a ~ b if and only if [a, b] < «, which we know we
can decide in a hyperarithmetic way by Theorem V.9. We could then
conclude that there is a least such a, as every hyperarithmetic subset
of L as a least element.

Suppose now that is not the case. That is, suppose that there is no
maximum order type among the order types of [a,b] for a ~ b. This
will lead us to a contradiction. Let us define a sequence of elements
b > ag >r a1 > ---, all equivalent to b as follows. Let ag be the
least among all the elements a <j, b for which the order type [a,b] is
least possible. That is, ag <y, b satisfies that, for all ¢ € [ag, b) we have
[ag, b] = [c,b], and for all ¢ < ag, [ag,b] + 1 < [¢,b]. We continue on
by recursion. Given a,, let a,,1 be the least among all the elements
a <y, a, for which the order type [a, b] is least possible. Since we are
assuming there is no maximum order type among the order types of
[a, b] for a ~ b, this process will continue for all n € N. Notice that a,;
is defined from a, by the following X} property: for all ¢ € [ay41,a,)
we have [a,11,b] = [c,b], and for all ¢ < ay41, [ant1,0] +1 < [c,b]. One
can then show that the set {a, : n € N} is 3, as it can be defined as
the set of all a’s for which there is a finite sequence a = a,, <p, a,_1 <,
<o+ <p ag <r b, where each a;,; is defined from a; as above. The set
of computable well-orderings {[a,,b] : n € N} is then 3{, and hence
bounded below w{%. Let a € wfX be the supremum of this set. Then,
we would have that, for ¢ <y, b,

(neN)a,<pc <= [gb+1=xa.

The set of all these ¢ would then be hyperarithmetic and have no least
element, contradicting our assumptions on L.

For part (2), first observe that since £ must have a first element,
so must its quotient. What is left to prove is that the quotient has no
adjacent classes: If a <j b were in adjacent equivalence classes, [a, b]
would be the sum of two well-orders and hence well-ordered itself, and
a and b would actually be equivalent.
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For part (3), if a belonged to a class isomorphic to some o < w{'¥

but not to the last class, then the set of ¢ >, a such that o +1 < [a, c|
would be hyperarithmetic and have no least element.

If there is a last equivalence class, since it has a first element, the
class would be computable. Since it is well-order, it must be isomorphic

to some o < w{K. O

We call wSE + w¢E . Q the Harrison linear ordering. By the pre-
vious theorems, it has a computable copy which does not have any
hyperarithmetic descending sequence. We denote it by H.

EXERCISE VI.8. Show that if £ is a computable linear ordering with
an initial segment isomorphic to w¢¥, it must have an initial segment
isomorphic to Wi + WK . Q. See hint in footnote.!

LEMMA VL9. H has Scott rank at least w&" + 1.

We will show in Corollary VI.19 that w{'® + 1 is the largest Scott
rank a computable structure can have and hence that SR(H) = w{X +
1.

PROOF. Let a be an element that is the first in a copy of W& other
than the first copy.* The automorphism orbit of a consists of all the
elements that are the first in a copy of w{'® other than the first copy.
We claim that this orbit is not Ei‘;cK definable. Recall that if an orbit

is X%« definable, it must be L2 definable for some o < w{™. But the
1

orbit of a cannot be Y*"-definable, because if we let b = a+w®, then the
intervals above a and b are isomorphic to each other, and the intervals
below are isomorphic to w® - W& - (1 4+ Q) and w*(-wE - (1+ Q) + 1),
respectively. By Lemma I1.38, these are 2a-back-and-forth equivalent
and hence satisfy the same X1 formulas.

We have proved that H is not Einc,(—atomic. If we add parameters

1
pr < -+ < pg, (H,p) is still not Y% x-atomic because, for some i €

{0, ..., k}, the interval [p;, piy1] (where pg = —oo and pry1 = +00) is
isomorphic to ‘H and hence not Einc,(—atomic. OJ
1

EXERCISE VI.10. Prove that all the automorphism orbits in the
ill-founded part of H are II*%,,..
Wy

LEMMA VI.11. There is a computable operator H such that for ev-
ery X € 2N HX is an w-presentation of the Harrison linear ordering

fShow that the set of b € L for which there is a hyperarithmetic descending
sequence starting at b is I13.

By a copy of w{'® within H, we mean a maximal interval isomorphic to w{¥.
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relative to X. That is, it has order type wiX - (1 + Q) and has no
X -hyperarithmetic descending sequences.

PRrROOF. The set of Y € 2% which are not hyperarithmetic in X is
¥l in X (Lemma IV.21). Thus, we can build a tree 7% whose paths
are of the form Y & Z, where Y is not hyperarithmetic in X, and 7 is a
witness that Y is not. Furthermore, 7% is computably uniform in X.
In other words, we consider the tree 7 corresponding to the 19 class of
reals X @Y @ Z € w* such that Z is a witness for the ¥} formula that
says that Y is not hyperarithmetic in X (Corollary IV.6), and then let
TX be as in the proof of Corollary IV.7 or Theorem IV.17. This tree
TX is not well-founded for any X, as there are lots of Y’s which are
not hyperarithmetic in X. But it has no path hyperarithmetic in X.
The Kleene—Brouwer ordering of this tree is then ill-founded (Definition
[.24). Furthermore, if we look into the proof of Theorem 1.26, we can
see that if f is a descending sequence in the Kleene-Brouwer ordering
of a tree, its jump, f’, can compute a path through the tree (as it is
obtained using a limit). Thus, in the current case, our Kleene-Brouwer
ordering has no X-hyperarithmetic descending sequence. (7%, <,.) is
thus isomorphic to an initial segment of w;¥ (1+Q). Let HX = (T, <.,
) X w. H?Y still has no hyperarithmetic descending sequences and it is
now isomorphic to wy* - (1 + Q). O

We can even assume that in HX, the basic operations on ordinals,
like successor, addition, and deciding if an element is a limit or a succes-
sor, are all computable. To see this, we have to observe that if A is any
ordinal, w* is an ordinal where all these operations are computable.
It is not hard to see that w’ = H. If we also want multiplication
to be computable, one would need to consider W If we also want

exponentiation to be computable, we would need to consider €4 as in
[MM11].

EXERCISE VI.12 (Jockusch [Joc68, Theorem 4.1(3) and Corollary
4.3]). The w{™ initial segment of H is clearly II} and not Xi. Prove
that it is not IT}-complete. See hint in footnote. °

VI.2. Structures of high Scott rank

If a structure is computable, does it have a computable Scott sen-
tence? The answer is no, and the Harrison linear ordering is the main
counterexample. We show below that a computable structure has a
computable Scott sentence if and only if its Scott rank is computable.

$Use a priority argument to diagonalize against all computable many-one re-
ductions from a IT} set you build. It is enough to build a XY set.
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DEerFINITION VI.13. A computable structure whose Scott rank is

not a computable ordinal is said to have high Scott rank.
More generally, we define wi' = min{w;’® : B = A}. Thus, if A
has a computable w-presentation, w* = w¢E. A structure, computable

or not, is said to have high Scott rank if SR(A) > wi'.

Since the Harrison linear ordering has Scott rank w¢® +1 (Lemma
VI.9), it is a structure of high Scott rank. In this section, we prove
that the computable structures of high Scott rank are the ones that do
not have computable Scott sentences. Before that, we prove a lemma
that shows that every TI:*-type realized in a computable structure is
equivalent to a II§ -formula.

LEMMA VI.14. Let A be a computable T-structure. For every a €
AN and every computable ordinal o, there is a 115, formula @g o such
that, for any other T-structure B and tuple b,

B ): ‘Pa,a@) — (Av a) Sa (87 Z_))
Furthermore, we can find ¢z o uniformly in a and «.

PrROOF. For the transfinite recursion to work, we also need to define
Ya.q(Z) such that

B ): %,a([_)) — (A7 d) Za (87 l_))

The definitions of ¢; o and 1z o are by simultaneous effective transfinite
recursion: Let ¢, (%) be the formula

/X\\V/.@ \X/ @/)aé,ﬁ(fa 7))
B<a ce A<N

and 13 o be the formula
/X\ /X\ Y Pac,s(T, J)-
B<a ge A<N

It is not hard to prove by transfinite induction that these formulas are
as needed. O

THEOREM VI.15 (Nadel [Nad74]). A computable structure has a
computable infinitary Scott sentence if and only if its Scott rank is a
computable ordinal.

PRrOOF. For the (=) direction, if A has a computable infinitary
Scott sentence, that sentence must be ¢ or IIS for some a < w¢X,
and hence A has Scott rank below w{%.

For the (<) direction, let o < w{& be the Scott rank of A. Then,
all automorphism orbits are 3** definable over parameters, and all of
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them are ¥1% , definable with no parameters. We thus have that, given
a € A<N_ another tuple b is automorphic to @ if and only if @ <.,3 b.
From Lemma VI.14, we get a II5, ¢ formula ;.43 that defines the
automorphism orbit of a. Once we have all these formulas, we can
build a Scott sentence exactly as in Theorem I1.9. U

The computable Scott sentence we defined in the previous theorem
is not of optimal complexity.

EXERCISE VI.16. (Alvir, Knight, McCoy [AKM20]) Prove that if
A has a computably infinitary II,-Scott sentence, then A is ¥ -atomic
(not necessarily uniformly so). See hint in footnote."

VI.2.1. Structures of high Scott rank. We already saw that
Scott theorems do not effectivize, in the sense that computable struc-
tures do not need to have computable Scott ranks or computable Scott
sentences. However, Lemma II.7, which states that L, ,-elementary
countable structures are isomorphic, does effectivize: Computable struc-
tures that satisfy the same computable infinitary sentences are isomor-

phic (Corollary VI.18).

THEOREM VI.17. If A and B are computable w-presentations, and
A=, B for all « < w¢E, then A and B are isomorphic.

PrOOF. We say that a family {E; : £ < a} of sets

Eﬁ C (A<N % B<N) U (B<N % A<N)

for a € H is a bf-famuly if it satisfies the properties of the back-and-forth
relations, that is, aFyb if and only if Dy (a) C Dy(b) and aEeb < V( <
£Vd3e (bdEcac). Consider the set of a € H for which such an E exists
and the empty tuples of A and B are E,-related (i.e., ({),()) € E,).
This set is X1 and contains w¢® — it must overspill. We have some
o € H N\ wf for which we have a bf-family {E; : £ < o*} with
O B ().

Now consider the set
I={(@b) e AN x BN :3¢ e Hwi" (a,b) € E¢}.

Since F satisfies the property of a back-and-forth relation, one can
easily show that I has the back-and-forth property (Definition II.6)
and hence that A and B are isomorphic [Part 1, Lemma ?7?]. O

The following corollary is a particular case of a more general result

due to Ressayre [Res73, Res77].

9Use Morleyization as in Proposition I1.26.
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COROLLARY VI.18. If two computable structures satisfy the same
computable infinitary sentences, they are isomorphic.

PROOF. Recall from Lemma VI1.14 that for each computable struc-
ture A and ordinal a < w{'& | there is a IIS, sentence ¢4, such that
for any other structure B,

B |: PAa <= A <a B.

Therefore, if A and B are computable structures and satisfy the same
computable infinitary sentences, they must be a-back-and-forth equiv-

alent for all o < WK, u

COROLLARY VI.19. [Nad7j] The Scott rank of a computable struc-
ture is at most w&E + 1.

ProOOF. Every automorphism orbit is determined by the conjunc-
tion of all the computable infinitary formulas true about it. This is a
i“CK formula. Thus, every computable structure is incK-atomic. OJ

1 1

This leaves two possible ranks for computable structures of high
Scott rank: w{® and w{’™ + 1. In the former case, every orbit is X%,
1

definable over parameters, and hence ZianK—deﬁnable. In the latter
1 .
case, there must exist at least one orbit that is not Einwc,{—deﬁnable.
1

We already saw an example of a computable structure of Scott rank
w8 41, namely the Harrison linear ordering, from which we can build
the Harrison tree, the Harrison Boolean algebra, and the Harrison p-
group, all of high Scott rank: the Harrison tree is just the tree of
descending sequences of H (see page 12); the Harrison Boolean algebra
is the interval algebra of H; and the Harrison abelian p-group has one
generator for each node in the Harrison tree, the root of the tree being
the identity of the group, and these generators satisfy that if o is a
node of the tree, o time p is equal to the parent of ¢. For a while,
these were the only examples of computable structures of Scott rank
WS +1. A conceptually different example of a structure of Scott rank
Wi 41 was recently built by Harrison-Trainor [HT18).

A computable structure of Scott rank w¢'K was built by Knight and

Millar [KIM10], improving a construction of an arithmetical structure
of Scott rank w by Makkai [Mak81].

THEOREM VI.20. There is a computable structure of Scott rank
Wik,
ProoF. ([CKMO06]) We start by defining a computable sequence

of sets
AyC A C---CH



VI.2. STRUCTURES OF HIGH SCOTT RANK 99

satisfying the following properties:

(1) Each A,, has order type at most w™*!.
(2) Ay is cofinal in H.
(3) For eachn € Nand a € A,, a =sup{b+ 1€ A, : b < a}.
In other words, if a is a successor, then a — 1 € A,,.1, and if
a is a limit, then there exists by < by < by < --- € A,,1 with
limit a.
(4) Upeny An = H.
It is not hard to build the sets A,, by recursion on n: For each a € A,,_1,
add to A,, a sequence bj < by < by < --- — a that may be finite or
infinite, where b% is the <y-least element b such that b%_;, < b < a, if
such an element exists. If a is a successor ordinal, we will eventually
have b% = a — 1 and stop finding new elements in the sequence. If a
is a limit ordinal, this sequence will be infinite, and for every ¢ < a
we must have ¢ < 0% for some n, because for the least n with b >y ¢
(in the ordering of N), if ¢ >4 0% _; then ¢ would be chosen as b%. We
claim that |, A, = H: Otherwise take h € H ~ J,, 4, and, for each
n, let a, be the least element of A,, greater than h, which exits because
A, is computable and all hyperarithmetic subsets of H have a least
element. Note that 0’ can compute a,,, and by (3), a,, < a,_; for all n,
contradicting that ‘H has no 0/-computable descending sequences.
Now that we have the sets A, let us define a tree 7' C (H x N)<N,
which we will prove has Scott rank w{':

T= {<<h07n0>7 <h17n1>7 ceey <hk7nk>> € (H X N)<N :

Notice the second coordinate of each entry of the tuple is ignored, and
it is the first coordinate that must be a decreasing sequence in H and
belong to the right set A;. The second coordinate is only there to make
sure that each branch is repeated infinitely often. Let us use h(o) to
denote the first coordinate of the last entry of 0. We view T as a
graph with a special constant denominating the root. That is, we are
considering the structure

T =(T;(), R),

where R = {(0,07) : 0 € T~ {()}} is the parent relation in the tree.
It is 7 that we claim has Scott rank w{®. When we view T as a
structure, we erase the information about the sequence of pairs which
constitutes each element of 7. We will be able to more or less recover
some of that information — but at a cost.
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It is not hard to show by transfinite induction using (3) that, for
every o € T, if h(o) € wSE, then rk(T,) = h(o).! For ¢ with h(c) €
H ~ w8, T, is ill-founded. Furthermore, it is not hard to see that,
given o,7 €T,

o if h(o),h(T) < WIE then T, = T, if and only if and h(c) =
h(7), and

o if h(c),h(T) € H ~ w{E using a back-and-forth proof, one
can show that T, = T, independently of the value of h(o)
and h(T).

Thus, we can tell if two nodes are automorphic as follows:

(T o) =(T,7) < lol=Ir] & Vi<|o| (ck(To) = rk(T71:)),

including the possibility of rk(7};) = co. What we need to be able to
tell is when two tuples of nodes are automorphic, not just single nodes.
Given tuples of nodes ¢ = (074, ..., 04), we let &) be downward closure
of . That is, let ¢ be the tuple which contains all the initial segments
of the nodes in o, i.e., all the nodes of the form o; [ i for j < ¢ and
i < |oj|. We then have that, for two tuples of nodes ¢ and 7 of length
g’

(T,0)=(T,7) —
(T,ad) =0 (T, 7)) & Vj < LVi<|og] (0k(Ty,p) = k(T ).

Thus, to define the automorphism orbit of any tuple, we need to
find the ranks of the branches of the trees below the elements of the
tuple: If h(o) € w{E, then we know from Lemma I1.4 that there is
a computable infinitary sentence that is true only for trees of rank
h(o). If h(o) € H ~ w{E, then there is no infinitary formula that
says that a tree has infinite rank (see Corollary 11.41). However, if
we know the length of o, say n, all we need to say is that the rank
of T, is not in A, Nw¢X. Let o, be the supremum of A, N w¢~,
which, since A, has order-type at most w™™!, has to be an ordinal
in w¢E. (This is because if a, is the least element of A, \ WX then
A, NwiE = A, N(Ha,) is computable, and hence it must be bounded
below w{'K.) Then rk(7,) = oo if and only if rk(7,,) > a,,, and we know
from Lemma I1.4 that there is a computable infinitary sentence that is
true only for trees of rank greater than a,,. We conclude that 7" has
Scott rank at most w{~.

To prove that it does not have Scott rank below w{¥, we need
to show that there is no bound below w¢X on the complexity of the

IRecall that we use w$X to denote the well-ordered initial segment of H. Recall
also that T, = {y: 07y € T}.
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formulas defining the automorphism orbits. That is, we need to show
that for every a < wiE | there exists 0,7 € T which satisfy the same
[II*-formulas, (i.e., such that o and 7 are a-back-and-forth equivalent
in T') but not automorphic. This will follow from the following claim:

Cramm VI.20.1. If |o| = |7] = n and w - o < h(o),h(7), then
T, =, T;.

To work out the back-and-forth relations on 7', we need a few ba-
sic observations. The first is that it is enough to consider tuples and
extensions of tuples which are closed downward in the tree (in other
words, that are finite subtrees, all of the form ). The second key ob-
servation is that given finite tuples &, 7 which are closed downwards,
0 <, 7 if and only if, for every i < ||, Ty, 5 <a Tr,<7, Wwhere T, 5 is
the tree of all ¥ D o0; such that for no j different from i, o, C o; C 7.
This is because the sets T,,. 5 for i = 0, ..., |g| — 1 partition 7" into com-
pletely independent pieces with no interaction between them. Thus,
when you consider a tuple extending &, you can consider the parts of
the tuple inside each 7, 7 independently. The third observation is that
T,,.5 = T,,, because each branch repeats infinity often and removing
a few branches does not affect the isomorphism type.

The proof of the claim is by transfinite induction of . We rec-
ommend the reader try it with pencil and paper before reading these
details. The case a = 0 is trivial. Let us move to the general case. By
symmetry, it is enough to show that T, <, T-. Let b be a tuple in T’
that is closed downwards, and let § < a. We need to find a tuple a
such that for each i < |a|, |a;| = |b;| and either h(a;) = h(b;) < w - or
w- B < h(a;), h(b;). This would imply that T,, >4 T;, for all i < |b], as
needed. Let k be the length of the longest tuple in b, and let 7o, ..., v be
such that w - <y, < Y1 < -+ <y <w-a < h(o) and v; € Ajgj44,
which we can do by (3), making sure at each step that v; > w-f+k —i.
Define a starting from the shortest nodes in the sub-tree to the longest
according to the following rule: If h(b;) < w - B, let h(a;) = h(b;); and
if h(b;) > w- B, let h(a;) = 7jq,- Of course, you must also preserve
lengths: |a;| = |b;.

This finishes the proof of the claim. It follows that for no a < W
we have that all orbits are X*"-definable and hence that 7" must have
high Scott rank. O

OBSERVATION VI.21. The Scott-sentence complexity of the tree
above is Hinc k- The Scott sentence for T" says the following: For every

1
n and every o in T of length n, T, has rank either in A,Nw$" or greater
than a,,. If tk(T,) = v € A, Nw{% then o has children of all ranks
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in A, N+, each rank appearing infinitely often. If rk(7,) > «,,, then
o has children of all ranks in A, N «a,,, each rank appearing infinitely
often, and also has infinitely many children of rank greater than v, ;.

New structures of high Scott rank have been built recently. Harrison-
Trainor, Igusa, and Knight [HTIK18] proved that there is a struc-
ture of Scott rank w{¥ for which the computable infinitary theory is
not Ng-categorical. Alvir, Greenberg, Harrison-Trainor, and Turetsky
[AGHTT21] have since then built new examples and done a deep
analysis of the possible Scott sentence complexities of the computable
structures of high Scott rank.

VI1.2.2. Barwise-Kreisel compactness. Recall that a set S of
L., » sentences is said to be satisfiable if it has a model. For countable
S, from the Lowenheim-Skolem Theorem I1.61 we get that if S has a
model, it must have a countable one.

The most important tool in model theory of finitary first-order logic
is compactness: If every finite subset of a set of sentences is satisfiable,
then the whole set is satisfiable. This is not true of infinitary logic.
Here is an example. In the vocabulary with constants a, b and a unary
function S, the set

n n

—— ——
(<SS 8la)- ) £ b ne NFU{\N/S(S(Sla) ) = b’}

neN

is not satisfiable, but every finite subset of it is.
However, in the computable infinitary language, there is a version
of compactness that turns out to be extremely useful.

THEOREM VI1.22 (Barwise [Bar67, Bar69]). Let {¢; : £ € wSE}
be a computable sequence of computable infinitary formulas. If for each
a < W the set {pe : € < a} is satisfiable, then the whole set {p¢ :
¢ € W¥EY) is satisfiable.

When we say that {¢¢ : £ € wfF} is a computable sequence of
computable infinitary formulas, we mean that there is a partial com-
putable function f such that, for all o in W& which we view as the
well-founded part of a given w-presentation of H, f(«) is defined and
gives the index for a computable infinitary formula, and we do not care
what f does on H \ w{E. Recall from Section II1.2 that an index for a
computable infinitary formula consists of a quadruple (I', 3,1, j) where

e {310}, B < ¥, and 4,5 € N, a formula which we denote by

gpij (.Z'l, ceey x])
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PROOF. There is a ¥ N-formula y that, given an w-presentation
of a structure A and an index e for a computable infinitary sentence
©e, X(A, e) holds if and only if A = .. Consider the set of ¢ € H for
which {¢¢ : &€ < a} is satisfiable. That is, let

Z={CeH :FAVE<C(fE)L N x(A F(€))).

Z is ¥} and contains w{® — it must overspill. There is some (* €

7 N wiE We then have that for some structure A, for every

€< Wl < ¢, f(E) 4 A X(A F(€)). Thus, Ais a model of {p¢ : € €
wi™}. 0

Barwise’s version of the theorem above was in terms of admissible
sets. If one considers the right setting, the theorem above can be seen
as a particular case of Barwise compactness. The corollary below is
attributed to Kreisel [Kre61] in [AKO00, Page 123].

COROLLARY VI.23. (Barwise-Kreisel Compactness Theorem) Let
S be a I set of indices of computable infinitary formulas. If every
hyperarithmetic subset of S s satisfiable, then so is S.

PROOF. The first step is to notice that every IT} set can be decom-
posed as the union Ugewcx Se of an increasing sequence of sets, where
1

Se is X9, for each £ € w{’*: Given an m-reduction from S to O,,, let
Sg = {6 eN: Ef(e) < wg}.

The sets S¢ are X9, (by Lemma IL.5).

We showed in Lemma V.10 that a Egg conjunction of computable
infinitary sentences is equivalent to a computable infinitary sentence,
and we can find this equivalent formula uniformly, given an index for
the Zgg set. Let ¢ be a computable infinitary sentence equivalent to
the conjunction of the formulas with indices in S¢. That is,

¢5 = /X\ Pe-

6€S§

For each a, since S, is A, the set {¢¢ : £ < a} is satisfiable. By the

previous theorem, the whole set {¢, : € € wlCK}7 which is equivalent to
/X\ees ©e, is satisfiable. 0

“For ¢* € H ~ wfE, f(¢*) might be undefined, or if it is defined, it might
output a quadruple that is an index of a computable infinitary sentence or not.
Independently of whether k£ € N is an index for a computable infinitary formula,
X(A, k) is either true or false. The truth value of x(A, k) is meaningless if k is not
an index for a computable infinitary sentence.
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EXERCISE VI.24. Prove that the theorem above still holds if the
function f: & — ¢ is X}, that is, there is a X} formula 6(z,y) such
that, for every e € WX, f(e) = d if and only if (e, d).

The following is a version of Barwise-Kreisel compactness where we
consider satisfaction only by computable models.

COROLLARY VI.25. Let {¢¢ : € € w{E} be a computable sequence
of computable infinitary formulas. If for each a < WS, the set {p¢
¢ < a} is satisfiable in a computable structure, then the whole set
{pe : € € WEEY is satisfiable in a computable structure.

PRrROOF. The proof is almost exactly the same as that of Theo-
rem VI.22, with the difference being that we consider only computable
structures A. The set Z is still X1 and must overspill. O

COROLLARY VI.26. If a computable infinitary sentence T has com-
putable models of arbitrarily high Scott rank below W™, it has a com-
putable model of high Scott rank.

ProOF. Consider the sequence {¢¢ : £ € WK} defined as follows:
@o is just T'. For £ > 0, ¢ is the sentence pe that says that the model
has Scott rank greater than or equal to ¢ and in Lemma I1.67. The
corollary then follows directly from the theorem. O

The following result is due to Morley and Barwise independently.
See Keisler’s book [Kei71, Chapters 15 and 16]. The version for infini-
tary sentences is due to Morley [Mor| and Barwise [Bar69]. The bold-
face versions are due to Morley [Mor65] and Lépez-Escobar [LE66].
(They showed that the Hanf number of £, ., is J,, and that that of
L, is :lwch. They used the Erdés-Rado theorem to build an order-
indiscernible sequence over a language with added Skolem functions.)

The following result was one of the key ingredients in the proof that
there is a structure Muchnik equivalent to its own jump that we gave
in [Part 1, Chapter IX].

THEOREM VI.27. If a computable infinitary 1-sentence T' has a
model of size :wch, it has a countable model with a non-trivial auto-
morphism.

Recall that 3, is the cardinal obtained by iterating the power set
operation « times.

PRrROOF. We consider structures with two sorts, one of which we
call M and is a model of T and the other is a linear ordering £ with a
first element 0 and a last element ¢, which we should think of as a well-
order (though it does not need to be). These two-sorted structures also
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have a relation E C £ x M<N x M<N which encodes the back-and-forth
relations in M indexed by elements of £, which are treated as ordinals.
That is, if £ were actually well-ordered, then E(a,a,b) would hold if
and only if (M,a) <, (M,b). We also need two different elements
¢ and d from M which are Ej-equivalent, that is, such that E(¢, ¢, d)
holds. The idea is to prove that there exists such a model where L is
ill-founded and prove that, in that case, ¢ and d are automorphic.

Concretely, let 7 be a vocabulary that consists of 7 U {M, L, <,
,E,0,0,c,d}.™" Let S be the computable infinitary 7/-sentence saying
the following;:

(1) M and L partition the domain.

(2) M =T, and c and d are two different elements from M.

(3) (L;<r) is a linear ordering with first element 0 and last ele-
ment /.

(4) For @,b € M<N of the same length, F(0,a,b) holds if @ and b
satisfy the same atomic 7j5-formulas in M.

(5) For a € L and @,b € M<Y of the same length, E(a,a,b) holds
if and only if, for every B < « and every f € M<N there
exists € € M¥ such that E(B,bf,ae) holds.

(6) E(¢,c,d).

We claim that, if £ is a computable well-ordering and M is a model of
T of size :wch, then M and L can be put together to build a model
of S. The first step is to define E, but since L is well-ordered, E is
uniquely defined by the rules above and we must have E(«,a,b) <=
(M, a) <, (M,b). The crux is to show that one can name two elements
of M, ¢ and d, so that ¢ <, d. To show this, we claim that for each
a € L, there are at most J,,; many =,-equivalence classes. This is
true of a = 0, as there are countably many possible values for D 4(a).
The =,.1-equivalence class of a tuple a is determined by the set of
possible =,-equivalence classes of tuples of the form ae. If there are at
most J,11 =.-equivalence classes, then there are at most 9dat1 — Joio
sets of =,-equivalence classes and hence at most J,, 2 =, 1-equivalence
classes. For limit ordinals A, a =j-equivalence class is determined by
the a-equivalence classes for a < . Each =,-equivalence class can
thus be represented by a function with domain A which assigns an a-
equivalence to each a € X\. The number of such functions is bounded
by |)\’5upa<)\:a+l =w =y,

Now, if M has size larger than J,, there must be at least one
=,-equivalence class with at least two elements — call them ¢ and d.

"E is a actually a sequence of relations {E, : n e N}, where F,, has arity
2n + 1 and applies to triples o, a, b, with o € L and a,b € M™.
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For each computable ordinal £, consider the sentence )¢ that says
that £ does not embed in ¢ (see Lemma I1.5). By the previous claim,
for every a < w{*, the theory S U {¢¢ : £ < a} is satisfiable by a
model where £ is computable. From the Barwise-Kreisel compactness
theorem (Theorem VI.22), SU{t : &€ < w{"} is satisfiable by a model
where L is computable. Since £ £ £ for any computable ordinal &, £
cannot be well-ordered. Split £ into Ly + £, where L is well-ordered
and £, has no least element. It follows from (5) that the set

{{a,b) : E(a*,a,b) for some o* € L1}

has the back-and-forth property (Definition I1.6), and hence any pair
in it is a pair of automorphic elements. It follows from [Part 1, Lemma
??] that there is an automorphism mapping ¢ to d. ([l



CHAPTER VII

Forcing

Forcing was introduced by Paul Cohen to prove that the continuum
hypothesis does not follow from the ZFC axioms of set theory. Soon
after, it became one of the main tools in set theory to prove indepen-
dence results of all kinds. The objects produced by this technique are
called generics.

There are also many applications of forcing in computability theory.
In computable structure theory, forcing is used as a tool to translate
computational properties of w-presentations to structural properties
of structures. In this book, we will look at generic enumerations of
structures and generic presentations of structures. The special feature
of these generic presentations is that there is nothing special about
them — they are generic. Thus, if a generic w-presentation has some
particular computational property, that property is not special to this
w-presentation and there must be some structural reason for it.

We introduced the first ideas of forcing in computable structure
theory in [Part 1, Chapter ?7]. There, we only considered 1-generics,
which decide only X relations. Now, we will consider L. ,-generics,
which decide all L. ,-definable relations. An understanding of [Part 1,
Chapter ??], while recommended, is not required to read this chapter.

The first ones to use forcing in computable structure theory were
Ash, Knight, Manasse, and Slaman [AKMS89], and independently
Chisholm [Chi90]. The notion of forcing we introduce here is aesthet-
ically different from theirs, but the ideas are the same.

VII.1. Generic enumerations and generic presentations

Let A* be the set of all finite tuples from A whose entries are all
different. We will use the partial ordering (A*; D) as what set theorists
call the forcing notion. We say that a subset R C A* is dense if, for
every 7 € A*, thereis a p DO 7, p € R. Given an injective enumeration®
g of A, we say that g meets R if g has some initial segment p C ¢ in R.

Consider the topological space of all injective enumerations of a
structure A, viewed as a subspace of AN, which in turn is homeomorphic

“Recall that an enumeration of A is an onto map from N to A.
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to Baire space NY. The set of injective enumerations that meet a set
R C A*, denoted [R]", is an open set (see Section V.4). Actually,
all open sets are of this form. If R is dense as defined above, then
[R]" is dense in the topological sense too (i.c., it intersects every open
set). Topologically speaking, dense open sets are considered large sets,
and belonging to the complement of a dense open set is thus a special
property. These are the kind of special properties generic enumerations
do not have. When forcing in set theory, one considers all dense open
sets. Here, we only consider the ones definable by computable infinitary
formulas.

We say that a relation R C A<N is computably infinitary definable,
or L.,-definable, it each set R N A" is L. -definable uniformly in n,
in other words, if there is a computable list of computable infinitary
formulas {¢y,(z1,...,2,) : n € N} such that RN A" ={a e A" : A E
wn(a)} for all n € N.

DEFINITION VII.1. An injective enumeration g: w — A of a struc-

ture A is L ,-generic if it meets every dense L. ,-definable subset of
A*.

LEMMA VIL.2. For every structure A, every p € A* can be extended
to an L. -generic enumeration g: w — A.

Recall that, unless stated otherwise, all structures we consider are
countable.

Proor. This is essentially a corollary of the Baire category theo-
rem, which says that the intersection of a countable collection of dense
open sets is never empty. We give a direct proof.

There are countably many L. ,-definable relations, so one can build
g meeting one L. -definable relation at the time as follows. We build
g as the limit of a nested sequence py C p; C ---. Let pg = p. To make
sure g is generic, define po, so that it extends po, 1 and meets the n-th
dense L. ,-definable relation. To make sure g is onto, define ps,+1 SO
that it extends p,, and contains the n-th element of A. O

DEFINITION VIL.3. An w-presentation G is an L., -generic presen-
tation of a structure A if G can be obtained as the pull-back g~*(A)
through an L. ,-generic enumeration g.!

"Recall that the pull-back of a structure A through an enumeration g: N — A
is the unique w-presentation G that makes g an isomorphism from G to A. (See
page xxiv.)



VIL.2. THE FORCING RELATION 109

The notion of L. ,-generic enumeration depends only on the struc-
tural properties of A, as it only depends on which relations are L -
definable in A. It follows that the notion of L. ,-generic presentation
of a structure A is independent of the given w-presentation of A. More
concretely, if h: A — B is an isomorphism, then g: N — Ais L. -
generic if and only if ho g: N = B is L. -generic.

