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Abstract

We consider supercritical bond percolation in Z¢ for d > 3. The origin lies in a finite
open cluster with positive probability, and, when it does, the diameter of this cluster has an
exponentially decaying tail. For each unit vector £, we prove sharp asymptotics for the probability
that this cluster contains a vertex x € Z¢ that satisfies 2 - £ > u. For an axially aligned £, we
find this probability to be of the form kexp{—Cu}(1 + err) for v € N, where |err| is at most
Cexp{—cul/ 2}; for general £, the form of the asymptotic depends on whether £ satisfies a
natural lattice condition. To obtain these results, we prove that renewal points in long clusters
are abundant, with a renewal block length whose tail is shown to decay as fast as C'exp {fcul/ 2 }

Contents

1 Introductionl

[1.6  Review of and comparison with prior work|. . . . . . . . . . . . ... ... ... ...
[1.7 Structure of the paper| . . . . . . . . .

Asymptotic string and cluster probability via renewal plenitude]

2.1  Deriving Theorem [1.8] . . . . . . . . . . . .
[2.2  Further results on the renewal structure of strings| . . . ... ... ... .......
[2.3  Deriving the asymptotic probability of clusters| . . . . . . ... ... ... ... ...

|4

Renewal levels via the slide resample]

4.1  'The single slide: positive density of renewal| . . . . . . . . .. .. ... ... .....
|4.2  Simple joins are often found at fine levels: deriving Proposition|4.11] . . . . . . . ..
4.3 Controlling the damage when the single slide fails|. . . . . ... ... ... ... ...
|4.4  The iterated slide: tast decay for inter-renewal distance| . . . . . .. ... ... ...

O O UL UL WNN

© @



1 Introduction

We investigate the geometry and probability of finite connections in supercritical bond percolation
on Z for dimension d at least three. We will present strongly quantified conclusions regarding the
presence of renewal points in finite connections. These lead to precise estimates in Theorems [1.4
and for the probability of long point-to-hyperplane connections running in a given direction £.

1.1 The first main result, on the asymptotic probability of long finite clusters
Write S9! = {u € R?: |ju||; = 1} for the Euclidean unit ball.

Definition 1.1. Let £ € S9!, This vector is called non-lattice if the Z-linear span of its Cartesian
coordinate projections £ - e;, i € [1,d], is dense in R. In the opposing case, where £ is lattice,
we define the span of ¢ to be the greatest positive s for which |- ¢;| € s-N for i € [1,d]. (For
definiteness, 0 € N.)

When £ is lattice, the cover Cover(€) of £ is s - N, with s the span of £. When £ is non-lattice,
Cover(£) is simply (0, c0).

Definition 1.2. Let f,g : N — (0,00). We will use the convention that f L g means that
f(u)/g(u) — 1 as u — oo along the cover of £. We will say that f and g are weakly asymptotic in

this case. (When £ is non-lattice, this notion is simply the usual asymptotic ~; we will write f £ g
only in the lattice case.) Suppose that the pair of sequences (f,g) meets the stronger condition
that there exist constants C' and ¢ in (0, 00) such that | f(u)/g(u) — 1| < C exp{—cu'/?} for u in the

4
cover of £. Then we say that f and g are strongly asymptotic, denoting this relation by f = g.

Let d > 2. By (Z% ~), we denote the lattice Z% with the nearest-neighbour notion of adjacency.
Writing p. = p.(d) for the critical value for bond percolation on Z4, we let p € (p., 1) be a given
supercritical value. Let P denote the law of bond percolation on (Z¢, ~) with parameter p.

The height of 2 € Z¢ equals x - £.

Definition 1.3. A cluster is a finite open connected component under P. The base of this cluster is
a vertex therein attaining the minimum height. (If there is more than one minimizer, one is selected
as the base in some definite way, as we will specify in Section ) When it exists, the cluster with
base at x € Z¢ will be denoted C(z).

For 2 € Z¢ and u € (0, 00), let Cluster,(z) denote the event that x is the base of a cluster for which
the maximum height attained among its vertices equals wu.

The connection formed when Cluster, (z) occurs is finite, because |C(x)| < oo, and of point-to-plane
type, in the sense that an open path travels from x to the hyperplane of height w.

Here is one of the principal conclusions of this article.

Theorem 1.4. Let d > 3, p € (pe, 1) and £ € S4~'. Then there exist positive and finite constants
Kelust = Kelust(d, 0, €) and ¢ = ((p,d,£) such that, if € is lattice, then

P(Clusteru) é Rclust eXp{ - CU} )



while, if £ is non-lattice, then

]P’(Cluster[u’oo)) ~ Keclust exp{ — Cu} ,
where Cluster, o) = Uy >y Cluster,,.
The value of ((p,d,£) will be furnished by Proposition

Fundamental to the derivation of Theorem is the notation of a renewal point and a cousin of
the cluster called a string. The introduction continues with suitable notation; Theorem which
is a string counterpart of Theorem and Theorem on the abundance of renewal points.

1.2 The basics

Let z -y denote the Cartesian scalar product of z,y € R

We regard £ as pointing vertically in the positive direction; so z € R? is upwards from z € R? if
x>z L

For h € R, the forward and backward half-spaces of h are given by

Fp={ueR':u-£>h} and B, ={uecR?:u-£<h}.

For e = (z1,22) € E(Z%), write (¢) = {Az1 4+ (1 — A2z : A € (0,1)} C R? for the interior of the
endpoint-interpolating interval. For h € R, we define the upper and lower half-spaces U, and Ly
of h to be subgraphs of (Z%, ~) whose edge sets are given by

E(Uy) ={e€ E(Z% : ()N Fy, # 0} and E(Ly) = {e € E(Z%) : (e) C By},

and whose vertex sets V' (Up,) and V (Ly,) are the sets of endpoints of elements of the respective edge
sets.

B
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Figure 1: The partition E(Ly) U E(Ly,) of edges in Z? for an axial and a more general choice of
£. The arrow represents £, while the cross marks the origin, which is an element of VertBdry,, for
h = 0. The discs mark the other elements of VertBdry,. Elements of E(Uy) are drawn with solid
lines; those of E(Lg) are dashed.



The vertex boundary VertBdry, of h equals the intersection of vertex sets V(Up) NV (Ly). The
various characters appear in Figure

For m,n € Z with m < n, we denote by [m,n] the integer interval {k: €eZ -m<k< n}

Let G; = (V(G;), E(G;)), i € [1,2], be two subgraphs of (Z9, ~). Their intersection G1 N Gy is the
subgraph (V(G1) NV (Gs2), E(G1) N E(G3)). For y,z € R with z > y, we define the slab Slab,, .
from y to z to be the subgraph U, N L.

An element v € V(Slaby ) is called lower if it belongs to VertBdry,, and upper if it belongs
to VertBdry,.

1.3 Notation, strings, and renewal
1.3.1 The base and the head

For certain choices of £, the hyperplane H, = {z € R? : z - £ = s}, with s € R, may intersect a
finite set A C Z% at more than one point. To distinguish a point in the intersection, we consider
the projection Hy; — Hy orthogonal to £. We fix an orthonormal basis for Hy. This basis induces a
lexicographical ordering on Hy and this ordering gives rise to one on Hg when we identify Hy and
H by translation by any given element in Hs. The latter ordering is a total order on Hy.

Let G be a finite subgraph of (Z4¢, ~). The base of G, denoted by base(G), is the lexicographically
minimal element of V(G) among those of minimum height. For the head head(G), we replace
‘minimal’ by ‘maximal” and ‘minimum’ by ‘maximum’. The usage of the term ‘height’ is extended
so that the height of G is given by max{(v —u)-€: u,v € V(G)}.

1.3.2 Renewal
Next is the important definition of a renewal point.

Definition 1.5. Let U be a finite connected subgraph of (Z%,~) and let z € V(U). The element x
is called a renewal point of U if V(U) N VertBdry,., equals the singleton set {z}.

1.3.3 The string

Let z,y € Z¢%, x-€ < y-£. A string from z to y is a finite open connected component in Slaby.¢,.
such that x,y are renewal points of S. A string crosses the slab Slab,. ., between locations z and y
at which it has renewal points. The term ‘string’ is shorthand for ‘string of sausages’: as we will
see, a string can be broken into sausages delimited by consecutive renewal points: see Figure

For u > 0 and = € Z%, let Str,(x) denote the event there exists a string from x to z for some z € Z4
with (z —z)-€ = u. (Whatever the value of £, this event is empty for some u.) When Str,,(z) occurs,
it is straightforward, and implied by the upcoming Lemma that there is a unique such z, and a
unique string from x to z. We denote this string by S, (x). When z = 0 € Z¢, write Str,, = Str,(0)
and S, = 5,(0).

1.3.4 Notation
The next definition develops the usage Cluster(, ) seen in Theorem
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Figure 2: Four crosses mark the renewal points in this string from z to y. The middle of its three
sausages is drawn in bold.

Definition 1.6. Here the symbol E represents either Str or Cluster. For A C [0,00), we write
E4 = UycaF,. This notation will be applied when A is a finite or semi-infinite interval.

Set 7 = max {|e; - €| : i € [1,d] }.

1.4 The asymptotic probability of long strings

The next result asserts that the string probability P(Str[u,u H)) decays in the form exp{—({+o(1))u}.
In essence, the assertion is due to [FH14, Lemma 8.5], and we provide the straightforward derivation
given this input at the end of Section

Proposition 1.7. There ezists ( = ((p,d,£) € (0,00) such that

liLan ut logP(Str[u7u+r)) =—C.

Here is the string counterpart to Theorem

Theorem 1.8. Let d > 3, p € (pe,1) and £ € S¥1. Write ¢ for the constant ((p,d,£) € (0,00)
in Proposition . Then there exists a constant Ksgring = Kstring(d, D, €) € (0,00) such that, if £ is
lattice, then

P(Stru) é Rstring €XP { - Cu} )

while, if £ is non-lattice, then
IP)(Str[u,oo)) ~~ Kstring €XP { - C'LL} .

1.5 Renewal results

Let U be a subgraph of (Z9,~). A renewal level of U is the height of a renewal point of U. Let
R(U), and RenLev(U), denote the set of renewal points, and of renewal levels, of U.



We will write C = C(0) denote the cluster with base at 0. Recall from Definition that
Cluster(, 43, denotes the event U, <p<u+3-Clustery, under which C has height in [u,u + 3r].

Theorem 1.9.

1. There exist ¢ > 0 and ug € N such that, for u € [ug, 00),

IP’(‘R(C)‘ > cu ‘ Cluster[u’u+3r]> >c.

2. For some ¢ > 0, the condition u'/? < k < cu(logu)™" on u € (0,00) and k € N implies that

IP’(‘R(C)‘ <k ‘ Cluster[u7u+3r]> < exp{ —cu/k}.

In this theorem, and throughout, the positive constant ¢ > 0 may depend on d > 3 and p € (p, 1).

Corollary 1.10. Consider Theorem with the event Clustery, , 13, in the conditioning replaced
by Cluster(, 13, N {{O, h} C RenLev%} where h denotes the height of head(C). In other words,
condition not only on Clustery, 13,1 but also on the resulting cluster having renewal points at the
highest and lowest possible locations, namely base(C) = 0 and head(C). Alternatively, we may
condition

1. Thus altered, Theorem [1.9(1) remains valid.
2. And likewise Theorem[1.9(2).

3. Theorem (1) remains valid if the conditioning is instead replaced by CIuster[u7u+3T)ﬂ{{0, h} C
RenLev(C) |, wherein the interval is open on the right.

1.6 Review of and comparison with prior work

Ornstein and Zernike [OZ15] presented a theory that offers a sharp asymptotic description of the
density correlations in classical fluids by assuming the validity of a form of locality expressed via
a renewal equation. Finding rigorous manifestations of their theory amounts to giving proba-
bilistic descriptions of objects such as long clusters in terms of essentially one-dimensional chains
of irreducible components. Early rigorous progress was made with perturbative arguments, such
as [MZ96] for the Ising model at very high temperature. Self-avoiding walk with an exponential
penalty for length was addressed for axial directions in [CC86] and it offered the setting for an early
non-perturbative analysis in [Iof98]. Campanino and Ioffe [CI02] developed a non-perturbative ap-
proach for subcritical percolation on Euclidean lattices in work that provided sharp asymptotic
estimates for the probability that distant pairs of points are connected. The analogous task for
finite range Ising models above the critical temperature was undertaken by Campanino, loffe and
Velenik in [CIV03] and for the subcritical random cluster model by these same authors in [CIV0S].
The papers [CI02, I[CIV03, ICIVOS| employ a ball-and-point search algorithm that marks points on
a lengthy connection and tracks where the connection leaves a ball of fixed radius (in a suitable
norm) centred at the marked point. The algorithm’s output offers a coarse-grained description of
the long connection. In these analyses, the rare object, a long subcritical connection, is being de-
tected and explored by a local procedure. Here a basic difference arises with our problem, where a
long but finite open connection forms in supercritical percolation. For us, it is not the presence of a



long open path that is rare, but rather that this path is disjoint from the infinite open component.
Indeed, the long finite path is enclosed by a surface formed of dual plaquettes that separates it from
other open structure. This enclosing surface roughly plays the role analogous to the long subcritical
connection in [CI02] and [CIVOS|. But the surface in principle may lie far from a given point that
it encloses, and there is no clear counterpart to locally operating ball-and-point algorithms that
might roughly represent its form. This basic difference led us to consider very different techniques
for proving asymptotics, and the resulting proofs that we present here offer new tools for deriving
sharp Ornstein-Zernike asymptotics.

Campanino, Ioffe and Louidor [CIL10] find sharp asymptotics for finite point-to-point connections
in supercritical bond percolation in dimension two. This counterpart to our work with d = 2 has
a different flavour to ours, because the trapping surface whose interior contains two given distant
points is a subcritical loop in the dual model, which is itself an instance of bond percolation in
this dimension: thus [CIL10] may be viewed as a development of the Ornstein-Zernike theory of
subcritical bond percolation.

The need for new tools is also illustrated by the way in which the coarse-grained algorithmic output
description of a long connection is, in the percolation case, analysed in [CI02), (2.2)] by means of the
BK inequality: disjoint connection probabilities are there bounded above by a product of marginal
probabilities. In our context of finite connection, a comparable monotonicity is not available: if
two points are finitely connected, then there is an open path between them which is surrounded by
a surface of dual plaquettes, and these structures may or may not facilitate finite connection with
a third point. In the random cluster case of [CIV0S§], an exponential decay of correlations is used
to gain independence between modestly separated balls. A roughly counterpart assertion in our
context might claim that, if a certain collection of points is finitely connected, then a dual plaquette
surface will enclose all these points whose cardinality exceeds that of the minimum one necessary
by a random amount whose law has a rapidly decaying tail. This however is a delicate assertion,
for which the renewal abundance Theorem may offer technical support.

Rigorous implementations of Ornstein-Zernike theory such as [CI02, [CIV03, [CIV08] reach conclu-
sions including sharp asymptotics for the probability of point-to-point connections 0 «— x, in which
a local central limit theorem style factor ||=||~(¢~1)/2 multiplies an exponential decay rate, by estab-
lishing a mass gap condition. This condition asserts that a moment generating function associated
to the connections decays at an exponential rate that is strictly lower than the counterpart function
where connection occurs without intervening renewal points. The condition typically entails other
favourable features such as the analyticity and strict convexity of the equidecay profile. For mass
gap to hold, it is necessary that the conditional probability given a lengthy connection that renewal
is absent decay exponentially in the distance travelled.

The principal conceptual progress made in the present article is the introduction and analysis of a
slide resampling procedure to yield the renewal abundance Theorem [I.9] with the sharp asymptotic
point-to-plane Theorems and resulting. We emphasise however that the just mentioned
condition would correspond to a strengthening of Theorem (2) in which the decay rate Ce—cuw'/?
is improved to C'e“*. We anticipate that the point-to-plane asymptotic will be sufficient for accom-
panying work, which we will mention next, concerning biased walk on the supercritical cluster. We
present our results and the technical arguments that demonstrate them in the hope of attracting
attention to a new technique in the Ornstein-Zernike vein as well as to offer a fundamental ingredi-
ent in a broader study of biased walk in disorder. The problem of proving mass gap is open, with



technical refinements of the slide resample offering one possible route to a solution.

1.6.1 Motivation from random walk in random environment

A random walk on the infinite open cluster of supercritical percolation on (Zd, ~) that has a bias
towards a given preferred direction manifests a phase transition, as the strength of the bias rises,
from a regime of linear progress in the long-run to one of sublinear progress in which the walk
becomes waylaid for lengthy periods in traps: building on [BGPO03| [Szn03|, [FH14] proved the
existence of a critical point for this transition. In the sublinear regime, traps resemble lengthy
finite percolation connections which have been opened up at one end, through which the walker
may enter to become waylaid near the opposing end. Arguments in [FHI14] were facilitated by
percolation results of the like of Proposition [1.7], with asymptotic estimates on trap probabilities of
the form e $*(1+o(1)  The far stronger inferences made in the present article speak to the aim of
analysing the sublinear regime at a finer level of detail, and we expect this article to facilitate an
analysis of this regime and the scaling limit of the walk therein.

