POLYNOMIALLY EFFECTIVE EQUIDISTRIBUTION FOR
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ABSTRACT. We sketch the proof of an effective equidistribution theorem
for one-parameter unipotent subgroups in S-arithmetic quotients arising
from K-forms of SL5 where K is a number field. This gives an effective
version of equidistribution results of Ratner and Shah with a polynomial
rate.

The key new phenomenon is the existence of many intermediate
groups between the SL2 containing our unipotent and the ambient group,
which introduces potential local and global obstruction to equidistribu-
tion.

Our approach relies on a Bourgain-type projection theorem in the
presence of obstructions, together with a careful analysis of these ob-
structions.

1. INTRODUCTION

Let K be a number field, and let G be a semisimple K-group satisfying
that G(C) ~ [[;_; SL2(C). Let S be a finite set of places of K, and let Og
be the set of S-integers in K. Let

G = G(Kjy),

and let I' be commensurable with G(Og). Put X = G/I', and let mx denote
the probability Haar measure on X.

Let F be a local field of characteristic zero, and let ¢ : SLo(F) — G be an
embedding. Set H = +(SLa(F)).

Fix a right invariant metric on G. This metric induces a metric dx on X,
and natural volume forms on X and its analytic submanifolds. For every
n > 0, we let X, denote the set of points x € X where the injectivity radius
at x is at least n.

If F = R,C, we set wp = e~ !; otherwise, fix a uniformizer wp € F. Let
us put |wp| =1/q. For all t € N and r € F, let a; and u, be the images of
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1.1. Theorem. For every xg € X and large enough R (depending logarith-
mically on the injectivity radius at xg), for any T > A1R, at least one of
the following holds.

(1) For every ¢ € C°(X), we have
’/ e(apurxo) dr — /gpdmx‘ < S(p)g ™
BY

where BY = {r € F: |r| <1} and S(y) is a certain Sobolev norm.
(2) There exists x € X and a subgroup H < M < G such that Mz is
periodic with vol(Mz) < g, and

dX(fE, xO) S TA1q72T+A1R

The constants A1 and k1 are positive, and depend on X but not on xg.

The general strategy of the proof is similar in spirit to that developed in
recent works by the authors, including joint works with Zhiren Wang; see
[LMWY25] and the references therein. The argument proceeds in three main
phases. First, we obtain a small but positive initial dimension via an effective
closing lemma. In the second phase, we use a certain projection theorem to
improve this dimension to nearly full dimension. Finally, in the third phase,
we exploit the spectral gap on the ambient space to upgrade the nearly full
dimensional result to equidistribution, in the spirit of Venkatesh [Venl10].

The key difference between the present work and [LMWY25] is that we
are able to address possible obstructions in the second phase. These obstruc-
tions a priori arise as subrepresentations of H in Lie(G) and a posteriori as
intermediate subgroups as in part (2) of Theorem 1.1. This is accomplished
through two key new ingredients. The first is a Bourgain-type projection
theorem (Theorem 2.1), which is established and systematically exploited
in this paper. The second is an intricate analysis of the resulting obstruc-
tions: by assembling the local obstructions furnished by Theorem 2.1, we
construct a global obstruction. The argument at this stage is reminiscent of
Ratner’s proof of her measure classification theorem for quotients of semisim-
ple groups in [Rat90], and can also be viewed as related to the use of entropy
in the proof by Margulis and Tomanov of this measure classification result
in [MT94].

In this paper, we give a brief outline of the main steps of the proof; full
details will appear elsewhere.

Acknowledgement. We thank Hong Wang for helpful discussions regard-
ing projection theorems. We also thank Zhiren Wang for our collaboration
which was the starting point of this work.

2. A BOURGAIN-TYPE PROJECTION THEOREM

As mentioned above, one of the main ingredients in this work is a projec-
tion theorem. In this section, we discuss this theorem, which is of indepen-
dent interest. This projection result is in the spirit of Bourgain’s projection
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theorem [BoulO]. Other important contributions in this direction can be
found e.g. in Shmerkin’s paper [Shm20] and in the works [Hel9, He20] by
Weikun He. Another useful reference in this context is the paper [SG20]
by Salehi-Golsefidy which has a discretized sum-product result over Q,; in
this paper we use sum-product like results in both the archimedean and
non-archimedean cases.