Let us consider the particular situation where B = G, just for a
minute. If G is the pull-back g~ *(A) of A through some L. ,-generic
enumeration g: N — A, and we let B = G and h be g7': A — G,
then id = g7 0 g: G — G is also L -generic. It follows that an w-
presentation G is an L. ,-generic presentation if and only if the identity
function on N is an L. ,-generic enumeration of G itself.

EXERCISE VIIL.4. Prove that if g is L. ,-generic, it also meets all
dense subsets of A* that are L. ,-definable over parameters.

EXERCISE VIL.5. Show that if A is computable, Kleene’s O can
compute an L. -generic enumeration of A.

VII.2. The forcing relation

An w-presentation G is characterized by its atomic diagram D(G) €
2N (see page xxi). Thus, to talk about properties of presentations, we
use the vocabulary {0, 1,4, x, <, X ()} of 1st order arithmetic with an
extra unary relation X to represent the diagram of the structure. We
will think of X as a 2nd-order variable and write ¢(X) to emphasize
this. We call these formulas N-formulas. Recall from Section V.4 that
the N-L,, .-definable subsets of 2N are exactly the Borel subsets of
2N, Given an w-presentation G, we will write ¢(G) to mean p(D(G)).
Instead of X, we will use the set theoretic dot notation G, as a 2nd-order
variable symbol to emphasize that we are talking about the diagram
of an w-presentation. The dot on top of G means that we are not
talking about a particular presentation, but about a name for a generic
presentation that we will obtain after forcing.

Recall from Section V.4 that every N-L,, ,-formula is equivalent,
when evaluated in the structure of the natural numbers, to an infinitary
quantifier-free one, where the quantifiers Vn and dn are replaced by the
infinitary connectives /\\, oy and \Y/,,cy- Recall that we can also replace

the atomic formulas that do not mention g by their truth values T or
1. Furthermore, this transformation can be done without changing
the complexity of the formula. We will thus assume that our N-L,,, .-

formulas ¢(G) are always infinitary quantifier free and that the literalt

 Recall that a literal is a formula that is either atomic or negation of atomic.
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sub-formulas are of the form T, L, G(n) or =G(n). By deMorgan’s
laws, we may also assume that all negations appear only next to atomic
formulas.

DEFINITION VIL6. We say that a tuple p € A* semantically forces
a computable infinitary N-formula o(G) if (g7 *(A)) holds for every
L. ~generic enumeration g of A extending p.

The forcing-equals-truth theorem (Theorem VII.13 below) will for-
malize the idea that generics have no special properties by showing
that an L. ,-generic presentation g~'(A) satisfies an N-formula ¢(G)
if and only if ¢ has an initial segment p that forces it. Thus, if g71(.A)

satisfies p(G), then all other generic enumerations extending p do too.
So, all the information needed to guarantee (G) must be encoded in
p and A, and is independent of what the generic enumeration g does
beyond p. To formalize this last statement, we will define a relation I+
in a purely syntactical way, and we will show that it mostly coincides
with semantical forcing.

Let us assume the vocabulary 7 is relational (see page xxii).’

DEFINITION VIL7 (The strong forcing relation). Given a structure

A, a tuple p from A*, and an infinitary N-formula ¢(G), we define a
predicate p Ik, ¢ by recursion on ¢ as follows:

o pl T holds and p IF, L does not.

e 51, () = Da(p)(n)s =11

e plb, 7G(n) <= D4(p)(n)l =0.

o p b W,y i if there exists i € I such that p Ik, ;.

oI5 M ¢ if, for all i € I and ¢ € A* with ¢ 2 p, there

exists 7 2 ¢ such that 7 Ik ).

We will often omit the sub-index A and write p IF ¢ if it is clear which
structure we are talking about.

By writing down this definition formally, we can see that for every

N-formula ¢(G), there is a 7-formula Force, such that
A = Force,(p) <= plk o
DEFINITION VIL8. Here is the definition in detail:/

$This is not really necessary, but it simplifies our definitions.

TRecall that D4(p) is the atomic diagram of the tuple p in the structure A
(see page xxiii). It is a finite binary string. By D4(p)(n)] we just mean that
n < |Da(p)|

”Forcew is not exactly a single formula, but a computable sequence of formulas,
one of each arity.
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Forcer is T and Force; is L.
Forcegy(p) is ¢y, (1{)-**
Force_g ) (D) is —y, (P)-
Foreceyy, _, 4, (p) is W, Forcey, (D).
Forcep, v, (p) is M\ic; V@ 2 p I 2 @ Forcey, (7).
It is not hard to prove by induction that if the formula ¢ is N-II¢,
then Force, is 7-1IZ, and that if ¢ is N-3¢,, then Force, is 7-3F,. There
is one case, namely the II{ case, that requires a little observation: For

an atomic formula of the form G(n), we have that if || > n, then either
g IF G(n) or ¢ I- =G(n). This is because of our old convention that
¢ (p) has no free variables beyond x, ..., 7,1 (see page xxiii). Thus,
when we have an N-II{-formula /\,.; ¥; where each v; is a literal, we
get that pl- M\, ¢ if and only if
e there are no L’s among the v; for ¢ € I,
e for all ¢; of the form G(n) and all § D  of length greater than
n, ¢, (), and
e for all ¢; of the form ~G(n) and all § D 7 of length greater
than n, =) (7).
So, Forcep, 4, is T-117.

We will call ¥-formulas the formulas that start with \{/, and call
[I-formulas the ones that start with /X\. The definition of IF for II-
formulas can be restated as follows: p I- /M\;c; ¥ if and only if, for all
i € I, the relation {¥ € A* : 7 I 1;} is dense above p."" It follows
that for a II-formula ¢, if the set {F € A* : 7 IF ¢} is dense above p,
then p IF ¢. This is not necessarily true for ¥-formulas, as one could
have that the set {F € A* : 7 I- p} is dense, but each such 7 forces ¢
via a different witness ¢. This causes a minor annoyance: The truth
of the forcing relation depends on how the formula ¢ is written. For
instance, if ¢ is a 3-formula and /{\ ¢ is built by adding a dummy
conjunction in front, then we may have some p that forces /X\ ¢ but
not . Fortunately, this can only happen for Y-formulas and atomic
formulas, as we will see in Corollary VII.15.

LEMMA VIL9. Let ¢ be an N-L,, ,,-formula and p, § injective tuples
from a structure A.
e IfpCqandpl-p, then qlF .
e For no p and ¢ we have pl- ¢ and p - —p.
“*Recall that o) is the nth atomic 7-formula. By ) (p), we mean @) [x; — p;].

If ¢)' has some free variable z; with j > [p|, we let both ¢ (p) and =y} (p) be
false.
T We say that a relation R C A* is dense above p if V¢ 2 p 37 D ¢ (F € R).



112 VII. FORCING

PRrROOF. The first part is a straightforward induction on .

The second part is also by induction on . It is trivial for literals.
Suppose ¢ is of the form \{/,.;¥; and that p forces ¢ and —¢. Let
io be such that p I ;. Since p IF /X\,c; %, there is a ¢ 2 p that
forces —1);,. By the previous part of the lemma, g also forces v;,. This
contradicts the induction hypothesis applied to ;. O

LEMMA VIIL.10. For every N-L.,-sentence ¢, the set
D,={pecA :plky V plF ¢}
is dense in A*.

ProoOF. If ¢ is atomic, then every p whose length is large enough
forces either ¢ or —p.

Suppose now that ¢ is of the form /X\,.; ;. Pick a tuple p € A*. If
D W ¢, there is some ¢ O p and ¢y € I such that for every 7 D q, 7 ¥ 1;,.
By the induction hypothesis, we get that the set of 7’s extending ¢ and
forcing either v;, or —1);, is dense above ¢. Since no 7 D ¢ forces v,
there exist plenty of 7’s extending ¢ such that 7 IF —);,. For any such
7, we have 7 |- —p. Summing up, either p I- ¢ or there is some
extending p such that 7 IF —¢p. 0

We say that p decides ¢ if either p I ¢ or p IF —p.

CoORrROLLARY VIIL.11. If g is L. -generic, for every N-L. ,-formula
@, there is a p C g that decides .

Proor. The relation D, C A* from the lemma above is L -
definable and dense, so it has to be met by g. O

LeEmMA VIL.12. (Forcing-implies-truth) If p I ¢, then p semanti-
cally forces .

PRrROOF. The proof is again by induction on ¢. The result is imme-
diate when ¢ is atomic. When ¢ is a >-formula, the induction step is
also quite easy. When ¢ is a II-formula of the form /X\,.; s, we have
that for each ¢ € I, the set of ¢ O p forcing 1; is dense above p, and
hence g must meet it. That is, for each ¢« € I, g has an initial segment
that forces 1;, and then, by the induction hypothesis, 1; must be true
of g7'(A). Then so is N\;c; ¥ O

THEOREM VIL13. (Forcing-equals-truth) If g is an L., -generic
enumeration of A, G = g~ '(A), and ©(G) is an N-L.,-formula , then

p(G) = (@pcgplFy
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PROOF. The (<) direction follows from Lemma VII.12. For the
(=) direction, we get from Corollary VII.11 that some initial segment
of g must force either ¢ or —p. But, because of Lemma VII.12, it
cannot force —¢p. O

CoRrOLLARY VIL.14. For all p € A* and L. ,-formula ¢(G), p se-
mantically forces ¢ if and only if {g € A* : ¢ IF ¢} is dense above
D.

PROOF. For the (<) direction, if {g € A* : ¢ IF ¢} is dense above
p and g is a L ,-generic enumeration extending p, then g must meet
{q € A*: qIF p} and hence, by the theorem, g~!(A) must satisfy ¢.

For the (=) direction, suppose that p semantically forces ¢ and con-
sider ¥ O p. It has an L. ,-generic extension. That generic extension
satisfies ¢, and hence it has an initial segment ¢ that forces ¢, which
we may take to be longer than 7. This shows that {g € A*: ¢IF ¢} is
dense above p. O

CoROLLARY VIIL.15. For II-formulas, p IF ¢ if and only if p se-
mantically forces .

Proor. This follows from our observation that for II-formulas, p I+
¢ if and only if {rF € A* : 7 |- ¢} is dense above p. O

The “semantically forces” relation is thus slightly weaker than the I+
relation. It is sometimes called weak forcing and denoted IF"*. Similarly,
the IF relation as defined here is sometimes called strong forcing. In set
theory, as for instance in [Kun80], the standard notion is that of weak
forcing. For computability theorists, though, IF* has a problem: It does
not preserve complexity. For II-formulas it does, but weakly forcing a
Y¢ formula is IIS, |, and that messes up our complexity considerations.

The semantical forcing can also be defined syntactically. One needs
the following modification in the definition of the forcing relation:

o pIFY X icr i ifVG 2 p W,y 37 2 @ (7 IFY 4y).
o DIFY MNier ¥ if Mier (}5 I @Dz)
VII.3. The Ash-Knight-Manasse-Slaman—Chisholm theorem

This is one of the most classic theorems of computable structure
theory. It shows why the computable infinitary language is so impor-
tant in computable structure theory.

DEFINITION VII.16. A relation R C A" is said to be relatively
intrinsically X0 if, on every copy (B, R®) of (A, R), RP, viewed as a
subset of N", is X0 relative to the oracle D(B) € 2V.#

#Recall that a copy of a structure is an w-presentation isomorphic to it.
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Let us remark that this is a purely computability theoretic no-
tion defined in terms of the w-presentations of the structure A and the
arithmetic and hyperarithmetic hierarchies. The Ash-Knight-Manasse-
Slaman—Chisholm theorem shows that it can be characterized in a
purely structural way.

THEOREM VIL.17. (Ash-Knight-Manasse-Slaman [AKMS89] —
Chisholm [Chi90]) A relation R C A™ is relatively intrinsically X0 if
and only if it is T-X¢ -definable in A over a finite tuple of parameters.

PROOF. The (<) direction is straightforward from Lemma V.6.

For the other direction, we need to find a 7-X¢-definition of R.
Let g be an L. ,-generic enumeration of (A, R) and (G, RY) be the
corresponding L. ,-generic presentation. Since RY C N" is 23’1’(9),
there is an N-X.¢-formula ¢(k, G) such that, for all k € N,

ke R = ¢k,G).

Whether “k € R9” is true can be read off from the atomic diagram of
(G, RY), so the formula

M\ (ke R = ¢(k.G))
keNn
is an N-L,, formula that, by the forcing-equals-truth theorem, must
be forced by some p C g.
Consider a tuple a € A™. Each line below can be easily seen to be
equivalent to the previous one:
e @ belongs to R.
e for some L. ,-generic enumeration g of (A, R) extending p,
g~ (a) € RY.
e for some L. ,-generic enumeration g of (A, R) extending p and
for k such that g(k) = a, we have ¢(k,G).
e for some tuple § O p which contains @ in its image and for &
such that g(k) = a, we have g IF p(k,G).

Rewriting once more, we get:

aeR < 372p \/ (a=q(k) & Force, ()"

Notice that ¢(k,G) is a formula only about D(G), and it does not
use RY. So any atomic sub-formula of ¢(k,G) must be of the form
G(n) or =G(n), and n is such that the symbol R does not appear in

“By [g]™ we mean the set of n tuples of numbers below the length of g. If ¢ =
(90 -y qq/—1) and k = (ko, ..., k,—1) € |q|", then G(k) is the n-tuple (qx,, ..., Gk, _,)-
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¢y - It follows that Force,; g is a 7-X-formula that does not use
R (see discussion after Definition VIL.8). Also, let us recall that a =
q(k) is shorthand for A, q(k;) = a;. We have thus obtained a 7-3f
definition of R using p as parameters. O

As in [Part 1], we extend the notion of relation to mean any subset
of AN instead of just a subset of A”. Furthermore, we will sometimes
be interested in uniformly definable sequences of relations (Ry, Ry, ....),
which can be seen as a single subset of N x A<N. Since most of our
complexity-related results apply to subsets of A™ as well as subsets of
N x A<N. we will consider the latter as our notion of relation, which is
general enough to encapsulate all other notions of relation. We say that
R C N x A<N is ¥¢-definable in A if there is a computable sequence
(Pmm :m,n € N) of X¢ formulas such that each relation R, , given by
{a € A" : (m,a) € R} is definable by ¢,,,. A relation R C N x A<N
is relatively intrinsically X0 if, on every copy (B, RP) of (A, R), RP,
viewed as a subset of N x N<N_is 39 relative to the oracle D(B) € 2N

THEOREM VIL18. A relation R C N x A<N is relatively intrinsi-
cally 322 if and only if it is 7-X¢-definable in A over a finite tuple of
parameters.

PrRoOOF. All we have to do is observe that the previous proof works
uniformly. The (<) direction is again straightforward from Lemma
V.6. For the other direction, we need to define a 7-X¢-definition of
R, that is, a 7-X¢-definition of R,,, for each m and n, computably
uniformly in m and n.

Let g be an L -generic enumeration of (A, R) and G the corre-

sponding L. ,-generic presentation. Since R is 28;]3(9), there is a com-
putable sequence of N-:¢-formulas ¢, ,(k,G) such that
MM (nF) € B = 0nu(k.6)). (4)
m,neN keNn

This N-L.,, formula must be forced by some p C g.
The rest of the proof is the same as the one above. We end up
obtaining

A€ Ry, <= 3q2p \/ (a=qk)& Force,  ;o)(2))

kelgl
The right-hand side is the desired 7-X¢ definition of R,,,, which can
be computed uniformly from m and n. 0

We say that R is uniformly relatively intrinsically 3° if there is a 39
operator I' such that on every copy (B, RB) of (A, R), R® = T'P®), For
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these relations, we can get rid of the parameters in the theorem above.
That is, a relation R € N x A<N is uniformly relatively intrinsically
30 if and only if it is 7-X¢-definable in A without parameters. To see
this, notice that all generic presentations G would use the same N-X2-
formulas ¢p,, for RY, . The formula (4) is thus true for all generics
and hence forced by the empty tuple (). The rest of the proof continues
with p = ().

If we consider relations that are subsets of N x A% we can look at
the binary information that is coded in a structure. We say that a set
X C Nis X0-coded in a structure A if it is X0 relative to the diagram
of any copy of A.

COROLLARY VII.19 (Knight [Kni86, Theorem 1.4’], see also [AKOO,
Theorem 10.17]). A set X is ¥°-coded in a structure if and only if it
is many-one reducible to the 3¢ -type of some tuple in A.

PROOF. Suppose X is many-one reducible to a X¢-type of some
tuple p € A<N. The X¢-type of p is X0 relative to the diagram of any
copy of A. Since a set that is many-one reducible to a X2 set is also
%0 we have that X is X0 relative to the diagram of any copy of A too.

Conversely, if X C Nis X2-coded in a structure A, then the relation
X x () C NxA® C Nx A<N is relatively intrinsically 3¢ in A, and hence
Y.¢-definable in A over some parameters p. Recall that, as we defined on
page 115, arelation R C Nx A<N is $:¢-definable in A over parameters
if and only if there exists a computable list {p, x(Z,9) : n, k € N} of £¢
formulas such that (n,a) € R <= A |= ¢,a/(D, a). In the case where
we have a relation X x () C N x A" what we have is a computable list
{pno(Z) : n € N} of X¢ formulas such that n € X <= A= ¢,0(D).
X is then m-reducible to the X¢-type of p as follows:

neX = ©u0€X5tp(p). O
VII.4. Relative A?-categoricity

Computably categorical structures are the ones for which all com-
putable w-presentations have the same computational properties. We
studied them in detail in [Part 1, Chapter ??]. Most structures are
not computably categorical, but instead, one needs a certain number
of Turing jumps to compute isomorphisms between different presenta-
tions.

DEFINITION VII.20 ([AKMS89, Section 4][Chi90, Definition V.9]).
A computable structure A is relatively AY categorical if, for every copy

B of A, there is an isomorphism between A and B that is A? relative
to D(B).
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For example, (Z; <) is AJ-categorical, as with the help of a Turing
jump we can decide which pairs of elements are adjacent and build
isomorphisms between different copies.

The theorem below gives us a syntactical characterization for the
notion of relative A%-categoricity. As a corollary we will get that the
Scott rank of a structure is the least « such that the structure is relative
A?-categorical on a cone (see Remark VII.23). This provides even more
evidence for the robustness of the notion of Scott rank.

A Scott family for a structure A is a set S of formulas that contains
definitions for all the automorphism orbits in A. More precisely, a set S
of formulas is a Scott family for a structure A if each tuple in A satisfies
a formula in S and that formula defines its automorphism orbit. The
definition of Scott rank (Definition I1.16) can be rephrased as saying
that a structure has Scott rank « if and only if it has a Scott family of
Yin formulas over some tuple of parameters.

THEOREM VIL.21. [AKMS89| [Chi90] Let A be a computable
structure. Then A is relatively A°-categorical if and only if it has
a c.e. Scott family of 3¢ -formulas over a finite tuple of parameters.

PRrROOF. The (<) direction is the easier one. Suppose A has a c.e.
Scott family S of ¥¢-formulas over a tuple ¢ € A<N. Given a copy

(B,d) of (A,¢), consider the set
I.A,B = {(EL,B> € AN x BN
(for some p € S) A = p(ca) & B = o(db)}
= {{a,b) € AN x BN : (A, ca) = (B,db)},

as in [Part 1, Observation ??]. This set is X° in D(B) and has the
back-and-forth property (Definition I1.6). In [Part 1, Lemma ?7?] we
showed that there is then an isomorphism between A and B that is
computable from an enumeration of 14 5. Since I45 is X2 in D(B),
there is an enumeration of 145 that is AY in D(B).

Let us now prove the (=) direction. Let K be a computable injec-
tive w-presentation of A with domain N. We may chose A and K to
be the same w-presentation, but during the proof, it will be easier to
think of A as the abstract structure for which we want to find a Scott
family, and K as a fixed computable w-presentation whose elements are
named by natural numbers.

Let G be an L. ,-generic presentation of A, and g: N — A its cor-
responding generic enumeration. Let Fj; be an isomorphism from G to
IC that is Ag relative to G. Both G and K are injective w-presentations
with domain N, so F} is a bijection N — N.
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Notice that each generic g induces an isomorphism Fj o g~! from
A to K. Here is the general idea: To define the automorphism orbits,
consider, for each tuple k € K, the set of all the tuples a for which
there is a generic enumeration g such that F, o g7*(a) = k, and give
a T-definition of this set using the forcing relation. Let us look at the
details.

Let 1(z,y,G) be an N-X0-formula such that

Vn,k € N (Fy(n) =k <= 9¥(n,k,G)).

There is an N-L., formula that says that ¢ (z,y, G) is a bijection N —
N and that it is an isomorphism between the w-presentations of G and
KC. This latter part uses D(G) and D(K), but since D(K) is computable,
the formula only uses D(G). Let p force that ¢ defines an isomorphism
from G to K. Then, for every L. ,-generic enumeration § extending p,
we have that for the associated generic presentation G, the set {(n, k) €
N2 : 4(n, k,G)} is the graph of an isomorphism from G to K. From
now on, we use Fjy to denote this isomorphism defined by (-, -, G).

We want to define a c.e. Scott family of ¥¢-formulas over p. That
is, we want to find X¢ definitions for all automorphism orbits of (A, p).
Fix a tuple a € A<N. We want to write down a 7-X¢-formula that
defines the automorphism orbit of a over p.

Let k = F,(¢7'(p,a)) € K7 so that (A, pa) = (K,k)." Let O, be
the set of all b € Al9 for which there exists some L. ,-generic enumer-
ation § extending p such that F;(g7'(p,b)) = k. We claim that the
following three statements are equivalent for every tuple b € A<N:

(1) b € O;.
(2) b is automorphic to @ over p.
(3) b satisfies the formula ¢ (p, z) given by

dgop \/ (z=am) A qF N ¢k Q)
ne|q|lpal i<|pal
Let us recall that pr = ¢(n) is shorthand for A;_; q(n;) = pz(i).
Notice that the sub-formula g I+ /\i<|7f| Y(ni, ki, G) implies that 7 =
F; (k) for every L. ,-generic enumeration § extending g.

g _ _
For the (1) = (2) implication, if b € Oy, it can be shown that b must

be automorphic to a over p by composing isomorphisms as follows:

(A.pa) <& (9,97 (p) = (K.F) <& (6,97 (D) £ (A, D).

o

"Recall that we use pa to denote the tuple obtained by concatenating p and a.
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The (2) = (3) implication follows from the fact that formulas are
preserved under automorphisms, and that A = ¢;(p,a). That A
(P, a) is witnessed by a long enough initial segment ¢ of g and by
n =g '(pa) = F ' (k). i

For the (3) = (1) implication, suppose that b satisfies z(p, Z) as
witnessed by ¢ and n. Let g be any L. -generic extension of g. Then
g(n) = pb and, by the forcing-equals-truth theorem, we must have
n=F;'(k).

It follows that Oy, is indeed the automorphism orbit of @ over p and
that it is definable by the 3¢-formula ¢z (p, ). We then have that

{er(p,7) : k€ K=k 2 Fy(g7' (p)}
is a c.e. Scott family of A of X¢-formulas over the parameters p.  [J

REMARK VII.22. In the theorem above, if we had that A was uni-
fomrly A°-categorical, meaning that there is a single A2 operator T’
such that, for all copies G of A, I'"9 is an isomorphism between G
and A, then we would obtain a Scott family without parameters. The
reason is that the same formula ¥ (z, y, g) would define an isomorphism
from G to K for all generic presentations G, and hence this would be

forced by the empty condition. So, we could take p = ().

REMARK VII.23. We say that a structure A is relatively (uniformly)
A -categorical on a cone if there is an oracle X such that A is relatively
(uniformly) A?-categorical relative to X. Tt follows from the theorem
above that a structure A is relatively AY-categorical on a cone if and
only if it has a Scott family of X:* formulas over some tuple p of pa-
rameters. We thus get the following corollary.

COROLLARY VIIL.24. The parametrized Scott rank of a structure is
the least ordinal o such that the structure is relatively A°-categorical
on a cone.

The parameterless Scott rank of a structure is the least ordinal o
such that the structure is uniformly A -categorical on a cone.

VII.5. The Lopez-Escobar theorem

Recall from Section V.4.1 that Mod. is the set of all w-presentations
of 7-structures, and it inherits its topology from 2 by representing w-
presentations by their atomic diagrams. Recall also that Mod(y) is the
set of w-presentations of models of ¢, and that if ¢ is a II¢ sentence,
then Mod(yp) is a I12 class.
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We say that K C Mod, is closed under isomorphisms if whenever
A= Band A € K, we have B € K. It is clear that, for any sentence
©, Mod(p) is closed under isomorphisms.

THEOREM VIL.25. If a set of w-presentations K C Mod, is 112 and
closed under isomorphisms, then it is the set of models of some II¢
sentence 1.

Lopez-Escobar [LE65] proved that every Borel class that is closed
under isomorphisms is £, ,-axiomatizable. Vaught [Vau75] then im-
proved this result to show that if the class is IIY, then it is IT:*-
axiomatizable using the method of Vaught’s transforms. Vanden Boom
[VBO0T] proved the lightface version we present here.

PROOF. Let p(G) be an N-TTI?-sentence that defines K when viewed
as a subset of 2V. That is, p(K) holds if and only if K € K. Consider
the 7-1I¢-sentence Force,(()), which says that the empty tuple forces
that G satisfies ¢ (see Definition VII.8). Recall that the sentence Force,,
is obtained uniformly from ¢ and is independent of the structure we
are forcing with. That is, for all 7-structures A,

A = Force, <= () I, ¢.

We claim that K = Mod(Force,): If A € K, then all generic copies
of A are in K, and hence () I, ¢ and A € Mod(Force,). Similarly, if

A ¢ K, then all generic copies of A are outside K, and hence () Iff, ¢
and A & Mod(Force,). O

The theorem is also true for X2 classes and X¢ formulas by taking
complements.

EXERCISE VII.26. Prove that if K is closed under isomorphisms
and is X% A TIY (i.e., definable by an N-formula of the form ¢; A ¢o,
where ¢; is X9 and ¢y is I112), then K = Mod(v)) for some 7-(X2 ATI?)
formula.

Be aware that the sets defined by formulas ¢; and ¢s individually
may not be closed under isomorphisms.

VI1I1.6. Lopez-Escobar’s interpolation theorem

Lopez-Escobar proved a version for infinitary logic of the well-
known Craig’s interpolation theorem.

THEOREM VIIL.27. Consider two vocabularies, 1 and 1o, and let
T =7 NTy. Let 1 and Py be 71-L - and o-L ,-sentences such that
Y1 = g (i.e., all models of |y satisfy o). Then, there is a T-Le -
sentence 1 such that ¥, = ¢ and 1 = s.
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PROOF. Let K be the set of w-presentations of 7-structures which
can be expanded to some i-structure that is a model of ¢1.% Let S
be the set of w-presentations of 7-structures all of whose expansions to
To-structures are models of 1. We claim that, since i, = 1y, we get
that K C S. To see this, take A € K, and to prove that A € S, consider
a my-expansion C of A. Since A is in K, there is some 11-expansion of B
of A that satisfies 1. Let D be the 7 U7s-expansion of B and C. Since
11 = 19 and D |= 9y, we must have D = 15, and hence C |= 5. This
proves that A € S and our claim that K C S. Notice also that K is
Y1 and S is IT}. By the X{-separation theorem (Theorem IV.17), there
is a Al set & C Mod, separating K and S, that is, with K € & C S.
We showed in Remark V.28 that all A} sets are N-L. ,-definable. Let

©(G) be an N-L. -formula defining &. Assume that ¢ is a II-formula
— if not, add a dummy /{\ up front.

Let ¢ be the L. ,-7-sentence Force,(()), which says that the empty
tuple forces G to be in &. We claim that ¢ = ¢ and = = —b. If a
Ti-structure satisfies 11, its 7-reduct I must be in K. Then all copies
G of K satisfy ¢(G), and hence () IFx ©(G). Tt follows that ¢, = .
If a my-structure satisfies 1), its 7-reduct K must be outside S. Then
all copies G of K satisfy —¢(G), and hence () I ©(G). Tt follows that

U = . O

VII.7. The boldface pairs-of-structures theorem

In this section, we give a new characterization of the back-and-
forth relations in terms of how difficult it is to distinguish copies of
structures.

DEFINITION VII.28. Let 9% and & be disjoint subsets of 2. We
say that distinguishing elements of 2R from ones of & is X2 -hard if, for
every X0 subset 8 C 2V, there is a continuous function I': 2 — 28
such that, for all X € 2N,

r(X) e R ?fXE.ﬁ
G ifXd8a

We call such a I' a Wadge reduction from 8 to R, S (see Definition
1.22). In the lightface case, i.e., to define X2 -hardness, we require I' to
be computable.

YA 1i-structure B is an expansion of a T-structure A if A and B have the same
domain and coincide on the interpretations of all the 7-symbols. In this case, we
also say that A is a reduct of B.
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If we are given 7-structures A and B, we say that distinguishing
A from B is Eg-hard if distinguishing copies of A from copies of B is
Eg—hard. Recall that the copies of A and B live in the space Mod,,
which is essentially the same as 2% (Section V.4.1).

OBSERVATION VII.29. If distinguishing A from B is Eg—hard, then
A <¢ B. To see this, suppose that A £, B, as witnessed by some II*
sentence ¢ that is true of A, false of B. To show that distinguishing
A from B is not Eg—hard, consider a Wadge reduction I' from a set
R C 2" to copies of A and B. Then, we would have a IT{ way of
deciding membership in K, namely X € 8 <= I'(X) E ¢. So, R
could not be X¢-hard.?

THEOREM VIL.30. Let A and B be T-structures. Then A <, B if
and only if distinguishing A from B is (boldface) 3¢-hard.

PROOF. The (<) direction was proved in the observation above.
Let us concentrate on the (=) direction. We will show that either
A £¢ B or distinguishing A from B is X¢-hard.

The proof uses Borel determinacy (Martin [Mar75]). For the reader
not familiar with it, we will explain how it works along the way, but
we will not prove it.

Let R be a Zg—complete subset of 2V. Consider a game played by
two players, I and II, who take turns to play a binary bit for infinitely
many turns as in the diagram below.

Player I | zo x To o X edN
Player II ‘ Yo Y1 e Yy € 28

Player I plays z; € {0, 1} on her ith move, and II plays y; € {0,1}. At
the end of the game, we end up with two reals X,Y € 2Y. Player I
wins the game if one of the following holds

e X is the atomic diagram of a copy of A and Y € R,
e X is the atomic diagram of a copy of B and Y ¢ R.

SThat a set R that is Hg cannot be Eg—hard can be proved by a standard
diagonalization argument: Let & be a lightface Hg set and X a real such that
R ={X: (X, Xo) € &}. Theset & = {(e,X) : (Te(e,X),X) ¢ &} (where I,
is the eth Turing functional) is 22 and, if R were Eg—hard, there would be some
effective Wadge reduction I',, so that (e, X) € & <= T'¢ (e, X) € R. We obtain
a contradiction as follows:

Def. I'e Def. & Def. &

(0, Xo) € B =" T¢, (0, Xo) € R < (L¢, (€0, Xo), Xo) €S <= (eg, Xo) & R.
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Player IT wins otherwise. In particular, if X is not the diagram of a
copy of either A or B, then II wins.

Notice that deciding if X is a copy of A or B is a Borel property,
as all one has to do is check whether it satisfies the Scott sentence of
either A or B. Thus, deciding who wins the game is a Borel property
of X and Y. A strategy for a player is a function o: 2<N — 2 that
tells the player what to play next given the moves made so far by the
opponent. For instance, if o is a strategy for player II, then X, Y are
obtained following o if and only if y; = o(zo,...,x;) for all 7. Thus,
a strategy induces a continuous function o: 2% — 2% which maps X
to Y, ie, Y = o(X). Analogously, if 7 is a strategy for player I, we
obtain a continuous function 7: 28 — 2N so that X = (V). A winning
strategy is one that always results in a win for the player that follows
it. Martin’s theorem of Borel determinacy tells us that one of the two
players must have a winning strategy.

Suppose first that player I has a winning strategy. We then have
a continuous function m: 28 — 2N such that if Y € K, then 7(Y) is a
copy of A, and if Y € 2V &, then 7(Y) is a copy of B. We thus have
a Wadge reduction from £ (which is Eg—complete) to copies of A and
B, showing that distinguishing of A from B is Eg-hard.

Suppose now that player II has a winning strategy. We then have
a continuous function o: 2% — 2N such that if X is the diagram of a
copy of A, then o(X) ¢ R, and if X is the diagram of a copy of B, then
o(X) € R Let |/ C 2" be the pre-image of & under o. Then R is 2.
Actually, R is Zg relative to 0. Note that all copies of B are in SR and
no copy of A is. Let ¢(D) be an N—Hz" formula that defines 2V \ 9.
Consider forcing relative to .9 Since all generic copies of A satisfy
¢ and no generic copy of B does, we have that Force,(()) is a 7-II¢
sentence that is true of A and false of B. It follows that A £, B. [

VII.8. Computable functors and interpretability

The following application of forcing has to do with reducibilities
between structures. One of the most commonly used reductions be-
tween structures is the Medvedev reduction. A Medvedev reduction
from a structure A to a structure B is a computable operator ¥ which
maps (diagrams of) copies of A into (diagrams of) copies of B. This is
a purely computability theoretic notion that, unfortunately, does not

By forcing relative to o we mean that generic enumerations now need to decide
all infinitary formulas that are computable relative to . All the theorems we proved
about L. .-generics work the same way, but now relativized to o.
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have a structural counterpart. In [Part 1, Section VI.3], we consid-
ered a strengthening of this notion that we called a computable functor,
where we require the Medvedev reduction to preserve isomorphisms in
a computable and functorial way — see Definition VII.31 below. We
then claimed that this notion is equivalent to that of effective inter-
pretability, which is a purely syntactical notion of reduction, similar to
the model theoretic notion of interpretability — see Definition VII.33
below. It was not hard to prove that effective interpretations induce
computable functors. But we left the proof of the converse pending
until now, as it needs the technique of product forcing.