1.7 Structure of the paper

Strings are easier objects than clusters to work with in deriving asymptotic finite connection prob-
abilities, so that the string Theorem will be derived before the cluster Theorem which is
largely a consequence of the former result and its proof. In Section [2] we will decompose strings
into irreducible building blocks called sausages, and use renewal theory to deliver Theorem from
the renewal abundance Theorem The proof of the asymptotic cluster probability Theorem
finishes this section. Theorem is conceptually central to this article, and it is proved by a novel
slide resampling procedure, which is applied once to obtain Theorem (1) and in an iterative
scheme to yield Theorem [1.9(2). A coarse-grained description of percolation involving a lattice of
boxes of given width will facilitate these resampling arguments. In Section [3| we offer an overview
of the slide resample and introduce basic aspects of the coarse-graining. In the more substantial
Section [d] Theorem [1.9]is proved.
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2 Asymptotic string and cluster probability via renewal plenitude

There are three subsections. In the first and principal Section [2.1] we use renewal theory to prove
Theorem [1.8] This result has a weaker counterpart in which the strong asymptotic is replaced by
the weak in the lattice case. We will first derive this weaker assertion, obtaining Proposition [2.13
(in the lattice case). The renewal abundance assertions Theorem [I.9(1) and Theorem [1.9)(2) will be
harnessed in our proofs: the former to obtain the weaker counterpart just mentioned; the latter, in
deriving Theorem itself. In fact, we will use the following consequence of Theorem ( 1), which
is proved in Section [£.4]



Proposition 2.1. There exists ¢ > 0 such that, for u sufficiently high,

P ( ‘R(S)‘ > du ‘ Str[%uw)) > c.

This statement in fact raises a point about notation. We will shortly see, in Lemma (2), that the
union event Stry, .4, is characterized by the occurrence of Str,s for a unique value of u' € [u,u+r).
In the above, and later, we write S on Stry, ) for the string that realizes Str,/ for this value of u'.

Section [2.2]is devoted to deriving several consequences of our analysis of strings and their renewal
that will be applied in the companion article. In Section we derive the cluster probability
asymptotic Theorem by showing how a typical lengthy cluster splits into a long middle string
that abuts on each side a shorter endpiece.

2.1 Deriving Theorem (1.8

Two basic lemmas concerning vertex boundary and renewal point sets will be useful. Here and
later, it will be convenient to

suppose that e; - £ > 0 for each i € [1,d] and that eq - £ attains max {e; - £:i € [1,d]}. (1)

Reflecting in coordinate axes permits this assumption, which we will call the azes ordering conven-
tion. Note that, consequently, the quantity r specified in Subsection [1.3.4] equals e - £.

Lemma 2.2. Let h € R and v € Z.
1. The set VertBdry,, equals {v € Z¢:v-€ € (h—r,h]}.

2. Let S be a finite connected subgraph of (Z%,~). The heights of distinct elements of R(S) differ
by at least r.

Proof: (1). Let v € VertBdry,. The interior of some edge abutting v lies in By, so that v - € < h;
and the interior of another such edge intersects FJ,, so that (v + eg) - £ > h since ¢4 - £ attains
r = max |e; - £| by the axes ordering convention. Hence, v-£€ > h —r.

Now let v € Z? satisfy v -£€ € (h — 7, h]. The edge interior (v,v + eq) intersects F},, so v € V(Uy).
And (v —eq,v) lies in By, so v € V(Lp,).

(2). If y € R(S), then V(S) N VertBdry, = {y}. Thus the preceding part implies that no element
of R(S) may adopt a height in (y-€ —r,y - £). O

Lemma 2.3. A sitring S contains a unique element of lowest height and a unique element of greatest
height. These respective vertices are base(S) and head(S). They are renewal points of S. The
renewal point set R(S) is strictly and totally ordered according to the elements’ height.

Proof. Recall that any given string S runs from y and to z, for certain y,z € Z%, y-€ < z - €,
with y, 2z € R(S) and S C Slab,.,.¢. Since y € R(S), V(S) N VertBdry, , equals {y}. Any element
of V(S) lies in V(Uy,); and it is easy to check that any element of V(U,.,) \ VertBdry,, has
height strictly exceeding y - £. Thus, y is the unique element of V(.S) of lowest height, which forces
y = base(S). Similar reasoning tells us that z = head(S) is the unique element of S of greatest
height. Lemma [2.2(2) implies the strict ordering of renewal heights. O

Lemma [2.3| prompts the next definition.



Definition 2.4. A sausage is a string whose vertex set contains no renewal point other than its
head and base. Any string S is uniquely decomposed into sausages via its renewal point set R(S).
Indeed, any pair (u,v), u-£ < v-£, of vertices of consecutive height in R(S) specifies a slab Slab,,. ,.¢,
and the subgraph of S induced by Slab,,.¢,.¢ is a sausage in the decomposition of S.

Suppose that the list of sausages of a given string takes the form {Si (1€ 1, 6]]} in increasing order
of height. We will denote the decomposition S = 570550 ---0.5).

Definition 2.5. The slab of a string S is Slaby,age(5).¢,head(5)-¢- A string S is said to occur if, under P,
every edge in S is open, and every edge that is incident to S and lies in the slab of S is closed. We
write O(S) for the event that S occurs.

Definition 2.6. Let Y denote the set of strings whose base equals 0 € Z¢. Let p: Y — (0,00) be
given by p(S) = exp{¢ - hgt(5)}P(O(S)), where hgt(S) is the height of S as this notion is specified
in Subsection and where Proposition provides the constant ¢ > 0.

Lemma 2.7. Let S = 51055005 be a string. Then

14 L

p(S) =] m(Si) and P(O(S)) = [[P(O(S)) -

i=1 i=1

Proof. The event O(S) occurs precisely when all of the events O(S;), i € [1, ], do. The latter events
are specified by the open-or-closed status of edges where a given edge is involved in determining the
occurrence of at most one of the events O(S;). Thus, these events are independent, and the latter
formula in Lemma is obtained. If we multiply this formula by

l
exp {¢ - hgt()} = [[exp {¢-het(S)},
=1

then we obtain the former formula by distributing the terms in the product in the evident way. [
Definition 2.8. Let .7 denote the set of sausages whose base equals 0 € Z.

Proposition 2.9. The sum ) g o 1(S) equals one.

A lemma will help to prove this result.

Let > 0. Under P, let C(u) denote the open connected component of 0 € Z? in Slabg . Let S,
denote the set of strings S with base(S) = 0 and head(S) - £ = u.

Lemma 2.10. To each A C S, we may associate the event A = {C’(u) € A}. Foru >0 and any
such A,

P(A) =exp { — Cu} Z w(S).
SeA
Proof. For S € Sy, O(S) = {C(u) = S}. Thus,

P(A) = > P(O(S)) = ﬁP(O(&-)) :

SeA SeAi=1

10



where the generic S € A has been decomposed into sausages according to our convention. The
quantity Hle exp {C . hgt(Si)} equals exp {Cu} for any string S € S,. Thus, we may multiply the
last display by this shared value and use the definition of u to obtain

exp {Cu}P(A) = Z ﬁu(Si).

SeAi=1
Since the right-hand summand equals 1(S) by Lemma we obtain Lemma m

Proof of Proposition For k > 2, let S,(k) denote the set of S € S, for which |R(S)| > k.
Recall Definition [1.5] and note that, by Lemma [2.10)

P(Stru, |R(Su)| > cu) = exp{ — (u} Z w(S) .

SeSy (cu)

Write Sjy y4r)(k) for the union Uhe[u,u +r) Sp(k). Summing the preceding equality over values of u
in an interval of the form [h, h + r), and relabelling h as u, we find that

P<Str[u7u+r)7 ‘R(S)‘ > CU) < eXp{ - Cu} Z M(S) :
SES[u7u+T>(Cu)

We have that

SES i (k) j=k—2

because Lemma implies that the right-hand side equals the p-value of the set of strings S with
base(S) = 0 and at least k — 2 non-trivial renewal points (or, equivalently, with a decomposition
having at least k — 1 sausages). Suppose that u(#) < 1. Choosing k = cu, we see from the last
display that

P(Striyutr); [R(S)| > cu) < Cexp{ — (( +€)u}.

for some € > 0 and a positive constant C'. By Proposition this bound is equally valid for
P(Str[wuw)). The bound for P(Str[%uw)) contradicts Proposition thus, we learn that u() > 1.

Suppose now that u(.#) > 1. For £ € N, let .#; denote the set of sausages whose base is 0 € Z? and
whose head has Euclidean distance ||-|| at most £ from 0. When the condition on the head distance
is suspended, the resulting set may naturally be denoted %, and then we have . = .. Choose
¢ € N such that u(.#7) > 1. For n € N, let .#;* denote the set of strings whose base is 0 and whose
decomposition into sausages has n elements, each of which lies in .%;. Lemma implies that

> uS) = u(F)"

sesp

For S € .7, it follows readily from Lemma [2.2)2) that |lhead(S)|| € [r, /], where r = e4- £ > 0.
Thus ||head(S)|| € [nr,nf] whenever S € .#}*. Choose z € Z¢ with ||z|| < nf such that

> ulS) = cn) (A",
Ses
head(S)==

11



where ¢ € (0,00) satisfies limsup,_,o,u™® - [{z € Z? : ||u]| < u}| < ¢™!. Writing m = ||z||, this

left-hand side is at most exp{(m}P(Str,,) by Lemma Since rn < m < nf and u(.7%) > 1,
P(Stry,) > crd(m€)7d<exp{—(}u(%)l/e)m.

From u(-%;) > 1, we see that limsup,,_ ., m logIP’(Strm) > —(. But this bound contradicts

Proposition We learn then that () < 1 and thus complete the proof of Proposition O

Proposition [2.9) permits an abuse of notation whereby p denotes a probability measure supported
on S. Let u®N denote the law on infinite strings S with base at 0 € Z? given by the concatenation
S = 5108 0--- of an independent sequence of sausages drawn from the law u. Renewal notions
naturally extend to infinite strings. Let RenLev denote the set of renewal levels in the random
infinite string S specified under the law p®N. In a notational abuse, we will permit p®N [a,b] to
denote the mean value of RenLev N [a, b] under u®Y, for a real interval [a, b].

Lemma 2.11. Let u € (0,00).
1. We have that
exp {Cu}P(Stru) = N (u € RenLev) .
2. Let A denote a measurable collection of finite subsets of (0,u). Then

exp {Cu}P(Stry, RenLev(Sy,) N (0,u) € A) = ,u®N(u € RenLev, RenLev N (0,u) € A).

(Elements of A lie in the union of the spaces Sy = (0,u)* for k € Ny. The union is a

measurable space when it is embued with the o-algebra associated to the Borel o-algebras on
each Sk.)

3. For k € N at least two,

exp {Cu}]P’(Stru,

R(S.,)| =k) = 1N (u € RenLev,

RenLev N (0,u)| =k — 2).

Now suppose that £ is non-lattice.
4. For ¢ € (0,00), limg_y00 u®N[a, a + @) = dr oo, where fioe = limy oo p®N[u, u + 7).
5. We have that

eC“P(Str[%uM)) — JioerC 1 — €77 and eguP(Str[um)) — poorC L.

Proof: (1). For a string S, let d(S) = |R(S)| — 1 denote the number of sausages into which S
decomposes. Note then that

exp {CulB(Stn) = S (s =3 3 )

SES, (=1 SESy:
d(S)=¢

14

= p®N <EI€ eN: Z hgt(S;) = u> = p®N (u € RenLev),
i=1
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where the first equality is due to Lemma [2.10
(2). Similarly, exp {Cu}P(Str,, RenLev(S,) € A) equals

1
p®N<3€€N+:Zh¢:u, (rizie[[l,ﬂ—l]])EA),

i=1
where here we write h; = hgt(.S;) and r; = Z;Zl h; under M®N ; whence the result.

(3). This result arises from the preceding part by taking A to equal the collection of all subsets of
(0,u) of cardinality k — 2.

(4). This is due to the non-lattice renewal theorem [Fel71, Chapter XI].

(5). Recall from Definition that Str, 1) equals Upepy yqr)Stry. Lemma (2) implies that at
most one of the events Str,, in this union may occur; thus, P(Str[%u +r}) equals the sum of P(Strh)
over those h € [u,u + r) for which this probability is non-zero. From Lemma [2.11)(1), we find then
that

_ — ®N(heRenL
eCuIF’(Str[u,um) — 1N, 4 ) Ze ¢(h—u) W ,
h

where the sum is over those h € [u, uw+r) for which the summand is non-zero. From Lemma |2.11)(4)
follows the claimed convergence for eCUIP(Str[u,u H)). To finish the proof, note that

Str[u oo) Z e—Cr . Clutin)p (Str[u+j7’,u+(j+1)r,~)) N ,UooTC_l (1 . e—(r) Z e Cir — ,UooTC_l

This completes the proof of Lemma [2.115). O
Proposition 2.12. The mean value of the head height head(S) - £ under the sausage law p is finite.

Proof. Suppose instead that E, head(S) - € = co. Let § > 0 be given. We may choose k € N so
that E, [ min{k, head(S) - €}] > 2/6.

With S denoting a sample of u®N, we write S; for the i*® sausage in the decomposition of S,
translated in order that the base of S; is the origin. Set

J
X; = X;(8) := Z min{k, head(S;) - £} .

Note then that, whatever the choice of k € N,
M®N(|RenLev N 1o, u” > 5u) < ,u®N (X(;u < u) . (2)

Note however that, for j € N, X; is a sum of j independent and identically distributed random
variables whose shared mean is at least 2/d. By the exponential Markov inequality, there exists
€ > 0 such that, for u € N,

®N(X5u < u) < exp{ — eu} . (3)
By Lemma [2.11](3),

exp {Cu}]P’(Stru, ‘R(Su)‘ > du+ 2) = M®N<‘RenLev N (0, u)} >0u, u € RenLev) i

13



Recalling that Strp, 1) = Upeu,utr)Stra, we now sum over those heights u lying in a given range
[h,h + 1), and relabel h as u, to obtain

exp {Cu}P(Str[uyuH),

R(S)| > du+2) < M®N<‘RenLev N (0,w)| > éu, [u,u+r) N RenLev # (Z)) .
From this display alongside and , we find that
P(Str[%u”), }R(S)‘ >du+2) <exp{—(C+eu}

when w is high enough. Since du + 2 < 2du for high u, we may select d to be one-half of the value
of this constant in Proposition [2.1] and learn from this result that

P(Str[%uﬂ.)) <t exp{ —(C+ e)u} .
This conclusion is in contradiction with Proposition Thus, E, head(S) -£ < oo, as we sought to
show in demonstrating Proposition [2.12 O

We are ready to prove the weaker counterpart of Theorem in the lattice case.

Proposition 2.13. Suppose that £ € S~ is lattice. As u — oo through the cover of £, the limit
pEN (u € RenLev) exists and lies in (0,1). Denoting it by g, we have that

]P’(Stru) L gexp{ — Cu} .

Proof. The height head(S) - £ under p has finite mean by Proposition and the support of
the distribution of head(.S) - € under p is readily seen in the lattice case to have greatest common
denominator equal to the lattice span s. The renewal theorem [Fel71l Chapter XI] thus implies
the existence of the concerned limit. The latter statement of Proposition then follows from
Lemma [2.11(1). O

Lemma 2.14. Let £ € S% 1 be lattice with span s. There exist positive choices for C and ¢ such
that, for uw € s-N (and g specified by Proposition , ‘,U,®N (u € RenLev) — g‘ < Cexp { — cul/Q}.

The next definition and result will facilitate the proof of the one just stated.

Definition 2.15. Let G be a finite subgraph of (Z%, ~). Let A, and hgax denote the minimum
and maximum heights of elements of V(G). Consider the sequence that begins with Ay, ends with
hmax, and, in between, lists in increasing order the heights of renewal points of G that lie strictly
between hpyin and hmax. Let MaxRenGap(G) denote the maximum difference of consecutive terms
in this sequence.

For use a little later, take £ € N and let MaxRenGap(G, k) denote the maximum difference among
the final £ pairs of consecutive terms, where we take MaxRenGap(G, k) = MaxRenGap(G) in the
case that there are at most k terms.

Lemma 2.16. Let £ € S be lattice with span s, and let u € s - N.
1. We have that

P(RenLev(S) N (0,u) = 0,Str,) < (1 - p)"“P(RenLev(C,) N (0,u) = 0, Cluster,,) .

14



2. And that
P(Cluster(u’wr],MaxRenGap(C) > /() < p (1 — p)5*4d]P’(Str(u+2nu+3r], MaxRenGap(S) > /) ,

where recall that the event Cluster(, .., is specified by Deﬁmtion and C denotes the cluster
containing 0.

3. And also that ]P’(Str[u’u_,_r)) <p'1- p)l_Qd]P’(Str[u_H,,u_s_Qr)).

Proof: (1). Set h = head(S,) and h = h-£. When Str,, occurs, and edges incident to h and to an
element of V(Up) \ VertBdry,, are closed, then Cluster,, occurs, with C, equal to S,. The event Str,,
is independent of the status of the just mentioned edges, of which there are at most d, so that the
desired bound results.