The projection like results we need are similar in nature to the results
of Bénard and He in [BH24]. The main difference is that we are interested
in cases where the assumptions of [BH24] regarding the richness of set of
projected directions (e.g. as in [BH24, Thm. 2.1, item (ii)]) are not satis-
fied (and indeed, in our case there is a possible obstruction to obtaining a
dimension increment).

Let F be a local field of characteristic zero. For every § > 0 and any
v € F™, let BF"(v) denote the ball of radius § centered at v. We denote
B?m(O) simply by Bgm.

Let ®¢ be a d 4+ 1-dimensional irreducible representation of SLy(F). Put
¢ =l . We will identify ® with &g ® F™, and the action of SLy(F) on
Mat (g1 1)xm(F) is given by left matrix multiplication.

Let {e,...,eq} C Py denote a collection of unit pure weight vectors:
lei]| = 1 and ate; = eld=20)t,. et PIY = F - ¢y denote the line spanned by
a highest weight vector in ®g, and put ®"™ = @M ®V. Let 7+ : & — PV
denote the projection parallel to (F-e @ --- O F - ¢q) @ F™.

By a boz in F™, we mean v 4 L where

L= {ZT‘ZlLL T GB{?}

where BY = {r ¢ F: |r| < 1} and {u, ..., uw} is an orthogonal set.
By a representation box in ®, we mean v + V for

ve® and V={Yrje®u:0<i<d0<j<krj;ecBf}
where {ug, ..., u,} C F™ is an orthogonal set, and Bf = {r € F:|r| < 1}.
2.1. Theorem. Let 0 < a<m(d+1) and0 < 6 < 1. Let © C BY satisfy
N3(©) > 6

where Ny(+) denote the §-covering number of «. Then at least one of the
following holds for all small € and large C.

(1) There exists a subset B C BY with |BY \ B| < §¢ so that

_a
Ns(7 (u,©)) > 6 d+17°  for all v € B.
(2) There is a representation box v+ V satisfying

6Ot « NG(V) < 70
N5(© N Nhdgs(v 4 V) > 60«
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The proof of this theorem is based on Balog—Szemerédi—Gowers theorem,
e.g., in the form given by Bourgain in [Boul0O, Prop. ()], and the following
metric sum-product theorem.

2.2. Theorem. Let ©1,0, C Bfm be two subsets, 0 < & <m, and 0 < § <
1. Assume that

N5(©;) > 67% fori=1,2.
For every e; > 0, put
EXCEl (@h @2) = {’I“ S Bf Z./\/;;(@l + r@2) < 5_61—61}

The following holds for all small enough €1 and ey. If |Exce, (01, 02)] > 02,
then there are boxes v; + L C F™ so that both of the following hold

§7OTCC < NF(L) < 6747 C
Ns(8: N Nhdes (o + L)) > 0747 fori=1,2
where € = max (€1, €2) and C depends only on F and m.

We will use Theorem 2.1 with ® = sly(F) ® F™. That is: when &g is the
3-dimensional irreducible representation of SLo(F'). Indeed, our argument
will also use the following trivial estimate in this case.

Let 70 : ® — (Fey @ Fey) ® F™ denote the projection onto the space of
non-negative weights. If N5(©) > 6%, then for all r € Bf, except a set of
measure < §*¢, we have

(2.1) N (74, ©)) > 675+,

We emphasize that (2.1), as well as its analogue for 7% (with exponent
—a/3), hold for all sets, regardless of the existence of obstructions, see
e.g., [BH24, §2].

It is also worth mentioning that in the proof of Theorem 1.1, we actually
need a strengthening of Theorems 2.1 and 2.2 for subrings of a product
of possibly different local fields []7_; F;. These generalizations are proved
using similar basic strategy.