In this chapter, we will consider the notions of A?-functors and A¢-
interpretations. Our work in [Part 1, Section VI.3] will follow from
the case v = 1, which is already quite interesting. Knowledge of [Part
1, Section VI.3] is not necessary to read this section.

DEeriNiTION VIL.31 ([MPSS18] [HTMM]). Given structures A
and B, a functor from B to A consists of a pair of operators, ¥: 28 — 2N
and U: 2V x 2 x NN — NN | such that:

(1) For every copy B of B, U(B) = A for some copy A of A.**
(2) For every isomorphism f: B — B between two copies of B,
\IIB’E(f) is an isomorphism from ¥(B) to ¥(B).'1
We also require that the operator W preserve the identity and compo-
sition of isomorphisms:
(3) WBB(id) = id for every copy B of B.
(4) WhoB2(g o f) = WBLB2(g) o WB0BI( f) for copies By, B, and By
of B and isomorphisms f: By — By and g: B; — B>.

V¥ is a functor in the sense of category theory. It is a functor from
the category of w-presentations of B, where morphisms are the isomor-
phisms between the copies of B, to the category of w-presentations of

A.

ExaMpPLE VIIL.32. Let B be a linear ordering, and let A be ob-
tained by collapsing the elements of B which are finitely apart.” One
can build ¥(B) by choosing the <y-least element of each finitely-
apart equivalence class in the given w-presentation B. That is, let

IBoth operators have the same name, but since they have different domains, it
will be clear which one we are applying when.

“*Here and throughout this section, we write ¥(B) = A as shorthand for
W(D(B)) = D(A). )

THere WBB( f) is shorthand for ¥(D(B), D(B), f).

#Two elements in a linear order are finitely apart if there are only finitely many
elements between them.
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U(B; <p) = (A; <p), where
A={be B:(¥n<yb)n#pb}.

Here, n ~pz b if they are finitely apart in B, and <y represents the
ordering of the natural numbers.

Then, if we have an isomorphism f: B — B, and a € \I/(B), we let
UBB(f)(a) be the unique element of A that is finitely apart from f(a)
in B.

Determining if two elements are finitely apart requires two Turing
jumps, making this a AJ functor.

We will prove that having a A2 functor is equivalent to having a
AS-interpretation. Informally, a structure A is AS-interpretable in a
structure B if there is an interpretation of A in B as in model theory,
but where the domain of the interpretation is allowed to be a subset of
N x B<N instead of just B", and where all sets in the interpretation are
required to be A¢-definable instead of elementary first-order definable.

DEFINITION VII.33. Let A be a 7-structure and B be any structure.
Let us assume that 7 is a relational vocabulary, 7 = {P; : i € I}, where
P, has arity a(i). So A = (A; P¢', P{*,...) and PA C A0,

We say that A is AS-interpretable in B if, in B, there are AS-
definable relations AB ~F and {R? :i € I} such that

o AP C N x B<N (the domain of the interpretation of A in B),

o ~BC AP x AP is an equivalence relation on AP (interpreting
equality), and

e cach RP C (AB)2() is closed under the equivalence ~
preting the relations P;);

B (inter-

and there is a function §: A% — A which induces an isomorphism:
(AB/ ~B.RE RS, )= (A; P PA, ).

Let us clarify this last line. The function §: A® — A must be an onto
map such that F(a) = F(b) <= a ~Fband F(a) € P* < ac RP.
Notice that there is no restriction on the complexity or definability of
§. We use AP to denote the structure (A5/ ~B; RE RE ).

ExaAMPLE VII.34. Let us consider Example VII.32, where a linear
ordering A is obtained from a linear ordering B by collapsing elements
that are finitely apart. This can be easily seen as a A§-interpretation:
Let AB = B, let ~® be the equivalence relation of being finitely apart
in B, and let <% be the ordering induced on the equivalence classes.
Notice that both ~ and <A” are Y5, and in particular A§ .
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LEMMA VIL35. A AS-interpretation of A in B induces a A -functor
from B to A.

PROOF. Since A8, ~B and {RF :i € I} are AS-definable in B, we
have a A% operator that produces those subsets of N x N<N within
any copy B of B, using D(B) as an oracle. Thus, we have a A
operator ® that, given B B, outputs D(AP), the atomic diagram
of the congruence (C N x N<N)-presentation AP of A with domain
AB C N x BN =N x NN § acts on isomorphisms in a natural way:
Every permutation g of N induces a permutation § of N x N<N given
by g((n, (ko, ..., ke))) = (n,(g(ko), .., g(k¢))). Then, if f is an isomor-
phism between B and B, we let ®BB(f) = f | AB. This operator ® is
a A functor, though the reader may complain that it does not output
injective w-presentations. Fixing a bijection between N and N x N<N
and using Lemma [Part 1, 1 77|, we get a computable operator T
transforming congruence (C N x N<N)_presentations into injective w-
presentations. It is not hard to see that T can be easily made into a
A?-functor. Composing these A2 functors we get the A2 functor Y o ®
we wanted. 0

The following theorem shows the converse.

THEOREM VII.36 (Harrison-Trainor, Miller, Montalban [HTMM]).
Let A and B be countable structures. The following are equivalent:
(1) A is AS-interpretable in B.
(2) There is a A2-functor from B to A.

Furthermore, given a A%-functor, the AS-interpretation we get in
the proof of the theorem induces the original functor up to A2-isomorphism
of functors. See [HTMM] for more details on isomorphisms of func-
tors.

We have already proved that (1) implies (2). The rest of this section
is dedicated to proving the converse.

In [HTMM], they also consider the notions of invertible functors
and bi-interpretability and prove an equivalence between these notions.
A very interesting new example was found by Marker and R. Miller
[MM17], who use A9 functors to build effective bi-interpretations be-
tween graphs and the jumps of differentially closed fields of character-
istic zero.

VIIL.8.1. Product forcing. The objective of product forcing is
to build multiple generic enumerations of a structure so that they are
generic relative to each other. Fix a structure B. Given ¢ € w, we let
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our forcing conditions be tuples (py, . .., ps) where each p; is in B*. We
say that (qi,...,q) extends (py,...,pe) if p; C @ for all i < ¢, and we
say that R C B* is dense if every tuple in B* has an extension in R.

DEFINITION VII.37. We say that ¢ injective enumerations ¢y, ..., g¢
of B are mutually L. ,-generic if they meet every dense L. ,-definable
subset of B*, that is, if for every dense L. ,-definable R C B*, there
are initial segments py, ..., ps of g1, ..., g¢ With (py,...,ps) € R.

For our forcing language, we consider formulas of arithmetic which
contain second-order variables for unary relations G;, for ¢« < /¢, that
represent the atomic diagrams of the generic presentations G; = g; ! (B).
We also add second-order variables for unary functions l'zw, fori,5 </,
that represent the induced isomorphisms between the generic presen-
tations, namely

h@j = gj_l 0 g;: gz — gj.
We will call these formulas N,-formulas.”

The definition of the forcing relation is as expected. Let p =
(P1,...,pe) € B*. The cases for T, L, \{/ and )\ are exactly as
in Definition VIL.7. For the other cases:

e Bk, “Gi(n) <= Da(pi)(n)} = 0.
° ﬁ H;g[ h@j(l’l) =m <— ﬁz(n)¢ = @(m)i
e plt, hij(n) #m < p;(n)l # pj(m)l.

The rest of the development follows all the steps of section VII.2.
There are two ways to continue. One is to go through all the definitions,
lemmas, and theorems of section VII.2 and adapt them to this setting.
The other is to observe that the product forcing B* is equivalent to
forcing with the structure (¢ x B,{R; : i < £},{h;; : 1,7 < {}), where
¢ x B represents the structure that consists of ¢ disjoint copies of the
structure B, R; is a unary relation identifying the ith copy, and h; ;
is the identity function between the ith and jth copies. Both ways

are straightforward, so we leave the details to the reader. The first
approach is spelled out in [HTMM].

LEMMA VIL.38. For every L. ,-generic enumeration g,, there exists
an enumeration go that is mutually L. ,-generic with g.

“Let us clarify that G; and h; ; are just symbols (usually called names) that,
only after we have our mutual generic enumerations, will be interpreted as g; 1(8)
and gj_1 o g;. Let us also emphasize that these are infinitary first-order formulas
with relation and function symbols for gZ and h” — there is no second-order
quantification.
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ProoFr. Given R C B*2, let
m(R)={pe B :(3¢27) (p,q) € R}
and
mo(R)={qe€ B : (3pCg) (p,q) € R}.
Suppose that R C B*? is dense and L. -definable. We claim that
72 (R) is also dense: Fix 7 € B*. Observe that 72(R) is dense for

g1

all tuples 7. Since 71(R) is L., definable over #, we have that g
meets 71(R) at some p C g;. It follows that there is ¢ O 7, such that
(p,q) € R. We then have g € 7, (R), proving that > (R) is dense.

As in the proof of the existence of L. ,-generics (Lemma VII.2),
build g, so that it meets the sets 7r§1 (r) forall R C B*? that are dense
and L. ,-definable.

Notice that g, meets 72 (R) if and only if (g1, go) meets R. So, we

have that g; and g, are mutually generic. 0

EXERCISE VIL.39. For every mutually L. ,-generic enumerations
g1, .-, ge—1 and every p € A*, there exists an enumeration g, O p that
is mutually L. ,-generic with g1, ..., go—1.

COROLLARY VIL40. Let ¢ be an Ny_1-I1-formula and consider (py, ...
B*. Then

<p17 --wﬁﬁ) “_Bf 2 <~ <]j17 -"7p€—1> “_5‘3—1 ®-

PROOF. Recall that the forcing relation on II-formulas is equivalent
to semantical forcing. For the (<) direction, just notice that if ¢y, ..., g
extending py, ..., p; are mutually generic, then so are gy, ..., g,_1, and
hence they satisfy . For the (=) direction, note that if (py, ..., pe-1) ¥,
©, then there are mutually generic enumerations ¢y, ..., gs—1 which do
not satisfy . Use the previous exercise to get g, O py so that g1, ..., g¢

are mutually generic. Since g1, ..., g¢ do not satisfy  either, (p1, ..., pe) ¥,
©.

VIIL.8.2. Building the interpretation. Consider a A2-functor
U from B to A. We will use it to define a AS-interpretation of A
within B, as needed for the proof of Theorem VII.36.

The functor ¥ acts on w-presentations of B, and we want to build
an interpretation that is independent of presentations. The first idea is
the following: For each generic presentation G of B, we obtain a differ-
ent w-presentation ¥(G) of A. If we have an isomorphism f between

generic presentations G and G of B, we obtain a isomorphism \I/g’g( f)

'7L(R) is dense because for every 3, since R is dense, there exists a pair (p, q)
in R extending (5,7). We must then have that p is an extension of 5 in 7}(R).

T
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between the w-presentations ¥(G) and ¥(G). Thus, we can represent
the elements of A as pairs (g,7), where g is a generic enumeration of
B and i € N indicates that we are looking at the ith element of ¥(G).
We can then let (g, i) be equivalent to (g, j) if the isomorphism W99 f)
maps i to j. The problem is, of course, that the objects (g,i) are not
finitary. Instead, we can consider initial segments b of the generics
and consider pairs (b, i), where b forces i to be the same element in all
w-presentations ¥(G) among all generic enumerations g extending b.
That is, if we want to use (b, i) as a name for an element of A, we want
to know that if we have two generic enumerations g; and g, extending
b, the number i represents the same element in the w-presentations
U (G) and ¥(G,). The way to ensure that is to have b force that the
isomorphism W9:92(hy 5): W(G,) — ¥(G,) leaves i fixed. For example,
in the case where @ = 1 and ¥ is computable, we want to know that
b is long enough so that Dg(b) provides enough of an initial segment
of D(Gy) and D(Gs) so that WPs®):Ds()(id | |b|) converges, and that
WPs®).Ls®) (id | (D) (i) = .

DEFINITION VIL41. We define the domain of interpretation, AB.
as a subset of B* x N as follows: For (b,i) € B* x N, let

(byi) € AP = (b,0) I, W99 (hy2)(i) = i.

Next, we define a relation ~ on AB which we will later prove is an
equivalence relation. For (b,4), (¢,7) € A5, let

(b,i) ~ (€. 5) == (0,8 I, WI92(h ) (i) = J.

Lastly, we need to interpret the relation symbols. For each relation
symbol P; of arity a(i) in the vocabulary of A, we define a relation R;
on AP as follows: For (b1, k1),. .., (baw), kagi)) € AP, let

<<61,]€1>,...,<Ba(i),ka(i)>> € R — (356 B*) \/
J1sesdaqiy<lel
a(?) ~ e
N s k) ~ (€4, | & (awg (oo joy) € P <g>>,

s=1

Using the definability of forcing, and observing that the formulas
being forced are all Ni-AY | we get that A® and ~ can both be defined
within B by ¢ formulas and by II¢ formulas. For R;, we get a X¢
formula. To get it to be A,, add a relation for the complement of P;.
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VII.8.3. Verification. We now want to show that this is indeed
an interpretation of A in B. The first thing to observe before starting
the verification is that since W is a functor that acts on all copies of
B, all of U’s Il-properties are forced by the empty conditions. For
instance,

(0,0, 0) ”;3 \1,62,63(52@ o \1,91,9'20“72) _ \I,Gl,g's(hm)_
LEMMA VIL42. ~ is an equivalence relation on AP.

PROOF. Reflexivity follows from the definition of A8, Symme-
try holds because (B,0) I, W99 (hy,) = W99 (hy5)~". Transitiv-
ity follows from the fact that (0,0,0) I, W99 (hy3) o 992 (o, 5) =
W99 (fy 4). O

It is also easy to see from the definition of R; that ~ is a congruence
relation.

The next objective is to define a map §F: A® — A which gives an
isomorphism between A” and A. Let us fix an w-presentation of B, and
let us assume we are working with the copy of A given by A = ¥(B).
Given (b,i) € A8, we let

F((b.4)) = U9 (g)(0),

where ¢ is an L. ,-generic enumeration of B extending b. Notice that
G is the pull-back of B through g, and that ¥95(g) is an isomorphism
from U(G) to A. We need to verify that this definition is indepen-
dent of g. Observe that, from the definition of A®, we get that if
(b,i) € AB then for all L ,-generic enumerations g; and g, extending
b, W91:92(h; 5)(i) = 4. It then follows that

U9 (g1) (i) = U5 (gy) 0 U992 (hy 5) (i) = WP (gy)(4).

Second, we need to show that § is ~-invariant. Consider (b, i) ~
(¢,7). Then W99 (hy5)(i) = j for all generic enumerations g1, go ex-
tending b, ¢. Therefore

F(b,0) = WIB(gy)(i)
= W9B(gy) 0 W99y ) (i)
= UB(g))(5)

Conversely, to show that § is one-to-one on ~-equivalence classes,
suppose that F((b,i)) = F((¢, 7)). Then we must have W9:92(h; 5)(i) =
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j for all generic g1, g» extending b, é&. To see this, apply the inverse of
U925 (gy) to the third equality above. It follows that

(b,) I, W99 (jny 5) (i) = j,

and hence (b, i) ~ (¢, j).
That §: A” — A is onto follows from the lemma below.

LEMMA VIIL.43. For all a € A and all L. ,,-generic enumerations g
of B, there exists ¢ C g and i € N such that F((c,)) = a.

PROOF. Let i be such that W95(g)(i) = a. Let g; = ¢ and let g,
be mutually generic with g; (as built in Lemma VIIL.38). Let G; and
Gy be the corresponding generic presentations. Let j = W91:92(hy 5)(i).
There exist initial segments ¢ C g; and b C g, such that

(e,0) gy W99 () (0) = j.
Since ¢ C g, we get that F((¢,i)) = W9P(g)(i) = a. We still need to
show that (¢,i) € AP. o
Notice that by flipping the direction, we have (¢, b) I, V9291 (hy 1) (j) =
? too. It then follows that
(€,0,8) Ik, U (hy o) (i) = j & W99 (hy3)(j) = i,
and hence - L
(@ b,¢) Ik, W9 (hy 3)(i) = i.
Since g does not appear in the formula above, by Corollary VII.40 we
get o
(€,¢) Ik, W99 (hy 5) (i) = i,
and hence that (¢,i) € A5, O

Finally, we need to show that § preserves relations. Consider a
relation symbol P; of arity n in the vocabulary of A. Let (ay, ..., a,)
be a tuple from A. Let g be an L ,-generic enumeration of B. Let
ji be such that ¥95(g)(j;) = a; for each i < n. From the previous
lemma, we can obtain an initial segment ¢ C g long enough such that
5((¢, ji)) = a; for all i < n. Furthermore, we can chose ¢ even longer

so that it decides the N-formula (jy,...,Jjn) € P;Ij(g).

By the definition of R;, we have that ({(¢, 71),..., (G, ja)) € R; if and
only if (j1,...,jn) € Pl-‘lj(g), which, going through W95(g), holds if and
only if (ay, ..., a,) € PA*. So § maps R; to PA.






CHAPTER VIII

The game metatheorem

More often than not in computability theory, one is posed with the
task of building a certain computable object using non-computable in-
formation. Computability theorists have come up with all sorts of tech-
niques to do such constructions, as for instance the priority arguments.
Among these techniques, one that has been particularly useful for com-
putable structure theory is the Ash and Knights’s metatheorem, which
was developed in the late 80’s and 90’s and is best explained in Ash and
Knight’s book [AKO00]. In the next chapter, we will develop another
such technique, the iterated true-stage method, which grew out of Ash
and Knights’s metatheorem. One of the main applications that we will
see of the iterated true-stage method is the game metatheorem, which
was recently introduced by the author [Mon25]. The game metathe-
orem provides a ready-to-apply method that is much simpler than the
iterated true stages method and than Ash and Knights’s metatheorem.
The catch is that it is a little less flexible. However, it is still flexible
enough that most of the applications of Ash and Knights’s metatheorem
we know of can be carried out using the game metatheorem instead.
So we do not lose that much in terms of flexibility, while we gain a lot
in terms of simplicity. We will see the statement of the game metatheo-
rem in Theorem VIII.2, but we will leave its proof to the next chapter,
once we develop the iterated true-stage method.

VIII.1. Game constructions

In this section, we introduce a metatheorem® stated in terms of a
game. It exhibits the interplay between the n-back-and-forth relations
and Ag—information in the clearest possible way.

Let n be a computable w-presentation of an ordinal. The case n = 2
is already quite interesting and useful. Suppose we have a computable
list of computable structures

A ={Ay, A, Ay, . b,

*Ash and Knights used the word metatheorem to emphasize that their theorem
provides a general framework which can be used to prove many theorems.

133
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where the back-and-forth relations are computable up to n, as in Defi-
nition VIIL.3 below.

We will now describe a type of construction that we will call an 7-A-
game. This game involves three characters, the engineer, the extender,
and the oracle. Together, when the game ends, they will have built
an w-presentation £ which we call the limit structure. The goal of the
engineer is for the limit structure £ to satisfy a certain property. The
extender is in charge of making £ computable — he will not, in any
way, coordinate his work with the engineer. The job of the oracle is to
answer AS(D(E)) questions posed by the engineer. The game is played
through infinitely many stages. A run of the game is played as follows:
At each stage j € N, first, the engineer plays a triple (i;, a;, e;) where
ij,e; € Nand a; € A;N, second, the extender plays a tuple b; € A;N
extending a;, and third the oracle plays a pair (n;, 5;), where n; is a
number that must be the answer to the e;th A)(D(L)) question and
B; is an ordinal below 7.

engineer iOJ C_LO7 €0 lev C_Lly €1 i27 C_L27 €2
extender bo by by
oracle no, Bo ni, b1 na, B

At each stage j > 0, the tuple a; played by the engineer must

satisfy: )
(Aij717bj_l) Sﬁjq (Aij7aj)' f
The tuple l_)j played by the extender must be in the same structure just
played by the engineer and must satisfy:
a; C b;.

After w many moves, we get

D, (o) € Da,, (bo) € Da, (a1) € Da, (b1) C Dy, (as) C -+,

and hence we get a limit w-presentation £ whose atomic diagram is the
union of the diagrams of the tuples played:

D(L) = | Da, (ay).
jEN
The numbers e; represent Ag(ﬁ) questions, as defined below.? The
engineer is responsible for asking questions that converge. The numbers
n; played by the oracle must be the answers to these questions as
in Definition VIII.1 below. Notice that we allow the engineer to ask

TRecall that Ej,l <p,_, @; means that Ej,l <p,_, Gj [|Bj,1\ and allows a; be
longer than l_)j_l.
"From now on, we will write A) (L) instead of AY(D(L)).
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questions to be about the limit structure £ even before £ is built —
the reader may be smelling the Recursion Theorem somewhere around
here. The ordinals 3; must be below 7. When 7 is a successor ordinal,
we may assume [3; = n — 1 for all j without losing any generality,
making the analysis a bit simpler. When 7 is a limit ordinal, we may
assume [3; is a non-decreasing sequence converging up to 7.

DEFINITION VIIL.1. Given X € 2V n,e € N, and a computable
ordinal 7, we say that n is the answer to the eth Ag(X) question, if

n =¥ (0),

where 8% is some previously’ fixed Ag(X )-Turing-complete set and P,
is the eth Turing functional.’

A strategy for the engineer is a function that tells the engineer what
to play next, given the previous moves by the extender and the oracle.
We say that a strategy is valid if, on all possible plays by the extender
and oracle, all of the A)(L) questions e; converge.

THEOREM VIII.2. Let A and n be as described above. For every
computable valid strategy for the engineer in the n-A-game, there is
a run of the game where the engineer follows her strategy, the oracle
answers correctly, and the limit w-presentation L is computable.

Furthermore, we will prove that there is a uniform effective proce-
dure that, given the strategy for the engineer, produces the w-presentation
L given by the theorem. The proof is fully relativizable, so the result
is also uniform in the oracle’s answers: If the oracle responds to AP (X)
questions, then the resulting limit structure will be X-computable, also
uniformly in X.

To be able to apply this theorem, one needs to describe a com-
putable valid strategy for the engineer that, with the help of the oracle
who is answering her A% questions, will build an w-presentation with
the desired property independently of what the extender does. One
can then cite the theorem to conclude that, even if the construction
relies on the A?I information provided by the oracle, the resulting w-
presentation is computable.

5 Let us remark that any finite number of questions of the form
@f}(ko),q)f}(kl)7...,q)f;((kg) can be encoded into a single question us-
ing an index e such that @fg‘ (0) outputs a number encoding the tuple
(D5 (ko), BEF (K1), oo B ().
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VIII.2. Computable back-and-forth relations

The game metatheorem requires us to be able to compute the back-
and-forth relations on the structures involved.

DEeFINITION VIIL3. Given a list of w-presentations {A; : i € I},
we say that the back-and-forth relations are computable up to n if the
set of quintuples

{(¢&4,a,5,b) : € <myi,jeLae AT b e ATN, (A, a) <¢ (A;,b)}
is computable.

This is pretty much the same notion as that of n-friendliness used
by Ash and Knight [AKO0O0, Section 15.2].

ExampPLE VIII.4. Given a computable ordinal «, consider the col-
lection of ordinals {w® : &€ < a}, where the w-presentations are chosen
as in Observation 1.9. It follows from Exercise 11.44 that the back-and-
forth relations are computable up to 2« (see also [Ash86a, Lemma 7]
or [AKO00, Lemma 15.10]).

ExampLE VIIL5. Given a computable ordinal «, consider the col-
lection of linear orderings {Z¢ : ¢ < a}. Goncharov, Harizanov, Knight,
McCoy, and R. Miller  GHK 05| gave a complete analysis of the back-
and-forth tuples within these structures. It follows from their work that
the back-and-forth relations are computable up to 2a.

If the back-and-forth relations up to n are not computable, the
game metatheorem can be applied relative to whichever oracle com-
putes them. For instance, the (2n)-th jump of the list of structures is
always enough, as in the exercise below.

EXERCISE VIII.6. Let A be a list of structures. Prove that the
(2n)-th jump of the sequence of diagrams of the structures in A can
compute the back-and-forth relations in A up to 7.

VIII.3. Pairs of structures

The pair of structures theorem of Ash and Knight [AK90] is one
of the most useful applications of Ash and Knight’s metatheorem. It
provides a lightface version of Theorem VII.30, which syntactically
characterized when distinguishing between two structures A and B is
(boldface) X¢-hard: when A <¢ B. The proof of Theorem VII.30 used
determinacy to build w-presentations that are far from computable. We
now show that under some effectiveness conditions, we can get light-
face ¥0-hardness. Among the many applications of this theorem, two
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important ones are the construction of the ath jump inversion (Theo-
rem X.5) and the construction of a structure whose degree spectrum is
exactly the non-hyperarithmetic degrees [GMS13].

THEOREM VIIL.7. Let n be a computable ordinal and Ay and Ay be
w-presentations whose back-and-forth relations are computable up to n.
If Ay >, Ay, distinguishing copies of Ay from copies of Ay is Eg—hard.

Recall from Definition VII.28 that distinguishing A; from Ay is
(lightface) ¥9-hard if, for every X subset & C 2V, there is a computable
operator I': 2% — 2N such that, for all X € 2V, T'X is the diagram of a
copy of A; if X € &, and I'¥ is the diagram of a copy of Ay if X € K.

We already proved the cases 7 = 1 and n = 2 in Section I1.6.2.
Those proofs may give the reader some intuition for why the back-and-
forth relations are necessary.

PROOF. Let & be a X subset of 2V, Fix X € 2". We will define
a computable strategy for the engineer to build a structure that is iso-
morphic to A; if X € R, and to Ap if X ¢ K. Through relativization,
we will let the oracle respond A)(X) questions instead of A) ques-
tions. Theorem VIII.2 will then guarantee that there exists a sequence
of moves by the extender so that the limit structure £ is uniformly
computably in X. This will be the computable operator I' needed to
prove ¥)-hardness.

Whether X is in £ or not is a 297 question, and not a Ag(X ) ques-
tion, so we cannot ask the oracle directly about it. Instead, we use a
computable list of indices eq, e1,... for Ag(X ) questions whose answers,
ng, ni, ..., are either all zeros if X ¢ K or start with zeros and then
change to all ones if X € K To see how to get these indices, let W
be a c.e. operator such that X € 8 <= 0 € W5k, where 8% is a

A)-Turing-complete set. Then, let e; be an index so that @i}‘ (0)=1if

0 is enumerated in W% in less than j steps and @i}‘ (0) = 0 otherwise.

The idea behind the strategy for the engineer for the n-{Ay, 4 }-
game is as follows: At stage j, ask the AS(X ) question e; as in the
previous paragraph. Play tuples in Ay while the oracle’s answers are
n; = 0, and switch to playing tuples in A4, if the oracle ever switches
to answering n; = 1. The hypothesis that Ay >, A; is used to find
aj41 € AT so that (Ao, b)) <g, (A1, a@;11) when we do the switch. Let
us describe this in more detail.

On the strategy’s first move, play the empty tuple in Ay, and ask
about ey — i.e., play the triple (0, (), eg). On the (5 + 1)st move, play
the triple (i;,@;41,€j41), which we define as follows: Let i;11 = nj,
where n; is the oracle’s answer to the previous Ag(X )-question, and
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let e;41 be as defined a couple of paragraphs above. If n; = i;, stay
in the same structure and play any tuple a;;; in A, extending Bj. To
ensure surjectivity, choose @;;1 so that it contains at least the first j
elements of the w-presentation of A,,. If n; # i;, it must be because
t; = 0 and n; = 1. In this case, play a tuple a;, € AN such that
(A1, @;41) >4, (Ao, bj). The existence of such an @;; follows from the
hypothesis that A; <, A;. We can find a,4; computably because we
are assuming that the back-and-forth relations are computable up to
7.

If X ¢ R, at the end of the game we get that {a; : 7 € N} is an
increasing sequence of tuples in Ay, and hence the limit structure is
isomorphic to Ay. If X € K and s is the first stage with ny, = 1,
then {a; : j € N,j > 50} is an increasing sequence of tuples in 4;, and
hence the limit structure is isomorphic to A;. O

As we mentioned before, if the back-and-forth relations up to n
are not computable, the game metatheorem can be applied relative to
whichever oracle computes them. For instance, the (27)-th jump of
the given w-presentations of Ay and A; is always enough (see Exercise
VIIL.6). If we care about the complexity of the oracle relative to which
the structures are Zg—hard, this new proof is much better than Theorem
VII.30 because the (27)-th jump is much lower than the oracle we get
from Eg—determinacy, whose proof needs around 7 iterations of the
power-set axiom of ZFC.

We can modify the proof of the theorem above in the situation when
Ao =, Ar and get A, |-hardness:

THEOREM VIIL.8. Let n be a computable ordinal and Ay and A,
be w-presentations whose back-and-forth relations are computable up
ton. If Ay =, Ay, distinguishing copies of Ay from copies of Ay is
AV -hard.

n+1

PRrROOF. The proof is almost identical to the proof above. The only
difference is that the answers ng, ny, .... to our Ag questions may flip
finitely often between zeros and ones before they stabilize at either 0
or 1. The effect of this on the proof is that, when we have n; # i;,
we could be going from 0 to 1 or from 1 to 0. If we are going from
0to 1 (ie., i; = 0 and n; = 1), we define a;,; € AT exactly as in
the previous proof using A; <, Ay. If we are going from 1 to 0 (i.e.,
i; = 1 and n; = 0), we just switch the roles of A, and A; and we define
C_Lj+1 € AgN llSng ./41 27] Ao. J

REMARK VIIL.9. In the theorem above, the isomorphism between
the limit structure £ and whichever of Ay and A; is supposed to be



VIII.4. LINEAR ORDERING PRESENTATIONS 139

isomorphic to £ is A}, (relative to X, of course). The isomorphism
is actually A9, but we need AJ),, if we want uniformity in X. This is
because A?] 41 can tell at which point the answers ng, ni, .... stabilize
to either 0 or 1. After that point, we are just copying the elements of
either Ay or A;, so we can easily produce the isomorphism from the
run of the n-{ Ao, A; }-game. The complexity of the run of the game is
given by the oracle’s answers, which are Ag, and the answers by the
extender, which can be taken to be Ag too. This follows from Remarks
[X.27 and IX.31 after the proofs of the game metatheorem.

VIII.4. Linear ordering presentations
Here is another classical result that needs 0 information.

THEOREM VIIL.10. Let n be a computable ordinal and let A be a
linear ordering with a first element. Then A has a Agnﬂ copy if and
only if W - A has a computable copy.

This theorem was proved by Watnick [Wat84] for the case n = 1
and then extended to all n by Ash, Jockusch, and Knight [AJK90]
using workers and by Ash [Ash91] using 27n-systems.

PROOF. The easier direction is the (<) direction. Suppose that B
is a computable copy of w” - A. Consider the equivalence relation on B
given by a ~ b if the interval [a, b] has order type less than w”. Recall
from Lemma IL5 that this can be decided by a 35, formula. Taking
the quotient of B under ~, we get a Agn 41 congruence w-presentation
of A.

For the (=) direction, assume that A is itself a Agn 41 w-presentation.
Assume that the least element of A is the 0 of its w-presentation.

The pool A of structures that we use for our game consists of all
the linear orderings of the form w” - F, where F is a finite linear or-
dering whose domain is an initial segment of N. The back-and-forth
relations between these structures are computable up to 2n+1. Precise
calculations of the back-and-forth relations among ordinals are done in
Exercise 11.44.

Another observation we need is that if Fy C F; are linear order-

ings with the same first element 0, then w” - Fy is a X33, ,-elementary

substructure of w" - F;. In other words, for every tuple b € w" - Fy, we
have that (w"- Fo,b) >g,41 (W F1,b). The reason is that if an interval
(b;, b;) of w"- Fy changes when you view it in w” - Fi, it is because we
added a few intervals of the form w” in between b; and b;. That is,
the interval changed from being isomorphic to w” - kg + £ in w” - Fy to

being isomorphic to w”-k; 4+ in w" - F; for some 0 < kg < k1 € N and
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B < w". Recall from Lemma I1.38 that w"”- ko >9,41 w"- k1, getting the
desired result from Lemma I1.37.

We describe a computable strategy for the engineer in the (274 1)-
A-game. At stage j—1, the engineer asks the oracle for a full description
of AT j, ie., for the ordering <4 on the first j natural numbers of
the w-presentation A. At the following stage, stage j, she chooses the
structure w”-F; in A, where F; = AJj. Note that F; naturally extends
Fj-1. From our observation above, w” - F;_; is a X3}, -elementary
substructure of w" - F;. So, we know that (w” - Fj_1,b;_1) =2, (w" -
Fi, l_)j,l), and hence that the engineer can play any tuple a; extending
l_)j_l. All she needs to do is make sure that she ends up including
all members of w” - A eventually. The limit structure will then be
isomorphic to the limit of the structures w” - F;, namely w” - A, as
all the engineer ends up doing is enumerating longer and longer tuples
from w" - A. O

The theorem is still true if A has no least element (see [Mon25]).
The theorem is also true for Z" - A instead of w" - A by essentially the
same proof.

