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The existence of the Laplace-Beltrami operator has allowed mathematicians to carry out Fourier analysis on Riemannian manifolds [2]. We recall
that the Laplace-Beltrami operator ∆ on a compact Riemannian manifold
has a discrete set of eigenvalues {λj }∞
j=1 , which satisfies λj → ∞ as j → ∞.
This is known as the spectrum of the Laplace-Beltrami operator. Inverse
spectral geometry studies how much of the geometry of the manifold is determined by this spectrum. The purpose of this paper is to survey some of
the results in this area and to give indications of some of the techniques used
to prove them.
As is customary in the literature, we will use the term the spectrum of
the manifold with the same meaning as the term the spectrum of the LaplaceBeltrami operator on the manifold. We will also use the following terminology: a spectral invariant is a quantity which is determined by the spectrum
of the manifold, and two Riemannian manifolds are called isospectral, if their
spectra, counting multiplicities, coincide.
The Metric of a Riemannian Manifold
The isometry class of the metric of a Riemannian manifold is not a spectral
invariant. In 1964 John Milnor constructed two 16-dimensional isospectral
but not isometric flat tori [13]. Other examples of isospectral nonisometric
manifolds have also been given since then. The first systematic method for
constructing such manifolds was provided by a theorem of Toshikazu Sunada
of 1985. To state Sunada’s theorem, letPus first define the zeta function of
∆ on a Riemannian manifold as ζ(s) = λj ∈Spec(∆),λj 6=0 λ−s
j , and recall that
the conjugacy class of an element h of a group G is [h] = {shs−1 : s ∈ G}.
Sunada’s theorem now says the following [15]:
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Sunada’s Theorem Let M be a finite covering of a compact manifold
M0 with deck transformation group G. Let M1 and M2 be covers of M0
corresponding to subgroups H1 , H2 ⊂ G. If H1 and H2 have the property
that each conjugacy class of G meets H1 in the same number of elements as
it meets H2 , then ζM1 (s) = ζM2 (s) with respect to the metrics pulled backed
from any metric on M0 . In fact, M1 and M2 are isospectral.
In 1966 Mark Kac posed the question “Can one hear the shape of a
drum?” in a well-known paper by the same title [11]. This was the question of whether the spectrum of the Laplacian on a compact planar domain
with a boundary, acting on smooth functions vanishing on the boundary,
determined its shape. In this paper Kac also discussed some of the physical
motivation behind the isospectral problem but wrote that he himself did not
believe one could “hear” the shape of the drum. In 1992 Carolyn Gordon,
David Webb, and Scott Wolpert answered Kac’s question in the negative [6].
They used a version of Sunada’s theorem to construct a pair of nonisometric
planar domains with the same spectra of the Laplacian when acting on both
functions that vanish on the boundary and functions whose normal derivatives vanish on the boundary. Their paper also contains references to other
examples of isospectral nonisometric pairs of manifolds which are not planar
domains. In a recent paper Steven Zelditch has proved, however, that in the
special case of simple analytic surfaces of revolution the spectrum determines
the metric [16].
The Volume
A result of Minakshisundaram and Pleijel from 1949 [14] says that the counting function N of the spectrum of a Riemannian manifold has an asymptotic
expansion
N (λ) = card({j : |λj | ≤ λ}) ∼

d
d
β(d)
V ol(g)λ 2 + o(λ 2 )
d
(2π)