3. PROOF OoF THEOREM 1.1

In this section, we provide a more detailed outline of the proof of Theo-
rem 1.1. To simplify the discussion, we will focus on the case where K = Q,
S = {00}, and assume that G is such that

G = G(R) ~ SLy(R) x SLy(R) x SLa(R).
We further set H = {(g,9,9) : g € SLo(R)}. For all t,r € R, let a; and u,

denote the images of
et 0 1 7
(0 e_t) and (0 1)'

in H, respectively.
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Let g = Lie(G) and h = Lie(H). Then g ~ sl(R)®R3 as H-representation,
see §2. Moreover, g = h @t where t ~ sl3(R) ® R? is H-invariant. Note that
t is not an H-irreducible representation. This constitutes a key difference
between the setting considered in [LMWY25] and the problem at hand.

3.1. Initial dimension and a closing lemma. As it was mentioned, the
proof follows the same general steps as in [LMWY25]. Indeed, assuming
part (2) in Theorem 1.1 does not hold, we first use an argument relying
on Margulis functions for periodic orbits, to show the following. For all
7>t :=T — O(R) and all but a set with measure < e *f of € [0, 1],

(3.1) dx (, arupzg) > e~ Poft

for all z € X so that vol(Mx) < e® for some H < M < G, where Dy depends
on G and the implied constants depend on X, see [LMWY25, Prop. 4.4].

Then we use the arithmeticity of I' to show that for any x; = a¢, u,zo
satisfying (3.1) the points in {asgu,x; : 7 € [0, 1]} — possibly after removing
an exceptional set of measure e *® — are separated and in general position
with respect to all intermediate subgroups, see  LMWY25, Prop. 4.6]. When
H has a centralizer in G this requires also using the techniques of [LMM™24]
(cf. also [ELMW25, Prop. 7.1]).

We interpret this separation as a (small) positive dimension at controlled
scales; see (3.4) for a more precise formulation.

3.2. Improving the dimension and obstructions. The basic strategy
in the next, and most involved, phase is to show that we can improve this
dimension to nearly full dimension unless there is a global obstruction as in
part (2) of Theorem 1.1. A basic tool here is Theorem 2.1.

Let s > t1. We first show that if the convolution of the uniform measure
on {asuyxp : r € [0,1]} with the measure

1
ve(p) = /0 o(apu,) dr for all p € C.(H),

for an appropriate choice of ¢, fails to produce incremental dimension im-
provement, then the the uniform measure on {asu,zo : r € [0,1]} exhibits
local, but multi-scale, obstructions. Then using the dynamics of the action
of a;, we promote this local obstruction to global obstructions along stable
and unstable leaves. Finally, we use the structure along stable and unstable
leaves to show that a significant part of the measure in near a local orbit
of an intermediate group M. This, in view of the aforementioned closing
lemma, implies that part (2) in Theorem 1.1 holds unless M = G.

In what follows x denotes a small parameter and C a large parameter,
depending on X, whose exact value may differ from one line to another.

We begin by giving a precise definition of a single scale version of the type
of obstructions which arise in our analysis.

Definition 3.3. Suppose the parameters 0 < a < dimg, 0 < € < 1, and
T > 1, are fixed. Let u be a measure supported on X, and let 0 < § < d9 <
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61 < e "R We say p is (02, 61)-focused at y € X,—«r with parameters a, T,
¢’ if there exists a representation box v+ V C BS 5, with
(3.2a) THE)* ™ < N5, (V) < T(82)*, and
(3.2b) (B3 (y) N Nhdag,(exp(v + V).y)) > T (5) ™ u(B3 (1))

We say p is (62, 01)-ezactly focused at y if in addition to (3.2a) and (3.2b),
we also have

(3.3) M(ng(z)) > T_l(g—;)_elég‘, for all z € Bgi (y) N'supp p

Here and in what follows Bj\ (y) = exp(B;(0))y. We also remark that ¢’
in Definition 3.3 will be chosen to be a (large) multiple of € in Theorem 2.1.