VIIL5. A)-categoricity

A computable structure A is Ag—categom'cal if, for every computable
copy B of A, there is a Ag isomorphism between A and B. Downey,
Kach, Lempp, Lewis, Montalbén, and Turetsky [DKL™15] proved that
this property cannot be characterized structurally. However, a variant
of it, namely the relative version, can be characterized in terms of
structural properties, as we have shown in Section VII.4. The on-a-
cone version has an even nicer characterization: A structure is Ag—
categorical on a cone if and only if it has Scott rank less than or equal
to n (Corollary VII.24).

Unfortunately, the three notions of plain, relative, and on-a-cone
Ag—categoricity are not equivalent. Examples of this non-equivalence
were built by Goncharov, Harizanov, Knight, McCoy, R. Miller, and
Solomon [GHK™05]. Other examples for the case n = 1 can be found
in [Part 1, Section ??]. However, they are equivalent for most natural
structures one encounters. Ash proved that these notions are equivalent
if we have enough structural information about A. To understand his
result, we need to use the notion of 7-freeness.

Recall from Definition I1.64 that a tuple ¢ is n-free if and only if,
for every b D ¢ and 3 < 7, there exist tuples @ C b’ such that b <g b’
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We then proved in Lemma I1.65 that ¢ is 7-free if and only if its IT;"-
type is not 211711 supported. It follows from Theorem I1.23 and Corollary
VIIL.24 that, for a structure A, the following are equivalent:

(1) A has Scott rank less than or equal to 7.

(2) Ais Ag—categorical on a cone.

(3) There is a tuple p € A<N such that no tuple ¢ € AN is n-free
over p.

In practice, when we have a good understanding of the back-and-
forth relations on a given structure, we can effectively decide which
tuples are 7n-free and we can effectively find witnesses for the tuples
that are not n-free. When that is the case, we say that n-freeness
is computable in A. It was under this assumption, together with the
computability of the back-and-forth relations, that Ash [Ash87| proved
that A% categoricity implies that all tuples are n-free over some tuples
of parameters.

THEOREM VIIL.11. Let A be a computable w-presentation where
both the back-and-forth relations up to n and n-freeness are computable.
If A is Ag-categom'cal, it has Scott rank less than or equal to 1.

The proof we provide is essentially the n-A-game version of Nur-
tazin’s proof that computable categoricity for decidable copies is equiv-
alent to effective atomicity over a finite set of parameters [Part 1, The-
orem ?7] and of the proof that computable categoricity implies relative
computable categoricity for 2-decidable structures [Part 1, Theorem
??]. We recommend the reader study those proofs first, as many of
those ideas are incorporated here.

PROOF. Suppose that A has Scott rank greater than 7 and, thus,
that over every tuple p, there is a tuple that is n-free. We will show
that A is not AD-categorical.

We build a copy of A by defining a computable strategy for the
engineer in an 7-A-game construction (with A = {{4}). In the previous
examples, the engineer always extended tuples played by the extender
when she did not need to change structures. In this construction,
the tuples played by the engineer will keep on jumping around the
structure A, of course always being f3;-greater than the ones played by

T By n-free over p, we mean n-free within the structure (A, p).
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the extender. We want to end up building a copy of A, so we will make
sure that the tuples a; stabilize in the limit; i.e., that for each n € N,
lim;_, @;(n) exists — call this limit g(n). We will then end up with a
function

g:w— A,

and the limit w-presentation £ will be the pull-back of A through g.
The objective is to build £ so that it is not Ag—isomorphic to A. So
that it witnesses that A is not Ag—categorical.

While the engineer is playing the game, she will be performing a
finite-injury priority construction with infinitely many requirements R,
for e € N. That is, the run of the game itself will be a finite-injury pri-
ority construction where the engineer’s moves may injure lower priority
requirements she herself had sought to satisfy earlier. The only differ-
ence from a standard finite-injury priority construction is that after
each stage, the extender will extend the tuple a; to l_)j, and at the next
stage, the engineer must play a tuple a;11 >g Bj. Our requirements
take the following form:

Requirement R.: Ensure that ®%" is not an isomor-
phism from £ to A as follows: Find a tuple i € N<N
such that ®%"(72) and g(72) are not automorphic in A.!

We order these requirements by order of priority: The smaller the e,
the higher the priority. Note that R, will ensure that ®%" o g~! is not
an automorphism of A, and hence that ®®" is not an isomorphism from
L to A. To ensure its goal, R, will choose a tuple 7 and wait for ®%"
to converge on n to some tuple ¢.. Then, if necessary, R. will change
the value of g(n) so that it is not n-back-and-forth equivalent to ¢,
and in particular, not automorphic to ¢.. Since we do not know when
or where ®%" converges, we cannot ask the Ag oracle directly about its
values. All we can ask is, given a tuple 7 and a number s, whether ®%”
converges on the numbers in the tuple i within s steps.

At each step j, we are given Ej_l and we, as the engineer, are sup-
posed to define a;. The the beginning of step j, there is an initial
segment Ry,...,Ry, , of the list of requirements that are active. The
value of k; will increase and decrease throughout the construction but
will eventually grow to infinity. Before her move, the engineer goes
through the active requirements one at the time, checking any of them
requires attention (defined below). Each requirement R, will be given
a tuple p. € AN when initialized, and it will output a tuple p.,; ex-
tending it. Lower priority requirements are not allowed to modify pey.

I'Recall that 8" is some fixed Ag—Turing—complete real.
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The output tuple p..; may change when the requirement R, acts, which
would injure the work of lower priority requirements. If the input tuple
Pe changes, the requirement R, must be deactivated and re-initialized
again. One should thus think of p, as a tuple p.[j] that depends on the
stage j. All the inputs of the currently active requirements are initial
segments of l_)j_l, ie., (Ve < kj_1) plj —1] C Ej_l. All the outputs of
the currently active requirements are going to be initial segments of a;,
ie., (Ve <k;) plj] C a;. When a higher priority requirement acts, the
weaker requirements are deactivated, and their p,’s become undefined,
to be re-defined later. We will see, however, that for each e, p.[j] will
stabilize as j — oo, and hence we will end up with a limit function
g: w— A, where g(n) = lim;_, P, [7](n).

If none of the requirements R, for e < k;_; requires attention, the
engineer initializes the first inactive requirement, namely, Ry, ;1. Here
is how the initialization works: Let k; = k;_; + 1. For e = k;, using
the computability of n-freeness, the engineer looks for a tuple ¢, that
is n-free over p, and adds it to the tuple played by the extender, say on
position 7, € N<N. (Recall that we will always have p.[j — 1] C b;_;.)
That is, she plays the tuple

aj =bj_1"c.d,

where d is the least element in A not yet played, and 7, is the position
of ¢, within a@;, namely (|b; 1], |b;_1]|+1, ..., ]b;—17¢] —1). She then asks
the oracle whether ®%"(7i.) converges within j steps. She will keep on
asking about this convergence at every later stage j' > j, using larger
and larger time bounds, until she gets an answer. Actually, it is for all
e < k; simultaneously that she asks whether ®%" (7. ) converges within j
steps, encapsulating all the questions into one question.”™ She defines
De+1 = G; and finishes this stage.

What do we mean by requiring attention, and what does the engi-
neer do then? If we obtain an answer from the oracle that says that,
for some e < k;_1, ®%"(n,.) converges within j — 1 steps, we say that R,
requires attention. The engineer then picks the least such e and acts
on it. Suppose that ®%"(7,) = . So, we have that p.,; maps 7, to C,,
while %" maps 7. to &, as pictured below.

Then, she checks if ¢, <, ¢.. If not, she does not need to do any-
thing, as we would then know that ¢, and ¢, are not non-automorphic.
She plays a; = 7j,1”d, where d is the least element in A not yet played,
declares R, satisfied, leaves p..; unchanged (for now, and so long as it
is not re-initialized later), and lets k; = k;_;. Notice that if R, is never

“*To encapsulate many questions into one, do as in the footnote on page 135.
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re-initialized again, we will end up with g O p.y1[j] and with

g(ﬁ) = Ce ﬁn Ce = q)in(ﬁe)‘
If yes, that is, if ¢, <, ¢, she will replace ¢, by a tuple ¢, 2, ¢, getting
that ¢, and ¢. are not =,-equivalent, and hence not automorphic. To
find such a ¢, recall that she had chosen ¢ so that it was n-free over
De- We can then apply 7-freeness to the tuple b;_; 2 p.c. and the

ordinal 3;_; played by the oracle, and, using the computability of the
back-and-forth relations, we get tuples ¢, and l;;» 2 peC, such that
[_)j—l Sﬂj_l Z_);, but ﬁeée $7] peéle-
The engineer now plays a;1 = B;-“d, where d is the least element in
A not yet played, declares R, satisfied with p..1 = a;, deactivates
lower priority requirements, and lets k; = e. Notice that if R, is never
re-initialized again, we will end up with g O pey1[j] and with

g(n) =¢, Fn Ce = (I)in(ﬁe)'

Each requirement R, acts at most once after being initialized. One
can then prove by induction on e that each requirement stops being
deactivated by higher priority requirements from some point on. After
the last time R, is initialized, if it requires attention, it will eventually
get it. We will end up with p.y1[j] C @y for all j* > j, and hence with
Pet1li] € g. We would have then satisfied R, because: Either ®3" (i)
does not converge and R, never requires attention after the last time
it was initialized, or ®%"(fi) converges and, once R, is given attention,
the engineer ensures that g maps n. to a tuple not n-back-and-forth
equivalent to c. O



CHAPTER IX

Iterated True-Stage Arguments

In many constructions in computability theory, one builds a com-
putable object using non-computable information. The main tool for
such constructions is the priority method, which has become increas-
ingly more involved and sophisticated since it was invented in the 1950s.
On such a computable construction, one has to guess at whatever non-
computable information is needed. Such guesses will be right some-
times and wrong some other times, and when they are wrong they
will guide us in the wrong direction, maybe messing up other parts of
the construction. By carefully organizing these guesses, one can find
techniques to recover from the mistakes made when assuming wrong
guesses. The method of iterated true stages provides a way to organize
such guesses in a clean, combinatorial way. It is then up to the user to
build the desired computable object using these guesses.

Priority arguments are classified in terms of how much non-computable
information is needed throughout the construction. The most common
priority constructions are the finite-injury ones [Fri57, Muc56] (see
[Part 1, Chapter ??]). They are used when the information needed is
0’-computable. Infinite-injury priority constructions [Sho61, Sac63|
are used when 0”-computable guesses are needed. There are various 0"/~
priority constructions in the literature [Lac76], but they are very com-
plicated and far less common. Beyond that point, it becomes humanly
impossible to keep track of the combinatorics. Well, that is unless the
level-by-level combinatorics of the proof is uniform and one can describe
the work done at all the levels simultaneously with a single procedure.
There have been various proposals for general 00-injury constructions:
Harrington’s workers method [Har76], Lempp and Lerman’s trees of
strategies [LL95, Ler10], Ash’s [Ash86b] and Ash-Knight’s [AKO00]
n-systems, Montalban’s iterated true stages [Mon14], and Montalban’s
game metatheorem. Harrington’s workers method refers to a particular
way of visualizing a construction where we have a worker working at
each level 0™ and each worker is monitoring the actions of the other
workers, limit-guessing what the 00"+ worker is doing, and knowing
the jump of what the 00"~ worker is doing. It was recently used in
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computable structure theory by Andrews and Knight [AK18] in work
related to strongly minimal theories. Lempp and Lerman’s method
[LL90] provides a way to organize the requirements in a priority con-
struction using trees of strategies, where we have a different tree at
each level, all interacting with each other. It is great for constructions
in degree theory and has been used, for instance, to prove that every
finite jump upper semi-lattice with 0 can be embedded in the Turing
degrees [Ler10]. Ash and Knight’s n-systems are very different from
anything done before. Their metatheorem says that if a certain combi-
natorial machinery can be put in place, one can then build the desired
computable object using Ag—information.* It has many applications,
all of them in computable structure theory, where the combinatorial
features needed occur naturally.

The method we describe in this chapter is the iterated true-stage
method, which was inspired by Ash and Knight’s n-systems and Lach-
lan’s true stages. It is more hands-on and more flexible than Ash and
Knight’s metatheorem. We will give two applications: One is the proof
of the game metatheorem. The other is the tree-of-structures theo-
rem that generalizes the pair-of-structures theorem (Theorem 1X.25).
The tree-of-structures theorem cannot be proved using either the game
metatheorem or the Ash and Knight’s metatheorem, because one needs
to pay attention to all the levels of the construction at every step, not
just to the n-th level. Other applications can be found in Csima and
Harrison-Trainor [CHT17], Greenberg and Turetsky [GT22], and Day
and Marks (in preparation).

We already developed the case n = 1 in [Part 1, Chapter ?7|.
Knowledge of [Part 1, Chapter 77| is not required to read this chapter,
although it may help with some intuition and motivation.

IX.1. A global true-stage system

In [Part 1, Chapter ??], we developed the notion of true stages
(which we now call 1-true stages) as a way to organize priority con-
structions that require guessing at AJ information, and we saw how
this combinatorial device is applied. The idea was that at each stage
s, we have a finite string Ty which we think of as an approximation to
some AY-Turing-complete real T € NV, These approximations are just
guesses, and they are often wrong. The stages at which T, is correct,

* It was first introduced by Ash in 1986 [Ash86a, Ash86b], and several
slightly different versions were proposed later in the 90’s by Ash and Knight
[Ash90, AK94b, AK94a, Kni95]. The best and final formulation is due to
Ash and Knight [AKO00].
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meaning that it is an initial segment of T € NY, are said to be true
stages. Of course, we want the sequence of strings T, to be computable
in s. Then, if we knew which stages were true, we could compute 7.
So, the sequence of true stages will have the same Turing degree as
T. Here is a somewhat circular idea: We can use the sequence of true
stages as our AY-Turing-complete real T, and let T, be the string listing
the stages t < s that appear to be true at stage s. This notion of ¢
appearing to be true at s, denoted t <; s, is the key notion of [Part 1,
Chapter ??] and the launch pad for this chapter.

One of the main advantages of this technique is that it can be easily
iterated through the arithmetic hierarchy and, with a bit more work,
through the hyperarithmetic hierarchy. To be able to iterate the notion
of t appearing to be true at s, we need to consider strings instead of
numbers. We will define an ordering < on strings that will be the
basic primitive notion of this whole chapter. All other orderings and
all approximations to Ag—Turing—complete sequences will be built from
it.

DEFINITION IX.1. A global I-true-stage ordering is a computable
partial ordering  on N<V that satisfies the following properties:

(TS0) () 7 for all 7.

(TS1) lf o X 7, then 0 C 7.

(TS2) For each X € NN, there is an infinite sequence of initial seg-
ments of X such that

NI CX

() For every 7 C o C p, if 7% p, then 7 % 0.

T S -0 = P
We say that 7 C X is an X-true substring if there is an infinite
sequence T X T2 X - -+ C X, as in (TS2), starting with 7. If so, we

write 7 < X.

Notice that for 7<X, we have that o 7 implies 0 X, as witnessed
by the same <-increasing sequence. Thus, when o < 7, we say that o
is T-true or that o looks true to 7. Property (&) can be read as follows:
if 7 looks true to p, then it looks true to any o between 7 and p. It is
the key combinatorial property that encapsulates how a “looking true”
ordering should behave.

LEMMA IX.2. A string T is an X -true substring if and only if T <o
for all o witht Co C X.
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PROOF. For the (=) direction, consider a sequence 7 X 71 X 72
--- C X witnessing that 7 is an X-true substring. Now, given ¢ with
7 C o C X, let k be such that ¢ C 7. Apply () on 7 C 0 C 7% to
obtain that 7 < 0.

For the (<) direction, consider a sequence 7o 71 7o+ C X as
in (TS2). Let k be such that 7 C 7. By the assumption, we must have
T K Tk, and therefore 7 must be an X-true substring too, as witnessed
by rm - CX. O

Let Ty € NY be the sequence of all X-true substrings listed in
increasing order. That is,

Ty =(re NV 7 g X).

It follows from the lemma that if ¢ C 7 are both in Ty, then o < 7.
So, Ty is itself a g-increasing sequence — a maximal one.
For p € NN we define

T, =(reN":7xp)

as our approximation to Jx at p. We let the reader verify that p is an
X-true substring if and only if J, is an initial segment of Jx, and that

pxT &= J,CT.

The sequence Ty is I1{ in X, as one can see from the lemma above.
However, the definition of global 1-true-stage ordering we gave above
does not guarantee that it must have Turing degree X'.

DEFINITION IX.3. We say that < is complete if, for every X € NV,
:TX =T X,

uniformly in X (i.e., there is a computable operator I" such that ['"* =

X’ for all X € NY).

Recapitulating, given a complete global 1-true stage system, we
can use Ty as our AY(X)-Turing-complete oracle. In an X-computable
construction, we can use the strings J, for p € X as our guesses for
initial segments of Jx. It is only at the X-true substrings that our
guesses are going to be correct. Property (&) will allow us to organize
these guesses.

One can find examples of applications of (’-priority methods in
[Part 1, Chapter ??]. In this chapter, we will use g as the building
block for the systems of n- and n-true stages. Before that, we need to
show that a complete global true-stage system exists.

THEOREM IX.4. There is a complete, global 1-true-stage system.
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PROOF. To show that there is a complete, global 1-true-stage sys-
tem <, we use Lachlan’s notion of true stage [Lac73]. Let K be a c.e.
operator such that KX is the Turing jump of X for all X € NV, ie.,
KX ={e: ®X(e) |}. Assume that the operator K enumerates at most
one element at each stage. For 7 € N<N let K™ be the finite set of
elements enumerated by K using oracle 7 in at most |7| steps. So, if
7 C X, K7 is an approximation to K*. Not a good one, though. If
we are trying to approximate a computation with oracle X', say ®¥ A
then using ®*" may give us wrong answers for every 7. This is where
Lachlan’s true stages come in.

Let k. be the last number to get enumerated into K™. We then have
that K™ = {k, : 0 C 7}. The numbers k, do not come in order though.
Notice that the functions 7+ k, and 7 — K7 are computable.

Lachlan’s idea was to use K7 [ k., viewed as a binary string of
length k. + 1, as an approximation to X'." The point is that this
approximation must be correct infinitely often, as we will see below.
Then, define

TSp = 71Cp & Kk CK"[k,

where the inclusion is as strings. If K7 is empty, let k&, = —o0 and let
K7 | k; be the empty string. Notice that
Tp <= Vr(rCnCp=k <k.). (5)

From Lemma IX.2, we have that 7 is X-true if 7 C X and 7 < p for
all p with 7 C p C X. So, we have that 7 C X is X-true if no element
below k, is ever enumerated into KX after stage |7|, or equivalently, if
K™ | k; is an initial segment of KX (again, viewed as strings).

Let us now prove that < induces a complete, global true-stage sys-
tem. Properties (T'S0) and (TS1) are immediate from the definition.
Let us show that < satisfies condition (T'S2). We need to show that
there are infinitely many X-true substrings. Fix m € N. We will find a
substring 7 of X of length larger than m such that 7 < p for all p with
T C p C X — this string 7 will then be X-true. Let 7 = X [ m, and
let k be the least element that is ever enumerated into K% after stage
m, that is, k is the least element of X'\ K™, viewed as sets. Let 7 be
the smallest substring of X with £ € K7 and |7| > m. We must then
have k, = k. Since no element below k, is ever enumerated into K~
after stage m, K™ || k, is an initial segment of K¥, and 7 is X-true.

To prove (&), consider 7 C o C p such that 7 < p. From (5),
Vr(r C 7 C p = k. < k;). The same must then be true for any =
between 7 and o. So, T K 0.

"Recall that o || k refers to the restriction of o to {0, ..., k}.
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Finally, to show that < is complete, just observe that
KX = {K" Ik, : 7 € T},

where the union is the union of an increasing sequence of strings. It
follows that X' is computable in T. O

IX.2. m-true-stage systems

The next step is to consider finite iterations of the previous con-
struction. To simplify matters, let us go back to considering orderings
on N, as we did in [Part 1], instead of orderings in N<N. The same
ideas would work to produce orderings on N<¥, but the notation would
get a bit more complicated.

An m-true-stage system is a computable family of partial orderings
<, on N, one for each n < m, that satisfies the following properties:

(TS0) <y is just the standard ordering on N.
(TS1) The sequence of relations is nested (i.e., if s <,41 ¢, then
s <pt).
(TS2) For every n < m, there exists an infinite <,-increasing se-
quence
to <pt1 <pto <p e
(&) For every n < m and every t < s < r,if t <,;1 r and s <, r,
then t <,,11 s.

<n+1
t / S T
R

Again, this last property (&) is the key combinatorial property
capturing how the approximations to the jumps behave. Notice that
the case n = 0 of the (&) property corresponds to the (&) property
from the previous section.

The idea behind the iteration is that once we have defined the
ordering <,,, we can define the n-true stages, and then we define the
ordering <,, 11 by considering the global ordering < along the n-true
stages.

The following is a consequence of (&) that will often be useful:

r

(¢0) For every k < m, and every t < s < r, if t <, r and s < r,
then t <;, s.

<k
= s

This follows from (&) using & = n+ 1 and noticing that s <j r implies
§ <p-1T.

r
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DEFINITION IX.5. A number ¢ is said to be an n-true stage if it
belongs to an infinite increasing <,-chain. We use T" to denote the
sequence of n-true stages listed in increasing order.

Let us analyze the behavior of the n-true stages. First, observe that
by nestedness, if n < k, then the k-true stages are a sub-sequence of
the n-true stages.

LEMMA IX.6. A number t is an n-true stage if and only if t <, s
for all (n — 1)-true stages s > t.

For n = 0, all stages are 0-true stages. For n = 1, this follows from
Lemma IX.2.

PRrOOF. We prove the (=) direction by induction on n. Consider
an n-true stage t and an (n — 1)-true stage s > t. Let t <, t1 <, t2 <,
.-+ be a sequence witnessing that ¢ is an n-true stage, and let k be
such that s < tx. By the induction hypothesis, since s is (n — 1)-true
and t, is (n — 2)-true, we get that s <, _; t,. Apply (&) ont < s < t,
to obtain that t <,, s.

For the (<) direction, consider a sequence ty <, t1 <, tg <, -
as in (TS2). Notice that the t;’s are n-true stages, and in particular
(n — 1)-true stages. Let k be such that ¢ < t;. By the assumption,
we must have t <, t;, and therefore t <, tx <, tpi1 <p ---, which
witnesses that ¢ is an n-true stage. U

OBSERVATION IX.7. If s < ¢t and ¢ is an n-true stage, then s is
an n-true stage if and only if s <,, t. To see this, suppose first that
s <, t. Since t is n-true, there is an increasing <,-chain starting with
t. We can then append s to the beginning of that chain to see that s
is an n-true stage too. Conversely, suppose s is an n-true stage. Since
n-true stages are also (n — 1)-true, t is (n — 1)-true, and hence, by the
previous lemma, s <, t.

Because of this observation, when t <,, r, we say that t looks like
an n-true stage at r or that t is an apparent n-true stage at r. We thus
define

TV = (t:t<,r)
as our approximation to J" at r. We view T as a string listing the
elements of the set {t : ¢ <, r} in increasing order. When we compare
different T7’s by inclusion, we will be referring to inclusion of strings.
For instance, it is easy to see using (¢) that

s<pt <= T, CT},

# In the case when n = 1, we get s <,,_ t;, for free.
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and that r is an n-true stage if and only if J' C J". We let the reader
verify these facts.

It also follows from the lemma above that T™ is IIY in T"~!. By
induction, we then get that J" is TIC.

DEFINITION [X.8. We say that an m-true-stage system is complete
if, for each n < m, the set of n-true stages is A9, ,-Turing-complete.

Let us now build a complete m-true-stage system. The particular
m-true-stage system one builds is not relevant for the applications of
the system. All one needs to know in applications is that a complete
m-true-stage system exists.

THEOREM [X.9. For every m € N, there exists a complete m-true-
stage system.

PROOF. The construction is, of course, by recursion on m.
Let <p=<y as in (TS0). Given <,,, we define

T r=(t:t<,r) (Def. T7)

and then let

s<pp1t <= T? < ‘I?, (Def §n+1)
where < is the ordering on strings defined in Theorem IX.4. To see
nestedness, i.e. (TS1), notice that T2 g T implies T C T}, which
implies s <, t.

The proof of (&) for <,, follows from (&) for < as follows: Suppose
that we have t < s < r such that s <,, r and ¢ <,,.1 r. We then have
that J7 C J7 and T} < TJ7'. Since both J}" and T are initial segments
of T and ¢t < s, we must have

T C T

Apply () for < to get T < T7, and hence that ¢ <, s as wanted.

Finally, we need to show that 7" is infinite and that T =, 0.
We prove this by induction. Since 7" is I |, we know that 7" <,
0*+D  Let X = J” and suppose we already know T" =, 0. Notice
that for t € 7%, X [t = T.% Therefore, for ¢,s € T,

t<p,i1sifandonly if X [t X |s.

We then have that ¢ € T" is an (n + 1)-true stage if and only if X [ ¢
is X-true. In other words,

Tx = <T?Zt€7n+1>.

$ Here, by X |t we mean X N{0,1,....¢}. If t € T T | t is exactly {s: s <,
th=Tn.
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Recall that, by Theorem IX.4, Tx =7 X’. We can use 7"! to com-
pute X', which is (T™)"; which, by the induction hypothesis, is Turing
equivalent to 0(*1), O

IX.3. Pairs of structures

As we mentioned in the previous chapter, the pair-of-structures the-
orem of Ash and Knight [AK90] is one of the most useful applications
of Ash and Knight’s metatheorem. We already gave a proof of it us-
ing the game metatheorem (see Theorem VIII.7). In this section we
give a more hands-on proof using the iterated true-stage method. The
reason we give this second proof is that it is a good example to show
the reader how the iterated true-stage method works. We only do the
case for 7 finite, so that we do not have to introduce all the techniques
at once. For infinite 7, one needs techniques that we will develop in
Section IX.5. We have already worked out the cases n =0 and n =1
in Section I1.6.2. We recommend the reader to go through that section
before reading this proof, and then to compare the proofs.

THEOREM IX.10. Considern € N and let Ay and A; be w-presentations
whose back-and-forth relations are computable up ton. If Ay <11 Ao,
then distinguishing the copies of Ay from the copies of Ay is 22+1-hard.

PROOF. Since the sequence of n-true stages J" is AD ;-complete,
there is a c.e. operator W such that the set W7" is X0, complete.
Uniformly computably in each e € N, we need to build a structure B
that is isomorphic to A; if e € W”" and isomorphic to A, if e ¢ W9
We fix such an e and, for each s € N, we use J” to define X(s) as the
stage-s approximation to that % 41 complete question: That is,

1 if T
X(s) = 1 ecW o
0 ifeg W,
We also let X(o0) =1if e € W7 and X(c0) =0 if e € W7, So, we
want B to be isomorphic to Ax (o).
Notice that, for s <t,
s<pt = TP CT) = X(s) <X(t) = Ax(s) 2nt1 Axp-  (6)

Thus, if we restrict ourselves to the n-true stages, the value of X ()
is either 0 forever, or 1 from some point on. The problem is that we

9 If we want a reduction from a X0 ; subset of 2" instead of a subset of N, we
just relativize this proof.

IRecall the convention that if we have a finite oracle o € 2<N when we consider
We, we only run it for |o| many stages.
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need to build B computably, so we do not know which stages are n-true:
Whatever part of the diagram of B we build at a stage s we cannot
change later, even if s is not n-true.

The construction consists of carefully choosing, at each stage s,
a tuple a, from Ax(,, and at the end defining the diagram of B to
be union of the diagrams of these tuples. We impose the following
condition, which connects the apparent-m-true-stage relations and the
back-and-forth relations. We call this condition (MC), as it is the main
condition characteristic to all n-true stage arguments: For all m < n
and s,t € N,

(MC) s <t = (Ax(s), as) <m (Ax@), ).

If s <, t and X(s) = X(t), we also require that a; C a;. One more
thing: To make sure our enumeration is onto, we also require that the
range of @, includes the first s elements from Ax (). We claim that
that is all we need.

Verification: Suppose we manage to build such a sequence {a, :
s € N} computably. On one end, condition (MC) for the case m = 0
implies that

D.Ax(o)(do) - DAX<1)(EL1) - DAX(Q)(dQ) C.-- .

Hence, we get a computable limit w-presentation B whose atomic dia-
gram is the union of these diagrams:

D<B) = U DAX(S)(C_LS)'

seN

On the other end, condition (MC) at m = n implies that, along
the n-true stages, once X (s) stabilizes to X (oc0) € {0,1}, B is built as
the pull-back of an increasing sequence of tuples from Ax ). Thus, B
ends up being isomorphic to Ax (). Let us explain this in more detail.
Let ¢ty be an n-true stage that is large enough so that X (o) = X (00).
Let t1 <,, to <,, - -+ be the n-true stages after t;. We then have that

C_Lt() g C_Ltl g atz g e g AX(OO)?

and that D(B) = Uy Dax oy (@;). Let g0 N = Ax (o) be defined
as |J; a,. So, B is the pull-back of Ax () through g, and hence it is
isomorphic to Ax(s)-

Notice that for the verifications, we only used condition (MC) for
the cases m = 0 and m = n. The intermediate cases will be necessary
to bridge the gap between those two during the construction.



IX.3. PAIRS OF STRUCTURES 155

Construction: We now need to show how to build a sequence of
tuples satisfying (MC). At stage 0 let ag be the empty tuple. Suppose
we have already built ag, ..., as_1 and we need to define a,. Each stage
is divided in two steps:

(1) Fix the mistakes by previous stages.

(2) Incorporate the new information, namely the value X (s), and
change structures if necessary.

At each stage we act as if our current beliefs are correct (namely,
as if X(s) = X(00)). Since we might have had different beliefs in the
past, we might have acted under incorrect information and made some
mistakes that we now need to fix. However, since we can never be sure
our current belief is correct, we have to do it respecting at least some
of the work done at previous stages. How much we respect the work
done at a previous stage depends on how much we believe it — that is
essentially what condition (MC) says. Just to provide some intuition,
we can re-state (MC) as follows:

“T;n - “T;n implies H;En_tpAX(T-)<aT’) - an_tpflx(s)<a8)7

which we can interpret as follows:
If at a stage s we believe that our actions at a previ-
ous stage r used correct I12, information (namely T7),
then at stage s, we should preserve all IIY, commit-
ments made at stage 7 (namely II5 -tpa ., (@.)).

Let us continue with the construction. For each s, we will also
define a tuple b, that belongs to Ax(;) where ¢ is the largest stage with
t <, s. The tuple b, is used to fix the mistakes by previous stages. The
tuple b, will satisfy that, for every m < n and every r < s,

7 <p s implies (Ax(y,ar) <m (AX(t),l_)s). (7)
Thus, if we then define a4 satisfying
(Ax ), bs) <n (Ax(s),as),

we will get property (MC).

For each ¢« < n, let s; be the greatest stage such that s; <; s. Notice
that if r <; s, then r <; s; by (¢). So, to satisfy (7), we just need to
ensure that

(AX(sm), as,,) <m (AX(t), Bs) for all m < n. (8)

It will be useful to note that the numbers s; satisfy that s; <; s,
for all j < n as in the diagram below. To see that, just apply () to
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§; < §j-1 < 8.

Sp-Sp Sp—1 . Sp-1 S22 S1 <1 So

To find b, such that (Ax(s), @s;) < (Ax(t),l_)s) for all © < k, we
need the lemma below, which is often useful in constructions involving
iterated true-stages systems. It was originally used by Ash and Knight,
and it was key in all applications of their metatheorem.

REMARK IX.11. Recall that the defining property of the back-and-
forth relations is that, if (A, @) <g1 (B,b), where b may be longer than
a, then there is a ¢ € A<N extending a with (A, ¢) >4 (B,b).

The following lemma is an iteration of this property.

LEMMA IX.12. Suppose we have a finite sequence of T-structures
Ao, ..., An, and tuples a; € AN for i < n, such that

(Anaan) Sn (An—ladn—l) Sn—l SQ (Alaal) Sl (AOadO)-

Then, there exists a tuple ¢ € AN extending a, such that (A;,a;) <;
(A, ¢) forall j <n.

(Ans@n)  (Anei@omr) oo (Ana)  (Aoao)

Proor. We will define a sequence of tuples ¢; € AJ-<N extending
a; by induction on j as in the diagram below. Start with ¢y = ay.
Given ¢;, since (Aji1,a41) <j+1 (Aj,a;) and a; C ¢;, we have that
(Aji1,a541) <ji1 (Aj,E). Then, by the defining property of the back-
and-forth relations mentioned above, we get that there exists a tuple
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Ej—i-l 2 C_Lj+1 € Af_ﬁ such that (Aj+1,éj+1) Zj (Aj Ej).