(2). The probability }P’(Cluster(u,uw],MaxRenGap(C) may be expressed as a sum of terms pp,
the probability of the event Ep that the cluster of the origin equals D, as D ranges over all
connected components whose base equals 0, whose head has height in [u,u + 7] and for which
MaxRenGap(C) > ¢. The occurrence of Ep is characterized by the edges in D being open, and the
neighbouring edges being closed. Consider instead the event Fp which is specified by the same set
of open-and-closed conditions as is Ep, with the exception that we instead demand that the edges
e := (—eq,0) and ¢’ := (head(D), head(D)+e4) be open, and edges that lie in Slab_c,.¢,(head(D)+eq)-£
but not in D and that border either of these two edges be closed. We have that P(Fp) = afP(ED)
where the factor a = p?(1 — p)~2 addresses the switch in status for e and €’ and 8 = (1 — p)?, with
o =o(D) € [0,4d — 3], represents the closure of the further edges under Fp. When Fp occurs, the
subgraph with edge-set D U {e} U {€’} is a string with base —e4 and head head(D) + e¢4. Indeed,
head(D) + e4 has height at least » more than any other element of this subgraph, while —e; has
height less than that of any such element by at least r; thus, Lemma (1) shows that these two
vertices are renewal points in the subgraph and demonstrates that the subgraph is indeed a string.

Let Fjg denote the equiprobable event that Fp occurs after the configuration is shifted by —ey. This
collection of events, indexed by the above set of D, is disjoint, with union lying in Str(,42y443, N
{MaXRenGap(S ) > E}. In summary,

P(Cluster(, ,+,), MaxRenGap(C) > ¢) = ZIP’(ED) < p2(1 —p)5*4dZ]P’(FlT))
D D

IN

p 21— p)5_4dP(Str(u+2T,u+3r],MaXRenGap(S) > 8) ,

so that Lemma [2.16(2) is obtained.

(3). This proof operates similarly to the preceding: open the eg4-directed edge bordering the
string S that realizes Str(, ,,), and then close the neighbours of the edge’s other endpoint that lie

in Slabg, (head(5)+eq)-£- O
Proof of Lemma We will argue that, for some positive constants C' and c,

p(hgt(S) > u) < Cexp{ — cul/Q} for n € sN. (4)

Indeed, admitting this, we may invoke [SW67, Theorem 1] with the function M (z) set equal to the
expression exp { —c/2- ul/z}, and relabel ¢ > 0, in order to obtain Lemma, [2.14
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To derive , note that

p(hgt(S) > u) = ZM®N(RenLeV N(0,v) =0, v € RenLev)
v>u
= ZP(RenLeV(S) N(0,v) = (Z)‘Strq,>]P’(v € RenLev),

v>u
where v is understood to run values for which the summand at stake is non-zero. Here we used that
1®N(RenLev N (0,v) = 0 |v € RenLev) = P(RenLev(S) N (0,v) = 0|Str,), a fact due to 0 being a
renewal level in any of the concatenated sausage sequences sampled under p®N. To obtain , it is
thus enough to verify that

]P’(R(S) N (0,u) =0 ’ Stru> < Cexp{—cu/?}. (5)

To this end, note that, by considering the possibility that the edges not in Slabg, that are incident
to either the base or the head of the string realizing Str, are closed, we obtain the first bound as
we write

IP’(R(S) N(0,u) =0, Stru) < (1- p)_QdIP)(R(C) — {0,u}, CIusteru)
< (1- p)’2dIP(R(C) = {0,h(C)}, C|uster[u,3w])
< Cexp{-— cul/Q}IP)({O, h(C)} € R(C), CIuster[u_gnu]) ,

where we write h(C) for the height of head(C), with C the cluster of the origin specified when
Cluster(,_3,) occurs; and where the latter bound is due to Corollary M(Z)

By restriction of the configuration to a slab, we see that

IP’({O, h(C)} € R(C), Cluster[u_%u]) < IP’( U Strv) .

vE[u—3r,u]
Now,

IP’( U Strv> = Y P(Str,) < CP(Str,). (6)

vE[u—3r,u] vesN
vE[u—3r,u]

The equality invokes that £ is lattice with span s. The bound, illustrated in Figure |3 arises by
considering the configuration outside Slabg, and the event that an open path delimited by closed
edges reaches to height u. Since this path has finite length, the constant C, while dependent on p,
is finite.

Assembling these bounds, we learn that P(R(S) N (0,u) = 0, Str,) < 06_0“1/2]P’(Stru) for a
p-dependent constant C. From this conclusion, naturally follows; in this way, we obtain
Lemma 214 O

Proof of Theorem [1.8] The non-lattice case has already been obtained, with
Kstring = ¢l lim p®Nu, w4 1)
U—00

it is Lemma [2.11[5). In the lattice case, the conclusion is due to Lemmas [2.11|(1) and with
Rstring = limy, 00 M®N({u}) =

16
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Figure 3: Ilustrating the bound in @ In this two dimensional example, £ makes a forty-five degree
angle with the axes, and the quantities s and r in @ equal 271/2. The two crosses mark the
base and head of a string that realizes Str,_s,, with closed edges bordering the string shown with
dotted lines. This string may be extended to form a string realizing Str,: three consecutive vertical
edges emanating from the head are marked in bold, with bordering edges shown bold dotted; if the
former are realized open, and the latter closed, then the desired extension occurs, and it does so
with positive probability.

2.2 Further results on the renewal structure of strings

In separate subsections, we state and prove several results that address the renewal structure of
strings and that will be applied in the companion paper. And then we prove Proposition [1.7

2.2.1 Strings with a small constant fraction of renewal points are rare

Our first result is an assertion to this effect.

Proposition 2.17. We have that

IP’( U Strwﬂ{\R(Sw)\Scw}) < Cexp{—gu—cu1/2}. (7)

wE[u,u+r)
Just as after Theorem we permitted generally ¢ > 0 to depend on d > 3 and p € (p., 1), now we
point out that in Proposition and later, we also permit this dependence for C' > 0.

For the proof of the proposition, let Z; be specified under the law u®N to be the difference between
the (i + 1) and the i*" elements of RenLev for i € N.

Lemma 2.18. The sequence {Zi S N} 1s independent and identically distributed. For a p-
dependent positive constant C, we have that P(Z; > k) < Cexp{ — ckl/Q}.
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Proof. The first statement holds by the definition of RenLev. The second holds because
P(Zy >u) = M®N<Eiv > wu:v € RenLev, RenLev N (0,u) = (Z))

= Z pN (v € RenLev, RenLev N (0,u) = @)

v>u

= D P(Stry, [R(S,)] = 2)

v>u

C Z e*"P(Cluster, , R(C) = {0,v})

v>u

Czegv cv / Clusterv, {0 U} C R( ))

v>u

< O e P (Str,)

v>u

IN

IN

< C’exp{ fcu1/2},

where each sum is taken over all v > u for which the summand is non-zero. The first inequality is
due to Lemma [2.161). To derive the second, we split the sum over v > u by division of [u, o) into
intervals of length three, and apply Corollary (2) to each of the resulting probabilities. That
the restriction of a configuration realizing Cluster, to Slabg , realizes Str, justifies the third bound.
The fourth is due to Theorem O

Proof of Proposition By Lemma [2.11)(1,3),
P(Stry, |R(Sw)| < cw) < exp{ — (w}u® (w € RenLev,

(O,w)‘ < |lew] — 2).

for w > 0 with cw > 2. The left-hand side in is bounded above by the sum of the left-hand of
the preceding display over all those w € [u,u + r) for which the event Str,, is non-empty. Thus, the
concerned probability is also bounded above by the sum of the right-hand terms over such indices,
and thus by

exp{ — Cu} -,LL@N(}RenLeV N (0,u)| <le(u+1)] — 2) K

where  equals the mean value of |RenLev|u, u-+r)| under z®N given [RenLev(0,u)| < [c(u+1)|—2.
The value of £k may be bounded above by instead conditioning on the maximum value of RenLev
that is at most u; since the random variable Z; is almost surely positive, we see that  is bounded
above, uniformly in u. Further, we have that

le(u+1)]—1
N®N(‘RenLevﬂ(O,u)‘ < le(u+1)] —2) = IP’( Z Z; 2u>
i=1

We find from Lemma‘ and [Nag69] that P( ZLCU Zi>u) <Cexp{— cu1/2} if ¢ > 0 is chosen
to be suitably small. In light of the bounds above, we obtain Proposition ]

2.2.2 The start and end of a long string

After presenting some notation, we state and prove Lemma which addresses the joint form of
the two ends of a long string.

18



Definition 2.19. For k£ € N, let §; denote the set of strings that contain k sausages. Write
p®k(8) = Hle wu(S;) for S € Sy of the form S = Sj10---0Sy.

For k,/ € N, let S € S, and S_ € S;. Let E(u,k,¢,S1,S5_) denote the event that Str, occurs and
that there exists a string S such that S, has the form S; 0S0.S_: in other words, that S, contains
at least k + ¢ sausages, with the initial string of length k& being S; and the final string of length ¢
being S_.

Lemma 2.20. We have that

1N (u — height(S4) — height(S_) € RenLev)

P(E(u, k.0, Sy, S-)|Str) = u®F(S1)u®(S-
(E(u,k, £,85,5-)[Stry) = p®*(S4)u®"(S-) 1®N (u € RenLev)

Proof. Since E(u,k,¢,S+,S_) C Str, and

P(E(uv k, E: S—H S—)) - M®k<5+)IP(Stru—height(3+)—height(S'_))M®£(S—) ’

the result follows from Lemma m(l) O

2.2.3 The maximum gap between renewals

Here we prove Proposition [2.21] which concerns the maximum displacement of consecutive renewal
levels in a long string or cluster, and which is expressed in the terminology of Definition

Proposition 2.21. Let £ € N and (E, E) € {(Str, S), (Cluster,C) }.
1. Letu € (0,00) and suppose that £ > C(logu)?. If £ is non-lattice, then

P(MaxRenGap(E(u7u+r]) >/, E(u7u+r]) < Cexp{—C(u-— cﬁl/z} .

If £ is lattice, this statement holds when F(, ., is replaced by E,.
2. Let k € N and suppose that £ > C(log k)2. If £ is non-lattice, then

P(MaxRenGap(E(%uM}, k)>¢, E(u,uM]) < Cexp{—(u-— ck1/2} .

If £ is lattice, this statement holds when E(, ., is replaced by E,.

Proof: (1). Call the claims the string and cluster bounds. The string bound is needed to prove
the cluster bound and we derive it first. Suppose that £ is non-lattice. When Str, ,,) occurs,
Lemma (2) implies that there is a unique string with base 0 whose height lies in (u, u + r], which
we will denote by S. Apply Lemma m(Q) with © = h and A equal to the collection of finite subsets
of (0,h) for which some pair of consecutive terms in {0} U AU {h} differ by at least /. Sum the
resulting conclusion over h € (u,u + ] to find that

P(MaxRenGap(S) >4, Str(u7u+r]) = exp{—Cu}p®N(u,u+r] - (T

where 1, ¢ is the probability that there exist consecutive elements in RenLevN [0, u+r] of difference
at least ¢ under the law p®N( - ’RenLev N (u,u+ 1] #0). Since u®N(u, u + r] is uniformly positive
by Lemma 3), we may apply Lemma to find that 1y, < ueXp{ — 2}. The condition
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¢ > C(logu)? then implies the string bound in the non-lattice case. When £ is lattice, we instead
have

P(MaxRenGap(S) > ¢,Str,) = exp{—Cu}u®{u} - s,

where we respecify 1, ¢ by instead considering the conditional law ,u®N( : ‘u € RenLev). In this
lattice case, u®N(u € RenLev) is uniformly positive by Proposition The lattice string bound
arises with these variations to the non-lattice case.

The cluster bound is due to Lemma [2.16{2).

(2). This proof is similar to the preceding one. O

2.2.4 Deriving Proposition
We conclude Section [2| by deriving Proposition from [FH14, Lemma 8.5].
Proof of Proposition In the notation of [FH14],

H(k)={xeZ' x>k} and H (k)={2e€Z: 2 £<k}.

In [FHI4], a notion of sausage connection is specified. In our terms, the event {0 &5 H(—u)} is
characterized by the existence of a point b € Z% with —u —r < b-£ < —u such that there exists a
string S with base b and head 0 with the set of edges in S that are incident to either b or 0 equal
to {(b,b+€1),(—e1,0)}.

We claim that
IP’(O &8 H*(—u)) < P(Strpy i (0)) 8)

Indeed, by translating the string that characterizes the occurrence of the sausage connection event
by the vector —b, we see that the left-hand side of the above display is at most the probability that
there exists a vertex h € Z% with u < h - € < u + r such that there exists a string with base 0 and
head h; the latter event is simply Str, ,1,), so the claim follows.

Consider the union U over b € Z? satisfying —u < b-£€ < —u + r of the event S(b, —e1) N O~ (b) N
O™ (—ey), where S(b, —eq) is the event that there exists a string with base b and head —ey; O~ (b)
is the event that the edge (b — e;,b) is open for i € [1,d] if and only if i = 1; and O*(—ey) is the
event that the edge (—e1, —e; + ¢;) is open for i € [1,d] if and only if ¢ = 1.

Note that U C {0 &5 H‘(—u)}. By translating configurations so that the point b is relocated to
be the origin, we obtain the bound

(p(l - p)d_1)2P<Str[u_T,u)(0)) < ]P’(O &5 7—[+(u)) )

Using the same translation on , we find that

IP’(O & 7—[+(u)> < P(Str[u_nu}(O)) .

Since Strp, ) (0) C Striy_p)(0) U Strpy, 4 11(0), the two preceding displays imply that

P(0 &% HF (u)) < P(Strpy_ry(0)) < (p(1-p)"") (]P’(O ES W) +P(0 &5 ’H*(uw))) .
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[FHI14, Lemma 8.5] asserts that P(0 €= HT(u)) = exp{ — Cu(l + o(1))}. The just derived
bounds shows that this asymptotic passes to P(Strp,_,,j(0)). We invoke Lemma [2.16(3) in the final
inequality as we write

P (St ) (0)) < P(Strfu i (0))

IN

P(Str[u,u+r) (0)> + P<Str[u+r,u+2r)(0)>
(14 C)P(Str[u+r,u+2r) (O)> :

IN

From ]P’(Str[u,uw] (0)) = e—¢ull+o(D)) " we learn that P(Str[u’u“) (0)) also satisfies this bound. This
completes the proof of Proposition O

2.3 Deriving the asymptotic probability of clusters

Here we prove Theorem A cluster typically has at least two renewal points. When it does so, it
may be split into three pieces at its lowest and highest renewal points. The middle piece is a string,
which is bookended by a cul-de-sac and an inverted cul-de-sac, each with unique renewal points.
First we specify these culs-de-sac.

The cul-de-sac. Let x € Uy. A cul-de-sac with entry x is a finite open connected component of the
lower half-space L,.p of which 0 is the base and x is a renewal point. We denote this object by CdS|[z]
and write CulDeSac[z] for the event that it exists. For u > 0, we write CulDeSac,, = U CulDeSac|z]
where the union is over € Z% with - £ = u. Note that, if u is such that CulDeSac, is non-empty,
then there is only one such value of x for which CulDeSac|z] occurs.

Now let z € Lg. An inverted cul-de-sac with entry z is a finite open connected component of the
upper half-space U,., of which 0 is the head and z is a renewal point. We write InvCulDeSac and
ICdS in place of CulDeSac and CdS.

The next definition and result speak to the decomposition of a cluster into three pieces.

Definition 2.22. On the event Cluster,, with u € (0,00) given, we write rmax and ry, for the
maximum and minimum heights of renewal points of C,.

Lemma 2.23. Let u € (0,00) and j,¢ € [0,u] with j 4+ ¢ <u. We have that

P(Clusteru, Tmin = J 5 Tmax = U — E)
= [P(CulDeSac;, RenLev(CdS;) = {;j})P(Stry—;—¢)P(InvCulDeSacy, RenLev(ICdS,) = {0}) .

and U,

Tmax

Proof. Consider the percolation configurations restricted to the sets L, _, , Slab, . .
in the event Cluster, N {rmin = J,Tmax = U — 6}. As Figure (4| illustrates, the latter event is
characterized by the occurrence of the three right-hand events in the above display, where in the
second case, the configuration is translated so that head(CdS;) appears at the origin, and the third
configuration is also shifted, so that the head of the string in the second event is also at the origin.
These three events are respectively measurable with respect to percolation configurations restricted
to L Slab and U, so their probabilities multiply, as asserted in the lemma. O

Tmin? Tmin,"max Tmax?

Next we prove that unique-renewal culs-de-sac are rare when judged relative to the e <% decay in
Theorems [[.4] and [[.8
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J = Tmin

Figure 4: Illustrating Lemma A cluster splits into an initial cul-de-sac, a middle string and
final inverted cul-de-sac.