An elementary, but important, observation for our purposes is that if
p is (62, 61)-exactly focused at y, and moreover p(BiX(z)) < YT for all
02 < b< 6§ and all z € ng (y), then « is necessarily very close to an integer
multiple of 3 (in the case of G ~ SLa(R) x SLa(R) x SLa(R), one of d = 3,6, 9)
and the box v + V has size nearly §; in d-directions and has size roughly
comparable to o in the complementary directions.

Let us write iy = v4%04, for all £. Our initial dimension takes the following
form: For all s > t;, we can write ps = s + pts,1 Where pg1(X) < 6% and
for all y € X« we have

(3.4) usvo(Bic(y)) <b* foralld<b< ¢

where 0 < ajp; < a < dimg and § = e R,

Let s > t;. Using Theorem 2.1, for every e2l5 < b < e 26§ we can
decompose s as follows
b b b
(35) Hs = Mg,i)p + 'U’g,lzs + Iu‘g,i?
where ,ug (X) < 0". The measure ugbgs is supported on the (e~%b, b)-focused
set and for all but an exceptional set with measure < 6" of r € [0, 1],

(3.6a) agur.(ugl?i)p + ui?f)s)(Bg((y)) < TbY for all €26 < b < ¥,
(3.6Db) agur.uilji)p(Bi((y)) < YTe >

where T < 7",

The indices ip and fs stand for improvement and focused, respectively.
In particular, (3.6a) states that the dimension is preserved at all scales
and (3.6b) (specifically, the e~ factor in that equation) states that the

dimension is improved for uibi)p at scale b. Altogether, we have decomposed
(b) (b)

the measure into a negligibly small piece fi 1, a piece p, ¢ which is focused
(b)
s,ip
proved at certain scale. The constant e in (3.6b) is sufficiently small so that
Theorem 2.1 holds for all € < e.

in the sense of Definition 3.3, and a piece u,; where the dimension is im-
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Roughly speaking, the dimension estimate for aguy.pis at scale b is ob-
tained as follows: if u,.us has dimension «a; at scale b and dimension «s at
scale e 2eb then apu,.us has dimension at least 2 01+ 042 at scale b.

Suppose now for some s > t; and 0 < ajy; < a < dim g, the measure
admits a decomposition ps = fi50 + 5,1 Where g1 (X) < 6%, and

1150 (B () < TH* for all § <b <4 and all y € Xs»
Let 5" ~ log(1/d), and assume that for some €56 < b < ¢’
(3.7) pe({y = me(BY () = TH**Y) > e

where t = s 4+ 3s’ and € is a small multiple of € in (3.6b).

Define £ by €2tb = 6%, and for 1 < i < 4, set b; = e21=9¢p. Note that
by = b, and b; for 2 < i < 4 is comparable to b%, up to a factor of size §**.
For j =1, 2,3, we will investigate

pi—je at scales {by,...,bj11}.

Applying an ip-fs-negligible decomposition, as in (3.5), to the measures
fi—je, we show that if (3.7) holds, there will be a set F C Xs« with
pe—sze(F) > 6*", so that p;_3p is simultaneously (b4, b3) and (be, by )-exactly
focused on F. We conclude from this that

(A-1) For all r € [0, 1] except a set with measure < §*", the measures p;_op
is (be, by )-exactly focused on apu,.F,

(A-2) Similarly, for all » € [0,1] except a set with measure < §**, the
measure ;g is (bg, by)-exactly focused on agpu, F — we use the fact
that ps_s3¢ is (bs, bg)-exactly focused on F to show that u;—, has exact
dimension at scale by on agpu,..F.

Using (A-1) and (A-2) we will conclude that the measure p;—9p has a global
obstruction as discussed in the beginning of §3.2 by using the argument
outlined below.