(An,an)  <n o (Ar-1,8n-1) <p1 o0 <2 (Anar) <o (Ao, o)
n oS N S S% N N

2 : ~;

(-An:aén) Zn—l (A;;;lzaé7z—1) Zn—Q 21 (Alzyél) ZO (AOZEO)

Using transitivity and nestedness of the back-and-forth relations, one
can then easily prove that

(A, ) > (Aj,dj) for all i > 7.
We end up with ¢ = ¢, as needed. O

Let us continue with the construction. Recall that the stages s;
satisfy s, <, sp_1 <n._1 -+ <1 Sp. Since we have been respecting
(MC) so far throughout the construction, we know that

(AX(sn)7 C_Lsn> Sn (AX(sn,ﬂ; asn,l) Snfl T
Lo (Ax(sr), Osy) <1 (Ax(so), Os)-

These structures satisfy the assumptions needed to apply Lemma IX.12
above. We then obtain b, satisfying (8) as the ¢ from the lemma. We
can find the tuple b, computably because we are assuming that the
back-and-forth relations are computable up to n. This finished the
first step of the construction, namely fizing the mistakes of previous
stages. The second step is to incorporate new information, namely
X(s).

Here is where the assumption that A; >, Ap comes into play.
Since t = s, <, 5, we know from (6) that Ax(s,) >nt+1 Ax(s). One can
then find a tuple a, in Ax(s) so that (Ax(s,), bs) <, (Ax(s), Gs)-

To ensure onto-ness, extend a, to make sure that it contains the
first s elements of the w-presentation Ax ).

(AX(SW,),ELSH)___S'_@ (AX(sn,l):asnv,l) St <2 (AX(sy),8s1) <1 (Ax(so), so)

el sz M\ _,v..7/°...

= et

(AX(STL>7BS) <n (AX<S>7dS)
We have thus defined ay satisfying (MC) as needed. O

IX.4. Transfinite true-stage systems

We now want to iterate < through the transfinite. The definition
will not be much more complicated, but the construction of a complete
system will, as the limit case poses new difficulties that were not present
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at the finite case. Let 1 be a computable w-presentation of an ordinal.
An n-true-stage system is a computable family {<,: & < n} of partial
orderings on N that satisfies the following properties:

(TS0) <y is just the standard ordering on N.

(TS1) The sequence of relations is nested, i.e., if v < & and s <, t,
then s <, 1.

(T'S2) For every &, there exists an infinite <¢-increasing sequence.

(TS3) The sequence of relations is continuous, i.e., if A is a limit
ordinal, then s <) t <= (V{ <)) s < t.

() For every £ < nand every t < s <r, if t <gq rand s <, r,

then t <¢ 4y s.

. T,
<§+1 \<5/

The following is a consequence of (&) that will be useful later:

o) For every ( < nandeveryt < s <r,ift <, rand s </ r,
n ¢ ¢
then ¢t <. s.

<¢
s
<C \<C/
The successor case follows from (&) using ¢ = £ + 1, and noticing that
s <¢ rimplies s <,_; r. For the limit case, consider any £ < ¢ and use

(%) and that <, implies both <, and <¢,, to conclude that t <¢.; s.
Then, by continuity, ¢ < s.

r

DEFINITION IX.13. For each £ <7, we say that ¢ is a £-true stage
if it belongs to an infinite <¢-increasing sequence. Let T¢ € NY be the
sequence of all £&-true stages listed in increasing order.

Let us analyze the behavior of the £-true stages. First observe that
by nestedness, if ( < &, then the &-true stages are a sub-sequence of
the (-true stages.

OBSERVATION IX.14. If s <¢ t and ? is a &-true stage, then s is a
&-true stage too. To see this, just append s at the beginning of the
increasing <g-chain starting with ¢.

LEMmMA IX.15. For all successor ordinals, £ + 1, we have that
tis a &+ 1-true stage <=t <gy1 s for all E-true stages s > t.

For limit ordinals X\, t is a \-true stage if and only if it is a -true stage
for all & < \.

All stages are O-true stages.
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ProOF. We use transfinite induction on £&. The successor case
works exactly as the proof of Lemma IX.6, so we will not repeat it
here. Consider the limit case.

The (=) direction follows directly from the nesting condition. For
the (<) direction, consider a stage ¢ that is £-true for all £ < A. Let
s >t be a A-true stage, and in particular a £-true stage for all & < A.
Then, t <, s for all £ < A by the induction hypothesis. By continuity,
we get that t <, s, and hence t is a A-true stage too, by the observation
above. O

OBSERVATION [X.16. If s < ¢t and t is a &-true stage, then s is a
E-true stage if and only if s <¢ t. We already noted the (<) direc-
tion above. For the other direction, suppose s is a &-true stage. By
nestedness, t is a (-true stage for all {( < &£, and hence by the previous
lemma, s <c;; t. By either letting ¢ = £ —1if £ is a successor, or using
continuity if { is a limit, we get s <, t.

We say that s is an apparent {-true stage at t if s <, t. Given § and
t, we define the stage-t approzimation to T¢, denoted ‘J'f , as the tuple
enumerating the apparent -true stages at t:

TE=(s:5 <c t).
Note that using (¢), we get
§<et = TEC T,
where the inclusion is as strings, and that
tis &-true <— ‘J'f C 7€,

Using Lemma IX.15, one can show by transfinite induction that T¢
is TI uniformly in &.

DEerINITION IX.17. We say that an n-true-stage system is complete
if T¢ is Ag - Turing-complete for all { < 7, uniformly in &.

THEOREM IX.18. There exists a complete n-true-stage system.

The proof is significantly more difficult than the proof of the finite
iterates that we gave in previous sections. In any case, for applications
of the n-true-stage method, it does not matter how the system is built.
All that matters is that such a system exists. One does not need to
know the proof to be able to apply it, so we leave it to the end of the
chapter (Sections IX.8 and 1X.9).
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IX.5. The key lemmas

In this section we prove two lemmas that are key to most applica-
tions of the iterated true stages method.

Let us spend a few paragraphs motivating these lemmas. It may
help the reader have the proof of the Pair of Structures theorem from
Section IX.3 in mind to understand the motivation. The reader should
then try to think of how to extend the proof of Theorem IX.10 to
transfinite values of n.

When working with an n-system of true stages, there is always some
version of the main condition that we are trying to satisfy.

(MC) (V¢ <n)(Vs,t €N) s <ct = (Ax(s),@s) <¢ (Ax(), @)-
At each stage s, the first step is always to fix the mistakes made by
previous stages. For that, we look for a tuple b, € A;I(Nt) that satisfies
that, for every ¢ < n and every r < s,

r <es implies (Ax),ar) <¢ (AX(t)>BS)> (9)

where t is the largest stage with ¢ <, s. In the case where 7 is fi-
nite as in Section 1X.3, we did not need to worry about all r’s in
equation (9), but only about a few ones, namely s, ..., s, satisfying
Sn <p Sne1 <p-1 - <1 So < s. When 7 is infinite, the situation is a
bit more complicated. The first lemma will allow us to restrict property
(9) to only a few values of r and a few ordinals &.

For each v <, let s() be the greatest stage such that s(y) <, s.
Notice that if r <, s, then r <, s(v) by (¢). So, to satisfy (9), we
just need to ensure that, for all v <7, (Ax (), @sty)) <y (Ax(t),l_)s).
We need to find these stages s(v) for all v < 7. Notice that if £ > =,
then s(§) < s() by the nesting property. So, (s(§) : & < n) is a non-
increasing sequence starting from s(0) = s—1 and ending with s(n) = ¢
as in Figure IX.1. There are only finitely many stages below s, so the
values of s(§) must repeat a lot.

LEMmMA [X.19. For each s € N, there exist stages s, < Sp_1 < -+ <
51 < Sp=s—1and ordinals n =&, > &1 > - & > & =0 as in the
diagram below satisfying the following condition: For all v < k and all
vy with §-1 < v <&, we have that if r < s then r <, s;.

Sk Sgeatl Sk-1.Sg ol 0 Sat1 St Sgt+1 S0
.......... Se e A " \E
T S

“*taking £ 1 = —1
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Furthermore, all these objects can be found computably.

PRrOOF. The set {s(§) : £ < n} is finite, as all its members are
below s. Let sg, ..., s, be the elements of this set listed in decreasing
order. For each ¢ < k, there is an interval of ’s such that s; = s(§). Let
& be the greatest ¢ for which s; = s(§). Notice that &; is the greatest
such that s; <¢, s, and such a maximum exists by the continuity of the
relations <¢. So, we have that s(y) = s;41 for all y with & < v < &41.

s
s-1—
51 S
S2 —
. s(v)
Sk —
n
D o & & S—1 & Y

Ficure IX.1. Illustration of the graph of the function
s:{0,...,n} = {0,...,s — 1}.

Let us observe that s; and &; can be found computably by recursion:
First, notice that sq is just s — 1. Then, given s;, we can find &; as the
unique ¢ < 7 that satisfies s; < s and s; £¢41 s. Then, we can find
si+1 as the greatest such that s;11 <¢ 41 s, because s;4; is the greatest
number in {s(§) : & +1 <& <n}.

The top line of the diagram in the statement of the lemma holds
because, by (&) applied to s;,1 < s; < 5, we get that s;,1 < 41 s; for
all 7 < k.

If r <, s, then we know r <, s(7y) and s(y) = s; for the least ¢ with
v <& 0

This lemma is usually used together with the following transfinite
version of Lemma [X.12.

LEMMA IX.20. Suppose we have a finite sequence of T-structures
Ao, ..., Ay, ordinals &y > -+ > & > &, and tuples a; € AN fori < 4,
such that

(‘Afa C_Lg) sz-ﬁ-l (Af—h df—l) S&—z—i-l tee
< (Aran) g (Ao, o).
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Then, there exists a tuple ¢ € A7N extending a, such that (A;, a;) <¢
(Ag, ) forall j < 0.

(A, ay) (Az—l,dgf) (417511) (Ao, ao)

CSQ\ _,7/?”__,7/@,”.

= 1

(Ag, 5).

PROOF. The proof is essentially the same as that of Lemma IX.12.
We repeat it, as we need to change the indices all over the place.

We will define a sequence of tuples ¢; € A]-<N extending a; by in-
duction on j. Start with ¢y = ag. Given ¢;, since (Aji1,a541) <¢11
(.Aj,t_lj) and (_lj - Ej, we have that (.Aj+1,6_lj+1) §§j+1 (.Aj,éj). Then,
by the defining property of the back-and-forth relations (namely Re-
mark IX.11), we get that there exists a ¢j11 D Gj41 € Affl such that

(Aj11,G541) >¢; (A}, ).

(A, @) <g,_y41 (Ae-1,80-1) Sgo o1+ Sgrpr (A1, @1) <gopa (Ao, @o)

~

R ~ . s
% < LN N
Iﬁ N, Iﬂ %, {1%1 Iﬂ Qw H
(Aner) >e, (Ar1.te1) e, - 2 (Ana) > (And)
One can then easily prove that
(.Ai, (_3z') ij (.Aj, C_Lj) for all 7 > 7.
We end up with ¢ = ¢, as needed. ([l

IX.6. The tree-of-structures theorem

In this section, we prove a version of the Ash—Knight’s pair-of-
structures theorem (Theorem VIIL.7) where instead of having two struc-
tures to choose from, we have a whole tree of structures. This new ver-
sion can be proved using the iterated true-stage method — as we will
see below — but cannot be proved using either the game metatheorem
or Ash-Knight’s n-system metatheorem.'" The reason is that, during
the construction, it requires guesses to oracles at all levels and not just
at the highest level.

We include it in this book because it is another good example to
show how iterated true-stage arguments work, and it is slightly more
involved than the previous argument. The tree-of-structures theorem
is the key lemma in [Mon16] to show that certain classes of structures
are on top for effective reducibility (as defined in Section XI.4) and
to give evidence that suggests that the classes of structures that are

""But one may be able to prove it using their mixed systems from [AK94a].
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intermediate for effective reducibility are exactly the counterexamples
to Vaught’s conjecture (see Section XII.3).
Fix a computable ordinal 7.

DEFINITION IX.21. Let 2°7 be the set of all binary sequences o € 27
with only finitely many 1’s.

Notice that 2°7 is countable and has a computable w-presentation,
as opposed to 27, which has size continuum for infinite 7.

DEFINITION 1X.22. We say that a sequence o € 2°7 is %7 ., if
deciding whether o(§) = 1 is X2, for all £ < #, uniformly in ¢, or in
other words, if there is a c.e. operator W,, such that o(§) =1 <=
0 e W, where T¢ is a A2, ,-Turing-complete real.

We call e a 3¢, -index for o.

The reason these sequences were useful in [Mon16] is that, for each

1 . . . . O
Yi-equivalence relation ~ on w, there exists a uniformly 3¢ . ; se-

quence {0, : n € w} C 2°" such that n ~ m <= o, [w{E = 0, JWIE.

We will not delve deeper than this in this book. Such sequences were
also used by Feiner [Fei70] and Thurber [Thu94] to build interesting
Boolean algebras and by Hirschfeldt, Kach, and Montalbdan [HKM] to
study the notion of low for A-Feiner.

DEFINITION IX.23. An n-tree of structures is a sequence of struc-
tures {A, : 0 € 2°"} such that, for every o,7 € 2°7 and £ < 7, we have
that

olé=11¢ = A= A

ExaAMPLE 1X.24. Here is an example of an n-tree of structures on
which one could apply the theorem below. Let A, be the linear ordering

wal'w*+wa2'w*+"'+wak'w*

where oy < -+ < a4 are the ordinals a for which we have o(a) = 1.
Using Corollary I1.39, it is not hard to see that if o [ £ = 7 [ £, then
Ay =¢41 A;. The results from [Mon16] would then allow one to show
that linear orderings are on top for effective reducibility as in Section
XI.4.

THEOREM IX.25 ([Monl4, Theorem 5.3]). Let {A, : 0 € 2°"}
be a computable n-tree of structures where the back-and-forth relations
are computable up to n. There is a computable procedure that, given a
ZgHgﬂ-mdeI for a sequence o € 2°", produces a computable structure
C isomorphic to A,.
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PROOF. Let W be a c.e. operator such that o(§) =1 < 0 €
W7, For each s, we will define a sequence 7, € 2°7 as the stage-s
approximation to o. For each v < 7, let n, be the natural number
that is in position ~ in the given w-presentation of 1. We define 7
computably as follows:

() =1 <= 0ewW” & s > ng.

Recall that, by our convention, when we consider a finite oracle p in
W?, we just run it for |p| many stages. Since ng < s for only finitely
many &’s, we have that 7,(£) = 1 for only finitely many &’s, so 75 € 2°7.
We note that if T} is correct and ¢ is large enough so that, for all &
with ¢(§) = 1, we have 0 € W and ne < t, then since all the T7
are correct, we must have 7, = ¢. In other words, 7, = o for all large
enough n-true stages t.

The construction consists of carefully choosing, at each stage s,
a tuple a; from A,. We impose the following condition, which we
call (MC) and contains a small modification from the main condition
of construction in the pair-of-structures theorem: For all £ < 7 and
r,s € N,

(MC) r Sf s & Ty ff = Ts ff = (Afraar) Sg (ATS,as>.

If r <, s and 7, = 7, we also require that a, C a,. One more thing:
To make sure our enumeration is onto, we also require that the range
of a, includes the first s elements from A, .. We claim that this is all
we need.

Verification: Suppose we manage to build such a computable se-
quence of tuples {a, : s € N} satisfying (MC). On one end, condition
(MC) for the case & = 0 implies that

Dy, (@) € Dy, (a1) € Dy, (az) C....

Hence, we get a computable limit w-presentation B whose atomic dia-
gram is the union of these diagrams:

D(B) = Da., (@,).
seN
On the other end, condition (MC) at £ = n implies that, along the
n-true stages, once 7, stabilizes to o € 2°", B is built as the pull-back
of an increasing sequence of tuples from A,. Thus, B ends up being
isomorphic to A,. Let us explain this in more detail. Let t; be an
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n-true stage that is large enough so that 7, = 0. Let ¢ <, t5 <) - -+
be the n-true stages after t,. We then have that

C_Ltogahgatgg”'ng’

and that D(B) = Uy Da, (@) Let g: N — A, be defined as |J; ay,.
So, B is the pull-back of A, through g, and hence it is isomorphic to
A,.

Notice that, so far, we have only used condition (MC) for the cases
¢ =0 and £ = 7. The intermediate cases will be necessary to bridge
the gap between those two during the construction.

Construction: We now need to show how to build a sequence of
tuples satisfying (MC). At stage 0, let ag be the empty tuple. Suppose
we have already built aq, ..., as_1 and that we need to define a.

Fix s. Let ¢ be the largest ordinal for which there is a stage t
satisfying

t<cs & 7 l(=1]C. (10)
Let ¢ be the largest stage satisfying (10) for this ¢. Our first objective
is to define a tuple b, that belongs to A,. The tuple b, will satisfy
that, for every £ < ( and every r < s,

r<es & 7. [&=7,1& implies (A, ,a,) <¢ (A, bs).  (11)
Thus, if at stage s we define a, satisfying
(Aitv 58) SC (Aisa ds)7

we will get property (MC). To define b,, we need to use Lemmas I1X.19
and 1X.20, as is often the case in constructions involving iterated true-
stage systems. The first lemma is used to restrict property (11) to only
a few values of r and a few ordinals &, and the second lemma will give
us by.

Apply Lemma IX.19 to get stages sp < sp_1 < --- <81 < Sp=5—1
and ordinals n =&, > &1 > -+ > & > & = 0.

Recall that we defined ¢ and t as the maximum pair ((,¢) such that
t<¢csand 7 [ ( =75 [(. Let £ <k be the least with ¢ < &. So, we
have that ¢t <. s,. This implies that, for all £ < ¢, Tf C ‘J'ge C 7% and
hence that 7;(€) < 7,,(€) < 75(€). ¥ Since 7 [ ¢ = 7, | ¢, we also get
that 75, [ ¢ = 75 [ (. By the maximality of ¢, we get that ¢t = s,.

For i < ¢, we have t = s, <¢; s; <¢, s, and hence by the same
argument we get that, for all £ < ¢&;,

7(§) < 7, (§) < 7(§) = ().

* Here we are just using the natural ordering on {0, 1}.
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In particular, for all ¢ < ¢, 7, [ § + 1 =7, [ § + 1. We will use this
below the claim to get that since we have been satisfying (MC) so far,
we have (ATsiH ) aS¢+1) §€¢+1 (ATsi?a5i>' B

Claim: To satisfy property (11), it is enough to get by so that

(Ar,,+as,) <¢ (A, b)) forall j <. (12)

Here is the proof of the claim: Notice that if r <¢ sand 7. [ { = 75 [ &,
then, first we must have £ < (, and then r <, s; for the least ¢ with
¢ < &. Since £ < (¢, we must have ¢ < /. Since 7, [ & = 75 [ &, we
must have 7, [ £ = 75, [ . Since we have been satisfying property (MC)
so far, we have (A, a,) <¢ (A, ,ds,). Since (A, ,as,) <¢ (Ar,bs),
we have (A, a,) <¢ (A, bs) as needed for property (11).

As we have been following (MC) so far up to this stage, we have

(Afsevd&z) Seat1 0 Sg4 (-Afslvd&) Séo+1 (ATso’a'SO)'

Apply Lemma IX.20 to this sequence of structures to get b, satisfying
(12) as in the diagram below:

(Are, @) <gp_yt1 -+ Segtr (Argy 5 Gsy) Seor (Argy )

\C o _’.__.7/“9

b)) < (An, i)

We can find the tuple b, computably because we are assuming that the
back-and-forth relations are computable up to 1. The last step is to
define @, € A:N satisfying (A, bs) <¢ (A,,,as). Since {A4, : 0 € 2°7}
is a computable n-tree and 7; [ ¢ = 7 [ {, we have A,, >4 A,,. We
can then get a, from the definition of the back-and-forth relation (see
Remark IX.11). By extending a, if necessary, make sure it contains the
first s elements of the given w-presentation of A, . This finishes the
construction of the sequence of tuples (a; : s € N) satisfying (MC). O

I1X.7. The proof of the game metatheorem

In this section, we use a complete n-true-stage system to prove
the game metatheorem (Theorem VIIL.2), which we already used in
Chapter VIII in a variety of applications. Here is the statement of the
game metatheorem again.

THEOREM (Re-statement of Theorem VIII.2). For every computable
valid strategy for the engineer in the n-A-game, there is a run of the
game where the engineer follows her strategy, the oracle answers cor-
rectly, and the limit w-presentation L is computable.
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We will first handle the successor case, where most of the ideas for
the proof are already present but the setting is a bit simpler. Recall
that in the (n+1)-A-game, the ordinals 3; played by the oracle can be
taken to be all equal to 7. Throughout this section, we assume 3; =7
for all j, and we forget about them. We will consider a new version of
the game that we call the simplified version. We will first show how to
obtain Theorem VIII.2 from the simplified version of Theorem VIII.2
and then show the simplified version.

DEFINITION IX.26. In the simplified (n + 1)-A-game, the engineer
does not ask Ag +1 questions. Instead, at stage j, the oracle always
plays J7(j + 1) at stage j, namely the (j + 1)st n-true stage.

Recall that J7 is A2 - Turing complete, so if the engineer had a
Ag 41 question in mind, she would eventually be able to figure out the
answer. Let us start by seeing how to transform the general version of
the game into an instance of the simplified version.

Proor orF THEOREM VIII.2. FROM THE SIMPLIFIED VERSION OF
THEOREM VIII.2. Let o be a computable, valid strategy for the en-
gineer in the (n + 1)-A-game from Theorem VIIL.2. We will build a
computable w-presentation for a limit structure obtained from a cer-
tain sequence by the extender where the engineer follows her strategy
o. The oracle will be answering Ag +1(£) questions along the way, but
we do not build £ until the end. The way around this is to use the
Recursion Theorem, which will allow us to assume that, from the be-
ginning, we have in hand an index ¢ for the computable limit structure.
Here is how the Recursion Theorem is used: The construction will use
a number ¢ as a parameter. So we are actually building a different
w-presentation L, for each ¢ € N. Let g: N — N be the computable
function such that g(¢) is the index for the atomic diagram of Ly, i.e.,
Oy = D(L;). We then use the Recursion Theorem to find a com-
putable index ¢y such that

¢£0 - q)g(go) — D(,C[O)

We will then only consider the case ¢ = {3, so we may assume
the parameter ¢ is an index for the very same computable diagram
we are building. For this to work, we must produce a computable
w-presentation L,, even if the /th computable function ®, is not total.

We will build a computable valid strategy & for the engineer in the
simplified (n + 1)-A-game, and we will do it uniformly in /. We will
do it in a way that, for every run of the simplified game following &,
there is a run of the original game following ¢ that produces the same
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limit structure. The simplified version of Theorem VIII.2 (which we
will prove below) will give a sequence of moves by the extender such
that, when we follow &, it will produce a computable w-presentation
Ly.

Here is how we define 6: Let I' be a computable operator such that
I'7"(e) is the answer to the eth A}, (®,) question. Let ¢’s first move
be the same as ¢’s: That is, let 6(()) = o(()). At each following stage,
¢ may either pass or emulate o, depending on whether or not the oracle
has given her enough information to answer the last Ag 41-question she
posed. At a stage j + 1, whether she passes or emulates o gets decided
as follows: Suppose that, in the simplified game, the extender has just
played b;, and the oracle so far has played the numbers Tj = (ry, ..., r;),
which in the real run of the game will be equal to J7 || j + 1. Let ji be
the last stage at which 6 emulated o — suppose it was the kth time
where ¢ emulated o. At that stage, o asked a A9]+1(¢>g)—question, say
er. I T7i(ex)T, let 6 pass, that is, let it play (i;j11, @j41) where 4,41 = i;,
and @, is any proper extension of b; in A, If I'Ti(eg)l, let 6 emulate
o and play the string that the strategy o would play if the extender
had played b; and the oracle had played nj, = I'7i(e;,) in the original
game. More concretely, let jg,...,7. be the previous stages at which &
emulated o. Let e, be the questions asked by ¢ at the r-th stage, and
let n, = I'%(e,). Then we let 6 output o({bj, 1,10, bjy_1,71, .., bj, 1))
at stage 7 + 1.

Simplified game

g io il ig
engineer | ag _, Dass a1 , Dass ao
extender bo b1 by b3
oracle 1 T r3 T4

Original game | ‘

o 10 i1 2

engineer | ag ai as
€0 PRS! 4 €2

extender by b3

oracle ng ny

FiGure IX.2. This is an example of how & is defined
in the simplified game using o for the original game. In
this example, T (eg) 1, T2 (eg)d = ng, [T17273) (611,
and {72737 (e1) | = ny, and hence we have that j, = 0,
jl = 2, and jg =4.

If we apply the simplified version of Theorem VIIIL.2 to the strategy
o, we end up building a computable w-presentation £. The diagram
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of L is total regardless of whether ®, is total and of whether we ever
get answers to the Ag +1(®¢)-questions e;. This is because if & ends
up passing from some point j; onwards, then the limit structure will
end up isomorphic to ‘Aijk' Thus, when /q is given to us by the Re-
cursion Theorem as above, we get that ®,, is total and is equal to the
diagram of the limit structure £,, we just obtained. Since o is a valid
strategy, all the A),,(®y,)-questions it asks converge, and hence, for
all k, T7"19+1(¢e;) converges for some large enough j. This means that
there are infinitely many stages at which ¢ emulates o, and we thus
get that for every sequence of moves by the extender in the simplified
game, there is a sequence of moves in the original game which gives us
the same limit structure. 0

PROOF OF THEOREM VIII.2. FOR THE SIMPLIFIED (7+1)-GAME.
Here is where the n-true-stage system comes into play. Suppose we are
given a strategy o for the engineer. We want to show that there is
a run of the game where the engineer follows o, the oracle plays the
n-true stages, and the limit structure is computable. To build this com-
putable limit structure, we will build a computable sequence of pairs
(is,as) with as € A;, that satisfies that, for all £ <nand r < s € N,

r <¢s implies (A, a,) <¢ (A, as). (MC)

In particular, we get that if s < ¢, then (A, ,as) <o (A;,,a;), which
means that Dy, (a;) € Dy, (a;). Hence, since the sequence ({is, as) :
s € N) is computable, so is the structure £ with diagram

D(L) = D (@)

To show that £ is the limit structure under some run of the game
following the engineer’s strategy o, we will show that if we restrict
ourselves to the sequence of n-true stages 0 <, t; <, to <, ---, then
the sequence (ig, ag), (is,, G, ), (ity, Qgy ), ... can be seen as the sequence
of moves by the engineer following o in a run of the simplified (n+1)-A-
game. That is, that there exists some sequence of moves by, , by,, l_)t3,
by the extender such that the following is a run of the game

engineer | g, ag Uy, Aty Uy, i,
extender btl bt2 btg
oracle t1 to t3

where, for each j, (i, ,,as,,,) is played according to the strategy o.
That is:

<itj+17 at]‘+1> - U(bt1 ) tla bt27 t27 ceey btj ) t]a btj+1 ) tj-i-l)'
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It follows that the limit structure of this run is the structure with

diagram
U D-Ait (@) = U Dy, (@)

teN seN
t n-true

which is computable as we mentioned above.

When we are at stage s, we believe we are at an n-true stage, so we
will define i, as using the strategy o as above. What we need to figure
out is how to define b,.

For each s, we will define a tuple b, that belongs to A;, for the
largest ¢ with ¢t <, s. (This is the tuple we will use as the move by
the extender.) The tuple b, will satisfy that, for every ¢ < n and every
r<s,

r<es implies (A, a,) <¢ (A, bs). (13)
Thus, if at stage s we define 75 and a, satisfying

(Ait7Bs) Sn (A’isaafs)a

we will get property (MC). To define by, we need to use Lemmas I1X.19
and 1X.20, as is often the case in constructions involving iterated true-
stages systems. The first lemma is used to restrict property (13) to
only a few values of r and a few ordinals £, and the second lemma will
give us by.

Apply Lemma IX.19 to get stages s < sp_1 < --- < 51 < 59 = 5—1,
and ordinals n = & > &1 > --- & > & = 0 as in the diagram below
and such that, for all » < s and v < n, if r <, s, then for the least i
with v < &, we have r < s;.

Sk -Sgatl Sk—1.Sg o1 0 Sat1 S1 Sge+l S0
....... SeSe “ AW | \g

Now, to satisfy property (13), it is enough to get b, so that
(A, ;) <g; (Ai,bs) for all j < k. (14)

Since we have been respecting (MC) so far throughout the construc-
tion, we know that

(Aisk76_1’8k) §§k71+1 (Aisk71 5 C_LSk,1> §£k72+1 . e
o §§1+1 (Aisl ) &31> §§O+1 (Aiso s C_lso)'

These structures satisfy the assumptions needed to apply Lemma IX.20.
We then obtain by satisfying (14) as the ¢ from the lemma. We can
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find the tuple b, computably because we are assuming that the back-
and-forth relations are computable up to n. The last step is to define
as using the strategy o for the engineer in the simplified game.

(Aisk ) ’_lsk-,).§_§_1_g71+l (Aisk,l ) ask—l) Segot1 g4l ("Aisl-’ (_131) <eot1 (Aiso ) aso)

......... e A
CQ‘I - Z

c o Ll
(b)) Sy (Aal)

Let 0 =19 <, r1 <, -+ <, 1; = s be the apparent 7n-true stages at
s, L.e., (ro,...,rj) = T7. Notice also that, for each ¢ < j, b,, was defined
so that it belongs to .Aite, where #, is the largest with ¢, <, ry, namely

ty =1ri_1. So, l_)w belongs to Aw_l. We then let

<i3,&s> = a(bmrl,bm,rg, ...,brj,T'j>.

That is, (is,as) is what the engineer would play in her (j + 1)st move
if she was following ¢ and the previous moves by the extender were
bryybrys s Brj and the previous moves by the oracle were ry, 79, ..., 7;.
This finishes the construction of the sequence of pairs (ig,as), and
finishes the construction of a computable structure £ with D(L) =
USEN DAis (&5).

Finally, to verify that it all works, we need to show L can also be
produced by a run of the game following o. Consider the sequence
0 <t <, ta <, --- of n-true stages. These are the stages at which
the oracle is playing the correct values. The following is a run of the
simplified (1 + 1)-A-game following strategy o

engineer | g, ag Uy, Aty Uy, i,
extender btl bt2 th
oracle t1 to t3

0

REMARK IX.27. Note that in this proof, the sequence of moves
played by the extender is computable in J7. Thus, J”7 can reproduce
the whole run of the game whose limit structure is the computable
structure built in the previous proof.

IX.7.1. The limit case. Let us now consider the game metathe-
orem for the limit-ordinal case. Now, the ordinals j3; played by the
oracle become relevant. Consider a limit ordinal A, and suppose we
have a complete A-true stage system. Recall that T%, the set of A-true
stages, is A%, ;-Turing complete, which is overkill for answering the
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AY-questions posed by the engineer. We need a way to find guesses for
a AY-Turing-complete set. We need a few definitions.
Let
(A[s] : s €N)
be a computable, non-decreasing sequence of ordinals below A, con-
verging up to A\. We define a new partial ordering <, on N:*

syt < S é,\[s} t. (Def Sl)\)

We say that ¢ is a <)-true stage if there is an infinite sequence t <
to <y t1 <yt Gy ---, and let 8 be the sequence of all <,-true stages,
listed in increasing order. Notice that <, implies <, and hence that
all A-true stages are <,-true stages.

LEMMA IX.28. A stage t is <y-true if and only if t is \[t]-true.

ProOOF. If t is Alt]-true and r > t is A-true, then ¢ <,j r and
hence t <) r. Thus t is <)-true, as witnessed by the same sequence as
r. Conversely, suppose that ¢ is <)-true and that there is an infinite
sequence t <y so Iy 51 Iy -+ . Since t <y S0 Sajg S1 o S2 <apy
--+, we have that ¢ is a A[t] true stage.

COROLLARY 1X.29. 8* = @,_, T*.

PROOF. When ¢ < ), we get T¢ <7 8, because s € T¢ if and only
if s <¢ t for the first ¢ € 8 with ¢ > s and A[t] > £ Conversely,
8§ <r @£<>\ T, because s € 8" if and only if s € T, O

It follows that 8* is A{-Turing complete. We can define our finite
guesses to 8 using the same idea as before:

8 = (s:5 <y t). (Def. 8))

We then have that ¢ is a <)-true stage if and only if 8} is an initial
segment of 8*. Also, s <y t if and only if 8} C §}.

We are now ready to prove the game metatheorem in the limit case.
Let us start by describing the simplified game. As in the simplified
game of the previous section, the engineer does not ask questions to
the oracle. Instead, at stage j, the oracle plays 8*(j).

engineer | ig, dg 11, 01 12, a9
extender b1 by
oracle 8M(1), \[8*(1)] 81(2), \[8(2)]

“To see that it is a partial ordering, notice that if s <y t <, 7, since
Als] < Alt], we have s <[4 7.
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As for the ordinals, the oracle plays 8; = A[8*(j)]. So, at each stage
J > 0, the tuple a; played by the engineer must satisfy:

(Ai;_1,05) <xsry (Asp, @)

The proof of Theorem VIII.2 from the simplified version of Theorem
VIIIL.2 goes exactly as the successor case on page 167, so we do not
repeat it.

Proor orF THEOREM VIII.2 FOR THE SIMPLIFIED A-GAME. The
proof follows the same format as the proof of Theorem VIII.2 for the
simplified game on page 169. We will not write all the details again,
and instead we just concentrate on the modifications.