Theorem 2.24.
1. When € is lattice,

P(CulDeSacu, RenLev(CdS) = {u}) < Cexp{—Cu-— cu1/2}

for w € Cover(£). When £ is non-lattice, this bound is valid for u € [0,00) when the left-
hand expression is taken to be ZP(CulDeSach, RenLev(CdS) = {h}) where here the sum is

performed over those h € [u,u + 1) for which the summand is non-zero.

2. A counterpart statement holds for inverted culs-de-sac. Indeed, the above assertion is equally
valid after the changes CulDeSac — InvCulDeSac and CdS — ICdS are made.

Proof: (1). In the case that £ is lattice, we must show that there exist positive constants C' and ¢
such that, for u € (0, 00),

P(CulDeSac,, R(CdS,) = {head(CdS,)}) < Cexp { — Cu— cu'/?}.
To the end of doing so, we first claim that
CulDeSac, N {R(CdS,) = {head(CdS,)}} NQ C Cluster, N {C = CdS,}, (9)

where Q is the event that every element of U, that is incident to head(CdS,) is closed under the
percolation, and C is the open cluster containing 0. The inclusion is evident enough: an open path
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from 0 in the cul-de-sac must leave L,, via the entry x, but it has no ongoing route from there if Q
occurs.

If the edge running out of head(CdS,) in the direction e; lies in E(U,), then the edge running out
of this vertex in the direction —e; does not lie in this set. Thus, the number of elements of E(U.)
that are incident to head(CdS,) is at most d. We see then that

IP’(Q ( CulDeSac, N { R(CdS,) = {head(CdSu)}}> > (1-p)?. (10)
As a result of this and @D, we learn that
(1- p)d]P’(CulDeSacu, R(CdS,) = {head(CdSu)}) < ]P(Clusteru(O), R(C) = {head(C)}) . 11)

Suppose that Cluster, (0) and R(C) = {head(C)} occur. Consider a resampling of the edges incident
to —eq. Suppose this resampling results in {—eq4, 0} being open, and the remaining edges being
closed. And suppose further that we translate the resulting configuration by e;. Then in the new
configuration the event Stryy, will occur with R(Sy+,) = {0, head(Sy+r)}. Thus,

p(1 —p)zd_l}P’<C|usteru(0),R(C) = {head(C)}) < ]P’(Strqur N {RenLev(Sy1,) = {0, u—i—r}}) . (12)

The right-hand probability is at most C exp{ — Cu — cut/ 2} by Proposition What we have
learnt is that

P(CulDeSacu, R(CdS,) = {head(CdSu)}> <pl(1-p'3dC exp{ — Cu— cul/Q} . (13)
This completes the proof of Theorem M(l) in the case that £ is lattice.

Suppose now that £ is non-lattice. Replace v — h in , and denote the right-hand side of the
resulting bound summed over h € [u,u + 7) by p. Analogously to ,

p(l _p)2d71p < IED<Str[u,u+r) ’ R(S[u,u+r)) = {Oahead(s[u,qur))}) )

where S}, 44y denotes the string between 0 and some vertex of height in [u, u+7) whose uniqueness

is ensured by Lemma 1). Since the right-hand probability is at most C' exp{ — Cu — cul/ 2} by
Proposition [2.17], assembling the estimates yields that the sum of

P(CulDeSacy,, R(CdS;,) = {head(CdSy)})

over those h € [u,u + r) for which the summand is non-zero is bounded above by the right-hand
expression in (13). Thus we obtain Theorem [2.24|1) in the non-lattice case.

(2). Write —e = (—x, —y) and e@u = (z+u,y+u) for e = (z,y) € E(Z%) and u € Z%. For z € Z,
define a bijection w — w’ on configurations by w’(e) = w(—e®z). Let € Uy. An inverted cul-de-sac
with entry —z occurs under w’ precisely when a cul-de-sac with entry z occurs under w and any edge
incident to = both of whose endpoints has height x - £ is w-closed. (This w-closed condition arises
because the strict and non-strict inequalities in the definitions of forward and backward half-spaces
in Section change places under reflection through the origin.) The ratio of probabilities for an
inverted and a standard cul-de-sac thus takes the form (1 — p)* for a ¢-determined value of k lying
in [0,2(d — 1)]. In this way, Theorem 2) is reduced to the preceding part. O

Now we harness the just proved result to learn that the culs-de-sac that bookend a typical lengthy
cluster are rather short.
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Lemma 2.25.

1. Suppose that £ is lattice with span s. There exist positive C' and ¢ such that the quantities

_ P(CulDeSac,, RenLev(CdS,,) = {u})

Q, =

P(Stru)
and
_ P(InvCulDeSac,, RenLev(ICdS,) = {0})
v P(Stry,)
satisfy

max{ay, fu} < Cexp{ - cul/z}
whenever u € s - N.

2. Now suppose that £ € S is general, lattice or non-lattice. Write

_ Y_P(CulDeSacy,, RenLev(CdSy) = {h})
Ay utr) = P<Str[u,u+1«))

and

>~ P(InvCulDeSacy,, RenLev(ICdS,,) = {0})
P(Strpu,u+r))
where the sums are taken over those h € [u,u+r) for which the summand is non-zero. Then
max{a[u,u+r)v ﬁ[u,u—i—?”)} < Cexp{ - Cul/Q} foru e (Oa OO)
(1). Theorem and the lattice aspect of Theorem [2.24{(1) imply the bound on «,, while the
bound on f3, arises when we instead invoke Theorem [2.24{2).

(2). Note that in the non-lattice case Theorem implies that P(Str[u,uw)) ~ Kstring (1 —eMeCu,
The sought result thus follows from the just given argument where we instead invoke the non-lattice
assertions made in the two parts of Theorem [2.24] O

/B[u,u—i-r) =

We are ready to give the promised derivation.

Proof of Theorem Suppose first that £ is lattice, with span s € (0,00). Set 7; =
exp{(i}]P’(Stri) for i € s-N. Theorem implies the existence of 75 € (0,1) such that the

J4
strong asymptotic v; &= Yo holds (as i — 00) in the sense of Definition

For u € s-N, and in the notation of Lemma set @, = Zj,ée[o,u] Y BeveYu—j—elje<y for
u € s - N; here, and throughout the proof, summations over s - N are understood. Also write

Poo = Yoo 2o j>0 AVj Deso Beve-

We claim that
P(Cluster,, RenLev(Cy) # 0) = ¢y, . (14)
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Indeed, this follows from

P(Cluster,, RenLev(C,,) # 0)
= Z P(Clusteru , Tmin = J » Tmax = U — 5) 1 <u
7,£€[0,u]
= Z P(CulDeSac;, RenLev(CdS;) = {;j})P(Stry—j—¢)
7 ,£€(0,u]
x P(InvCulDeSacy, RenLev(ICdS,) = {0})1;10<y
= Z Oéj,BgP(Strj)P(Stru_j_g)P(Strg) 1j+€§u7

7,L€10,u]
where the second equality is due to Lemma [2.23

J4
We next argue in favour of the strong asymptotic relation ¢, = ¢o. To derive this, note that
doo — Oy equals Ay + As, where

A = Z ;75 Beve (Yoo — Yu—j—t) Ljte<u
J£2>0

and

A2 =Yoo D % Bevelj e
JA>0

4
Note here that Ay, being at most Yoo iju/2 a;7; Zezu/2 Beye, satisfies A = 0 in view of Lemma|2.25

We also have that |A;]| < Ay + Aj2 + Ay3, where the latter expressions are sums of

Y Beve - Voo — Yumj—t] - Ljse<u

over the respective index sets 0 < j,¢ < u/4; j > u/4 with £ > 0; and ¢ > u/4 with j > 0. Since

l J4 l
supy; is bounded, the relations yy, = 0 and a;7v; = 0 available from v; ® 75 and Lemma [2.25(1)

J4
serve to show that Aj; = 0 for i € [1,3]. We may now return to ¢oo — ¢, = A1 + Az and find,

J4
as we sought to do, that ¢, = ¢o. From |D P(Clusteru,RenLev(Cu) =+ (Z)) is seen to be strongly
asymptotic to Keust exp{—Cu}, where

Relust = Z Q575 Z /BZ’YZ-
j€sN Les-N

But
P(Cluster,,) £ P(Cluster,, RenLev(C,) # 0) (15)

by Theorem (2) and P(Cluster,) > cP(Cluster(, ,;3)). In this way, we obtain Theorem in the
case that £ is lattice.

When £ is non-lattice, we seek to show that

P(Cluster[u,oo)) ~ rexp{ —(u}; (16)
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what has changed is that the event of height at least, rather than exactly, u is considered, and the
claimed asymptotic relation is ~ rather than the stronger =.

Let CulDeSac|z] denote the event that CulDeSac,, occurs, with = € V(CdSM); and similarly
set InvCulDeSac[z] = ICdS,, N {z € V(ICdS,.)}. On CulDeSac[z], set CdS[z] = CdS,., and
on InvCulDeSac[z], set ICdS[z] = ICdS,.,. Write Str[z] for the event that Str,, occurs alongside
x € R(S;). We write

_ PP(CulDeSac[z], R(CdS[z]) = {z})
P(Str(z]) ’
and y(x) = P(Str[z]) exp{Cx - £}. We now consider

P(InvCulDeSac[y], R(ICAS[y]) = {0})
P(Strly])

Bly) =

P(Cluster[u’w), RenLev(C,) # 0)

— Z P(Cluster[u,oo) s Tmin = &, Tmax = y) . 1(g;+y)-£§u
z,yE€Fy

= ) P(CulDeSac[z], RACAS[z]) = {2})P(Stry—(zsy)bc))

z,yeFp
x P(InvCulDeSac[y], RenLev(ICdS[y]) = {0}) - 1(544)<u

= > @) BY)P(Strlz])P(Striu_(sry)e,00))P(Str(Y]) - L(zsy)e<u -

z,y€Fp

Writing v : (0,00) — (0,00), ¥(u) = eCUIP’(Str[%uH]), we find that

P(Clusterf, o), RenLev(Cy) # 0) exp{¢u} = Y a(@)B(y)y(@)1(y)d(u — (x +9) - )Ly ecu-

$7y€F‘0

Lemma 5) implies that 1(u) ~ ool (1 — €7¢) as u — 00, where fioo = limy oo ™ [u, u + 7).
We thus obtain the desired asymptotic relation with kK = Kepust given by

et = pooC (1= ) 3 aleir(@) 3 B ()
zeFy yeFy
Thus we obtain Theorem [[.4] in the non-lattice case.

(2). For = € Z% consider the operation that acts on a percolation configuration by reflecting it
through the origin. The operation leads the percolation law invariant, and, neglecting a certain
priviso, it maps a cul-de-sac with entry x to an inverted cul-de-sac with entry —zx.

O]

3 Renewal abundance heuristics and basic tools

It remains to prove our key technical contribution on renewal abundance, Theorem We will do
so in the next section. Here, we explain in a first subsection some of the main ideas and in a second
present some basic tools involving coarse-grained percolation needed to implement them.
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3.1 Slide into renewal

How to prove that renewal points are abundant in a typical cluster of high diameter? Here we
discuss an approach to this question; in so doing, we offer a heuristic overview of the proof of our
result, Theorem (1), on the typical positive density of renewal in a lengthy finite cluster. In this
presentation, we take £ = e4 to be vertical, and consider the typical form of the cluster C under
percolation P given the event Cluster, that a finite cluster based at the origin runs to height equal
to u € N. We will write C,, for C to emphasise this conditioning.

The cluster C, is a finite open subgraph of vertical extension u that is encased away from the infinite
open cluster Z by dual plaquettes through whose midpoints run closed edges in the cluster boundary.
In a crude but useful distortion, this dual plaquette surface may be viewed as a subcritical object,
whose cardinality has an exponential tail under the unconditioned percolation law P, because the
opposite ends of the closed edge running through any constituent plaquette lie inside and outside of
the cluster, so that the outside endpoint is at a significant (and possibly even infinite) remove from
the inside endpoint in the chemical distance along open edges; and this event is a rarity that may
be diagnosed locally.

In Proposition (3.2 we will develop this notion, by using a coarse-grained percolation and invoking
results of Antal and Pisztora [AP96]. For now, we take the lesson of this result to be that, under
P given Cluster,, C, typically has volume of the order of the minimum possible, u. The cluster C,
runs between heights zero and u. Suppose that we slice through the cluster at a typical height h,
around level u/2. The lesson indicates that the cross-section of C, at height h is likely to have a
cardinality that is bounded above independently of u. If this cross-section occurs at a unique vertex,
that vertex would be a renewal point for the cluster; so in seeking to derive renewal abundance, we
wish to argue that this circumstance is typical under the conditioned law. As it stands, though we
know that the cross-section is typically bounded in cardinality, it may be high in diameter. The
cluster could resemble a capital ‘N’, as depicted in Figure (left). Elements of E(C,) are dashed,
and have the rough shape of a path that runs upwards from the base, doubling back across level
h =~ u/2, and then running upwards again to the head. Slicing through at height h decomposes
the cluster into three pieces: the downcluster and upcluster, emboldened in the depiction, which
are the respective open connected components of the cluster’s base and head within the half-spaces
delimited by the slice; and a remaining piece, the midcluster, which runs between the two vertices
marked with crosses that lie one apiece in the downcluster and the upcluster.

The midcluster is a costly item in the example, because it is sheathed by a subcritical surface of dual
plaquettes away from the two surfaces associated to the upcluster and the downcluster. Not only
expensive but also, it would seem, needless: the downcluster covers a height of h; the upcluster,
one of u — h; so together, all the distance needed to realize the event C, is covered. How then
to gauge the resulting rarity of this picture? It is tempting to shift the upcluster horizontally so
that its base coincides with the head of the downcluster (which is to say, so that the two crosses
coincide). Figure [f[right) shows the shifted picture. There is no expensive surface enclosing a
midcluster and so the right picture seems of the two to be much more probable. A probability
resampling experiment that retains enough information to quantity this intuition works as follows.
Sample the law P given Cluster,. Record the downcluster; and also record the upcluster, but only
up to a horizontal shift, so that only the equivalence class of the upcluster under identification by
translation in Z? is retained. Then work to reconstruct the law P given Cluster, and also given the
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Figure 5: A slide eliminates from a capital N its midcluster.

two pieces of retained data. In the depicted case, this reconstruction job involves two tetris-like
pieces, the lower one held in place, and the upper one resting on the level-h hyperplane, and capable
of gliding over it, with any given spot being chosen with what we may call the connection chance,
namely with a weight proportional to the probability that, were the rest of space to be completed
according to the ordinary percolation law, a suitable (and perhaps trivial) finite midcluster would
form to connect the two pieces and reconstitute a copy of the cluster C,.

When the upcluster is shifted so that the two crosses coincide, there is unit connection chance;
whereas the connection chance for distant displacements may be expected to be of rapid decay.

These ideas may show some promise, but there are objections. One problem is that, if the slice
height is such that the downcluster has more than one vertex at the height, no horizontal shift of the
upcluster will lead to a renewal point at that height. To overcome this difficulty, we may simply cut
the downcluster off from above at height h, while cutting the upcluster from below at height h + 2;
then, if we shift the upcluster so that its base hovers two units above the head of the downcluster,
a resampling in which the two intervening vertical edges are declared open will, alongside a suitable
set of other edges being declared closed, result in a resampled cluster C, that has a renewal point
at height at h 4 1; we say that a simple join occurs when the resampling acts in this way.

A second difficulty is represented by the ‘collapsed capital N’: the midcluster could be lengthy,
but if its surface is shared with those that enclose the downcluster and the upcluster, it is hard to
argue that the connection chance is small, since the formation of the midcluster surface is not an
independent event.

Figure [6] shows a slide resample with a gap of two at the slide height. The illustration is schematic,
depicting a two-dimensional example for simplicity. Simple join would occur were the upcluster
on the left resampled by a shift to the left by one unit, with two open vertical midcluster edges
running down from the resulting upcluster base, and suitable neighbouring edges being closed.
The resampling on the right shows a dashed midcluster whose surface (which is not depicted)
shares several facets with that of the downcluster. That the downcluster has several routes up to
around level h broadens the ways in which the midcluster and downcluster surfaces may coincide
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Figure 6: The slide resample pushes the upcluster some way to the right in this depiction. The
downcluster has some presence near the slide height and this permits the midcluster in the right
sketch to travel for a while around the downcluster, but the slide is big enough to force the midcluster
to make a journey in virgin territory between the two square vertices. The disjoint surface that
encloses this part of the midcluster reflects the low connection chance (and the high connection
cost!) of the proposed slide location.

in part. Note however between the two square vertices runs a midcluster section whose surface
is disjoint from those of the upcluster and the downcluster. In general, we may think of drawing
a path in the midcluster that connects the downcluster head to the upcluster base and selecting
the subpath—call it Connect!—from the last visit to a neighbour of the downcluster until the first
visit a neighbour of the upcluster. Connect is plausibly enclosed by a disjoint surface and roughly
speaking the connection chance for a given proposed upcluster shift is of the order of e™“* where k
is the minimum length of Connect as we vary over viable choices of midcluster given the shift.