where β(d) is the volume of the ball of radius 1 in Rd . This expansion was
first derived for a plane domain with boundary by Hermann Weyl [19] and
shows that the volume of a Riemannian manifold is a spectral invariant.
The Length Spectrum
The length spectrum of a Riemannian manifold is the set of the lengths of
the closed geodesics. A link between the length spectrum and the spectrum
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of the manifold was first established for Riemannian surfaces. In 1959 Huber
[10] proved that if two compact surfaces with constant negative curvature
have the same spectrum, then they have the same length spectrum. Colin
de Verdière [4] showed in 1973 that the same was true for compact surfaces
which have the same variable negative curvature. In 1975 J. Duistermaat and
V. Guillemin proved that under certain conditions, which we discuss below,
the length spectrum of a compact smooth manifold without boundary is a
spectral invariant [5].
Let us first discuss an earlier known result, proved by Chazarain [3], which
is also proved in [5]. For this we need the following definitions. If X ⊂ Rn
is an open set, a linear form u : Cc∞ (X) → C is called a distribution if for
every compact set K ⊂ X, there is
Pa real number C ≥ 0 and a nonnegative
integer N such that |(u, φ)| ≤ C |α|≤N sup |∂ α φ| for all φ ∈ Cc∞ (X) with
supp φ ⊂ K. The singular support of u, denoted sing supp u, is the set of
points in X having no open neighborhood the restriction of u to which is a
C ∞ function.
In the following sections we will also use the notion of pseudodifferential
operators. For a brief description of what they are, we refer the reader to
the Appendix.
Lastly we define the Hamiltonian vector
of a function f ∈ C 1 (T ∗ M ),
Pfield
∂f ∂
∂f ∂
− ∂x
.
where M is a smooth manifold, by Hf = nj=1 ∂ξ
j ∂xj
j ∂ξj
Duistermaat and Guillemin’s first observation, now is that the trace formula
√
X
√
σ̂(t) = T race(eit ∆M ) =
ei λj t
λj ∈Spec(∆M )

√
defines a distribution on the real line. Here ∆M is defined using the Spectral Theorem and it is a pseudodifferential operator. With q denoting its
principal symbol, it is then a consequence of results on the wavefront set of
distributions1 that the singular support of σ̂ is contained in the set of the
periods of periodic Hq solution curves in T ∗ M . This result holds for any
compact smooth manifold M without boundary.
Now, if the set of periodic geodesics of a given length satisfies certain conditions, Duistermaat and Guillemin are able to prove a more precise relation
between the singular support of σ̂ and the length spectrum of the manifold.
To state their main theorem, we make the following definition:
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See [7] for the definition of the wavefront set of a distribution.
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Definition Let M be a manifold and let Φ : M → M be a diffeomorphism.
A submanifold Z ⊂ M of fixed points of Φ is called clean if for each z ∈ Z
the set of fixed points of dΦz : Tz M → Tz M equals the tangent space of Z
to z.
The first part of the theorem now says the following, with Φt denoting
the geodesic flow on M :
Theorem Assume that the set of periodic Hq solution curves of period
T is a union of connected submanifolds Z1 , Z2 , . . . , Zr in S ∗ X = {(x, ξ) ∈
T ∗ X\{0} : p(x, ξ) = 1}, each Zj being a clean fixed point set for ΦT of
dimension dj . Then there is an interval around TPin which no other period
occurs, and on such an interval we have σ̂(t) = rj=1 βj (t − T ), where the
βj ’s are distributions with singular support in {T }.
Under the additional assumption that the periodic Hq solution curves are
isolated and nondegenarate and only one such curve γ, or two such curves, γ
and −γ, occur for each period, this theorem implies that the length spectrum
of the manifold is a spectral invariant.
The Birkhoff Canonical Form of the Metric
Confirming a conjecture of Alan Weinstein, Victor Guillemin and Steven
Zelditch proved a number of results in the 1990’s which culminated in proving
that for metrics with simple length spectra, which are those with at most one
closed geodesic of a given length, the classical Birkhoff canonical form of the
metric around any nondegenerate closed geodesic is a spectral invariant of
the Laplacian [18].
Before discussing
N these results, we state the following definitions and
⊥
C denote the space of complex normal
theorems. Let Jγ
N Jacobi fields
along the geodesic γ. The linear Poincaré map Pγ on Jγ⊥ C is defined by
Pγ Y (t) = Y (t + Lγ ). A symplectic structure on an even-dimensional smooth
manifold M 2n is a closed nondegenerate differential 2-form ω. Darboux’s
theorem says that every point x in R2n , in a neighborhood of which such a
2-form is defined, has a neighborhood on which
P one can choose a coordinate
system (p1 , . . . , pn ; q1 , . . . , qn ) such that ω = ni=1 dpi ∧ dqi . A mapping χ is
called a canonical transformation if χ preserves ω, i.e., χ∗ ω = ω. The Birkhoff
normal form of degree s for a Hamiltonian is a polynomial of degree s in the
canonical coordinates (Pl , Ql ) which is actually a polynomial (of degree [s/2])
in the variables τl = (Pl2 + Q2l )/2 [1]. A closed geodesic γ is nondegenerate
elliptic if the eigenvalues of Pγ are of the form {e±iαj , j = 1, . . . , n} with
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{α1 , . . . , αn , π} linearly independent over Q.
The classical Birkhoff normal form theorem states roughly that near a
nondegenerate
elliptic closed geodesic γ, the Hamiltonian H(x, ξ) = |ξ| =
qP
n+1
ij
i,j=1 g ξi ξj can be reduced by a homogeneous local canonical transformation χ to the normal form
n
1 X
p1 (I1 , . . . , In )
χ H =σ+
αj Ij +
+ ···
L i,j=1
σ
∗