Let o be a computable strategy for the engineer. We build a com-
putable sequence of pairs (is,as) with as € A;, that satisfies that, for
all r < s € Nand £ < A[r],

r<e¢s implies (A, a,) <¢ (A, as). (MC)

Notice that a difference is that we only consider £ < A[r]. We also
require that

r<\s & Pt(r<ayt<ys) implies (A; ,a.) <ajg (A, as).  (MCH)

That is, if 7 is the last apparent <-true stage at s, then (A;, , a,) <i[y
(A, as).

As in the proof of Theorem VIII.2, we will then get that the limit
sequence with diagram (J, D4, (@s) is computable. To show that this
structure is the limit structure under some run of the game following
the engineer’s strategy o, we will show that if we restrict ourselves to
the sequence of <Jy-true stages tg <) t; ]y t5 ), - - -, then the sequence
{11y, sy ), (T4y, A, ), (Ity, Gy, ), ... can be seen as the sequence of moves by
the engineer following ¢ for some particular sequence of moves by the
extender.

For each s, we will also define a tuple b, that belongs to A;, extend-
ing a, for the largest t < s with ¢ <0, s. The tuple b, will satisfy that,
for every r < s and every £ < A[r],

r<¢s implies (A, a,) <¢ (A, bs). (15)

Thus, if we then define i, and a, satisfying

(Ait7 bs) S)\[s] (Aisa &5)7 (]‘6)
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we will satisfy properties (MC) and (MC+)." We will define b, using
Lemma [X.20 and the following new version of Lemma 1X.19:

LEmMmA [X.30. For each s € N, there exist stages t < sy < sp_1 <
e <81 <sg=s8—1and ordinals A\ > & > & 1> & > & =0 as
in the diagram below satisfying the following condition: For all i < £
and all v with §_1 < v < &, we have that if r <, s thenr <, s;. Also,
for v with & < v < ], we have that if r <, s, then r <, t.

PLEAU Se1 S0 Sgoarl 0 Sae 851, Skt S0
RS S - \"[\

_______ Dy, S N g
--------- s

Furthermore, there is a stage w with t <\ u <¢,+1 s¢ and A[u] > & such
that there is no v with t < v <, u.

The existence of such w will be used later in our construction to
deduce the following:

(Aiﬂ at) Seott (*Aiszvase)' (17)

Proor. Consider stages sp < --- < s9 < s and ordinals A = &, >
s> & > & as in Lemma 1X.19. Let ¢ be the largest number with
t <y s. Since s, <) s, we have s, <, s, so s <, t. We do not need to
use the whole sequence. Let £ be such that

Spp1 St < sp.

Suppose now that we have r <., s and v < A[r]. We know from Lemma
IX.19 that r <, s; for the least ¢ with v < . If v < &, then ¢ < /.
Suppose instead that v > &. Then we must have that ¢ > ¢ and
r < s; < spp1 <t Since r < t, we must have A[r] < A[¢], and hence
v < Alt]. Since t <3y s and r <, s, we can use (o) to get r <, t.

Let us now prove that a stage u, as in the last sentence of the
lemma, exists. We consider a couple of cases.

Case 1: If \[t] > &, then we have t <41 s. Then, by (&) applied
tot < sy <s, we have t <¢,41 sp and we can let u = ¢.

Case 2: If A[t] < &, then (o) applied to t < s, < s gives us
t <a[g se¢, and hence ¢t < s,. We split this case in two cases.

Case 2A: If there is no r with t <y 7 <) sy, then we let u = s,.

The reason that A[s,] > & is that, on the one hand we have s, <¢, s,
and on the other, since s, Ay s, we have sy £y[5, s.

T To see why we get (MC+), notice that since ¢ is the largest stage with <y s,
we need to have that (A;,,a;,) <iis) (Ai,,as). This follows from (A;,,bs) <[
(A;.,as) because by D @;,.



IX.7. THE PROOF OF THE GAME METATHEOREM 175

Case 2B: Otherwise, let u be the least with ¢ <, u <y s,. We
cannot have A[u] < &, as otherwise u <,p; s¢ <) s, and hence
u <y s, contradicting that ¢ was the largest with ¢ <'s. So Au] > &.
Then, since u <y sy, we have u <¢, 1 5. O

The reason we get (17) is that, by (MC+) and (MC), we get
(Ai, @) <apy (Ai, @u) g1 (Ai,s as,)-
We now apply Lemma [X.20 to the sequence
(Aitadt) et (-Aisevdw) S+l Sa (Ai517a81) Séo+1 (Ais(J»aSo)

to get b, € AN satisfying (15) as in the diagram below.
The last step is to define a using the strategy o for the engineer in
the simplified game.
(Ais @e) Sgpr1 (Ais,,@s,) Sep a1 Sen (i 8s1) Seott (Aig s Bso)

..:::‘(Ait: BS) S)\[s] (J‘llg 3 a's)
Let 0 = 19, ...,7; = s be the apparent <)-true stages below s. Note

that 8 = 82 <. We then let

(is,as) = (bpy, 71, Alr1], oo bry, 75, A1)

That is, (is,as) is what the engineer would play in her (5 4+ 1)st move
if she was following ¢ and the previous moves by the extender were
bryy by ..., Erj and the previous moves by the oracle were ry,...,r; and
the ordinals 3; = A[r;]. Notice that §; = A[s|, as the last element
of 8 is 82(j) = r; = s. So, the move by the strategy o satisfies
(A, bs) <aig (Ai,, @) as needed.

This finalized the construction of the computable sequence {as : s €
N}, and we get a computable structure £ with D(L) = (J, D, (as).
To verify that it all works, we need to see how L can be obtained as
a run of the game following o. Consider the sequence t; <) to < - --
of <j-true stages. We get that the following is a run of the simplified
game following o

engineer | g, Gg Uty , Oty Uty, G,
extender by, by,
oracle t1, \[t1] to, A[to]

It follows that the limit structure of this run of the game is the com-
putable structure with diagram |J, D, (as). O
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REMARK IX.31. The sequence of moves played by the extender is
computable in 8*. Thus, 8* can reproduce the whole run of the game
whose limit structure is the computable structure built in the previous
proof.

HisTORICAL REMARK IX.32. The first ones to carry out an iterated
true-stage argument at a limit level were Csima and Harrison-Trainor
in [CHT17]. The way we handled the limit case here is different from
theirs.

IX.8. Complete w-true-stage systems

We defined systems of n-true-stages for n € N in Section [X.2 by
iterating the global ordering < on the sequences of (n — 1)-apparent
true stages. We recommend the reader to review the proof of Theorem
[X.9, as we will build upon those ideas. The limit case poses some
extra difficulties. Let us start with the first limit ordinal, w, and define
<, so that we can see some of the issues that come up and how we
solve them. We will consider larger limit ordinals in the next section.

The continuity condition (TS3) should tell us immediately how to
define <,: It is the intersection of the orderings <, for n € N. There
are some problems, though. First, that intersection may turn out to
be empty; second, even if non-empty, it might not be computable; and
third, even if there are infinitely many w-true stages, they may not be
AY | complete. To solve these problems, we will need to modify the
definitions of the relations <,, from Section IX.2 a little bit.

At first glance, the intersection of the relations <,, for n € N is 1%
and not necessarily computable. Let us start by defining the diagonal
intersection <, as follows:

s<4,t < s <, t.

This ordering is computable. Notice that this is a special case of the
ordering <, defined in Section IX.7.1 taking A = w and w[s] = s.

We say that a stage t is <, -true if there is an infinite sequence
t <, t1 <, ta d, - -+ starting with . We let 8“ denote the sequence of
<,-true stages and define its approximations as

8¢ = (s:5D,t).

Notice that 8% C & if and only if s J,, ¢.

We will see in Lemma IX.37 below that after modifying the or-
derings <,,, the sequence of <,-true stages, 8, is non-empty and is
Turing-equivalent to 0“). The w-true stages should have Turing de-
gree 0+ though.
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DEFINITION IX.33. We define
s<,t <= 8y <8;.

Now, using the results from Section IX.1, from the sequence of w-
true stages, 7%, we will be able to compute Jg., and hence T« will have
degree 0“*1) as needed. We now need to modify the definition of the
relations <,, for n € N to ensure that there are infinitely many <-true
stages and that <., as defined above, coincides with the intersection
of the relations <,, for n € N.

Suppose we have defined <,, and we want to define <,,.;. To each
s, we associate two strings, ‘J'? and 8“1 the first with numbers above
n and the second with numbers below n. The former plays the same
role as the string T7 we used in Section IX.2 but with a small modifi-
cation (due to Greenberg and Turetsky [GT22]) needed to ensure the
existence of infinitely many <,-true stages.

Tr=(t:n<t<,s)=T"N[n,s).

Notice that we still have that s <, t = ‘j';‘ C ‘j'f.

We use 81" to approximate 8 and get continuity at level w. The
idea is that 8%I" is the longest initial segment of 8 we can calculate
using only the relations <,,, for m < n. We define it as follows:

8l = (t <mn:t <, s)=8YN[0,n].
Notice that we have that s <, t = 8" C Sf”".
DEFINITION 1X.34. We then define
S <ppit = s<,t & T'T" & 8§Ingsm

Let us analyze this definition carefully. Suppose s <, t. If s > n,
then

S=(r:ir<n&r<, s)=(r:r<n&r<,t)=8",

so we get 891" g 81" trivially. If s < n, then ‘TQ = (), so we get
J7 KT} trivially. Therefore, we can split the definition of s <,,4; ¢ into
two cases:

T g JT if s >n
seln g 821" if s < .

s§n+1t<:>s§nt&{ (*)
Now that we are done with the definitions, we are ready to prove

the main theorem of this section:

THEOREM IX.35. The orderings {<¢: & < w} form a complete w-
true-stage system.
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Let us start by proving the continuity condition (T'S3). It essentially
follows from the fact that for all large enough n, namely n > ¢, we have
81" = 8.

LEMMA [X.36. For all s < t, the following are equivalent:

(1) 82 <85
(2) s <, t foralln € N.

PROOF. For the (2)-to-(1) implication, suppose s <,, t for alln € N.
For all n > t, 821" = 8% and 8" = 8¥. Since s <, t, we get that
8¢Im g 8¥1" "and hence 8 < 8.

For the (1)-to-(2) implication, suppose that 8¢ < 8. This implies
that s <, t, and hence that s <, t. We will show by induction that for
all n > s, s <, t. By the observation above, when s < n, we have that
§<pt = s<,tA8I" S‘t"”n. Notice that

_ I
8¢In — 8% and 81" C 8%,

So, 8¢ g 8% implies 81" g 81" by (&). It follows that s <,,; t <=
s <, t for all n > s. By induction, one can then prove that s <, ¢ for
all n. O

Thus, defining s <, t by 8¥ 87 as we did above, we satisfy the
continuity condition (TS3).
Next, we need to show that there are infinitely many <,-true stages.

LEMMA IX.37. Assume that for every n, there are infinitely many
n-true stages.

(1) There are infinitely many stages s which are s-true.
(2) s is an <, -true stage if and only if it is s-true.
(3) 8 =1 B,y T"-

PROOF. For the first part, pick a number n, and let s be the least
n-true stage greater than or equal to n. Let r be an s-true stage greater
than s. We will show that s is s-true by showing that s <, r. Since r is
also n-true, we know s <,, . We use induction to show that s <,,, r for
every m with n < m < s. Recall that for m < s, s <,,, r if and only if
5 <pm—1 7 and ‘.T;” < ‘J';” . Since there are no n-true stages between n and
s, for no ¢t with n <t < s do we have t <, s. It follows that T% = ().
Actually, 7™ = (), and hence T™ < T™ for all m > n. It follows that,

S
for all m with n < m < s, we have s <, 11 r <= s <,, r. That gives
us the induction step needed to show that s <, r.
For the second part, note that the stages s which are s-true form
an infinite <, -increasing sequence. To see this, observe that if we have

s < t, with s s-true and ¢ t-true, then s <, ¢t and hence s <, t. So, they
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are all <,-true stages. Conversely, suppose that s is a < -true stage.
There is an infinite sequence s <, t; <, to <, ---. In particular, we
have s <, t; <;ty <;---, and hence s is an s-true stage.

For the third part, it is clear from (2) that 8 <p @, .yT" as
s € & if and only if s € T°. For the other reduction, given n and s,
we can tell if s € T as follows: Look for r € 8“ greater than n and s.
Then, since r is r-true, and in particular n-true, s is n-true if and only
if s <, r. O

We have shown that <, behaves the way it should. We still need
to verify that the new relations <,, form an w-true stage system. Con-
ditions (TS0) and (TS1) hold trivially. We already verified (T'S3). For
(TS2), we have already verified that there are infinitely many w-true
stages, assuming that there are infinitely many n-true stages for every
n, which we have not verified yet.

LEMMA IX.38. There are infinitely many n-true stages for every
n € N.

ProoFr. All stages are 0-true. Suppose we already know that there
are infinitely many n-true stages. Let X be the increasing sequence of
all n-true stages that are greater than or equal to n, i.e., X = J". From
Section IX.1, we get an infinite sequence of finite increasing substrings
of X which are X-true substrings:

<o xX.
In other words, Ty = ((), 00,01, --). Let s; = max(o;). Notice that

s; <p S;11 for all 7 just because they belong to Jn. Furthermore,

siv1 - Ji

Recall that for s > nand s <, t, s <,;1 t < ‘i’f} < ‘j“f. Since

TR,

these are all (n + 1)-true stages. O
This finishes the proof of (TS2).

LEMMA IX.39. T« =, 0lwt1),

and n < s;, it follows that s; <, 11 s;41 for all ¢, and hence

Proor. Continuing with the ideas from the proof of the previous
lemma, in particular, we get

Ty ={T":s €T},
and hence (‘J'”)’ =r Jx =7 gl So, we get by induction that each

J" is Turing equivalent to 0. Since T" and T differ only on finitely
many elements, T is also Turing equivalent to 0. Furthermore, this
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Turing equivalence is uniform in n, as s € J" if and only if s <, ¢ for
the first t € 7" with s < t. This then implies that 8 = 0“), and by
our comment right after Definition 1X.33, T% =, 0«1, O

LEMMA IX.40. The relations <,, satisfy ().

Proor. We use induction on n. Consider t < s < r, satisfying
t <,41 r and s <, r. By the induction hypothesis, since ¢t <,, r and
s <,_1 r, we get that t <,, s. In the case n = 0, this is immediate.
Since t <, 41 r, we have that

TERTE A S xS,
Since s <,, r, we have that
TICTr oA S,
Using (&) for <, we then get
TSI A S s
as needed to show that ¢t <, s. O
This finishes the proof of Theorem 1X.35.

IX.9. The full construction

Fix an w-presentation of a large computable well-ordering £. The
objective of this section is to prove Theorem IX.18, that is, to define
relations <, for { € £ that form a complete L-true-stage system. Many
of the ideas of the construction were introduced in the previous section,
except that now, the chosen w-presentation of the ordinals becomes
relevant, we have lots of limit ordinals to worry about, and the proof
becomes more complicated. The construction of this section is self-
contained, but it is quite technical and working through the previous
sections will help the reader have a better intuition.

This theorem was first proved in [Mon14, Lemma 7.8], using ideas
from Marcone and Montalbén [MM11]. A different construction was
later given by Greenberg and Turetsky in [GT22] which simplified
it greatly. The proof we give here is new. This new construction
incorporates ideas from all those papers [MM11, Mon14, GT22], as
well as a new way of dealing with the limit levels.

The domain of £ is the set of natural numbers, so its elements are
numbers. We will sometimes think of the elements of £ as ordinals and
sometimes as natural numbers. To emphasize this, we will use Greek
letters (, &, 7, A\, kK when we think of elements of £ as ordinals, and we
will write n, for the natural number corresponding to the ordinal v in
this fixed representation of £. Then, for instance, if we write v < A, we
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are comparing them as ordinals in the ordering of £, while if we write
n~, < ny, we are comparing them as natural numbers.
To each non-zero ordinal \ € £, we assign a fundamental sequence:
For s € N| let
Als] =max{{:{ <\ & ne < s}

It is not hard to see that (A[s] : s € N) is a non-decreasing sequence
and that, when A is a limit ordinal, converges up to A:

sup A[s] = A.

seN
To see this, just notice that, for each £ < A, A[ng] > . When A is
a successor ordinal, we get a non-decreasing sequence that eventually
stabilizes at A[s] = A — 1, namely from s = n,_; onwards.

LEMMA IX.41. Let s,t € N and v, A € L~ {0}.

(1) If s <t and v < A, then [s] < \[t].
(2) If M[t] < v < A, then (Vs <t) y[s] = A[s].

PROOF. For the first implication, just notice that you are taking
a maximum of a larger set. For the second one, it follows from the
definition of A[t] that, for every & < A with ne < t, we have £ < A[t],

and hence £ <. So, thesets{§ E< A & n§<s} and {£: €& <~y &
ne < s} are the same.

IX.9.1. The main characters. Let us start by informally de-
scribing the main characters in the construction. The full, formal def-
inition will be in the next section, where we will define various objects
by simultaneous recursion.

For each ordinal &, we will define two orderings <, and <, on N.
As we will see below, <¢ will be defined using diagonal intersections of
the orderings <, for { < &:

S ﬂg t <~ S ég[s] t.

We use T¢ to denote the sequence of <¢-true stages and 8¢ to denote
the sequence of J¢-true stages. We will show that

8§ =r @‘J{ and T* =1 (8%)
E<A
uniformly in A. This will then imply that 8 is AJ-Turing complete,
and T* is A, ,-Turing complete.

To define <, from <, the first idea would be to let s < ¢ if and
only if 8¢ 5 8¢, where 8¢ is the stage-s finite approximation to $¢. As
we already saw in the case for w, this will not work well. We need two
modifications. First, instead of using 8¢ we will consider the strings Sg,
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where we only consider numbers above ng and we do not include the
top element s. That is

8¢ = 85N [ne, ).

Second, when defining <., we will also look at segments of Sg for k > £.
We will only consider the initial segment of 87 that can be computed

from 8¢, a segment that we will call 8%1¢,
Let us now make all these definitions in more detail.

I1X.9.2. The formal definition. We will define the family of par-
tial orderings <, and families of stings Sf € by simultaneous effective
transfinite recursion on £&. We will need to develop the diagonal or-
derings <¢ before we motivate the definition of Sf <, So, for now, let
us just say that, to each t € N, £,k € L, we associate a finite string
$71¢ € N<N and that the definition of 8F'® uses only the relations <c
for ¢ < €. The format of the definition of <, should be thought of as
follows: given &, we associate to each ¢t € N a family of finite strings
{871¢ . ke £,¢ < ¢}, and we let s <¢ t if the strings associated to s
are -below the strings associated to t.

For ¢ = 0, we have 8¢ = (). Also, in the lemma below, we will use
that if g;‘“f is a proper initial segment of égff, then t < s.

DEFINITION IX.42. Given s <t € N and £ € L, define
s<ct = (Ve L)(V¢<E) 8MC g8 (Def. <¢)

Without trying to make sense yet of what the strings Sf < are, just
by knowing that their definition depends only on <, for ¢ < &, we
know that the transfinite recursion in the definition of <, works. We
will see how to make this definition effective later, by noting one only
needs to consider finitely many comparisons of the form ggrc < Sf < in
the definition above.

It is clear from the definition that the relations <, are nested, that
is, that if £ <y and s <, ¢, then s <¢ t. Observe also that s <ot <=

s <t as 8% = () for any k.

LEMMA IX.43. For each & € L, <¢ is a partial ordering which
satisfies the following property:

‘v’s,t,réN(sStggré(sggt(:)sggr)) (o)

PROOF. The reflexivity property of partial orderings is obvious
from the definition. The anti-symmetric property of partial orderings
follows from the fact that s <, ¢ implies s < ¢. Transitivity follows from
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the transitivity of . For property (¢), the (=) direction follows from
transitivity. The (<) direction is straightforward from (&) applied to
the strings 8%1¢ C Sfrc C 8rI¢ for each x and ¢ < €. U

IX.9.3. The diagonal orderings. We define another family of
partial orderings, <, for £ € £, which are the diagonal intersections of
the <,’s.

S ﬁg t < S SE[S] t. (Def Slg)

Notice that if £ is a successor ordinal, then <, coincides with <. ;
from some point on, namely from s = ne_; onwards. The orderings
<¢ become handy when £ is a limit ordinal, and they will help us deal
with the continuity condition (TS3).

LEmMMA IX.44. (1) Each relation ¢ is a partial ordering on
N.
(2) The relations <¢ are nested, that is, if ¢ <~ and s <., t, then
S Slf t.

(3) The relations ¢ satisfy the continuity condition. That is, if
A is a limit ordinal, then

st <= (V&< A) s <t
(4) The relations <¢ satisfy the following property:
(Vs<t<r)s<Ler&tder=s<t. ()

PROOF. For (1), the anti-symmetric property of partial orderings
follows from the fact that s <, ¢t implies s <, t. The reflexivity property
is obvious. For transitivity, if we have s <¢ ¢ <J¢ 7, then s <¢pq t <¢p 7,
and since £[s] < [t], we get s <¢y r by Lemma IX.41(1).

For nestedness, recall from Lemma IX.41(1) that £ < « implies
§[s] < 7s], and hence s <5 t implies s <¢q t.

For (3), the (=) direction follows from nestedness. For the (<
direction, recall that if £ is strictly in between A[s] and A, then {[s| =
Als] by Lemma IX.41(2), and hence s <\ t <= s <, t.

Part (4) follows from (o) for <g[y. O

DEFINITION IX.45. We say that ¢ is a <¢-true stage if there is an
infinite sequence ¢ <¢ &y < t2 <¢ t3---. We let 8¢ be the sequence of all
<¢-true stages listed in increasing order.

The existence of d¢-true stages is not obvious, and we will prove it
later. We will also show that 8¢ is Ag—Turing complete. But let us not
get ahead of ourselves and let us now consider the finite approximations
to 8¢.

8§ =(s:5<ct). (Def. 8%)
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Observe that ¢t < r if and only if Sf C Sﬁ. The symbol ‘C’ here
refers to inclusion of strings.

For limit ordinals ), one can show that 8} is the limit of 8% for
¢ < \. Furthermore, 8} and Sf coincide on longer and longer initial
segments as £ converges up to A. They will coincide on all entries s
which satisfy A[s] = £[s], as we would then have s <\ t <= s < t. It
will be useful to give a name to the first s where that does not happen.

DEFINITION IX.46. For &, )\ € L, define
mpeny = min{ne : £ < ¢ < A}
If £ > A, we let m ) = +00.
LEMMA IX.47. For & < A,
mpeny = min{r € N: A[r] > {} = min{r € N : \[r] # {[r]}.

PROOF. Let ¢ be such that my ) = ne. So, § < ¢ < A, and the
value of n¢ is least among all such (’s. On the one hand, for r = n¢,
we have A[r] > ¢ > & > £[r]. On the other hand, for r < n¢, the sets
{y <X:n, <r}and {y < &:n, <r} are equal, because by our
choice of ¢, if n, < n¢, then either v < £ or v > A. So, A[r] = ¢[r] < &.
So, 7 = n¢ is the least number satisfying A[r] > &, and also the least
number satisfying A[r] # £][r]. O

LEMMA [X.48. For £ < X andt € N,
8} N[0, mie ) = 85 N[0, mie )
PROOF. For s € [0,m ), we have {[s] = A[s], and hence s <
t <— s <, t. O
This lemma motivates the following definition: Let
816 =8} N[0, me ). (Def. 81%)

By the lemma above, 8;' = 8;N[0,m ). The idea behind 8,'* is that
it is the longest initial segment of 8) that we can define using only 8.
The strings S;\ € are similar to the stings we used in Definition 1X.42.
We still need to modify them a little bit though to ensure that we
actually get infinitely many <,-true stages at limit levels. To do this,
we use the Greenberg—Turetsky trick we used in the previous section
of considering only a segment of 87. Define

85 = (r:n., <r<t), (Def. 8F)

or, equivalently
S =87 Nng,t).
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As in (Def. S?M), we can define gfrg to be the longest initial segment
of 8f that we can define using only the relations <, for ¢ < §. Let

gfrg = 8? N[0, me ) = 8F N [, min(t, mg ).

Recall that, to ensure that the transfinite recursion in theodeﬁnition of
<¢ works, we promised right before Definition IX.42 that 8 € could be
defined in terms of relations <, for ¢ < . To make this obvious, we
can rewrite its definition as follows:

S —(reN: k[r]<¢ & n.<r < 1) (Def. 8516
It follows from Lemma IX.48 that, when £ < k,

$rle = 8¢ n [, min(t, Mg )).

When & > &, gfm = Sf

LEMMA IX.49. Considert <r € N and £ € L.
(1) Ift <¢ r, then Srle C gl
(2) If t <¢ 7 and Migw) < 1, then S?E = Sofrf.
(3) If ¢ < € and 8F1€ K 8F'¢, then 851C g 8FI°.

PROOF. For (1), first notice that ¢ < 7 implies 8; C 85. If k > €,
then

8¢ = 85 N [n,,, min(t, Mier))) S 85 N [, min(r, mye vy )) = Sy,

If K <&, we have t <, r, and gfrg = Sf C Sf = Sfrg.
For (2), let us first observe that since my ) # 400, { < k. Recall
that

§F¢ = (seN:s e t, n, < s <min(t, mg,)), and
§5¢ = (seN:s e, nye < s < min(r, meg ).
Since t ¢ 7, we have from (¢) in Lemma IX.43 that s ¢ t <= s <
r. Sinc? Mg,y < t, we have min(t, mye x)) = Mye ) = min(r, mye ). So,
SrlE — Sgﬁf )
S

For the third part, first we observe that 8¢ g 8¢ implies $1¢ C
8r¢ which implies 8Kl C 8F <,

There are two cases to consider. If  is such that my ) < s, then
8%1¢ and 8} are both equal to 8% N [n,, M), and then 8¢ g 87'¢
holds trivially.

If  is such that s < myc ) < my,), we have 8% = 8¢1¢ = §rl¢,
Since 8¢ C 8¢, we can apply () to the triple of strings 8%¢ =
8516 C 871¢ C 8¢ to get 8FI¢ g 8. O
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Using the third part of the lemma, we can improve Definition 1X.42
slightly and write:

s<et = s<t & (Vel) 88 (Def. <)

- To see tlgat tlle definition is effective, notice that if n, > s, then
8% = () and 87 <8} holds trivially. So, in (Def. <¢), we only care about
the finitely many x’s with n, < s, making that definition effective.
The whole definition can then be carried out by effective transfinite
recursion as in Section [.4.1, and thus we get that the Sf ' and s <ct
are uniformly computable in &, &, s, and .

The following lemma provides an equivalent way of defining the <
relations that will be useful in the verifications.

LEMMA IX.50. If s > ng, then
s<et <= st A 88,
and if s < ng, then
s<et = st A (Ve >E) 816 g 8FIE,

PROOF. By nestedness, s <¢ ¢ implies s <¢[, ¢, which implies s <
t. The (=) direction is then clear in both cases. Let us prove the other
direction. Assume the right-hand side and fix kK € L — we want to
show that $%1¢ < 8¢,

For k < £[s], we have §%1€ = 8% = §51¢11 and §F1¢ = §r = itk
Since s <¢ t, we have s <g ¢, and hence grislsl ¢ 5?5[8]
Srle g 851,

For r with {[s] < k < &, we must have s < n, (as otherwise we
would have £[s] > & by the definition of n,), so 8¢ = () (by the
observation after (Def. <)) and 8r1€ g 851 holds trivially.

For r = &, 851¢ = §¢. So, the top case gives us 8*1¢ g 8¢ for free,
S5 = () and 8516 g 81

, and hence

and in the bottom case, since s < ng = n,, 8%
holds trivially.

For k > &£, the bottom case gives us ég% < Sf € for free, so suppose
we are dealing with the top case and s > n¢. Noting that nge > mye ),

part (2) of Lemma IX.49 tells us that 8516 = 8¢, So, §#1€ g 851 holds
trivially. 0

IX.9.4. Verifications. So far, we have shown that {<: { € L} is
a computable nested family of partial orderings. We are still missing
property (), continuity (TS3), the existence of true stages (TS2), and
completeness (i.e., that T¢ is Ag +1-Turing complete).
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LeEMMA IX.51. The relations <¢ satisfy (). That is,
(Vs <t < r)((s e r&t<er) = s<egn t).

PROOF. This is just a corollary of (&) for . Here are the details.
Suppose we have s, t, and r satisfying s <gyy r & t <¢ r. Then, for
every k, we have égFfH < Q?FHL Also, since t <¢ r implies ¢ ¢ iq T,
we have 87T C §#16+1 by Lemma IX.49(1). By (¢) of Lemma IX.43,
we also have s <¢ ¢, and by the same argument $51¢+1 C §FIE,

<

gg(ﬁ—i-l c gffﬁﬂ c S?[E-&-l

By (&) for <, we get é’;rﬁ‘ﬂ < gfff-‘rl‘ -

LEMMA IX.52. The relations <, satisfy the continuity condition.
That s, for every limit ordinal A\ € L,

s<(t = (V<) s<t.

PRrROOF. The (=) direction follows from nestedness.

For the (<) direction, consider any & strictly in between A[t] and
A. Then mp ) > t, as otherwise we would have A[t] > A[m ] > &
Pick any x € L. Let us consider two cases. If t < my ), then we also
have t < myy ), because my ) < m[,\y,.i).i If £ > mpe ), then m ) =
M k), because mye .y = n,, for some v that cannot be in [£, A), because
£ > AN[t] > A[ny] > 7. In either case, min(t, mpy .)) = min(t, m ). It
follows that, for all r, 8™ = §71¢. The same holds for s. So, s <¢ t
implies s <, t. U

To show that the relations <, form an L-system of true stages, we
need to show that there are infinitely many &-true stages for all £&. We
start by showing that there are infinitely many <¢-true stages for all
¢ € L. The proof is by transfinite induction. For & = 0, all stages are
O-true.

LEMMA IX.53. Suppose that there are infinitely many &-true stages
for all &€ < \. Then there are infinitely many <\-true stages.
Furthermore, 8* =¢ ®E<A TE uniformly in \.

ProOF. When X is a successor ordinal, this holds because <, co-
incides with <,_; for all s > n,_;.
Let A be a limit ordinal in £. We make the following two claims:

¥ For £ < \ we have Mie,x) < M) x) because m ) is a minimum taken over a
larger set than my ).
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(1) There are infinitely many stages s which are A[s]|-true.
(2) Those are exactly the <)-true stages.

Let v be an ordinal in the fundamental sequence of A\, meaning that
7 is of the form A[sq] for some sg. If we choose the least such sy, we
get sop = n,. Suppose also that « is such that n, > n,. Let s be the
first 7-true stage that is greater than or equal to n, — we claim that
s is A[s|-true. Since we are starting above any v with n, > n, in the
fundamental sequence of A, this will imply (1).

Let t > s be A[s]-true. Since both s and ¢ are y-true, we know that
s <, t — we need to show that s <, t. We will prove that s <t by
induction on £ with v < & < A[s].

Pick € with v < £ < A[s] — we want to show that s < ¢ assuming
s <; t for all 9 < £. By the induction hypothesis, we know that s < ¢.
For k < &, we get 85€ g 8¢ just because s <, t. Consider x with
¢ <k < A. Then n, > sg, as otherwise we would have k < A[sg] < &.
Since s is the first y-true stage after n,, there are no stages r with
n, < r <, s. So, we have no r’s with n, < r <, s (notice that
k[r] > 7). Therefore, 8% = (). So, we get 8516 g 851¢ trivially.

Suppose now that £ > A. Then my¢ ) < ny < n, < s. Since s ¢ 1,
we get 8516 = 851¢ from Lemma IX.49 (2). So, again, we get 85/¢ g 8¢'¢
trivially.

This finishes the proof of (1). For (2), notice that if s is A[s]-
true and ¢ > s is Aft]-true, then s < t, and hence s <, t. So, the
infinitely many stages s that are A[s]-true form an infinite <)-increasing

sequence.
Conversely, suppose that r is <)-true and that there is an infinite
sequence 7 Iy 59 Iy sp Iy -+ Since 7 <y So Sap S1 Sap] S2 <ap

.-+, we have that r is a A[r] true stage.

Let us now prove that $* = D T¢. We have T¢ <, 8* because
s € T¢ if and only if s <, t for the first t € 8 with t > s and A[t] > &.
Conversely, 8* <p @,._, T* because s € 8" if and only if s € TMsI as
in Claim (2). O

LEMMA IX.54. Suppose that there are infinitely many <,-true stages.
Then there are infinitely many A-true stages.
Furthermore, T* =¢ (8*) uniformly in .

PROOF. Recall that §* = (s € 8 : s > my). First, let us notice
that 8* = 8* uniformly in A because they coincide above n, and, for

both sets, once you know an element, you know all the elements below
it.
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Let
to Inty Iate Iy -
be the sequence of all <,-true stages that are greater than or equal to
ny. So, 8§t = (to,t1,ta,--+). Notice that Sf‘ =8N [0,t;). By Lemma
[X.50, among these stages we have

ti<at; <= SL<8).

Let X = 8*, and let 0p < 01 < --- C X be the X-true sub-strings of
X. Let s; = max(o;). We then have that o; = ég\m, and hence that
S0 <x 81 <) ---. So, the s;’s are the A-true stages.