If the downcluster and upcluster cardinalities are bounded above suitably in a neighbourhood of
the slice, then the number of shift locations for which the x-value is bounded above is limited. The
k-value grows linearly in the distance away from such special sites. This means that a given shift
that may lead to simple join and a renewal point (such as one unit to the left in Figure [6{left)) has
a connection chance that is bounded below, while the sum over all shifts of the connection chance
is bounded above, with a bounded population of sites making a unit-order contribution and others
making one that is exponentially small as a function of distance between downcluster and shifted
upcluster.

Our plan is to present the fairly weak (and in essence already known) estimate that we have
mentioned, namely Proposition to the effect that cluster volume under P given Cluster, is
typically linear in u, and to harness this to argue that downcluster and upcluster cardinalities at
heights A’ close to the slide height h typically grow at a suitably low rate as |’ — h| rises. Then
analysing a partition function given by the sum of connection chances will serve to show that
the slide resample results with positive probability in renewal near the slide height. Since the slide
resample leaves the conditioned law at equilibrium, we will thus prove Theorem (1)7 our assertion
of positive density of renewal.
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3.2 Coarse-grained percolation

This subsection is principally devoted to stating and proving Proposition [3.2| on the linear volume
of the enclosing surface of a lengthy finite cluster. We use a coarse-graining of percolation to present
the result, dividing Z¢ into boxes.

Two distinct vertices v,w € Z¢ are x-neighbours if w; — v; € {—1,0,1} for i € [1,d]. A *-path is a
Z%valued path whose pairs of consecutive elements are *-neighbours. The -distance of v, w € Z¢
equals £ — 1, where £ is the number of elements in the shortest x-path that connects v and w.

Let K € N be a given even integer. For v € 2K - Z¢, the K-box B(v) with central vertex v is
v+ [-K, K] For A a subgraph of (Z%, ~), A will denote the set of K-boxes that contain an edge
in A.

The set {B (v) :v € Zd} of K-boxes is naturally indexed by the central vertex v € Z%, so that the
notion of s-neighbour may be applied to such boxes just as it is to elements of Z¢.

Recall from Section that a path makes nearest neighbour steps.

Definition 3.1. Let OuxtC derlote the set of K boxes B such that B is a *-neighbour (in the sense
of K-boxes) of an element of C and there exists an infinite path @ in K boxes emanating from B
that is disjoint from C.

Here is the promised result.

Proposition 3.2. For d > 2, there exist positive constants C, ¢ and Dy such that, when D > Dy,

P(‘@exta > Du ‘ Cluster[%u“]) < Cexp{—cDu}.

3.2.1 Box percolation

As tools we now present will serve to show, the above proposition will be derived by arguing that
the K-box elements of OextC are unusual in a way that can be locally diagnosed.

The boxlet boxlet(v) with central vertex v is v + [~K/2, K/2]% and the big box BigBox(v) with this
central vertex is v + [~5K,5K]% We will refer to the K-box B(v) as a function of the big box
D = BigBox(v) in the form Centre = Centre(D).

For G a subgraph of (Z%,~), we write G = {v € V(G) : 3w € Z*\ V(G), v ~ w}.
Let D = 2Kv + [-5K,5K]% v € Z%, denote a big box. The K-box B(v) will be called bad if at

least one of two conditions is satisfied:
1. there exists no open path from boxlet(v) to dB(v)—we say that ‘boxlet(v) is isolated’; or

2. there exists an open path P from boxlet(v) to 0B(v) (so that P lies in B(v) and thus also
in BigBox(v)), and an open path @, also contained in BigBox(v), of Euclidean diameter at
least K /2 that starts in a K-box that s-neighbours B(v), such that P and @ lie in different
open connected components of the percolation in BigBox(v).

When Cluster,, occurs, we write C, for the cluster C containing 0, for emphasis.
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Lemma 3.3. Let u € (0,00) and K € N satisfy u > K > 0. Suppose Cluster,, occurs. Let B = B(v)
be a K-box (with v € 2K -Z%) and let D be a K -box -neighbour of B. If BNC, = 0 and DNCy # 0,
then B is bad.

Proof. We will show that if the first condition that would qualify B as bad is not met, then the
second one is. Suppose then that boxlet(v) is not isolated, and let P denote an open path from this
set to 0B. Let x be a vertex in both C, and D. The diameter of C,, being at least u, is at least
K, so that max {d(z,v) : v € V(C,)} > K/2 (where d is Euclidean distance). We may thus find an
open path @ in C, of diameter between K /2 and K/2 4 1 that emanates from x. We see that the
path @ lies in BigBox(v), because z lies in this big box at distance at least 2K from its boundary.
The path P lies in B, so that P is vertex disjoint from C,. Since C, is an open cluster, there is
no open path from C, to P; and specifically, none in BigBox(v). We have shown what we sought
to show: if boxlet(v) is not isolated, then B is bad via the second condition specifying this notion.
This completes the proof of Lemma [3.3 O

In the next result, we again rely on the indexing of K-boxes by Z¢.

Lemma 3.4. Define a random process on Z% by declaring that v € Z% is bad if the K-box B(v) is
bad. For any € > 0, there exists K € N such that the process of bad indices—a random subset of
7% —is stochastically dominated by site percolation of parameter e.

Proof. A given big box D can be contained in the set B{(N) specified in [AP96, Equation (2.7)],
where the parameter IV in this reference is set to be minimal to permit this containment. It is readily
verified that, if Centre(D) is bad, then the complement of the event Ri(N) in [AP96, Equation (2.9)]
occurs. It is [AP96l Equation (2.24)] which establishes the rarity of this complementary event.
Indeed, this bound shows that any given index in Z¢ is bad with probability at most €, where
€ > 0 tends to zero in the limit of high K. The process of bad indices is 5-dependent in the sense
of [LSS97]. Thus Lemma [3.4] follows from [LSS97, Theorem 0.0(i)]. O

We indicated in Section how the slide resample will operate with a small gap, and next we
present some related generalities of later use.

Definition 3.5. Let A denote a subgraph of (Z%,~). We denote by A[2] the set of K-boxes whose
*-distance from A is most two. And we write A[—2] for the set of K-boxes in A whose *-distance
from the complement of A is at least three (so that at least two elements in any *-path in K-boxes
between A[—2] and the complement of A lie outside of A[—2]).

Lemma 3.6. Let A be a subgraph of (Z%,~). Let E denote a percolation event that is measurable
with respect to the edges in A. Let Bad denote the random set of bad K -bozes that do not lie in A[2].
Then the distribution of Bad is equal under the laws P and P(-|E).

Proof. The value of the random process Bad is determined by the open/closed status of the
collection of edges lying in the union ¢ of the big boxes whose Centre is a K-box that does not lie
in A[2]. Although U may contain edges that lie in the boundary of a K-box in A, such edges do
not belong to A, because, if they did, an adjacent K-box would also lie in A at *-distance two from
Centre of a big box that lies in the union &. Thus the process Bad is unperturbed by conditioning
the law P on the status of edges in A. O
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3.2.2 Bounding the cardinality of the cluster boundary

Here we prove Proposition [3.2]

When Cluster,, occurs, we write C,, in place of C,.

Lemma 3.7. When Cluster, occurs, every element of OcxiCy 15 a bad K-box.

Proof. Let B € 0Cy. Let D be a K-box x-neighbour of B that lies in C,. Lemma then
implies that B is bad. O

Lemma 3.8. Ford > 2, there exist positive constants C and ¢ such that, for u € (0,00) and D > 1,

P(Cluster[u’uﬂ}, ‘aexté‘ > Du) < Cexp { — cK_dDu} .

Proof. Suppose the occurrence of Clustery, 1) and that ‘&,Xta = m for a given m whose value
is at least Du. Since 0 € V(C), we see that JeC contains a K-box whose Z%index has Euclidean
norm at most m/K.

By Lemmas and we see that Clusterp, 1N {‘8@(@‘ = m} entails that a site percolation of
parameter € in Z? contains a connected component of size at least m(2K + 1)~? to which a vertex
belongs whose distance from the origin is at most m. Here, the parameter ¢ > 0 is a function of
K € N that may be chosen to be arbitrarily small by a high enough choice of K. The probability
of the just mentioned eventuality is at most Cm?exp { —cmK *d} for suitable positive constants C
and c in view of the exponential decay of the tail of the size of the connected component containing
a given vertex in subcritical site percolation [AB87]. Summing this bound over m > Du, and using
D > 1 to absorb the factor of m?, we obtain Lemma O

Proof of Proposition That there exists ¢ > 0 such that P(Cluster[%uﬂ]) > c" is demonstrated
by considering an explicit cluster, such as a concatenation of [u - (eq-£)~!] eq-directed edges rising
from 0. Proposition then follows from Lemma [3.§ by making a suitably high choice for the lower
bound Dy on D and by absorbing the term K ~%, which is constant for our given value of K, into the
constant ¢ in the argument of the exponential. Note that the value of Dy € (0,00) may be chosen
independently of £ € S%1 since eg - € > d~'/2 in view of the axes ordering convention . O

3.2.3 Latitude and isoperimetry for K boxes

It is useful to know that when an object such as the downcluster is large in a slice, the enclosing
surface is also large there. Here we state and prove Proposition to this effect, via Lemma [3.11

Definition 3.9. Recall that a K-box takes the form x+ [~ K, K]¢ with 2 € 2K -Z%. The latitude of
B equals b I?et:i .A. Latitude measures K-box location relative to the hyperplane z - £ = 0 in integer
units.

For k € Z and ¢ € N4, let Ny 1, denote the set of K boxes of latitude in [k, k + £].

Proposition 3.10. For some k € Z, suppose that A and B are finite subsets of Ny ¢ such that
B separates A from infinity in Ny 4p. Then

U
—

[A] < (£+1)[BJd-2.
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Writing B for the set of K-boxes, we introduce the projection P : B — Z% ! that sends 2Ku +
[-K,K]% to (u1,--- ,uq_1): namely, P sends any K-box to the projection on the first d — 1 coor-
dinates of its natural index in Z.

Lemma 3.11. Let C C Nmﬁg. Suppose that x € 791 is not separated from infinity by P(C)
in Z9=1. Then nor is any B € Nhk“ with P(B) = x separated from infinity by C in N}c’k+g.

Proof. Let y and z be nearest neighbours in Z9~!, with z = y 4 ¢; for i € [1,d — 1]. Let B[y]
denote the set of K-boxes in Ny 1, that project to y under P. Then |B[y]| equals £ + 1; label the
lowest and highest elements of B[y] in the form B, and B;, = B, +2K/{ey. Similarly for z. We claim
that some element of B[z] is obtained from some element of B[y] by translation by the vector 2Ke;.
Indeed, if this were not the case, then either B, would be displaced from B; + 2Ke; by a positive
multiple of 2Keg; or B, would be displaced from B, + 2Ke; by a negative multiple of 2Ke4. In
the former case, B; + 2Ke; would have latitude less than k; in the latter, B, + 2Ke; would have
latitude more than k + £. However, 0 < ¢; - £ < ¢4 - £ by the axes ordering convention; and thus the
difference in latitude between boxes B and B satisfying B = B+ 2Ke; is seen to be at most one in
absolute value. Since Bz// has latitude k£ 4 ¢ and B, has latitude k, we have found a contradiction
and proved the claim.

Whenever elements of Ny, ;¢ respectively project to nearest neighbours y, z € 791, we may invoke
the claim to construct a path of at most 2(¢ 4+ 1) K-boxes that connects these elements, with the
path valued in Ny k+¢ among K-boxes that themselves project to one or other of y and z. This
local construction permits us to lift paths from Z%~! to Ny k+¢, and such a lifted path will prove
Lemma [3.11] m Indeed, since x € Z%~! is not separated from infinity by P(C) in Z4~!, there exists
a path @ in Z4! from z to infinity that does not visit P(C). Arbitrarily select a sequence of
elements of N;ﬁ;ﬁg that successively project to the consecutive elements of ). Each consecutive
pair of elements in this sequence may be interpolated by a path in K-boxes of length at most 2(¢+1),
by the local lift. When the resulting paths are concatenated, the path in K-boxes obtained reaches
infinity without any visit to C. This path validates the conclusion of Lemma O

Proof of Proposition The first assertion of [Ham06, Lemma 2.3] is a simple consequence
of the Loomis-Whitney inequality [LW49]: if R C Z~! denotes the collection of sites that a finite
set W C Z9~1 separates from infinity, then |R| < |W|(@-1/(d=2),

Since A is separated from infinity in Nk,k% by B, Lemma implies that

P(Z) is separated from infinity in Z4~! by P(B).

a1 _ _
Taking R = P(A) in the recalled bound, we find that }P )| < |P(B)|4-2. Using |A] < ({+1)|P(A4)|
d—
and |P(B)| < |B|, we find that [4| < (¢+1)|B|d-2 B and thus obtain Proposition |3.10 O

4 Renewal levels via the slide resample

Here we prove both parts of Theorem by slide resampling percolation conditional on the presence
of the cluster. As we outlined in the preceding section, examining the slide resample when it operates
at a single height is enough to prove Theorem (1) The resample will be applied iteratively at
many heights in order to obtain Theorem [1.9(2).
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There are four subsections. Critical to the utility of the slide for finding renewal levels is the simple
join Proposition which shows that, when the slide resample operates at a given height on a
cluster with typical geometry, it often results in a resampled cluster with a clean join between the
downcluster and the upcluster. In Section we introduce the slide resample and demonstrate
Theorem (1) given Proposition , whose proof is the subject of Section As we turn to
iterative use of the slide to reach the stronger Theorem [1.9(2), we face the problem that the slide
at a given height may fail to produce a simple join. In principle, failure may undo renewal levels
far from the present slide height that have been secured at earlier slide iterations. Section [£.3]is
devoted to showing that, when the slide fails, damage to the cluster typically occurs only near
the slide height. With this support, we introduce the iterated slide and prove Theorem (2) in
Section 4.4

The proof of Theorem [I.9 may be reprised to give Corollary the counterpart result in which
the conditioned cluster is supposed to have renewal points at both extreme heights. The proof of
Corollary [.10]is given at the end of Section[4.4] alongside the derivation of Proposition [2.1] a string

counterpart to Corollary [1.10|(1).

4.1 The single slide: positive density of renewal

As we begin to prove Theorem [1.9(1), we mention that we will develop the ideas of Section
closely enough, though since our context is now of a general rather than an axially aligned vector £,
certain adjustments are needed. In the axial case, we could speak of proposed slides as horizontal,
and indexed clearly by a copy of Z9~!. The vector £ may however be non-lattice, and we have
to accept that there no natural substitute for the lattice Z¢ ! as an index of possible shifts. It
is inevitable that the height of the cluster head will change, albeit perhaps only by a bounded
quantity, under the actions of reasonable shifts. This consideration even finds expression in the
form of Theorem where we condition on a cluster of height in a short interval [u, u + 3r|, rather
than of the specific value u; the latter choice is a luxury that is unavailable in the non-lattice case.
We will remark at suitable moments on how the proof of Theorem [1.9(1) varies from the template
offered in Section including in regard to the need to accomodate general values of £.

Let u, h € (0,00) satisfy u > h. We introduce the upspace and the downspace, two half-spaces with
boundaries near the slide height h. The downspace is simply the lower-half space Lj,.

Recall from a specification made in Subsection and from the axes ordering convention (|1) that
r=eq-L.

The upspace is specified only under the event Cluster, ,3,], and then by means of a little more
notation. When this event occurs, there is a cluster C, namely a finite open connected component
with base 0, whose height lies in [u,u + 3r]; for emphasis, we denote it by Cy y43-. On the same
event, we write

hmax = max{z - € : z € V(Cyy+t3r)}

for the maximum height among vertices in C,, 3. In this way, head(Cy u+43.) is the lexicographically
minimal vertex in C, 43, of height hnax. The upspace is then defined to be the upper half-space
Uh,q;» where the adjusted height haq; denotes h + (hmax — w). When Cluster(y 43, occurs, hmax €
[u, u 4 3r], so that the height h,q; € [k, h 4 3r] is adjusted from h by an addition of at most 3r.

Also on Clustery, ,43,], we define the upcluster and the downcluster to be two subgraphs of Cy v+3;-
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First recall that, on this event, the cluster C, 3, satisfies base(Cyy+3-) = 0. The downcluster,
denoted DownClust, is the connected component containing 0 € Z¢ of the subgraph induced by
Cu,u+3r in the downspace L. To wit, v € Z4 lies in the vertex set of the downcluster if there exists
an open path in L; that starts at the origin and that ends at v. The edge set of the downcluster is
the union of edges belonging to all such open paths. The top of the downcluster, Top(DownClust),
is the set of vertices v in DownClust that lie in VertBdry,, (as this set is defined in Section .