1
mod O∞

where Ij (P, Q) = 12 (Pj2 + Q2j ), pk is homogeneous of order k + 1 in I1 , . . . , In ,
1
and O∞
is the space of germs of functions homogeneous of degree 1 which
vanish to infinite order along γ. The coefficients of the monomials are known
as the classical Birkhoff normal form invariants.
The quantum Birkhoff normal form theorem is the analogous statement
at the operator level:
Theorem There exists a microlocally elliptic Fourier integral operator W
from the conic neighborhood |P | < , |Q|
<  of R+ − γ in T ∗ Nγ − 0 to the
σ
∗ 1
conic neighborhood |Ij | < σ of T+ SL in T ∗ (S 1 × Rn ) such that:


p
p1 (I1 , . . . , In )
pk+1 (I1 , . . . , In )
W ∆ψ W ≡ ψ̄(R, I1 , . . . , In ) R +
+ ... +
+ ···
LR
(LR)k+1
1
p̃1 (I1 , . . . , In , L)
p̃k+1 (I1 , . . . , In , L)
+ ··· +
+ ···
≡ Ds + Hα +
L
Ds
Dsk+1
where the numerators pk+1 (I1 , . . . , In ), p̃k+1 (I1 , . . . , In , L) are polynomials of
degree k+1 in the variables I1 , . . . , In , ψ̄ is microlocally supported in |Ij | < σ,
and W −1 denotes a microlocal inverse to W in |Ij | < σ.
The quantum Birkhoff normal form coefficients are the coefficients of the
monomials of the variables (Ij ) of the symbols of the operators p̃j (I1 , . . . , In ).
For a proof of the theorem and the definition of the various terms, see [17].
In his 1996 paper Guillemin considered a positive elliptic selfadjoint pseudodifferential operator H of order 1 on a compact (n + 1)-dimensional manifold X. Then the wave trace, or the distribution
X
e(t) =
eiλk t
where the λk ’s are the eigenvalues of H, has the following properties
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1. As before, e has a singularity at a real number T only if the Hamiltonian
vector field Ξ on T ∗ X − 0 associated with the principal symbol σ(H)
of H has a periodic trajectory γ, of period T .
2. If γ is nondegenerate, then it contributes to the wave trace a singularity
of the form
eγ (t) ∼

∞
X

crγ (t − T + i0)−2+r log(t − T + i0)

(1)

r=1

The coefficients (crγ ) are called the wave trace invariants associated with γ.
An earlier known result was that the leading term in (1) was given by the
formula
Z T
Tγ σγ
− 12
i | det(I − Pγ )| exp(i
σsub (H)(γ)dt)
(2)
2π
0
where Tγ is the primitive period of γ, σγ is a topological invariant called the
Maslov index2 of γ, Pγ is the linearized Poincaré map about γ, and σsub (H)
is the subprincipal symbol of H.
One could now similarly consider the kth iterate γk of γ defined by γk (t) =
γ(t − lTγ ) on the interval lTγ ≤ t ≤ (l + 1)Tγ . If γk is also nondegenerate,
then by (1), it contributes to the wave trace a singularity of the form
∞
X

cr,k (t − kTγ + i0)r−2

r=1

and from this the quantity | det(I − Pγk )| can be read off as in (2). It was
a known result before Guillemin’s paper that these quantities, on the other
hand, determined the leading term in the Birkhoff canonical form of the
Poincaré map associated with γ. Guillemin proved Weinstein’s conjecture
that the higher wave-trace invariants determined the entire Birkhoff canonical
form.
To do so, he used a characterization of the wave trace invariants, given by
Zelditch. This characterization, which had made the previously intractable
wave trace invariants easier to compute, stated that they were the residues at
the poles at z = −1, 0, 1, . . . of the zeta function ζ(z) = trace (exp iT H)H z .
The proof of this result is given in [9].
2