To show that T = (8*)', the reader might have guessed that the
reason is that

T =7 Ty

To see this, we have that ¢ € T if, for the first o € T3, with ¢ < max(o),
we have ¢ <, max(c). Conversely, o € J;, if, for the first s € T* with

s > max(c) and s > ny, we have 0 = 8. O

LEMMA IX.55. For every A € L,
o 8* is AS-Turing complete.
o T* is A}, -Turing complete.

PROOF. From the previous two lemmas, we get that, for all A € L,
$* =1 (Ps*).
£<A

All these Turing equivalences are uniform in \. We can prove by trans-
finite recursion that 8* is A}-Turing complete and J* is AS, ;-Turing
complete uniformly in A.






CHAPTER X

Iterating the jump of a structure

We introduced the notions of jump of a relation and jump of a
structure in [Part 1, Section ??] and [Part 1, Chapter IX]. With all
the tools we have developed so far, we can now easily iterate these
notions through the computable ordinals and prove the basic results
about them. .

Kleene’s complete r.i.c.e. relation KA was defined by putting to-
gether all ¥$-definable relations ([Part 1, Definition ?7]).

DEFINITION X.1. We now define the complete r.1.-X¢, relation Ré
on a structure A by putting together all X¢-definable relations:

KA = {(i,0) : A | @75 (b)) C N x AN,

where gpfj (Z) is the ith -3¢ -formula with j free variables as in Section

III.2. It will also be useful to consider the complete r.1.-X$ , relation

R“éa by putting together all 3¢ -definable relations:

K, = {(i,0) s A g5 (B)} ©N x AT,

where gpi ;?" (Z) is the ¢th 7-X¢ -formula with j free variables.

Notice that if « = § + 1, then Réa is essentially the same as Rg‘,
up to some computable permutation of the columns.

The jump of a structure was defined by adding KA to it. By iterating
this operation, we could define the nth jump of a structure for finite
natural numbers n. For transfinite ordinals, we have the following

definition.

DEFINITION X.2. Given a 7-structure A and an infinite computable
ordinal o, we define the a-jump of A to be the new structure obtained
by adding the complete r.i.-X< , relation to it. That is, we let

A = (A4, KA).

A has the same domain as A but a larger vocabulary. It is a 7/-
structure, where 7’ consists of 7 together with infinitely many new

191
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relation symbols naming the relations K" = {b € A7 : A |= 902 ;@ ()}
for i,j5 € N.

Recall that 071 is X0, ;-complete and that the difference between
B+ 1and 1+ S is not a typo (Theorem V.16). The ordinals 5+ 1 and
1 4 B are the same when f is finite but different when it is infinite. If
[ is infinite, 1 + f§ = . That is an unfortunate historical mismatch
of notations between the 0 and 22 hierarchies. The same mismatch
carries over to the § jumps of structures. Thus, if a is an infinite
successor ordinal, say o = 341, then A® is defined by adding the E%—
complete relation, which is equivalent to the %9 +p-complete relation.”

If o is a limit ordinal, then A is defined by adding the E%—complete
relations for all f < « in a uniform way.

Notice that the definition of the a-th jump of a structure is in-
dependent of the presentation of A. The isomorphism type of A
depends only on the isomorphism type of A. We should mention that
the isomorphism type of A also depends — in a totally unessential
way — on the Godel numbering of the 7-3¢ -formulas, in the same
unessential way that the Turing jump of a real depends on the Godel
numbering of the partial computable functions.

REMARK X.3. Let us remark that the ath jump preserves effective
bi-interpretability (see Definition VII.33 for the case AS = A$). That
is, if A and B are effectively bi-interpretable, then so are A and B(®).
The interpretation maps are the same. All one has to observe is that
the relation Rﬁz within the copy A is r.i.-X¢ in B and therefore r.i.
computable in B(®).

X.1. The a-jump-inversion theorems

Friedberg’s jump-inversion theorem [Part 1, Theorem ?7?] says that
every Turing degree above 0 is the jump of some degree. Friedberg’s
theorem can be generalized to transfinite iterates of the Turing jump
as follows:

THEOREM X.4 (Iterated-jump-inversion theorem for reals. Macln-
tyre [Mac77]). For every computable ordinal o and every real Z >
0, there exists an X such that

X(a) =T X D O(Q) =T Z.

* That equivalence is assuming we have a computable isomorphism between 3
and 1+ 3.



X.2. ¥5-GENERICS 193

The proof of this theorem is essentially the same as that of Fried-
berg’s theorem we gave in [Part 1, Theorem 77|, but using a-Cohen
generic reals instead of 1-Cohen generic reals. We will introduce a-
generic w-presentations and prove this theorem in Section X.2 below.

There are two different ways one could generalize this theorem to
the a-jump of structures. We call them the first and second jump-
inversion theorems. The first jump-inversion theorem is a generaliza-
tion to the semi-lattice of structures ordered by effective interpretabil-

ity.

THEOREM X.5 (First iterated-jump-inversion theorem). For every
computable ordinal o and every structure A that computably codes
0@V there is a structure C whose (o + 1)th-jump is effectively bi-
interpretable with A.

Recall that effective bi-interpretation is one of the strongest no-
tions of equivalence among structures we have in computable structure
theory. For a computable structure theorist, structures that are ef-
fectively bi-interpretable are essentially the same structure. For more
background, see [Part 1, Section VI.3.1].

Recall that a structure A computably codes a real X if X is com-
putable in every copy of A (see [Part 1, Section ?7?]). Even if a
structure B does not computably code 0t we can still apply the
theorem above to get a structure C whose (« + 1)th-jump is effectively
bi-interpretable with B @ 0(+Y) where B @ 0°*Y is built by adding
zero-ary relations to A coding 0+, To be precise, A = (B, R) where
R =00+ x {()} C N x BN

We prove this theorem in Section X.3.

The second a-jump-inversion theorem is not a generalization of the
usual jump-inversion theorem to a more general class of degrees but a
generalization in the sense that, given Z € 2V, it yields X € 2N with
X (@) =, Z and some extra properties.

THEOREM X.6 (Second iterated-jump-inversion theorem). If Z €
2N computes a copy of B\, then there is an X € 2V satisfying X (@ =,
Z that computes a copy G of B.

We will prove this theorem on page 196 below.

X.2. X¢-generics

In this section, we prove the iterated version of Friedberg’s jump
inversion theorem for reals, Theorem X.4, and we prove the second



194 X. ITERATING THE JUMP OF A STRUCTURE

iterated-jump-inversion theorem for structures, Theorem X.6. To prove
these theorems, we need a new tool: X< -generics.

DEFINITION X.7. An injective enumeration g of a structure A is
¢ -generic if for every ¥¢-definable relation R C A*, g either forces in
or forces out of R. That is, either there is an initial segment of g in R
(forces in) or there is an initial segment of g with no extensions in R
(forces out). We say that ¢ is X< -generic if, for every 3¢ -definable
relation R C A*, g forces either in or out of R.

If ©(G) is an N-X¢ _-sentence, then the set R C A* of p forcing ¢

is 3¢ -definable by the formula Force,. Thus, if g is a X< _-generic

enumeration, then for every N-X¢ -sentence ¢(G), ¢ has an initial seg-
ment p that either forces ¢ or has no extension that forces ¢, and hence
forces —p. We thus get the following version of Corollary VII.11.

LEMMA X.8. If g is X2 ,-generic, for every N-XS  -sentence @, there
15 a p C g that decides .

One can then adapt Lemma VII.12 and the forcing-equals-truth
theorem, Theorem VII.13, as follows:

THEOREM X.9 (Forcing-equals-truth for 3¢ -generics). If g is an
3¢ —generic enumeration of A, G = g '(A), and ©(G) is an N-X¢-
sentence, then

p(G) <<= (dCy plFe

PRrROOF. The proof is identical to that of Theorem VII.13 using
Lemma X.8 above instead of Corollary VII.11, and using transfinite
induction only up level ¥¢  in the proof of Lemma VII.12.

The reason this theorem works for 3¢ -sentences, and not just »¢ -
sentences, is that the Y-case of the transfinite induction does not need
to use the genericity of G. That is, if ¢ is of the form \{/, ¢;, then ¢(G)
holds if and only if ¥;(G) holds for some i, and p IF ¢ if and only if
p I 1; for some 1. U

The advantage of 3¢  -generics over L, ,-generics is that ¥¢ -generics

are easier to compute:

LEMMA X.10. Let a be an infinite computable ordinal. FEvery w-
presentation A has a X% -generic enumeration computable in D(A®).

PROOF. We build ¢ as the union of an increasing sequence {p; :
s € N} with p, € A*. At stage s + 1 = 2e, we define p,y; to decide
the e-th X< -definable relation R, C A* as follows: If there is a ¢ 2 p,
with § € R., we let psy1 = ¢. Otherwise, we let psi1 = ps. At stage
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s+1=2e+1, let ps11 = ps~a, where a is the <y-least element of the
w-presentation A which has not been included in p,. Finally, we let
g=U,Ds € AN Tt is not hard to check that ¢ is one-to-one, onto, and
>.¢ ,-generic.

To carry out this construction, we need to check at each stage s+ 1
whether there exists a ¢ O p, with ¢ € R, or not. The set of p’s such
that 3¢ 2 p (¢ € R.), namely the downward closure of R., is X< -
definable, and its index can be obtained uniformly from e. Hence, Réa
can decide whether p, belongs to the downward closure of R, or not.
The whole construction is thus computable in Rﬁa. U

LEMMA X.11. Let a be an infinite computable ordinal. If G is a
X< -generic w-presentation, then

D(g(a)) = D(g)(a)_

PRrROOF. That Rga <7 D(G)® follows immediately from Lemma
V.6 and Theorem V.16.
For the other direction, recall that, for each m, there is an N—E%

sentence ¢,,,(G) for some f < « that holds of D(G) if and only if
m € D(G)®). We can find these sentences computably in m (Lemma
V.15). We then have that

meDn@® <« W (s1nle.,)

— \X/ (g = Force,,, ({0, ,n)))
— GE \X/Forcewm(@, ),

where the first equivalence follows from the forcing-equals-truth theo-
rem, the second from the definition of Force,,,, and the third by the def-
inition of forcing a X-formula. The sentence \Y/, oy Force,,, ({0, ...,n))

is X3, and hence we can decide whether it holds or not using Ria O

The proof of the iterated-jump-inversion theorem for reals uses 3¢ -
Cohen-generic reals, the same way the proof of the Friedberg jump in-
version theorem [Part 1, Theorem ?7] used 1-generic reals. We could
redevelop the whole theory of 3¢ -generics for the case of Cohen forc-
ing, or we could just note that Cohen generic reals are essentially the
same as the generic enumerations of the structure C = (C; P), which
has only one unary relation symbol, P, and which has infinitely many
elements in P and infinitely many outside of P. The enumerations g of
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C are in one-to-one correspondence with the infinite binary sequences
G € 2Y where G(n) =1 <= g(n) € P. We say that G € 2" is
>.¢ ,-Cohen-generic if it can be obtained this way from a ¥¢  -generic
enumeration g of C.

Recall that the iterated-jump-inversion theorem for reals, Theorem
X.4, states that, for every Z >7 0(®), there exists a G € 2V such that

G(a) =T G EB O(Q) =T Z

PrRoOF OF THEOREM X.4. THE ITERATED-JUMP-INVERSION THE-
OREM FOR REALS. Notice that since C is computable, D(C(®)) =, 0().
Let g be a X2 _-generic enumeration of C that is computable in Z and
is built as follows: Carry out the construction of Lemma X.10 step by
step except that, at stages s + 1 = 2e + 1, define py,1 = ps"a, where
a is the <y-least element of P¢ \ p, if e € Z, and the <y-least ele-
ment of (C'\ P°) \ ps if e ¢ Z.1 Let G be the associated X -generic
w-presentation and G be the associated X -Cohen-generic.

Clearly G > G®0@. From G®0@, we can compute Z because
G @0 can reconstruct the sequence (p, : s € N) in the construction of
g: Using 0%, we can run the even stages s+ 1 = 2e of the construction
of g, and using GG, we can figure out if, at the odd stages s+1 =2e+1
we picked an element a from P or from C' ~. P .We can thus figure out
whether e € Z or not. Finally, to see that Z can compute G(®), we first
note that G =¢ D(G) and then that

G\ =r D(G) =r D(G') =r KE, <r KE, @ g <1 Z,
where the second Turing equivalence uses Lemma X.11 and that G is
»¢ ,-generic, the first Turing inequalizy uses that K¢, = ¢g7*(K%,), and
the last Turing inequality uses that K¢, =r 0@ <p Z. O
We can now prove the second iterated-jump-inversion theorem for

structures, Theorem X.6. Recall that it states that if Z computes B,
then there is a real X with X(® =, Z that computes a copy G of B.

PROOF OF THEOREM X.6. . THE SECOND ITERATED-JUMP-INVERSION
THEOREM. Consider a ¥ -generic enumeration g of B computable in
D(B@), and hence in Z. Let G = g~'(B) and

Y = D(G).
Since K¢, = g~'(K&,), we have that
D(G) = Ria <7 Ria ®g<rZ

¥ To see why ¢ is onto notice that, since Z is non-computable, it is infinite and
co-infinite.
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Since G is X< -generic,
D(g(oz)) = D(g)(a) — y(a)’

as proved in Lemma X.11. Thus, Y(® <; Z. By the a-jump inversion
theorem for reals (Theorem X.4) relativized to Y, there is a real X >
Y with X(® =, Z. This X computes G, a copy of B. O

As a corollary, we get that the degree spectrum of the a-jump of a
structure is what it should be: the set of a-jumps of the degrees in the
spectrum of the original structure.*

COROLLARY X.12. For every structure B,
DgSp(B@) ={Z € 2V: Z > XY for some X € DgSp(B)}.

PRrROOF. For the D-inclusion, it is clear that if Z > X(® for some
X € DgSp(B), then Z computes a copy of B(*). For the C-inclusion,
if Z computes a copy of B then by the theorem, there is an X such
that Z >7 X and X € DgSp(B). O

X.3. The first iterated-jump-inversion theorem

Recall that the first iterated-jump-inversion theorem states that if
a structure A computably codes 0(“t1 it is effectively bi-interpretable
with the (o + 1)st jump of another structure C. The main ideas in
the proof of this theorem are due to Goncharov, Harizanov, Knight,
McCoy, R. Miller, and Solomon [GHK™"05]. The notions of jump of
a structure or effectively bi-interpretable did not exist back then, so
they did not really prove this same theorem, but the construction of
the structure C below is theirs.

PROOF OF THEOREM X.5. THE FIRST ITERATED-JUMP-INVERSION
THEOREM. If « is finite, the theorem follows by iterating the first
single-jump-inversion theorem [Part 1, Theorem ??] « times. Sup-
pose « is infinite, and hence that the (« + 1)st jump of a structure is
built by adding to it the complete r.i.-X¢ relation Rﬁ

Every structure is effectively bi-interpretable with a graph [Part
1, Theorem ??]. Therefore, we may assume A is a graph (A; E') with
domain A and edge relation E. The key idea behind this proof is the
following: Pick two structures such that distinguishing between their
copies is AY | -complete, and attach to each pair of vertices of A one
of the two structures, depending on whether or not there is an edge
between them. Let us look at the details.

 Recall from [Part 1, Definition V.1] that the degree spectrum of a structure
M is defined as DgSp(M) = {X € 2V : X computes a copy of M}.
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Consider two computable, rigid,® uniformly A? +1-categorical1I struc-
tures, K and £, which are a-back-and-forth equivalent but (« + 1)-
back-and-forth incomparable. So, we have that K =, £, K £,41 £
and £ £,+1 K. Assume also that their back-and-forth relations are
computable up to o and that there are computable IIf,_ | formulas wit-
nessing that X and £ are <,y;-incomparable, i.e., II$ ;| formulas ¢
and 1 such that K &= ¢ A =9 and L = —p A 9. Examples of such
structures will be built in Lemma X.14 below. Just to simplify the
notation, let us assume these structures are linear orderings, as are the
ones we will build in Lemma X.14. Let us use < to denote the ordering
relation on these structures, so we have K = (K; <F) and £ = (L; <F).
If we are given a computable w-presentation that we know is isomor-
phic to either K or £, we can use the II_ , formulas ¢ and ¢ to tell
whether we have a copy of K or of £ in a A, way. Conversely, from
the pair-of-structures theorem (Theorem VIIL.7), we know that distin-
guishing between computable w-presentations of K and £ is AY_;-hard.
So, distinguishing between computable w-presentations of K and L is
AY |-complete.

We can now define C by removing the edge relation £ and attaching
to each pair of vertices of A one of these two structures, depending on
whether there is an edge between the two vertices or not. We define
C as (C; A, R), where A is a unary relation and R a 4-ary relation.
The domain C' of C consists of the disjoint union of the domain A of
A and another set B. We use the unary relation A to identify the
elements of A. Partition B into infinitely many sets B,; indexed by
{a,b) € A%. On B,, define a binary relation R, such that (Byp; Rap)
is a structure isomorphic to either K or £, and it is isomorphic to I if
and only if (a,b) € E. Finally, we define the 4-ary relation

RCAxAxBxDB

by putting together the relations R, ;. Thatis R = {(a,b,c,d) : (c,d) €
Rap}.

SA structure is rigid if it has no non-trivial automorphisms.
TA computable structure A is uniformly A%-categom’cal if there is a A% operator

I" such that, for all copies G of A, T'P(9) is an isomorphism between G and A.
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C can be easily effectively interpreted in A as follows. Let B =
N x A2, and let C* = AU B. Then define R as follows:

A

R = {{a,b,(n,a,b),(m,a,b)) € A* x B*:
for (a,b) € E & (n,m) €<’}
U {{a,b,(n,a,b),(m,a,b)) € A*> x B*:
for (a,b) € A2 E & (n,m) e<“}.

To show that this is actually an effective interpretation of C(®+Y), and
not just of C, we need to show that K¢ (viewed as a relation in Nx A<N)
is r.i. computable in A. To see this, fix an w-presentation of A. The
construction above then gives us an w-presentation C* of C. Use the
a-jump-inversion theorem for reals (Theorem X.4) to get an oracle X €
2% such that X+ =, D(A) (we can do this because A computably
codes 0“*Y) by assumption). We will now construct C. , a second copy of
C that is computable in X. For each (a,b) € A%, X(@*1 knows whether
or not (a,b) € F, and hence computably in X, we can uniformly build

structures B, for each (a,b) € A? such that

g ~ K if<a,b>€E,
“TNL i (a,b) € E.

To do this, we use the Pair-of-Structures Theorem (Theorem VIII.8).
We then define C by putting the set A together with disjoint copies
of all the B, for (a,b) € A* and defining

R(a,b,n,m) < (n,m) e<tBar |

An important point is that D(.A) can compute an isomorphism between
CNV and CA. This is because X (@Y can compute isomorphisms between
B., and B, for all {a,b) € A? as noted in Remark VIIL.9. Since
D(C) <7 X, we have that KC is computable in X©@*1 and hence
in D(A). Going through the isomorphism between C and CA, we get
that Rgf‘ is also computable in D(A). Since this worked for every w-
presentation of A, we have that RZA is r.i. computable in A. This
proves that we have an effective interpretation of C(@*V) in A.

The effective interpretation of A within C®*Y is more direct. The
domain of the interpretation is, of course, A itself, as identified by the
relation A within C. Notice that E is A, in C. This is because, to
decide if (a,b) € A?, we need to decide whether B,, = K or B,, = L,
which we can do by checking which of the II,; sentences ¢ and
holds on the structure B, .
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The last step is to check that these two effective interpretations
form an effective bi-interpretation, i.e., that the composition of the
isomorphisms are r.i. computable in the respective structures. First,
notice that the interpretation of A inside C inside A is the identity, and
hence obviously r.i. computable in A. Second, for the interpretation of
C inside A inside C, the A-part stays the same. The copies of B, are
not the same, but since they are isomorphic to either IC or £, and IC
and £ are rigid and uniformly relatively A, -categorical, the unique
isomorphism between them can be computed in C(**1). Let us see why
this is the case. Since K and £ are uniformly A -categorical, they
have c.e. Scott families of 7-3¢,, formulas (Remark VII.22). These
formulas are ¥$ over the vocabulary of C(**1), which contains symbols
for all X¢-relations. So, K and £ are computably categorical relative
to D(C**V). We thus have that the unique isomorphism from C to

the copy of C inside A inside C is r.i.-computable in C(@*+D. O

REMARK X.13. The structure we built in the proof above is some-
times called a strong (o + 1)st jump inversion. The reason is that it
satisfies the following stronger property:

For every real X, if XD computes a copy of A,
then X computes a copy of C.

We showed that this was the case when we built C in the proof above.

LEmMmA X.14. For every computable ordinal o, there exist com-
putable, rigid, uniformly AS_-categorical linear orderings which are
a-back-and-forth equivalent and (o + 1)-back-and-forth incomparable.
Furthermore, the « back-and-forth relations are computable up to «,
and the (a+1) back-and-forth incomparability is witnessed by two com-
putable 11, formulas.

PROOF. Let us start with an intermediate step. Let us first show
that there exist computable ordinals A and B with A <,,; B which
are rigid, uniformly relatively A2, -categorical, and have the back-
and-forth relations computable up to a + 1. We consider two cases
depending on whether « is even or odd.

If « +1 =28+ 1, consider the linear orderings

A=uw’+w? and B=d"

It follows from Lemma I1.38 that w? - 2 <28+1 w?. Their parametrized
Scott rank is 24 (Corollary 11.40). To get this Scott rank, B needs no
parameters, while A needs one parameter, namely the first element of
the second copy of w®. This parameter is Hgﬁ, as it is the only point
which is a S-limit (see Exercise 11.20). Then, as in Case 2 on page 45,
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we get that these structures have parameterless Scott rank 25+ 1. This
means that every element has a ¥:3%,, definition. These definitions are
actually %55, — we leave it to the reader to verify this.l So, the
structures are uniformly A? -categorical. It is also easy to see that
there is a computable 1155, | sentence true in B, false in A, saying that
there is no S-limit.

If o +1 =28+ 2, consider the linear orderings

A= 40P and B=w

It follows from Exercise 11.44 that w’™! + w? <951 W1 Their
parametrized Scott rank is 28 + 2 (Corollary 11.40). B does not need
parameters, while A needs one parameter, namely the first element
of the rightmost copy of w”. This parameter is Hgﬁ 41, as it is the
rightmost S-limit (see Exercise 11.20). Then, as in Case 3 on page 46,
we get that these structures have parameterless Scott rank 25+2. This
means that every element has a ¥33, , definition. These definitions are
actually 355, — again, we leave it to the reader to verify this. So, the
structures are uniformly A2 -categorical. It is also easy to see that
there is a computable 115, , sentence true in B, false in A, saying that
there is no rightmost S-limit.

All well-orders are rigid. The back-and-forth relations are com-
putable up to a+ 1, as they can be calculated using Exercise [1.44. So,
A and B satisfy all the properties we wanted them to. Finally, let

K=A+1+B" and L=B+1+ A"

Here B* is the reverse linear ordering, that is, (B;<)* = (B;>). It
is not hard to see that, given infinite well-orderings C, D, &, and F,
C+1+D" <, E+1+ F*if and only if C <, £ and D <, F.1f
Since the structures A and B that we defined above satisty A =, B
and B L,11 A, we get K =, L, K L4411 £ and £ £,.1 K. Rigidity,
uniform AY categoricity,” and the computability of the back-and-
forth relations remain true in C and L. U

IThese definitions say that the interval to the left of the point or between the
middle element and the point has a certain order-type.

“*When we apply Exercise 11.44, we are in the situation where a = 3, § = 0,
fi=w+1l, 71 =w, m=1,and n=0.

T That C <, € and D <, F imply C + 1+ D* <, £ + 1 + F* follows from
Lemma I1.37. That C+1+4+D* <, £+ 1+ F* implies C <, £ and D <, F follows
from the observation that the 1 in the middle is the only point that is a left- and
right-limit in both linear orderings, and hence has a II§ definition and hence must
be matched.

FAY | categoricity is uniform because, since the middle 1 is II§-definable, we
easily pick it up first using a A? 41 oracle.
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Goncharov, Harizanov, Knight, McCoy, R. Miller, and Solomon
[GHK™05] introduced this construction mainly to prove the following
result:

COROLLARY X.15. There is a structure that is A, -categorical but
not relatively so.

PROOF. Assume « is infinite, and hence that 0+ is A | -Turing
complete. For ﬁnite n, the proof is the same, as long as we keep in
mind that it is 0 Who is A? ; Turing complete, instead of 0(n+1),

Using ideas of Nurtazin [Nur74], Goncharov showed that there
exists a computably categorical structure that is not relatively com-
putably categorical [Part 1, Theorem ?7]. Relativizing [Part 1, Theo-
rem ??] to 0+ we get a 0(®*D-computable structure A that is 0(@+1-
computably categorical, but not 0(®+!-relatively computably categor-
ical. Let C be the structure built from A in the proof of the first
(a 4+ 1)-jump-inversion theorem. From Remark X.13, we get that C
has a computable presentation. Thus, we may assume that C is that
computable w-presentation and that A is the w-presentation obtained
from the effective bi-interpretation with C®*Y. We claim that C is
AV |-categorical but not relatively so.

To prove that C is A? | categorical, let Chbea computable copy of C.
Then, C is associated via the effective bi-interpretation with a copy A of
A. Notice that the w-presentation Ais computable in 0(+1) . Since A
is 0let1) computably categorical, 00>t can compute an 1somorphlsm
between A and A. Using the effective bi-interpretations, 0t can
then compute an isomorphism from C to C.

Let us now prove that C is not relatively A2-categorical. Since A
is not 0(®tV_relatively computably categorical, there is a copy A of
A computable in some oracle Y > 0(+) that is not Y-computably
isomorphic to A. Let C be the copy of C associated via the effective
bi-interpretation with A. Use the a—jump inversion theorem for reals
(Theorem X.4) to get X € 2<N, with X(@*1) =1 Y. The oracle X might
not compute the w- presentation C, but as in the proof of the theorem,
it computes a copy C of C that is X (1. computably isomorphic to C.
We claim that there is no X(@*D_computable isomorphism between C
and C. That would prove that C is not relatively A? 41-categorical. As
for the claim, if there was an X (@+1)- computable isomorphism between
C and C there would be one between C and C, and using the effective
bi-interpretations, we would get a X (@+1)- computable isomorphism be-
tween A and A, which we assumed does not exist. O
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Theorem X.5 works only for successor ordinals a + 1. Ivan Soskov
[Sos13] proved that it is not possible to invert the A-jump for limit
ordinals A, even up to Muchnik equivalence. He showed that there
exists a structure A which computably codes 0¢), but such that there
is no structure C whose w-jump is Muchnik equivalent to A. (Recall
that two structures are Muchnik equivalent if they have the same degree
spectra [Part 1, Section VI.1].)

Corollary X.15, which was proved in [GHK™'05], is stated only for
successor ordinals because the proof we give does not work for limit
ordinals. The limit case was proved a few years later by Chisholm,
Fokina, Goncharov, Harizanov, Knight, and Quinn [CFG'09].






CHAPTER XI

The isomorphism problem

So far we have been looking at complexity questions about single
structures. Let us concentrate now on classes of structures. We con-
sider classes K C Mod, that are closed under isomorphisms, that is,
such that if A =2 B and A € K, then B € K too. Recall that Mod,
is the class of all w-presentations of 7-structures. The first way to
measure the complexity of a class of structures is by how hard it is
to recognize that a structure belongs to it. We already showed that a
class K that is closed under isomorphisms is N-X0 (as a subset of 2V)
if and only if it is axiomatizable by a 7-X¢ sentence (Theorem VII.25).
A second measure of complexity is by how hard it is to tell when two
structures within the class are isomorphic to each other. We call this
the isomorphism problem:

DEerINITION XI.1. Given a class of w-presentations K C Mod,, we
let

Iso(K) = {{A,B) € K* : A~ B}.

Iso(K) is an equivalence relation on K. Viewing K as a subset of 2V,
Iso(K) is 31, as that is what it takes to say that there exists a function
which is an isomorphism. The study of 3] equivalence relations on reals
is a deep and active topic of investigation in descriptive set theory.

XI.1. Complexity as set of pairs

The first way to study the complexity of the isomorphism problem is
by looking at Iso(K) as a subset of (2V)2, which is itself homeomorphic
to 2N, and look at its complexity as a set. We already mentioned that
it is $1. For some classes of structures, this set of pairs is 31 complete,
and for others it is not. An example of a class where this set of pairs
is 31 complete is the class of linear orderings. Recall that LO denotes
the class of w-presentations of linear orderings.

LEMMA XI.2. Tso(LQ) is 3{ complete.

PROOF. Let R C 2" be a 1 set. We will define a computable map
that, given X € 2V produces a pair of structures (£X, HX) which are

205
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isomorphic to each other if and only if X € fR. The right structure
in the pair is the Harrison linear ordering relative to X (see Lemma
VI.11). We will make £X isomorphic to HX if X € R (the 31 case)
and £X well-ordered if X ¢ R (the I} case).

Let T be a computable tree such that, for X € 2V, X € R if
and only if 7% is ill-founded (see the proof of Corollary IV.7). Let
S be a computable operator that outputs the Harrison tree relative
to X, that is, the tree of descending sequences of HX.* So, S¥X is an
ill-founded tree that has no paths hyperarithmetic in X. Recall the
product operation on trees (Definition IV.14): Given two trees 7" and
S, it produces a new tree T % S such that any path through T % S is
essentially of the form X & Y, where X is a path through T and Y is
a path through S. Recall also that <, . denotes the Kleene-Brouwer
linear ordering on N<N from Definition 1.24. Define

AY = (T¥ 5%, <,,) and LY =A% w.

Since SX has paths for all X, we have that A has a path if and only
if 7% does. Equivalently, £X is well-ordered if and only if X ¢ fR.
Furthermore, any path through 7% * S* must compute a path through
SX. 50 it cannot be hyperarithmetic in X. So, the Kleene-Brouwer
ordering (7% xS%X; <) has no descending sequence hyperarithmetic in
X" So, A is isomorphic to an initial segment of w;* (1 +Q) (Theorem
VIL.7). Then, if A¥ is ill-founded, it must have order type wi +w;*-Q+
for some 3 < wi¥. Using that 8 + wi* = wiX, we get that, in that case,

LY=A v () o) Q+p)w
2ol +wf Q4 (BHwf +uf Q) w
>l (14Q) - (1+w) 2wl - (1+Q).

So, if AX is ill-founded, £¥ is isomorphic to H*X. We then have
that £X = H~ if and only if X € R. The map X — (£X HYX) reduces
R to Iso(LO). O

The lemma above can be used to show that Iso(K) is ¥1-complete
for a whole lot of other classes by reducing LO to K, but only worrying
about the well-orderings and the Harrison linear orderings within LO
and ignoring the rest.

“Recall that, given a linear ordering P, the tree of descending sequences of P
is Tp = {0 € PN:0(0) >p o(1) >p --- >p o(|o] — 1)}. Its infinite paths are
exactly the infinite descending sequences of P. See page 12.

T This is because, if we look into the proof of Theorem 1.26, we can see that if
f is a descending sequence in the Kleene-Brouwer ordering of a tree, its jump, f’,
can compute a path through the tree (as it can be obtained using a limit).
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If a Xl-subset of 2V is not Xi-complete, it must be Borel: This fol-
lows from a theorem in descriptive set theory called Wadge’s theorem,
which uses 31 ATI}-determinacy.* The following theorem characterizes
the classes for which Iso(K) is not Y{-complete.

THEOREM XI.3. Let K be closed under isomorphisms. The follow-
ing are equivalent:
(1) The isomorphism problem for K is Borel.
(2) K has bounded Scott rank. That is, there is an o < wy such that
all structures in K have Scott rank less than «.

PRrROOF. For the implication (2)=-(1), notice that all structures in K
have X%, Scott sentences (Proposition 11.26). Hence, if two structures
in K are a + 2-back-and-forth equivalent, they are isomorphic. The
relation =, is 119, , (just count quantifiers in Definition I1.32) and
in particular Borel.

For the implication (1)=(2), let o < w; be such that Tso(K) is 3.
For each structure A € K, the class of w-presentations B which are
isomorphic to A is X9 with parameter D(A). By the Lopez-Escobar—
Vaught theorem, Theorem VII.25, this class must be axiomatizable by
a 2" sentence, meaning that A has a X1*-Scott sentence. Therefore,
it must have Scott rank at below « (Proposition I1.26). O

XI.2. Complexity as equivalence relations on the reals

Reducibilities between classes allow us to classify their complexity
by comparing them to other classes. With this in mind, Friedman and
Stanley [F'S89] defined the notion of Borel reducibility. Since then, the
study of Borel reducibility on arbitrary Borel and analytic equivalence
relations has been extremely active in descriptive set theory.

DEFINITION XI.4. (H. Friedman and L. Stanley [FS89]) A class of
structures K is Borel reducible to a class S, written K <p S, if there is a
Borel function f : K — S that preserves isomorphism. That is, f maps
w-presentations in K to w-presentations in S, and for all A, A € K,

A2 A = f(A) = f(A).

‘Under AD, Wadge’s theorem [Wad83| states that for every two sets R, & C
2N either there is a continuous function F: 2N — 2N such that R = F~1(&),
or there is a continuous function G: 2% — 2N such that & = G7}(R¢). When
R = F1(&), we say that R continuously reduces to &. If & is not Xi-complete
and fR is, then R cannot continuously reduce to &. So, by Wadge’s theorem, &
must continuously reduce to the complement of R, which is I}, and hence & is
I3 itself too, and in particular Borel. Wadge’s theorem for X1 sets uses X} A ITi-
determinacy.
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A class K is on top for Borel reducibility if, for every vocabulary 7,
the class of T-structures is Borel-reducible to K.