The upcluster, denoted UpClust, is the open connected component containing head(Cy y+3r) of the
subgraph induced by C, 43, in the upspace. Thus, an element v € Z% lies in the vertex set of the
upcluster if and only if an open path in U, runs from head(Cy y+3r) to v. The edge set of the
upcluster is the union of the edges in such paths. Note that head(UpClust) = head(Cy u+3-). The
bed of the upcluster, Bed(UpClust), is the set of vertices v in UpClust that lie in VertBdry,, 4

The definition of the downcluster is largely consistent with the heuristics of Section but the
upcluster is specified a little differently: the hyperplane that delimits the upspace (and the upcluster)
on the lower side is set at a height that is u—h units below that of the upcluster head. This definition
is made to face the challenge of setting up the slide resample when £ may be non-lattice and some
counterpart must be found of the space Z%! of admissible shifts of the cluster (or the upcluster)
head. By specifying the upcluster relative to its head, we obtain a definition of the upcluster that
will be invariant under a suitable class of shifts.

Next, some simple height facts.

Lemma 4.1. Let Hy and H, denote the heights of DownClust and UpClust. Almost surely under P
giwen Clusterp, i 3,, h—r < Hg<handu—h<H, <u—h+r.

Proof. In view of Lemma [2.2)1), we find that h — r < Hy < h since V(DownClust) consists of
vertices in Ly, of non-negative height, one of which lies in VertBdry,;,. In regard to H,, note that
elements in V(UpClust) have height at most hmax and lie in the upspace Uy, 40 With at least one
lying in VertBdry,. Any element of the upspace has height at least h,q;—r, because, in the opposing
case and by the axes ordering convention, the interior of each incident edge would lie in By, ;. And
an element that lies in VertBdry,, has height at most h,q;, because, were it to be higher, the interior
of each incident edge would intersect Fp, .. Thus, we confirm that w —h < H, <u—h+r. O

We now present the decomposition of the cluster into three pieces that will allow us shortly to
specify the midcluster MidClust.

Definition 4.2. Under Clustery, ,3,], the residual cluster, denoted ResidualClust, is in essence the
residue of the cluster C, 43, after the removal of the upcluster and the downcluster. Formally, it
is the graph whose vertices are endpoints of edges in Cy 3, that are edges in neither the upcluster
nor the downcluster; the edge-set of ResidualClust is the collection of such edges.

The residual cluster is comprised of possibly several connected components, as we now describe.
Lemma 4.3.

1. The graph ResidualClust contains at least one connected component G such that V(G) inter-
sects Bed(UpClust) and Top(DownClust).

2. The vertex set of any connected component of ResidualClust intersects the union of the ver-
tex sets of DownClust and UpClust. Any vertex in this intersection lies in the union of
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Top(DownClust) and Bed(UpClust).

Proof: (1). Since base(Cy y+3r) and head(Cy y43-) lie in the connected subgraph Cy, 4+3,, We may
find a path in C, 43, that runs from base(Cy,y43,) to head(Cy y+3r). This path begins in DownClust
and ends in UpClust. Consider the subpath between the final vertex in DownClust and the first in
UpClust. Since these two vertices lie in VertBdry,, we may set G to be the connected component
of ResidualClust that contains this subpath.

(2). Let H be a connected component of ResidualClust. Since the cluster C, 3, is connected, a
path in Cy 443, runs from any given element of H to base(Cy y+3-). When this path visits H for the
final time, it does so at a vertex which also lies in the vertex set of either UpClust or DownClust—in
the former case, at an element of Bed(UpClust); in the latter, at an element of Top(DownClust). [

We are ready to select and label as MidClust a connected component of ResidualClust that connects
the upcluster and the downcluster. The residual cluster may also contain certain further fragments,
which touch either Bed(UpClust) or Top(DownClust) and are not central players in our analysis,
that we label MidFragment.

Definition 4.4.

1. Among the components G specified in Lemma [4.3{(1), we select one and call it the midclus-
ter MidClust. For definiteness, V' (MidClust) contains the lexicographically minimal element
among vertices in any of the concerned components.

2. The union of connected components of ResidualClust excluding MidClust will be denoted by
MidFragment.

For A € N, we identify three slabs of width 2A in the neighbourhood of height h: a north zone, a
south zone, and a tropical zone sandwiched between them. (Here, latitude may be identified with
height: it acts as an alternative verbal marker for the value of the coordinate in the direction £.)

Definition 4.5. The subgraphs NorthZone, Tropics and SouthZone are each slabs, respectively set
equal to Slaby4 4 p434, Slaby_4 44 and Slaby_34 ,—a.

Definition 4.6. The upwell configuration space UCS consists of all values that can be adopted by
the subgraph UpClust in a percolation configuration that realizes the event Clustery, ,3,)-

We now introduce an equivalence relation on this configuration space by identifying pairs of elements
if one element of the pair may be obtained from the other by translation.

Definition 4.7. Two elements U and U’ of UCS are shift equivalent if there exists v € Z% such
that U’ is the graph obtained from U by shifting by v (so that the vertex and edge sets of U’ are
obtained from the counterparts for U by shifting by this vector).

We will write [UpClust| for the shift equivalence class of UpClust. Thus, [UpClust| is a random
variable that is defined whenever Clusterp, .3, occurs.

In Section we indicated how the slide resample would be liable to act in a desired fashion if
the upcluster and downcluster cardinalities are suitably limited at heights close to the resample
height h. We now set down conditions that express these favourable features.

Definition 4.8. Let R, C and L be three positive parameters. Here we introduce several conditions
of smallness for the cardinality of C y+3,. The conditions receive labels T, S and G according to
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whether they concern the size of Cy, 43, in the tropics (with heights in [h — A, h+ A]); the subtropics
(the southzone or the northzone); or globally (when the total size of Cy 443, is considered). Here are
the conditions.

T (R): for i € [1, A], the number of vertices in Cy 43, with height in [h+i— 1, h+ ] is at most i*R.
T2(R): for i € [1, A, the number of vertices in Cy 443, with height in [h — 4, h —i+ 1] is at most i3R.

S1(C): the number of vertices in Cy 43, with height in (i — 1,4] is at most C for at least one-third of
indices ¢ in [h + 14 A, h + 3A4].

S2(C): the number of vertices in Cy, 43, with height in (i — 1,4] is at most C' for at least one-third of
indices ¢ in [h +1—3A,h — A].

G(L): [V(Cunpar)] < Lu.
We further consider three adjusted conditions, marked with a prime.

T} (R): for i € [1, A], the number of vertices in UpClust whose height lies in [hagj + ¢ — 1, hagj + 7] is
at most i3 R.

TL(R): for i € [1,A], the number of vertices in DownClust with height in [h —i,h — i + 1] is at
most °R.

1(C): the number of vertices in Cy 43, with height in (¢ — 1,4 is at most C for at least one-quarter
of indices i in Z N [haq; + 1 + A, haqj + 3A].

Notably, the north tropical and subtropical conditions T (R) and S} (C) are expressed in terms of
the adjusted equatorial height h,q; rather than the ordinary equatorial height h. Equivalent elements
of UCS are equal when viewed in these coordinates: this makes the coordinates useful, because it
means that the primed conditions will be automatically maintained in the slide resample. In other
regards, the changes of the primed events relative to the unprimed counterparts are weakenings of
conditions: the replacement of Cy 43, by its subgraphs UpClust and DownClust; and of one-third
by one-quarter.

(The global condition |V (Cyut3r)| < Lu? may seem absurdly weak, with |V (Cyut3-)] < Lu being
more natural. The weak form is adequate for our purpose and avoids some technical encumbrances.)

In terms of positive parameters K, R and L, we further define
two subevents VeryFine;, = VeryFine), (K, R, L) and Fine;, = Fine, (K, R, L) of Cluster, 3, ,

using primed (as well as some unprimed) conditions in the latter case.

Indeed (as Figure [7| illustrates), VeryFine;, occurs when the following conditions are met:
T1(271373R), T2(27'373R), S1(R), S2(R) and G(L).
And Finejy, occurs when it is these conditions that are met:

T\ (R), T5(R), S1(R), S2(R) and G(L).

Lemma 4.9. When A > 36, we have that VeryFine;, C Finey,.
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NorthZone

Figure 7: A schematic instance of the event VeryFine;, viewed in the region around the tropics.
The cardinality of the intersection of the depicted cluster C, 3, with horizontal lines in Tropics is
bounded above quadratically in the distance from the equatorial line at height h, while a positive
density of such cardinalities must be bounded above in the neighbouring subtropical regions.

Proof. In regard to the tropical conditions, note that the number of vertices in UpClust with height
in [haqj+i—1, hagj+1i] is at most the number of vertices in Cy, 443, with height in [h+x—2, h+k], where
K = | hagj—h| € [0,2]. If VeryFine, occurs, then this upper bound is at most (2343%)27137°R < R.
So conditions T (R) and T5(R) of Fine, have been verified. In regard to the northzone condition,
note that the symmetric difference between the index sets [h+ A, h+3A] and ZN[hagj+ A, haqj+3A4]
is at most six. So if a set of integers occupies a proportion of at least one-third of the first of these
intervals, it will occupy at least one-quarter of the second, provided that A > 36. Thus S;(R)
implies S’ (R). Since other conditions are either shared between the events Fine;, and VeryFine;, or
are weaker in the former case, we obtain Lemma [4.9 ]

We will obtain Theorem[1.9(1) by showing that a typical cluster has ©(u) levels h for which VeryFine,,
occurs; and that, no matter the form of ([UpClust], DownClust), the thus typical Fine, often entails a
simple join event, in which UpClust sits directly on top of DownClust, ensuring renewal at height h.
The next two propositions, whose proofs we defer, show O(u) cardinality of very fine levels and that
fine levels often present simple joins.

Proposition 4.10. Let N denote the number of h € NN [0,u] for which VeryFine, occurs. With
d—2 2d—3

the relation L = 2d-1RK ™~ d-1 set between the parameters in the definition of the event VeryFine,,,
there exist positive constants C' and ¢ such that

d—2
P(N <(l—-a)u Cluster[u7u+3r]) < Cexp{— cRﬂK_la}.

Recall that base(UpClust) and head(DownClust) are certain elements in the subgraphs Bed(UpClust)
and Top(DownClust). For the purpose of the ensuing definition, take v = head(DownClust) + eg4.

The event SimpleJoin occurs when Cluster, ,,; 3, does alongside the conditions that

1. MidClust has merely three vertices and two edges, the pair of edges having the form [v, v+ e4]
and [v — eq, v]; and
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2. the graph MidFragment is empty.
On SimpleJoin, the vertex v = head(DownClust) + e4 will be called the midvertez.
We write PFiner = IP’( . ’ Fineh). And we further

denote by P[F[ijr;fglusﬂ DownClust the 1aw PFineh conditionally on ([UpClust], DownClust) . (17)

We have yet to define the slide resample, but it is perhaps helpful to use it to informally locate the
above notation. Indeed, the slide resample at height i concerns the just denoted law, in which condi-
tioning occurs not only on the event Finey, but also on the random variable ([UpClust], DownClust).
Note a variation here on the theme of Section the slide is holding invariant the law of P given
Fine,, C Cluster(, ,3,], alongside the data([UpClust], DownClust), so that in addition to the oc-
currence of Clustery, ,,3,], the properties of Finej, (which are conditionally fairly typical) must be
respected when the slide resample operates.

The next result, which Figure [§| illustrates, gives a lower bound on the probability that the slide
resample realizes a simple join at height h.

Proposition 4.11. For any positive R and K, there exist c = ¢(R,K) > 0 and C = C(K,d) such
that the condition that h and u — h exceed Clogu implies that

pFinen ( SimpleJoin

[UpClust],DownClust) > c.

,,,,,,,,,,,,,,,,,,, u+3r e uddr
E hmax
s
I D R - e
u—nh

hadj '
Y b_______ *
Sy f h

Figure 8: The slide resample illustrated, with SimpleJoin occurring as a result. Left: UpClust is
bold, with height v — h = hpax — haqj; DownClust is bold dotted. Right: UpClust moves up by one
unit, to accomodate the two bold dashed edges that meet at the midvertex, marked with a cross.

And now an assertion, that a simple join is a renewal point, which will permit us to obtain Theo-
rem [1.9(1) from the two preceding propositions.
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Lemma 4.12. When SimpleJoin occurs, the midvertex is a renewal vertex of the cluster Cy y43r-

The next claim will be used in proving this result. It is expressed using notation that develops the
notion of vertex boundary VertBdry,, for h € R that is specified in Section [I.2] Indeed, we set the
edge boundary EdgeBdry, equal to the set of elements of F(Z?) that are incident to at least one
element of VertBdry,,.

Lemma 4.13. Let v € Z% and e € E(Z%).
1. If e € E(Uy4e,) then e ¢ EdgeBdry, .
2. If e € E(Ly—c,) then e ¢ EdgeBdry, ,.

Proof. Let w and x denote the endpoints of e. By the axes ordering convention, e¢g-€ >¢; - £ >0
for i € [1,d]. We also suppose that w - £ > z - £. By these assumptions, x equals w — e; for some
i€ [1,d].

(1). We need to show that neither w nor z are elements of V(L,). Note that, since e € E(Uye,),
and w-€ > x-€, we have that w-€ > (v+eq)-£. Note then that z-€ > w-€—eq-€ > (v+eq)-b—eqg-€ > v-L.

We know that w - £ either equals, or exceeds, (v + e4) - £. Suppose that equality holds. Then z - £
also equals (v + e4) - £. Indeed, in the opposite case, we would have = - £ < (v + e4) - £. But then
the edge interior (z,w) would lie in the backward space By, (as specified in Section , which
would imply, contrary to our assumption, that e € E(L,1,). We see then that, in the case that
w-€ = (v+eq) - £, the heights of both w and z exceed v - £. This implies that neither w nor x lies
in V(Ly), so that the conclusion of Lemma [4.13(1) holds in this case.

Suppose instead that w-€ > (v+eq)-£. From x = w—e; and e;-€ < e4-£, we find that x-£ > v-£. In
this case, then, w and z both have height exceeding v’s. Thus, w,z & V/(Ly), so that Lemma[4.13{1)
holds in this case also.

(2). Here, we need to show that w,z & V(U,).
Since e € E(L,—_.,) and the height of w is at least that of z, we have that w-£ < (v —eq) - £.
Note that, if z € V(U,), then (z,z + e;) N F,, # 0 for some j € [1,d]. Thus, z-£>v-£ —eq-L.

For our purpose, it suffices then to show that w-£ and x-£ are at most (v —eq) -£. Above we showed
this for w, and by assumption = - £ < w - £. Thus the proof of Lemma |4.13(2) is complete. O

Proof of Lemma We see that Cyyt3r = DownClust o MidClust o UpClust fragments
at v into two subgraphs whose edge sets are the union of [v,v + e4] and E(UpClust); and the
union of [v — eq,v] and E(DownClust). To obtain Lemma [4.12] it is enough to argue that e €
E(UpClust) U E(DownClust) implies that e ¢ EdgeBdry,.,. Given that E(UpClust) C E(Uy4e,)
and E(DownClust) C E(Ly_e,), this statement follows from Lemma [4.13| O

Proof of Theorem [1.9(1). For h € [0,u], let v = head(DownClust) + e4. Denote by %, (h) C
Clustery, 43, the event that v is a renewal point in Cy 13- We claim that there exist positive C'
and ¢ such that, when h and u — h exceed C'logu,

P(%.(h)) > P(Cluster, ,s3,, SimpleJoin;,) > P(Finey, SimpleJoiny, )

= E [Prlgr;aélusthLDownClusth (SimpIeJOin) ) ]-Fineh} = CP(Fineh) ’
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where we have used the notation . Indeed, Lemma Finep, C Cluster, ,,3,] and Proposi-
tion deliver the respective inequalities.

For each h € [0,u], the associated value of head(DownClust) is an element of V(L) that lies in
VertBdry;,,. By Lemma (1), we see that, if two such values of h differ by at least r = ¢4 - £, the
associated vertices v cannot be equal. Thus, if we ascertain the occurrence of a certain number of
events %, (h) for h € YN N [0,u], then we can be sure that there are at least this many elements
of R(Cu7u+37~).

We may thus divide the bound derived above by P(Cluster[u7u+37«]) and sum the result over values
h € rNN[0,u] to find that E[|R(Cyu+sr)||Cluster), ,13,] is at least ¢ E[No|Clustery, ,3,], where
Ny denotes the number of values of h € rN N [0,u] for which Fine, occurs. Lemma implies
that Ny is at least the quantity IV specified in Proposition thus, the latter result implies that
E[No|Cluster(, 13, > c1u/r for some ¢; > 0. Whence,

ur ' P(|R(Cuyutsr)| > CQurfl}Cluster[uqurgT]) + cour ' P(|R(Cuputar)| < CQurfl}Cluster[uqurgr])
> E[|R(Cu,u+3r)||C|uster[u7u+3r]] > cojur™?

and P(\R(Cu’u+3r)| > 02ur_1’C|uster[u7u+3T}) > ccy — cg, for any co > 0. Taking co = cc;/2 and
relabelling ¢ > 0, we obtain Theorem [L.9(1). O

We close this section by deriving Proposition The more substantial Proposition will be
proved in the next.