For every y € F, let V, denote the linear subspace corresponding to the
long sides (i.e. those of size roughly b;) of the box provided by Definition 3.3
applied with the measure pu;_gs, the point y, and scales (b, b1). Also let
r € [0, 1] be outside the exceptional set in (A-1) above. By investigating the
directions of ayu,V, for all y € F within the b;-neighborhood of a piece
of the stable leaf (with size §") through y, we obtain the following. There
exists a set F' C apu,.F with p_op(F') > 6*, so that p_o is (b2, b1)-
exactly focused on F'. Moreover, for every z € F’ there exists a subspace

LT cR ~G*

(namely Vi N gt where apu,y’ € ng (2)) satisfying the following. The inter-
section of F’ with the bj-neighborhood of a piece of the unstable leaf (with
size §") through z is contained in §**b;-neighborhood of Ef .z, where Ef =

+ _
B(SL,f . Moreover, the bi-covering number of this intersection is > 6*"b, o/ 3
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More careful analysis actually gives that the intersection of 7’ with a tube
around such a §"-piece of an unstable leaf of size by in the g°-direction and
by in the g~-direction (a “by, ba-tube”) is of distance at most 6~ *%by, by, bo
in the g*, g°, g~ directions respectively of exp(Bg,jEBQ0 NVy).z, y as above.

Similarly, for § € agou,.F, let V;; be a subspace given by Definition 3.3
applied with j;;_¢, the point ¢, and scales (bg,by). Investigating a_su,.Vy
for ¢ € agpu,.F within the bi-neighborhood of a piece of the unstable leaf
(with size §) through ¢, we obtain the following. Trimming F” if necessary,
for every z € F' there is a subspace L; C R® ~ G~ with dim L; = dim L}
so that the following holds. The intersection of 7’ with the b;-neighborhood
of a piece of the stable leaf (with size 0") through any z € F’ is contained

in a 6~ **b1-neighborhood of E7 .z, where E; = BSL;_. Moreover, the b;-

covering number of this intersection is > 5*"‘1);&/ 3, and again one also get

more precise information when intersecting with a by, bo-tube as above; in
the present case, however, the roles of g™ and g~ are interchanged.

Next we show that up to errors of size 6 **by, the subspaces L} and L
are respectively the unstable and stable subspaces of the same H-invariant
subspace. To see this, let 2 € F' and let y € F be so that apu,y € Bgi(z).
Let V, be as above, similarly, let V., denote the subspaces provided by Def-
inition 3.3 applied with the measure p;_o¢, the point z, and scales (bo, by).
By comparing the center directions of V. and V,, and using the relation-
ship between L} and the unstable direction of V,, we conclude that L] is
within §7*%b; neighborhood of V,. Similarly, comparing the center direc-
tions of V, and Vj; for § € agu,.F, and using the relationship between the
stable direction of V, and L, we have L_ is within 6 ~**b; neighborhood of
V.. Furthermore, the discussion above also yields that « is nearly equal to
dim V, see the remark following Definition 3.3.

We now note that

Ni (B EXEZEF) > 6707

where k > & + dim V, unless V, is within bi_*'% of Lie(M,) for some H <
M, < G, where & is small (in a way that depends only on G).

On the other hand, the preceding discussion of the structure of F’ along
stable and unstable directions implies that the b;-covering number of

F' N Nhds-ny, (B EFE; EF .2)

is > 0*b;*. Since Nj, (F') < b® and « is nearly equal to dimV;, by
choosing & appropriately, we conclude (after trimming F’ if necessary) that
for all z € F', we have

V. C Nhd, /e (Lie(M.))
for a subgroup H < M, < G.

Recall now that M M M} is Zariski open and dense in M,. Using the
above structure of 7’ along stable and unstable directions again, we conclude



that the bi-covering number of

MF pMI pMF
F'NINhd 12 (Bye By® By -2)

is > §*"b; . Therefore, there exists some z € F’ such that

pe—2¢(N thbi/Q (Bé\fz 2)) > 0.

In view of the closing lemma discussed in §3.1, this implies that either
part (2) in Theorem 1.1 holds or M, = G.

3.4. From high dimension to equidistribution. The previous step im-
plies that pu7_.p has dimension close to dimg at scales e 10 < p < ¢
unless part (2) in Theorem 1.1 holds. Thus assuming the latter does not
hold, in this final phase we use the exponential mixing of a; with respect to
mx to conclude that ur equidistributes with respect to mx.

This step is carried out using similar arguments as in [LMWY25, §9].
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