Friedman and Stanley first observed that it is enough to use the
vocabulary with only one binary relation (i.e., directed graphs) in the
definition above. Then they built Borel reductions to show that the
classes of graphs [Part 1, Theorem ?7], trees, linear orderings [Part
1, Lemma VI.18|, 2-step nilpotent groups, and fields are all on top
for Borel reducibility. Camerlo and Gao [CGO01] added Boolean alge-
bras to that list. The question of whether torsion-free abelian groups
are also on top has been open since Friedman and Stanley’s 89 pa-
per. Paolini and Shelah [PS24], and Laskowski and Ulrich [LU] have
recently independently obtained an affirmative solution.

If a class K is on top under Borel reducibility, its isomorphism
problem must be 1-complete as a set of pairs. This is because if K is
on top under Borel reducibility, LO must reduce to K, and we can use
the Borel reduction and the 3{-completeness of Iso(LO) to show that
Iso(K) must be X1-complete too. Therefore, if K is on top under Borel
reducibility, it must have unbounded Scott rank below w;. Classes
like finitely branching trees, p-groups of finite rank, Q-vector spaces,
algebraically closed fields, equivalence structures, etc., all have bounded
Scott rank, and hence are not on top under Borel reducibility. An
example that stands out is torsion abelian groups. Their isomorphism
problem is Yi-complete as sets of pairs, but they are not on top for
Borel reducibility [FS89, Theorem 5. Briefly, the reason why torsion
abelian groups are not on top for Borel reducibility is that if a G is a
torsion abelian group with wlD @ = w8 then the isomorphism type
of G is determined by its L., theory (using the Ulm invariants of its
p-sub-groups), while there are non-hyperarithmetic structures .4 with
w?(A) = wE for which you need all their L’?,U(JA) theories to determine
their isomorphism type.

XI.3. Turing-computable reducibility

If the reduction f in the definition of Borel reducibility (Definition
XI.4) is continuous, we say that K is continuously reducible to S. If
the reduction f is computable, we say that K is Turing-computable
reducible to S. The notion of Turing-computable reducibility between

$In the literature, these classes are sometimes called Borel complete. We want to
avoid that notation here. The reason is that when we say that K is 31-complete,
we mean that there is a continuous reduction from any X1 subset of 2* to the
isomorphism problem of K as a set and not as an equivalence relation. Reductions
that preserve equivalence relations are quite different.
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classes of structures was first studied by Calvert, Cummins, Knight,
and S. Miller [CCKMO04]. A class K is then on top for Turing-
computable (continuous) reducibility if, for every computable vocab-
ulary 7, the class of 7-structures Turing-computably (continuously)
reduces to K.

Notice that K is continuously reducible to S if and only if it is
Turing-computable reducible to S relative to some oracle X. The fol-
lowing theorem connects Borel reducibility with Turing-computable re-
ducibility. We use K(® to denote the class of a-jumps of the structures
in K (see Chapter X).

THEOREM XI.5. A class K Borel reduces to a class S if and only
if there is an oracle X and an X -computable ordinal o such that K
X-Turing computably reduces to S.

ProoF. The (<) implication is straightforward, as we would then
have a A% (X) reduction from K to S.

For the (=) implication, let ® be a Borel reduction from K to S. Let
X and « be such that @ is A%(X). There is an X-computable operator
U such that ®(D(B)) = ¥(D(B)@) for every B € K. Notice that we
want an operator that acts on D(B), while ¥ acts on D(B)®). So, a
bit more work is needed.

Let us define an X-Turing computable reduction I' from K® to S.
Suppose we are given D(A®), and we want to define I'(D(A®)). We
can uniformly produce a X2 -generic enumeration g of A computable
in D(A®) (see Lemma X.10). Let G be the associated % -generic
w-presentation. We then get that

D(G)™ =7 D(G'Y) <y g ® D(A®) <y D(AW)
(see Lemma X.11). Furthermore, we can observe from the proofs of
Lemmas X.10 and X.11 that D(G)® <7 D(A®) uniformly in A. De-
fine T'(D(A®)) as the output of the X-computable operator ¥ when

applied to D(G)®. We get that I'(D(A®)) is a structure isomorphic
to ®(G), which is isomorphic to ®(A). O

All the reducibilities produced in [FS89] are not only Borel but
also effective, showing that trees, linear orderings, nilpotent groups,
and fields are actually on top for Turing-computable reducibility. This
happens for a reason:

COROLLARY XI1.6. IfK is on top for Borel reducibility, it is on top
for continuous reducibility.

ProOF. Let G be the class of graphs, which we know is on top
for continuous reducibility ([Part 1, Theorem ?7]). Since K is on top
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for Borel reducibility, G Borel embeds in K, and hence G® contin-
uously embeds in K for some ordinal a. Let G(=®) be the class of
a-jump inversions of all graphs, as in the first iterated-jump-inversion
theorem, Theorem X.5.9 The class G reduces to G via effective
bi-interpretability (again by [Part 1, Theorem ?7?]). So G, which is
effectively bi-interpretable with G(=*)(®) continuously embeds in G(®),
which continuously embeds in K. (l

The fact that Turing-computable reducibility is finer than Borel re-
ducibility allows us to get finer comparability results. For instance, any
two classes of structures with countably-infinite many models are Borel-
equivalent. However, this is not the case for Turing-computable re-
ducibility, and an interesting structure can be found among the classes
with only countably many models (see [KMVBO0T7]). There are even
classes with finitely many structures that are not trivial under Turing-
computable reducibility. One of the most interesting facts about Turing-
computable reducibility is that it preserves the back-and-forth struc-
ture:

THEOREM XI.7 (Pull Back theorem). (Knight, S. Miller and Van-
den Boom [KMVBO7]) Let ® be a Turing computable reduction from
K toS. Then, for every II -sentence ¢, there is a IIS sentence p* such

that, for all A € K,
Ay = oA Ee

PRrROOF. Consider the forcing that produces generic copies of A
for A'in K. Let ¢ be the N-TIY-formula that says that the structure
®(G) satisfies ¢. Let ¢* be the sentence Forcey(()), which says that

the empty tuple forces ®(G) to satisfy . Notice that the sentence
Forcey(()) does not depend on the structure A.

If A E ¢ then () IF ¢, and hence for every generic copy G of
A, ®(G) satisfies . Since ® preserves isomorphisms, ®(A) = ¢ too.
Conversely, if ®(A) = ¢, then since ® preserves isomorphisms, ®(G) =
p for all generic copies G of A. It follows that () IF ¢, and hence that
A E . O

COROLLARY XI.8. Let ® be a Turing computable reduction from K
to'S and A a structure in K. Then TIS-Th(®(A)) <, [I$-Th(A).

7 Note that the construction in the proof of Theorem X.5 works even if the
graph does not computably code 0(*). The a-th jump of the inversion will then be
equivalent to the original graph joined with 0(®).
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PRrROOF. To see this, one has to notice that the map from ¢ to ¢*
of the previous theorem is computable in ¢. This map provides the
desired many-one reduction. 0

COROLLARY XI.9. Let @ be a Turing computable reduction from K
to S, let A and A be structures in K, and let o be any ordinal. Then

A<, A = O(A) <, D(A).

PROOF. Assume A <, A. We want to show that every II*" sen-
tence true about ®(A) is also true about @(ﬂ) By relativization, the
lemma above works for all infinitary formulas as well, not just the com-
putable ones. So, if a IT'* sentence ¢ is true about ®(A), then the IT**
sentence ¢* is true about A, and hence about .Z(, and hence ¢ is true

about ®(A). O

This theorem allowed Knight, S. Miller and Vanden Boom [KMVBO07]
to characterize the classes K such that K Turing-computably reduces
to S for certain fixed classes S. An interesting example is Q-vector
spaces:

COROLLARY XI.10. If a class K Turing-computably embeds in the
class VS of Q-vector spaces, then there exists a computable sequence of
11§ sentences (1, : n € N) such that:

e v, implies p,.1 for all n, and
e if two structures satisfy the same sentences from this sequence,
they are isomorphic.

PROOF. Let ¢, be the II§ sentence that says that a Q-vector space
does not have n + 1 linearly independent vectors, or, in other words,
that it has dimension less than or equal to n. Let 1, be the formula ¢}
given by the theorem above. It is not hard to verify that the formulas
1, are as needed. O

The converse of this corollary is also true [KMVBO07|. To prove
this, one first has to computably build, from a structure A € K, a
D(A)-computable function f: N — N whose lim-inf is the greatest n
such that A = v, and then use this function to computably build a
vector space whose dimension is the lim-inf of f, using similar ideas to
those in [Part 1, Lemma VII.13]. We omit the details as they are not
relevant to the material in this chapter.

XI.4. The isomorphism problem on indices

Another way of studying the complexity of the isomorphism prob-
lem is by looking at it as an equivalence relation on numbers, namely
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on the indices of the computable structures in the class. Let

iso(K) = {(n,m) € w?: n and m being indices

for isomorphic computable structures in K}.

At first, it might seem that there should not be any meaningful differ-
ence between the study of iso(K) and Iso(KK) on natural classes of struc-

tures. Surprisingly enough, recent work has shown that there are in-
teresting qualitative differences [FF09, FFH"12, CHM12, Monl6|.

DEerINITION XI.11. We say that a class of structures K is effectively
reducible to a class S if there is a computable function f: w — w which
maps indices of computable structures in K to indices of computable
structures in S such that, for indices m and n of structures in K,

(m,n) €iso(K) <= (f(m), f(n)) € iso(S).

A class of structures K is said to be on top for effective reducibility if,
for any computable vocabulary 7, the class of 7-structures effectively
reduces to it.

E. Fokina, S. Friedman, V. Harizanov, J. Knight, C. McCoy and A.
Montalbéan [FFH™'12] gave proofs that linear orderings, trees, fields,
p-groups, and torsion-free abelian groups are all on top for effective
reducibility. Montalbdn [Mon16] then provided a general method for
proving that a class is on top by showing that if one can build an 7-
tree as in Section IX.6 for a non-standard 7 where paths that are not
equivalent below w{® have non-isomorphic structures, then one can
reduce any Y{-equivalence relation on N to iso(K).

It is not hard to see that Turing-computable reducibility implies
effective reducibility. This implication does not reverse. Effective re-
ducibility does not even imply Borel-reducibility. The main example
is p-groups, which is on top for effective reducibility but not for Borel-
reducibility.

It is not hard to see that if a class is on top for effective reducibil-
ity, its isomorphism-index-set, iso(K), must be Xi-complete. Thus,
Q-vector spaces, equivalence structures, torsion-free abelian groups of
finite rank, etc. cannot be on top because they have arithmetic iso-
morphism problems. So far, this is the only way we know to produce
examples of classes which are not on top.

DEFINITION XI.12. A class K is intermediate for effective reducibil-
ity if it is not on top for effective reducibility, and its isomorphism-
index-set is not hyperarithmetic.
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No specific example of an intermediate class is known. Becker
[Bec13], and independently Knight and Montalban [unpublished], showed
that such a class of structures exists under the assumption that Vaught’s
conjecture fails (relative to some oracle). We will give a proof of this
in the next chapter.






CHAPTER XII

Vaught’s Conjecture

Vaught’s Conjecture states that the number of countable models
of an L, .-sentence is either countable or continuum, but never in
between [Vau61]. Of course, we are counting isomorphism types of
models, not w-presentations. One has to think of Vaught’s Conjec-
ture in the context where the continuum hypothesis (CH) is false, as
otherwise Vaught’s Conjecture is trivially true. The conjecture is still
open.

One of the most important partial results towards Vaught’s conjec-
ture is Morley’s theorem [Mor70]. Morley showed that the number of
countable models of an £, ,-sentence has to be either countable, N,
or continuum, ruling out all other options. Some years later, Burgess
showed that this is part of a more general behavior: The number of
equivalence classes of a X1 equivalence relation F on 2 has to be ei-
ther countable, N, or continuum [Bur78]. This applies to Vaught’s
conjecture, as if K C Mod; is the class of w-presentations of some L, .-
sentence ©, then Iso(K) is 31, and the number of countable models of
O is the number of equivalence classes of Iso(K). Burgess’s result is
actually a bit stronger. It says that if there are more than N; equiva-
lence classes, there must be perfectly many classes, meaning that there
is a perfect subset of 2V all of whose members are E-inequivalent. Each
perfect subset of 2V is the set of paths [T] of some tree T C 2<N with-
out dead ends and without isolated paths. Such trees are isomorphic
to 2<N. and their sets of paths are homeomorphic to 2V. Perfect sets
always contain continuum many elements. So, we can re-state Vaught’s
conjecture as stating that the set of models of an L, ,-sentence is either
countable or contains a perfect set of non-isomorphic w-presentations.
This formulation is now meaningful independent of whether CH holds
or not.

The original statement of Vaught’s Conjecture was for finitary first-
order theories instead of L, ,-sentences, and, as far as we know, the
L, . formulation we use here may be stronger than the other. Since
most techniques used to study Vaught’s conjecture from the viewpoint

215
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of computability or descriptive set theory work the same for both sit-
uations, and L, ., is better suited for dealing with complexity consid-
erations, it is common for computability or descriptive set theorists to
use the L, ,, formulation.

XII.1. The back-and-forth structure

Morley’s theorem can be proved using Silver’s theorem [Sil80]. Sil-
ver’s theorem states that every Borel equivalence relation on 2V has
either countably many or perfectly many equivalence classes.

PROOF OF MORLEY’S THEOREM. Let K C Mod, be the set of w-
presentations of an L, ,-sentence. Assume that K has less than con-
tinuum many models. We will show it has at most N;.

For each @ < wy, the a-back-and-forth equivalence relation =,
is a Borel equivalence relation on Mod,.* Thus, the number of =,-
equivalence classes within K is either countable or continuum. There-
fore, if the number of non-isomorphic structures in K is less than 2%,
the number of =,-equivalence classes must be countable for each count-
able ordinal a.

We claim that it follows that, for each o < wy, the number of struc-
tures in K of Scott rank « is at most countable, implying that the total
number must be at most 8;. To see this, just recall that all structures of
Scott rank a have X% , Scott sentences (Proposition 11.26). Therefore,
if two structures of Scott rank « are («+ 2)-back-and-forth equivalent,
they must be isomorphic. Since there are only countably many =, -
equivalence classes, there are only countably many isomorphism types
among the structures of Scott rank a. U

We say that an L, ,-sentence O is scattered if it has countably many
=,-equivalence classes for all @ < w;. By the argument in the proof
above, if a sentence O is scattered and the Scott ranks of the models
of © are bounded by some a < wy, then © must have countably many
models. The proof above also tells us that if © has less than continuum
many models, it must be scattered. Conversely, if a sentence © is
scattered, it cannot have perfectly many non-isomorphic models: This
is clear under =CH. The proof that it is true under CH uses techniques
from set theory that are beyond the scope of this book.

DEFINITION XIL.1. We say that an L, ,-sentence © is unbounded
if it has models of arbitrarily high Scott rank below w.

* Just by counting quantifiers in the definition of =, (Definition I1.32), one can
see that it is I19,,.
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When we refer to a counterezample to Vaught’s conjecture we mean
a scattered, unbounded L, ,-sentence.

DEFINITION XII.2. A class of structures K is X*-small if there are
only countably many different ¥*-types realized among all the tuples
on all the structures in K.

If two structures are =, o-equivalent, they must realize the same
YIrtypes, because every tuple in one structure is =,-equivalent to a
tuple in the other. So, a class is scattered if and only if it is ¥ *-small for
all @ < wy. X-small classes are very nice from a complexity point of
view. For instance, if we have a ¥2"-small class, we can define canonical
structural a-jumps, and we can translate many of the results on >-small
classes from [Part 1, Chapter ??]. We saw many examples of Xi"-small
classes in [Part 1, Chapter ??]. The class of linear orderings is X3"-
small but not Xi* small ([Kni86], see [Part 1, Chapter ?7]). The class
of Boolean algebras is ¥1*-small for all n € N, but it is not X *-small
([JS94], see [HM12]).

DEerINITION XII.3. Given a class of structures K, we define its back-
and-forth ordinal as the least ordinal a such that K is not ¥,-small.

If © has countably many models, we let its back-and-forth ordinal
be co. If © is a counterexample to Vaught’s conjecture, its back-and-
forth ordinal is w;.! If © has perfectly many models, it cannot be
scattered, so its back-and-forth ordinal must be below w.

One can build examples of L, . sentences with any given back-
and-forth ordinal if one is allowed to choose the axiomatizing sentence
to be of any complexity. But, if one is only allowed to use, say IT3*
sentences, the highest back-and-forth ordinal we know so far that is
not oo is that of Boolean algebras: w. One is not really losing much
generality by restricting oneself to II3* sentences, as one can transform
any L, ,-axiomatizable class into a IT3*-axiomatizable class using Mor-
leyization as in Section II.5. A possible proof of Vaught’s conjecture
may come by proving that no unbounded IT3* sentence has back-and-
forth ordinal above w. This last line is related, but not equivalent, to
Martin’s strengthening of Vaught’s conjecture (see [Gao01] for more
information on the model-theoretic Martin’s conjecture).

XII1.2. Minimal theories

Recall that a sentence © is unbounded if it has models of arbitrarily
high Scott rank below w.

fSince counterexamples to Vaught’s conjecture have uncountably many count-
able models, they realize uncountably many L, .-types by Lemma II.7.
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DEeFINITION XII.4. We say that an L, .-sentence © is minimally
unbounded if it is unbounded, but for every L, .-sentence ¢, one of
O A ¢ or © A —p is bounded.

Harnik and Makkai showed that if there is a counterexample to
Vaught’s conjecture, there is one that is minimally unbounded ([HM77],
see also [Ste78, Theorem 1.5.11}). Minimally unbounded L, ,-sentences
have interesting properties, as we will see in the next section. This sec-
tion is dedicated to proving Steel’s theorem. We need two lemmas.

LEMMA XIL5. For every structure A, there is a sentence Y 4 Such
that, for any other structure B,

BEYi., <+ B=,A

PrOOF. In Lemma VI.14, we defined formulasigoaﬁ and ;g for
a € A<N such that, for every structure B and tuple b € Bl@l,

Bl gas(h) = (Aa)<;(Bb),
and
Blvas(h) = (Aa) = (BD).
The sentence 14,4 is then defined as ¢y o A9y q- O

LEMMA XIL6. Let {A; : i € N} be a sequence of structures and
(v -1 € N) an increasing sequence of countable ordinals such that

Ao Zap+3 A1 Za43 A2 =Zant3 Az =agq3 -0
There is a structure Ao, with As =q, A; for all i € N.

PrOOF. We will build a sequence {a; : i € N} of tuples with a@; €
AN such that, for each i € N,
(1) (A, ai) Zai1 (Aisr, @Giy1), and
(2) for each b € ATN, there is a k > i and a tuple ¢ of elements of
ay such that (A;,a;,b) <., (Ax,ax | |ail, ).
Since (A;, @;) =ai41 (Aig1, Gi1), we have that Dy, (a;) € Da,,, (@),
and hence we can define A, to be the w-presentation with diagram

D(AOO) = U D 4, (&2)

Before proving that the limit structure A, is as needed, let us prove
that such a sequence of tuples exists.

Start with ag = () as usual. Suppose ag, a1, ..., as have been defined
already. We define a1 in two steps. To take care of (1), using that
A >a.43 Agy1, find dy € AZY such that (As, as) <aui2 (Asit, dy). To
take care of (2), we consider only one i < s and one tuple b € AN
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at a time: Let i,j < s be such that "(i,j)7= s,* and let b be the
tuple of the first j elements in the w-presentation of A;. Using that
(A, @) Za,11 (As, s 18]) <ans1 (Asy1, dolas]), and in particular that
(Aia&i) Zai—I—l (./43_:,_1,6% [ |EL¢|), find ¢ € A;I_\]l such that (Ai,di,gi) Sai
(A5+1, CZO r ’al‘, E), and let a3+1 = J@Aéﬁ

Now that we have defined the tuples a, € AN, we want to prove
that, for each i, (A;, @;) =a, (Ao, (0, ..., |a;| — 1)). We prove by trans-
finite induction that, for all ordinals v, we have that

e for all ¢ with v < a;, (Ai, @) >, (A, (0, ..., Ja;| — 1)), and
e for all 7 with Y S a4, (.Ai,di) SW (.Aoo, <0, ceey |EL1| - 1>)

For the first part, take § < v and b in A; disjoint from @,. Let k and & be
as in (2). By the induction hypothesis, (Ag,ar) <s (Ao, (0, ..., |ax| —
1)), and hence (A;, @;,b) <5 (Ax, (0, ..., |a;| — 1), ), where 7 is the list
of indices of the elements of ¢ within a,. This shows that (A;,a;) >,
(Aom <O’ e |dz| - 1))

For the second part, consider § < 7 and ¢ in A, disjoint from
(0, ...,]a;]—1). Let k be large enough so that ¢ is included in (0, ..., |ax|—
1) within A.,. By the induction hypothesis, we know that (A, ax) >s
(Aoo, (0, ..., |ax| — 1)). Since (A;, @;) =a,11 (Ar,ar), there is a tuple b
in A; such that (A;, a;,b) >, (A, @ | |@i],¢). In particular, we have

that (A;, a;, b) >5 (Ag, ak [ |a;],¢) >5 (A, (0, ..., |a;| — 1), ¢), as needed
to show (A;, a;) <, (Aw, (0, ..., |a;| — 1)). O

With a bit more work, one can prove a sharper formulation of this
lemma where the assumption is just that A; >,. A,y for all ¢, the
conclusion is that A; >,, A, and the sequence of «;’s is only assumed
to be non-decreasing and may even be constant. We do not need that
formulation here.

THEOREM XIL.7. If © is a counterexample to Vaught’s conjecture,
there is an L, ,-sentence ¢ such that © A ¢ is a minimally unbounded
counterexample to Vaught’s conjecture.

PROOF. Suppose, working toward a contradiction, that there is no
such formula ¢. Let « be such that © is TI:".

The first step is to build a tree of structures {A, : ¢ € 2<N} and
an increasing sequence of countable ordinals («; : ¢ € N) with oy = «
such that, for alli € N, o, 7 € 2<N,

oli=11 <<= A, =, A,.

*Here, "(i,7)7 is the number coding the pair (i, ) in some standard effective
bijection N> — N.

S If ¢ is not disjoint from dp, define @541 by adding only the elements of ¢ that
are not in dp.
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We will then use this tree to build perfectly many models of © and
reach a contradiction. The structures A, are defined by recursion on
the length of 0. Let Aj be a model of © for which 14, is unbounded,
where 14, is as in Lemma XII.5 above. In other words, A satisfies
that there are structures =,-equivalent to it of arbitrarily high Scott
rank below w;. To see why such an A exists, notice that, since there
exist only countably many =,-equivalence classes among the models of
O, if they were all bounded below w;, ©® would be bounded too. We
remark that since © is II** and A is a model of O, 14, implies ©.

Suppose we have already defined a; and A, for all o € 2¢ in such a
way that 14, o, is unbounded. For each o € 2¢, since we are assuming
that no sentence © A ¢ is minimally unbounded, there must exist a sen-
tence @, such that both 14, o, A s and ¥4, o, N\ 7, are unbounded.
Let a;;q be such that all those formulas are Hf;;ﬂ for all o € 2¢. For
each 0 € 2%, let A,~o be a structure satisfying 14, o, A ¢, and such
that ¥4 __ a,, is unbounded. To see why such a structure exists, notice
that, since there exist only countably many =,,  -equivalence classes
among the models of ¥4, o, A ¢, one must be unbounded. Analo-
gously, define A,~; satisfying 1.4, o, A —¢, and such that ¢ A oiss 1
unbounded. Notice that both A,~q and A,~; are =, -equivalent to A,
but A,~g #Za;,, As~1. This finishes the construction of the tree.

Finally, for the contradiction, we build a perfect set of non-isomorphic
models of ©. For each X € 2V, let Ax be a structure such that
Ax =,, 5 Axyi for all ¢ > 2, as given by Lemma XII.6 above. To see
that these models are all non-isomorphic, consider X and Y € 2V. Let
t be such that X [¢ # Y 4. We then have

Ax =a, Axtivs Za; Aviies =a, Ay

Notice that these are all models of ©, since, as we mentioned above, © is
implied by ¢4,,,a,- This contradiction with © being a counterexample
to Vaught’s conjecture came from the assumption that no sentence of
the form © A ¢ is minimally unbounded. U

The following lemma gives a characterization of minimally unbounded
theories.

LEMMA XII.8. If © is minimally unbounded, there is a closed and
unbounded set of countable ordinals C such that, for all o € C, there
is only one a-back-and-forth equivalence class among the models of ©
of Scott rank greater than or equal to «.

Proor. We will define C as the set of fixed points of a monotone,
continuous function f: w; — wy, which we define as follows. For each
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ordinal (3, there must exist a unique -back-and-forth equivalence class
of models of © that is unbounded: There must be at least one because
there are only countably many =g-equivalence classes and they cannot
all be bounded. There is at most one because if Az is a model of © in
that =g-equivalence classes, then © A 14, 5 is unbounded and, by the
minimality of ©, © A =tb4, 5 is bounded. Fix such a structure Az for
each f < w;. Notice that if v > 3, then A, =5 Ag. Define

Ks ={B € Mod(©),B #5 Ag}
and

f(B) = sup({SR(B) + 1 : B € Kg} U {3}).

Observe that, for an ordinal «, f(a) = « if and only if all models in
K, have Scott rank less than a. Equivalently, f(a) = « if and only
if A, is a-back-and-forth equivalent to all models of © of Scott rank
greater than or equal to . We define C as the set of fixed points of f.

If B <, then Kz C K,, and hence f(8) < f(y). If X is a limit
ordinal, then Ky = J,., K, by the continuity of the back-and-forth
relations. It follows that f()\) = sup,., f(7). The function f is thus
continuous and monotone. )

n tlmes

C is unbounded because for every 5y € wy, lim,ey fo fo---o f(Bo)
is a fixed point of f greater than or equal to (. It is closed because if
0,71, --- 1S an increasing sequence of members of C with limit A, then
f(A) = sup;en f(7i) = sup;en i = A, and hence A € C too. O

REMARK XII.9. For © as in the previous lemma, we also get that
relative to all oracles on some cone, all models of © of Scott rank
greater than or equal to w{™ are w¢-back-and-forth equivalent to
each other. This follows from a descriptive set theoretic consequence
of Turing determinacy: For every closed and unbounded set C C wy,
there is an oracle C' such that all C'-admissible ordinals belong to C,
where the C-admissible ordinals are those of the form w;i* for some

X >rC.

XII.3. Connections with computability theory

Minimal counterexamples to Vaught’s conjecture, if they exist, have
very interesting computability theoretic properties. Studying their
properties could either help us build one or lead us to a contradiction
and a proof that they do not exist.
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Suppose that an L, ., sentence © is a minimal counterexample to
Vaught’s conjecture. The following properties hold on a cone:?

(1) Every model A of © with wi* = W% has a computable copy.
Furthermore, there is a computable list containing all those
models and with the added property that their back-and-forth
relations are computable up to w¢* .l

(2) Every model A of © has degree spectrum {X € 2V : w¥ >
wi'}.

(3) There is only one computable model of © of high Scott rank,
and it has Scott rank w{' + 1.

(4) O is intermediate for effective reducibility.

We will not prove these results, as the techniques fall outside the
scope of this book.

Property (1) was proved in [Mon13] using the existence of 0*. The
first line, namely that all models with wi* = WK have computable
copies, follows from a much more general result from [Monl5b]: If a
Sl equivalence relation E on 2V does not have perfectly many equiv-
alence classes relative to all oracles on some cone, we have that, every
real that is low for wy is F-equivalent to a computable real. The sec-
ond line, namely that one can list all those models in a way that the
back-and-forth structure is computable, is done in [Mon13]. To show
that the oracles that can do this are co-final in the Turing degrees, one
has to use overspill to show that, given X and a list of X-computable
models of O, there is a Y >7 X with w¥ = w] that computes the
back-and-forth relations on that list up to some X-computable Har-
rison linear ordering. Once we know that those oracles are co-final,
we can use Turing determinacy to get that there is a cone of them.
It is not hard to see that if © satisfies (1) on a cone, then it cannot
have perfectly many models. It was proved in [Mon13] that an L, .-
sentence O is a counterexample to Vaught’s conjecture if and only if it
is unbounded and satisfies that, for every oracle on some cone, every
hyperarithmetic model has a computable copy. This is a computability
theoretic statement equivalent to Vaught’s conjecture.

Item (2) follows from (1) by relativization.

For (3), let C' be an oracle such that all ordinals of the form w;* for
X >r C belong to the set C as in Remark XII.9. Furthermore, assume

TWhen we say that a property holds on a cone we mean that there exists a
C € 2N such that, for every X >¢ C, we have that the property holds relative to
X.

IWe mean that the back-and-forth relations are computable up to w$¥, but
not including w$'X, of course.
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that relative to all oracles on that cone, there is a list of all the com-
putable models of © where the back-and-forth structure is computable
as in (1). First, there must exist at least one model of high-Scott rank
because of Corollary VI.26. Since there is only one =, cx-equivalence

class that contains all the models of © of Scott Rank beyond w{E, we
get that all computable models of © of high-Scott rank must be = cx-
equivalent to each other. They must then be isomorphic by Lemma
VI.17. By Turing determinacy, either this unique model has Scott
rank w{® +1 on a cone or it has Scott rank w&® on a cone. The latter
situation is ruled out by a result of Sacks [Sac83] saying that on a
counterexample to Vaught’s conjecture, there must exist models with
SR(A) = wit + 1.

We know of no examples of L. ,-sentences with a unique computable
model of high-Scott rank, except for the counterexamples to Vaught’s
conjecture — of which we know none. It is not known whether ©
having exactly one model of high Scott rank relative to every oracle on
some cone implies that © is a counterexample to Vaught’s conjecture.

Property (4) refers to the notion of effective reducibility introduced
in Section XI.4. Use the same cone as in the previous paragraphs. The
equivalence relation iso(Modg) on w would then have only one non-
hyperarithmetic equivalence class, namely the class of indices of the
unique model of high Scott rank. All the other ones have Scott rank be-
low w{'X and hence have computable Scott sentences (Theorem VI.15),
which makes their equivalence class hyperarithmetic. There are plenty
of ¥} equivalence relations on N that have more than one equivalence
class that is X} complete. These relations could not effectively reduce
to iso(Modg). It follows that iso(Modg) is not on top for effective re-
ducibility. Since we have a list of the computable models of © where
we can compute the back-and-forth relations, we get from the pair-
of-structures theorem (Theorem VIII.7) that the isomorphism relation
cannot be hyperarithmetic. So, iso(Modg) is intermediate for effective
reducibility.”™ It is not know whether this is the only way to obtain
a L ,-sentence that is intermediate for effective reducibility. Results
of [Mon16] get close, but short of proving that Vaught’s conjecture
is equivalent to the statement that there are no L, .-sentences that
are intermediate for effective reducibility relative to all oracles on some
cone.

ExAamMpPLE XII.10. Here is an example of a class that satisfies all
the computability theoretic properties listed above, except that it is

“*The proof we present here is due to Knight and Montalbédn [unpublished].
This was also proved independently by Becker [Bec13].
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not L, ,-axiomatizable. A class of structures is said to be pseudo-
elementary if it can be axiomatized by a sentence of the form IR ¢(R),
where ¢ is a 7 U { R}-formula, and R is a second-order variable for a
relation. Such classes are 31 but not necessarily Borel. Kunen found
the following pseudo-elementary class that has uncountably but not
perfectly many models: the class of linear orderings on which every
two elements are automorphic. It can be shown that these are exactly
the linear orderings of the form Z* for some linear ordering £ (see
Exercise 1.14), which as we saw in Observation 1.10, are the linear
orderings of form Z* or Z“ - QQ for some ordinal .
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Scott family, 117
Scott rank, 24
parameterless, 24
parametrized, 24
Scott sentence, 23
Scott-sentence complexity, 43
second-order elements, xx
second-order variables, 59
semantically forces, 110
simplified (n 4 1)-A-game, 167
Skolem function, 60
Soskov, 193
strategy, 123
strong, 200
strong forcing, 113
structure, xviii
substructure, xviii
successor, 4
supported
I-, 31
supported type, 26
supremum, 5

term, xviii

the back-and-forth relations are
computable up to n, 134

torsion, 18

torsion abelian groups, 208

torsion groups, 18

total, xii

Transfinite induction, 2

Transfinite recursion, 2

tree, xiv, xix

tree representation, 53

trees as graphs, xix

trees as orders, xix

Turing degrees, xvi

Turing equivalent, xvi

Turing jump, xvii

Turing operators, xvi

Turing reducible, xv
Turing-computable reducible, 208
type, 26

type-omitting theorem, 26

unbounded, 216
unifomrly A9-categorical, 119

uniformly A%-categorical, 198

0

uniformly relatively intrinsically %,

115
universal 7-formula, xviii
universal partial computable
function, xiii

valuation, 54
vocabulary, xvii
relational vocabulary, xxii

Wadge

effective, 11
Wadge reduction, 121
weak forcing, 113
well-founded, xiv, 8
Well-founded induction, 9
well-founded part, 9
Well-founded recursion, 9
well-ordered, 1
winning strategy, 123
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