Proposition is reduced to Lemma and the latter is then proved by means of Proposi-
tion [3.10)

Lemma 4.14. There exists a positive choice of the constant ¢ determined solely by d > 3 such that,
when Clustery, 3, occurs, the condition

_ d=2 d=2 d=2
|0extCu| < min{cRdflK_lau,él_ - (LK)dflud_Q} (18)

ensures that N > (1 — a)u.

d—2 d—2 2d—3

Proof of Proposition|4.10. Set D = cRd-1 K~'a. The hypothesised condition L = 2d-1 RK  d-1
assures alongside u > 1 that the minimum in ((18) is attained by the first term, whatever the value
of u € [1,00). We then obtain the sought result from Lemma and Proposition by suitably
taking C' > Dg high and ¢ > 0 low. O

Proof of Lemma m First we argue that the global condition G(L) in Finep, namely that

[V (Cuwisr)] < Lud, is implied by lﬁextzu} < 47%(LK)%ud_2. Suppose that G(L) fails. Since
Cu,u+3r occupies heights in [0, u], latitudes of elements of C,, are integers in [0,u/(2K7)], so they
number at most u/(2Kr) + 1, which is at most u/(Kr) since u > 2Kr. There are thus more
than Lu?"'Kr elements of C, living at the same latitude. Calling this latitude k& € Z, note that
Oext Cu mﬁk’k_l,_l separates C,, ﬂﬁk’k_l,_l from infinity in Nk’k_l'_l, so that Proposition implies that

U
—

|éu N Nk,k-i—l‘ < QINk,k—I-l N aextéu’m )
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where the notation Nhk“ is introduced in Subsection Since the left-hand side is at least
_ _d-2 )
Lu® 'K, OextCy contains more than 4~ d—1 (LK)d-1 192 elements. This is as we sought to argue.

Hence, condition G(L) is satisfied, whatever the value of h.

Lemma 4.15. For q € R, let I'; denote the set of latitudes of K boxes that contain a vertex
with v -€ € [q,q + 1]. Then Ty is an integer interval [a,b] with a = |(¢ — Kd'/?)(2Kr)~'| and
a+d/rt<b<a+d/rt 41

Proof. Suppose that the K-box B = 2Ku + [ K, K] contains v. Then |v - € — 2Ku - €] < Kd'/?,
so that v - £ € [q,q + 1] implies that ¢ — Kd"/? < 2Ku -€ < q+ Kd'/? + 1. The quantities
(¢ — Kd'?)(2Kr)~| and |(¢ + Kd"/? 4+ 1)(2Kr)~!| are thus lower and upper bounds on the
latitude of B. Lemma will follow once we conform that I'; is an integer interval. If F(‘; and
[, denote the counterparts to I'; in whose definition [g,q + 1] is respectively replaced by [g, o)
and (—oo,q + 1] then I'; may be written F;} N T, as an intersection of two semi-infinite integer
intervals (that extend to infinity in opposing directions); whence we learn that I'; is an integer
interval indeed. O

Let F; denote the set of h € NN [0,u] such that there are at least i3R elements = € V(Cuy,u+3r) such
that x-€ € [h+i—1,h+1i]. Let G; C F; be chosen so that the distance between any pair of elements
in G exceeds Kd'/? + 2, with |G;| > |F;|(Kd'/? 4+ 3)~1.

Lemma permits us to associate to each j € G; a value {; € I'j;;_1 such that at least
BR(d?r~T 4+ 2)~! elements of Cuu+3r have latitude ¢;. Elements of {I'j4;,—1 : j € G;} are at
pairwise distance at least two, so that the differences between consecutive ¢; as indexed by j € G;
are also at least two. Thus, the sets Cy 43 NNy, ¢, +1 indexed by j € G; are pairwise disjoint. Since
5u7u+3r ﬁsz £+1 18 separated from infinity in Ngj’gj+1 by 8ext5u7u+3r, Proposition implies that

U
—

|éu,u+37‘ N Néj ,€j+1‘ < 2‘aext (éu,u-‘r?ﬂ“) N N@j Li+1 ‘ =2

But 3
_ _ °R
}Cu,u—l—Sr N ij,fj—l-l‘ 2 m
so that d—2
_ _ 2-d PR a1
e Cuesar) N Ny y1] 2 207 ()

for j € G;. The disjointness of ngvgﬁl for j € GG; implies that

[\

_ 2-d ’R =
Oux Cuperar)| 2 2871 (G751 )

—

|Gl

d—2
d—1

By assumption |Bext(€u7u+3r)| < cRA4-1Klaqu. Recall that |G;| > |FZ-|(Kdl/2 +3)~L. Thus,

d=2
) 1K dY? 4+ 3,

U

2

_ 3
= °R

di/2r=1 42

U

=2
IF)| < cR K‘12d71(

where the right-hand term here is bounded above by cai™3(@=2)/(@=1) gy with v a constant depending
on d but not on R or K. Thus Zle |F;| < ca(3/2)au for any d > 3. For a suitably small
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d-dependent choice of the positive constant ¢, we see that Zle |Fi| < au/4. A quantity F] may
be defined as F; was, with the height interval [h 4+ ¢ — 1, h + 4] replaced by [h —i,h — i+ 1]. An
essentially identical argument to that just given yields the bound Zf‘: 1 |F!] < au/4. The expression
sS4 (|F;| + |F/|) is an upper bound on the cardinality of the set of h € NN [0,u] that violate at
least one of the tropical conditions T;(R), (j,7) € [1,2] x [1, A], that specify VeryFine;,. Thus we
see that the number of tropical condition violating values of h is at most au/2.

Let x; equal the cardinality of the set of x € V/(Cy y+3,) for which z - £ € (i — 1,4] and let
M = {h € NN [0,u] : x; > R for at least 4A/3 values i € [h + 1+A,h+3A]]}.

Note that 44/3 equals two-thirds of the cardinality of [h + 1+ A, h + 3A4].

Let M denote the set of h € NN [0,u] such that the number of x € Cy 43, with z-€ € (i — 1,1]
exceeds R for at least two-thirds of the indices 7 in [h + 1+ A, h + 3A]. For h € M, write

Op = [h+A—3Kd*~ ' h+34+3Kd"/?r7].

Given a finite collection C of real intervals of equal length, a pairwise disjoint subset Z may be
selected such that " .7 [I| > &| Ujee I|- We may thus let U € M be chosen so that {O, : u € U}
is a pairwise disjoint collection that satisfies

> 10| = ;" U om’.

meM

Let h € U and write K, = {z efh+1+Ah+3A]: x> R}. We form a subset Jp, of Kj, by first
including in it the minimum value in K}, and then iteratively including every [5KdY?]*™ value of
K, as these are encountered in increasing order. The constructed set J; has the properties that

J € Jp, implies that x; > R; that the distance between consecutive elements of Jj, is at least 5K d'/2

4A
and that ‘Jh’ Z m

Let w € U and j € J,. Since x; > R, Lemma permits us to find ¢; € I'j_; such that
X; > R(dl/Qr_1 +2)71, where X; equals the number of K-boxes in Cuutsr of latitude ¢;.

We claim that there is no coincidence among ¢; as u and j run over U and J,, and indeed that
the pairwise distance between these quantities is at least two. To confirm this, we begin by arguing
that when j € J, and j’ € J for u,u’ € U, equality j = j' is possible only if u = «/, and, if j # 7/,
then |j — j/| > 5Kd'/2. Indeed, if it happens that j, j € J, for a common value of u, then, if j # 7,
|7 — 7’| is indeed at least 5KdY?. If j € J, and j € J for distinct u and v/, then the distances
d(7,0¢%) and d(j', O]c./) are both at least 3Kd/2r~ !, so that the disjointness of O, and O, implies

that |j — j'| > 6Kd"/?r~ 1.

To arrive at the claim, we next argue that, if k, k' € Z differ by at least 5K d'/2, then Ty and I'y
lie at distance at least two. To see this, note that, since d > 3 and r < 1, the difference between k
and k' is at least 2K7(d"/?r~! 4 2); from here, Lemma shows the assertion just made.

We know that ¢; € T'j_; and £, € T'jy_;. Taking k = j — 1 and k¥’ = j' — 1, note that we have
confirmed the hypothesis that d(k, k') > 5K d'/2, so that the assertion in the preceding paragraph
yields the sought claim.
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Next we will show that
‘ U Oh‘ > 2M/5. (19)
heM

To see this, set kK = |Z N Oy| for any h € M. For x € Z, let ¢, = ‘{h eM:xze Oh}’. Since any
x € Z belongs to at most 2k + 1 intervals Oy, with h € M, we see that max{¢, : x € Z} < 2k + 1.
Note then that

KIM| = Z O] = Zgbx_ (26 4 1)[supp(@)] < (26 + 1) ‘ U Oh‘

heM TEL heM

since supp(¢) = UpersOp. Thus, -5 c1r O] > T’":”H|M] Since
k=|ZN[h+A-3Kd/*r~ ! h+3A+3Kd"/*7]|

k> 24— 1+ 6KdY?r 1 > 2A, where the latter bound depends on d > 3, K > 1 and r < 1. We

confirm that holds when A > 1.

Note that
24+ 6Kd*r MUl = > |0u] > 3 ‘
uelU meM
where provides the latter bound. Proposition implies that, for each u € U and j € J,,,

U
[\

2—d
rd NN d—1 R —
6extcu,u+3r N sz,ej+1‘ > 2d-1 (d1/2r—1+2) L.

Since each pair of these latitudes differ by at least two, we find that the the number of K-boxes in

— 2—d
OextCuu+3r at latitudes {Eu,j,éw- +1l:uelje Ju} is at least 2d—1 (¢) —1 ]U\

dl/2r=142 5Kd1/2+1)

— d=2
But ‘8extCu7u+3T‘ < ¢Rd-1 K~ 'qu, which implies that
d—2 =2 . d—2 12
U| < cRa-1K~'2d=1 (42 142) g-1 36K ) o)

We find that |[M| < 10(A + 3Kd'/?r~1)|U|. Using A > 3Kd"?r~', we obtain

QL

d—2 =2
(M| <157 'c(2R) 1K~ ((d?r~ !t + 2)R7Y) -1 (5K d"/? + 1)au

whence |M| < c¢fu, where (3 is a positive constant determined solely by d. We may then choose
¢ = (/4 to ensure that |M| < au/4. Thus, the set of h for which the northzone condition S;(R)
specifying VeryFine;, is violated is at most au/4. Similarly, the same upper bound holds in regard
to the southzone condition Sa(R).

In summary, the cardinality of the set of h € NN [0,u] for which VeryFine; does not occur is at
most au. We have proved Lemma O
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4.2 Simple joins are often found at fine levels: deriving Proposition [4.11

To prove Proposition [4.11] we need to gain a more explicit understanding of how the slide resample
operates. A first subsection presents Lemma to this effect. In this lemma appears a denomi-
nator or partition function. This is a sum over head locations v € ZiNF,N By 3, of what we have
called connection chances: conditional probabilities for cluster formation given, roughly speaking,
the construction of the downcluster, and of the shift of the upcluster so that its head lies at wv.
In Subsection 4.2.2] we reduce Proposition to Proposition [4.20 which offers an upper bound
on the partition function. The proof of the latter result, which involves coarse-grained percolation
ideas seen in Section [3.2] is the subject of Subsection [4.2.3

4.2.1 An explicit description of the conditional law in the slide resample

Two definitions concerning the resample permit us to present Lemma [4.18] which rigorously ex-
presses the notion advanced in Section that any given shift value is selected under resampling
with probability proportional to its connection chance.

Recall the random shift-equivalence class [UpClust| specified under P given Cluster(y 43, by Defi-
nition

Definition 4.16. Let v € Z?N F, N By, 3, (so that v-£ € [u,u+ 3r]). On the event Cluster(y y 43,1,
we denote by UpClust” the unique element of [UpClust] whose head equals v. Note that the
equivalence class [UpClust] is equal to {UpClust” T E ZdﬁFuﬂngr}. Under the percolation law
[P conditionally on the occurrence of Clusterp, , 3,1, the cluster Cy 43, is well defined but random;
thus, so is UpClust. We may thus define, under the event Clustery, ,3,), the random vector V' €

Z4NF, N By +3r such that UpClust is equal to UpClustV.

Definition 4.17. Let Q denote the power set of the collection of nearest-neighbour edges in Z.
The set 2 inherits a topology by identifying this set with a unit interval in R, and we set B equal
to the associated Lebesgue o-algebra on Q. The law P of bond percolation on the graph (Z9,~),
in which each edge is independently declared open with probability p, and closed in the opposing
event, will be treated as being defined on the measurable space (2, B).

We select a second copy (', B',P') of this probability space (£, B,P). The product space (2 x
V', Bx B',P xP') describes two independent bond percolations on Z¢ of parameter p. The first may
be called the original percolation and the second, associated to the prime variable, the auziliary
percolation.

Let " denote a further copy of the power set of nearest-neighbour edges in Z?. For each v €
7% N F, N Byy3,, we specify a further configuration w!” € Q" as a function of (w,w’) € Q x Q.

An edge is called w-open or w-closed if it is, or is not, an element of w; naturally the same usage
may be made for ' and w!. Set w” to be a definite choice—the identically closed configuration,
say—if w & Cluster(, ,,43,. Suppose now that w € Cluster, ,y3,. In what follows, every random
variable, such as UpClust’ or DownClust, is understood to be specified by the configuration w. To
specify the configuration w), we classify edges in Z4.

1. Elements of E(UpClust”) U E(DownClust) are called discovered open.
2. Elements of E(Ly,) N dr(DownClust) and E(Uhadj) N Og(UpClust”) are discovered closed.
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3. Every further nearest-neighbour edge in Z¢ is called undiscovered.

Here, 0p(G), for G C E(Z%), denotes the set of edges in Z? that do not belong to G but each of
which is incident to some element of G.

Each discovered edge is w/-open precisely when it is w-open. Each undiscovered edge is w!/-open
precisely when it is w’-open. Note that, in so specifying w!/, discovered open edges are w//-open, and
discovered closed edges are w)/-closed.

Let [u] and d denote possible values for [UpClust] and DownClust as w ranges over Clusterp, 3.
Set Ry, 5 (w') equal to the value of w; given Clustery, ,13,), [UpClust] = [u] and DownClust = d. The
dependence is on w’ because it is the values of w! on undiscovered edges which dictate the value of

w! in this circumstance.

Set Ry, : B — [0,1], (A) =P (v € Q: R, (W) € A).

{u],0 [u].0

In the next result, we use this framework to express conditional probability given a subevent
of Cluster(, 43,1 Just as random variables under [P are understood to be given by the w-configuration,
so are events: for example, in the left-hand side of Lemma

Lemma 4.18. Let B, H C Q denote two B-measurable events, with P(B|Clustery, ,3,) > 0. Let
([u],d) be a value that ([UpClust], DownClust) assumes with positive probability under P given B N
Clusteryy y43,- Then

P (H‘ [UpClust] = [u], DownClust =0, B, CIuster[u,u+3T])

ZUGZdHFuﬂBU+3T Rﬁ‘]vb (H NBN Cluster[u,u+3r} N {V = ’U})
D 0€ZANFy Bus sy R (B N Clusterp, ;45 N {V = v})

where V' is the random vector specified under P(- | Cluster, . y3,)) in Definition .

I

Proof. Let G C ) be an arbitrary B-measurable event. Take v € 7eNF, N By3r, and consider the
event Clustery, 3, G N{UpClust = u”} N {DownClust = d}. Does this event occur? We may find
the answer in two stages. First, we check a necessary condition, an event that we label N: namely,
that elements of E(u”)UE(d) are w-open and elements of E(L,)Ndg(d) and E(Uy, . —(u—n)) N0 (1)
are w-closed. If this test is passed, we move to the second stage, and realize all further edges in E(Z%).
Check that the event Clustery, ,3,) NG occurs. If this happens, then DownClust must equal 9, but
UpClust is not yet assuredly u’. We need to confirm the latter condition, and this is done by
checking (at the end of the second stage) that the random vector V' equals v.

Writing a,, = P(N) > 0, note that «, and RFu],D (G N Cluster(, y13, N{V = v}) equal the respective
probabilities that the checks at the first and second stages are passed. In fact, a, may be writ-
ten a because translation invariance of percolation in the upspace implies that this quantity has no
dependence on v. What we have learnt is that, for v € Z¢ N F, N Byt3r,

P <G, UpClust = ¥, DownClust = 0, Cluster[u,u+3r}) = o RY (G N Clustery,, 5, N {V = v}) .
(20)
Now set G = B N Cluster(, ,43,] and sum out over v € Z4N F,, N By43,. The resulting value is
positive by our assumptions. Then take G equal to H N B N Clustery, ,,43,) and sum out similarly.
Dividing the latter of the resulting equalities by the former, we obtain Lemma O
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4.2.2 Reducing Proposition to a partition function upper bound
We reduce Proposition to two results the first of which we then prove.

Lemma 4.19. There ezists ¢ > 0 such that 3_ czanp,np, Rl[)Upcmst],DownClust(Fi”e’ V=uv)>c
for w € VeryFine. Indeed, for such w there exists x € 74N F,, N Byy3, for which

R‘fUPClust]’DownClust(Fine N SimpleJoin N {V = a:}) >c.