See [1] for the definition of the Maslov index.
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This residue trace formula can further be used to characterize the following equivalence relation on the algebra of pseudodifferential operators ψ(X).
Two pseudodifferential operators A and B satisfy the equivalence relation
A ∼ B if there exist Ai , Bi ∈ ψ(X) such that
X
(exp iT H)(A − B) =
[Bi , (exp iT H)Ai ]
It can then be shown that A ∼ B if and only if the residue trace of (exp iT H)A
is equal to the residue trace of (exp iT H)B [8].
To unravel this equivalence relation at the level of symbols, Guillemin
used the canonical form theorem to obtain a decomposition of H, to which
he applied the residue trace formula, and concluded that the coefficients of
the quantum Birkhoff normal form of H were determined by the wave trace
invariants [9]. His method of proof, however, while “constructive,” did not
provide an easy way of computing the wave trace invariants. An effective
method for computing these invariants was developed by Zelditch.
Zelditch also used the normal form of the Laplacian, first around an
elliptic closed geodesic, to provide such a method [17]. He later extended
his techniques to the general case of a nondegenerate closed geodesic3 and
generalized Guillemin’s inverse result about the quantum normal form to the
full nondegenerate case. These results implied that for metrics with simple
length spectra the classical Birkhoff normal form of the metric around any
nondegenerate closed geodesic is a spectral invariant of the Laplacian [18].
Concluding Remarks
It is an old result, discussed in [2], that the scalar curvature of a Riemannian
manifold and the Euler-Poincaré characteristic are also spectral invariants.
The proofs of these results use an asymptotic expansion of the heat kernel
and the Gauss-Bonnet theorem.
In this brief survey I have omitted most of the details of the various
proofs but have wished to illustrate the breadth of mathematical techniques
which have been used in these proofs. One of the reasons for the interest
in inverse spectral problems has been the physical meaning of the spectrum
of the Laplacian. In the case of a vibrating
membrane for example, the
p
frequencies of oscillation are given by { λj } and are the “observables.”
Other “observables” in this case are the nodal lines, or the sets where the
3

See [18] for the definition of a nondegenerate closed geodesic.
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eigenfunctions of the Laplacian vanish. These are the sets where there is no or
little movement in the vibrating membrane. There are also other properties
of the manifold which one could wish to recover from the “observables.”
Lee and McLaughlin for example, have considered the problem of recovering
the density distribution of a vibrating rectangular membrane from the nodal
lines and the natural frequencies of vibration [12]. A discussion of some of the
other current directions in research motivated by the physical interpretation
of the isospectral problem can be found in [2].
Appendix
A pseudodifferential
operator A on an open set X in Rn is formally Af (x) =
R
1
eixξ b(x, ξ)fˆ(ξ)dξ, f ∈ Cc∞ (X). The function b ∈ C ∞ (X × Rn ) is
2π Rn
called the complete symbol of A and satisfies |∂xα ∂ξβ b(x, ξ)| ≤ CK,α,β (b)(1 +
|ξ|)m−ρ|β|+δ|α| , (x, ξ) ∈ K × Rn , for all compact sets K ⊂ X, all α, β ∈ Nn ,
and some m ∈ R, 0 ≤ ρ ≤ 1, 0 ≤ δ ≤ 1. Every differential operator with
smooth coefficients is a pseudodifferential operator. The symbol b and the
m
operator A are said to be of order m and type (ρ, δ), denoted b ∈ Sρ,δ
(X ×Rn )
m
and A ∈ Lρ,δ (X), respectively. The operator A is called
P∞classical if its complete symbol admits the asymptotic expansion b ∼ j=0 pm−j , with pm−j
positively homogeneous of degree m − j in the second variable and therem−j
(X × Rn ), where the asymptotic sum is in the sense that
fore pm−j ∈ S1,0
Pk
m−k−1
b − j=0 pm−j ∈ S1,0
for every k. In this case the principal symbol of
P
∂ 2 pm
A is pm and the subprincipal symbol is pm−1 − 2i1 nj=1 ∂x
. Pseudodifj ∂ξj
ferential operators on compact manifolds are defined analogously on every
domain of a coordinate chart. For a complete development of the theory of
pseudodifferential operators, we refer the reader to [7].
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