(The value of h that specifies Fine = Finey, is given in Proposition and we will for now omit it
from this notation.)

The second result is our partition function upper bound, which we prove in the next subsection.

Proposition 4.20. Suppose A/K is bounded below by a suitably high constant multiple of logu.
Then there exists C' > 0 such that 3, czanp,nB, s RfUpClust],DownCIust(Fine) < C whenever w € Fine.

Proof of Proposition Take H = SimpleJoin and B = Fine, in Lemma We seek
to bound the right-hand numerator below, and its denominator above. The assumption that A
and u — h exceed a large constant multiple of logu permits a choice of A of the same order, with
min{h,u — h} > 3A. This choice of A allows us to apply Proposition to bound above the
denominator. Bounding the numerator below via Lemma 4.19 we obtain the sought assertion. [

Lemma 4.21. The event Fine entails that the vertex sets Bed(UpClust) and Top(DownClust) have
cardinality at most R.

Proof. By Lemma [2.2(1), every element of Top(DownClust) C VertBdry,, is a vertex in Cyu43r
whose height lies in [h — r, h] for r = eq - £. Recalling that haqj = hmax — (v — h), note that every
element of Bed(UpClust) lies in VertBdry,, 4 SO that the just quoted result implies that each such
element has height in [haqj — 7, haqj]. Since r < 1, we use properties T} (R) and T5(R) (with ¢ = 1)
of the event Fine to obtain Lemma [£.27] O

Proof of Lemma Select a vector 2 € Z? such that some vertex in Bed(UpClust®) is displaced
from some vertex v € Top(DownClust) by 2e4. (If for given x there is a choice of admissible v, we
pick v from the admissible set to be the lexicographically minimal vertex among those of minimum
height.) The height x - £ of x equals the sum of the heights of DownClust and UpClust and the
value 2¢4 - £. By Lemma x-Leuteq-biut3eq-L Clu,u+ 3r]. We have confirmed that
x € 74N Fy, N Byys,

Consider the event E that

e the edges [v,v + e4] and [v + e4,v + 2¢4] are w’-open, while all other edges incident to v +
eq are w'-closed, as are all other undiscovered edges that are incident to Bed(UpClust®) U
Top(DownClust).

For each w € Fine,
IR[$UpClust],Dovanlust(E‘) 2 p2(1 o p)Q(d_l)(l - p)(2d_1).2(R_1) :

Indeed, the right-hand term bounds the probability of E: p? opens the two eg-oriented edges,
(1—p)2(4=1 closes the other edges incident to the shared endpoint of this pair, and (1—p)2d—1)-2(F-1)
makes the other needed closures in view of Lemma [£.21]
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When the configuration RfUpClust} (W) realizes the event E, MidClust contains precisely

,DownClust
two edges, these of the form [v,v + egq] and [v — eg,v] for some given v € Z¢ with v - £ = h; and

the graph MidFragment is empty. Thus, R[zUpCIust] DownClust (W) Tealizes the event SimpleJoin in this

circumstance. Moreover, we claim that, when w € Fine and RfUpCIust] DownClust (@) € E, we have
/ . _ , .
that RfUpcmst],DownClust(w ) € FineNn {V = u}. To confirm that Rf}UpClust],DownClust(w ) € Fine, we

need to check the tropical, subtropical and global conditions for Fine. To do so, note that any vertex
in Cyu+3r is an element of precisely one of the upcluster, the midcluster and the downcluster; in
the transition from w to RfUpCIUSﬂ’DOWHCIUSt (w’), the upcluster may have shifted; the midcluster has
collapsed, to be confined to its minimum vertex cardinality of three, with vertices v — eg4, v and
v + eg; and DownClust has remained unaltered. The various upper bounds on vertex cardinalities
in the three conditions are th.us seen to pass from w to RfﬁUpCIust]’D ownClust (@) Thus, the latter
configuration indeed verifies Fine. To confirm that V' = z, it is enough to check that UpClust under
RFUpClust],D Owncmst(w/ ) is equal to UpClust®(w). There is a unique open connected component of
Cluster, 13, in Uy, —(u—n) under this configuration, because the only element of E(Cluster(, ,,3,))
that our construction permits that has one endpoint in VertBdry,, and the other in V(Uy,)\ VertBdry,,
is the edge [v,v+e4]. Since this unique component equals UpClust®(w), we indeed find that V' = x.
This completes the proof of the claim. We learn that, for w € Fine,

RfUpClust],Downcmst (Fine N SimpIeJoin) > p?(1 - p)z(QdR_d_R) .

The latter statement of Lemma has been derived; the former is a trivial consequence. ]

4.2.3 Proving the partition function upper bound

Here we prove Proposition 4.20, To argue that RfUpcmst]’Downcmst(Fine) is small when v € Z% N
Fy N By, is large, we will note that the tropical conditions in Fine entail that UpClust’ and
DownClust have a sparse presence near the equator. Thus, if v is large, these graphs visit the
tropical region at significant horizontal separation. The occurrence of Fine C Clustery, , 3, under

thus requires the formation of new, independent, cluster boundaries to bridge

RfUpClust] ,DownClust
the gap, either horizontal or vertical, between UpClust” and DownClust. The cost of these cluster

boundaries is high, so that RfUpClust} DownClust (Fine) decays rapidly as the norm of v rises.

To show that such costs are indeed high, we will use the coarse-graining of percolation seen in
Section Indeed, we let K € N be a positive parameter, and recall from that section that the
collection of K-boxes tesselates Z¢, and has an index set which may be naturally identified with Z.
Recall that a path in K-boxes makes nearest-neighbour steps given this identification; and also that
the notion of *x-neighbour specified at the start of Section passes naturally from Z¢ to the set of
K-boxes.

The notation A comes from Definition Since MidClust is nearest-neighbour connected, so is
MidClust; the latter set thus lies in a single *-connected component of ResidualClust. We call this
component H. Using Definition we set Surface = Ouxt H.

Lemma 4.22.
1. The collection Surfaceg is a nearest-neighbour connected set of K-bozes.

2. Every element of Surfacer is disjoint from ResidualClust.
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3. Every infinite path in K-bozes lying in So,, that begins at a box that intersects MidClust visits
Surfacey .

Proof: (1). This is due to [Tim13, Theorem 4].
(2,3). These are direct from definitions. O

Lemma 4.23. Suppose that Cluster(, , 3, occurs. Let B be a K-box that lies in Surfacex and
whose vertex set is disjoint from the union of the vertex sets of UpClust and DownClust. Then B
s a bad K-bozx.

Proof. Note that B is disjoint from C, 443,. Indeed, any vertex in Cy 3, lies in at least one of
DownClust, UpClust and ResidualClust. A vertex in B may not lie in any of these graphs: the first
and second are excluded by hypothesis; the third, by Lemma 2).

Let D denote a K-box *-neighbour of B that intersects ResidualClust C Cy, y+3,. Lemma now
implies that B is a bad K-box. O

It is useful to consider slight fattenings and shrinkings of collections of K-boxes. The next result
and its proof utilize the notions of K-box latitude from Definition [3.9} and of the K-box fattening
A[2] and shrinking A[—2] from Definition

Lemma 4.24. Suppose that Fine C Cluster, .13, occurs.

1. A K-box lying in DownClust[2] has latitude at most 5d/2.
2. Such a box lying in Tropics|—2] has latitude at least —(2K)~' (A + Kd'/?).

3. For (A — 5Kd"/?)(2Kr)~' > i > —5d/2, the number of K-boxes of latitude —i lying in
DownClust[2] is at most 5¢(6KdY/? + 2Kr + \i])4R.

4. For (A — 5KdY?)(2Kr)~™' > j > —5d/2, the number of K-boxes of latitude j lying in
UpClust[2] is at most 5¢(6Kd"/? + 2Kr + \j\)4R.

Proof: (1). Since DownClust is a subgraph of Ly, v € V(DownClust) satisfies v-£ < h. If x is the
central index of any element DownClust, we thus have z-€ < h+ Kd*/?; and thus, if w is the central
index of any element B € DownClust[2] (so that max;c[y q) |7 —wi| < 4K), w-£ < h+K(1+22)d"/2.
We find then that o

woh| < 5KdY
2Kr = 9Ky

where 7 = ey - £ > d~/2 by axes ordering .

(2). Let 2Kw + [-K, K]? € Tropics[—2]. Let B be the K-box with central vertex 2Kw — 4K eg.
Then B € Tropics, so B intersects Up_ 4, with the argument for Lemma (1) yielding that the
height of every vertex in Uj,_ 4 being at least h— A—r. Thus, (2Kw—4Keq) £ > h—A—r—Kd'/2.
Writing B’ = 2Kw + [ K, K]¢,

Lat(B) = |

< 5d/2

(2K —1)r — A — Kd'/? LA+ d'PK
2Kr - 2K

Lat(B') = | &L >

where we used K > 1/2 and r < 1 in the latter bound.
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(3). We take i > 0; the case where i € [—[5d/2], —1] is similar. Let B = 2Kw + [-K, K] be a
K-box of latitude —i lying in DownClust[2]. Let # € V(DownClust) NV (BigBox(B)). Note that
z-€—h=2Kw-€—h+ ¢ with |p| < 5Kd'/?. Since 2Kw -£ € h+ 2K - [i,i + 1), we find that

x-€—he [2Kri— 5Kd"/? 2Kr(i + 1) + 5Kd"/?).

We claim that h > 2-€ > h— A. The first bound is due to z € V(DownClust). To confirm the second,
note that L%J = —i implies that 2Kw -£ —h > h — 2Kri. But then - € > 2Kw - £ — 5Kd*/?
and

x-€>h—2Kri—5Kd"/?, (21)

so that the sought bound z - £ > h — A follows from the hypothesised condition ¢ < A_g’#f{;lm. For
j € [1,A], set ®; = {z € V(DownClust) : -£ € (h—j,h—j+1]}. In this way, condition T%(R) in
Finey, asserts that |®;] < j3R for j € [1, A]. Since h > z-£ > h— A, there exists j € [1, A] such that
xz € ®;. Moreover, if z € ®;, then z-£ < h—j+1; alongside , we find that j < 5KdY24+2Kri+1.
Which is to say: z is necessarily a member of a set ®; of cardinality at most j°R for an index j
which is at least one and at most 5KdY? + 2Kr + i. Moreover, given x, there are at most 5¢

compatible choices of the K-box B. We thus see that the number of choices of B is at most

6kd'/242Kr+i

5d Z st,

j=1
whose right-hand side is bounded above by 5% (GK d'? 4+ 2Kr + i)4R. That is, we have found that

N i N DownClust[2]| < 5°(6Kd"/* + 2Kr+1)'R.

(4). Evident changes of notation in the preceding proof yield the argument. O

Definition 4.25. Suppose given a finite path P = (P; : i € [0, k]) whose ending point P, coincides
with the starting point Qo of a path @ = (Q; : i € [0,m]). Here, k € N and m € N U {oo}, with
[0,0] = N understood. The concatenation of P and @Q is the sequence P o Q : [0,k + m] — Z%
with (Po@Q); = P, for i € [0,k] and (P o Q); = Q;_ for i € [k, k+ m].

Proof of Proposition m Recall from Definition that Fine C Clusterp, ,;3,) and that
V € Z%N F, N Byy3, is a random head location specified by Definition when Clustery, ;4 3,
occurs. Let v € Z* N F, N Byt3,. In the ensuing paragraphs, we will specify some aspects of
the geometry of the cluster under the event Fine N {V = v}; we thus suppose that this event
occurs. Recall that MidClust contains an open path that connects a vertex in Top(DownClust) to
a vertex in Bed(UpClust). Let @ denote the lexicographically minimal among the set of such open
paths. Suppose that @ runs from w € Top(DownClust) to w’ € Bed(UpClust). Let @~ denote the
lexicographically minimal path in DownClust from base(Cyu13:) = 0 € Z¢ to w; and let QT denote
the similarly minimal path in UpClust from w’ to head(Cy y43-) = head(UpClust). Denote by Py
the concatenation @~ o Q o Q. Note that P; is an open path in the cluster Cy 3, that begins
at base(Cy, y+3r) and ends at head(Cy, y+3-) and that runs successively through the down-, mid- and
up-clusters.

Prefix to P; an infinite path Py of consecutive positively oriented ei-parallel edges that runs directly
into base(Cyu43r), in a direction that we may call ‘rightwards’ (and which is increasing for height
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because e; - £ > 0 by axes ordering). Postfix such a path P, that starts at head(Cy u+3-) and that
also runs directly rightwards. The resulting path P = Pyo P o P, is a bi-infinite path in Z¢ that runs
directly rightwards through heights at most zero into an open subpath that runs from base(Cy,u+3r)
and takes a passage through MidClust to end at head(Cy, 4+3,), and then pursues a directly rightward
trajectory through heights at least u. We now wish to specify P[K]| to be the K-box valued bi-
infinite path that visits the K-boxes consecutively visited by P. Since K-boxes overlap (albeit only
on their boundaries), this specification needs to be clarified. Recall that elements z = 2Kwu, u € Z,
of the K-box index space index K-boxes z + [-K, K.

Definition 4.26. Let ind : Z¢ — Z? be the function that sends any element of 2Ku + [ K, K —1]¢
to the index 2Kwu. To the bi-infinite path P : Z — Z%, we may associate the mapping P from Z to
the K-box index space via P(i) = ind(P(i)) for i € Z. Consider the bi-infinite path S in K-boxes
i — P(i)+ [-K,K]% i € Z. Let R C Z denote the set of indices i at which S(i) # S(i — 1)
(and note that R has infinite intersection with both N and Z \ N). Let p : Z — R be an arbitrary
increasing bijection. We then set P[K] to be the bi-infinite path in K-boxes i — S(p(i)), i € Z.

Note that indeed P[K] is a nearest-neighbour path in K-boxes. This path visits MidClust in
correspondence with the subpath @ of P. It is Lemma M(S) that permits the next definition.

Definition 4.27. Let B; denote the last element of Surfacex along P[K] before the first visit of
P[K] to MidClust; and let By denote the first element of Surfacex encountered along P[K]| after
the final visit of this path to MidClust.

Let Long™ C FineN {V = v} denote the event that Surfaces contains a K-box path that starts at
a box in Equator[2] and that ends at a box in NorthZone[2] with no element in the path belonging
to UpClust[2]. Let Long™ C FineN {V = v} denote the event that Surfacex contains a K-box path
that also starts at a box in Equator[2] and that ends at a box that intersects SouthZone[2], with no
element in the path belonging to DownClust[2].

Set Long = Long™ U Long™ and Short = Fine N {V = v} N Long®.
Lemma 4.28. Suppose that Short occurs. At least one of two alternatives holds:

1. there ezists a K-boz in Tropics[—2| that lies in both DownClust[2] and UpClust[2]; or

2. there exists a K-box path ¥ in Surfacex N Tropics[—2] N DownClust[2]¢ N UpClust[2]¢ whose
first element is a nearest neighbour of an element of DownClust[2] and whose final element is
a nearest neighbour of an element of UpClust[2].

Lemma, will permit us to specify a K-box path ¥ that plays the counterpart role in rigorous
analysis that the path Connect through virgin territory did in heuristic discussion in Section
Indeed, when the latter alternative in the lemma occurs, we will set ¥ equal to some thus named
path of minimum length, chosen in some definite manner, and D[¥]| and U[¥] for the elements
of DownClust[2] and UpClust[2] that neighbour the start and end of U. Note also that, for the
event in question, we admit the possibility that ¥ is empty. In this case, the condition amounts
to the existence of nearest neighbour K-boxes D[V¥] and U[¥] in Tropics[—2| such that D[¥] €
DownClust[2] and U[¥] € UpClust[2]. In fact, even the event in the first alternative in Lemma
may be subsumed in this framework, because we may take D[¥] and U[¥] to be equal to the K-box
posited in this case.

51



Proof of Lemma Recall the K-boxes B; and Bj in Definition Note that By and By
are elements of Surfacer. Suppose that these two boxes are equal: By = By = B. We will argue
that the first alternative presented in the lemma holds. Since Bj intersects either Py or DownClust,
it also intersects Lj. Likewise, since By intersects either P» or UpClust, it intersects Uy. Thus B
intersects Equator. Since u — h and h exceed K, B can intersect neither P» (a path at height at
least u) nor Py (a path at height at most zero). Thus B = B; € DownClust C DownClust[2] and
B = By € UpClust C UpClust[2]. And indeed B must lie in Tropics[—2], because A — 3K > K.
Thus we confirm the first alternative in the lemma.

Suppose now that B; and Bs are not equal. Since Surfacer is a connected set, we may find a
K-box path valued in Surfaceg that starts at By and ends at By. Select such a path I' of minimal
length, chosen in some definite manner. We will argue that there exists a box B3 on I' that lies
in DownClust[2] N Tropics[—2] such that the subpath of I' strictly beyond Bs makes no visit to
DownClust[2] and does not leave Tropics[—2] via its south side. To establish this, note that if T’
begins (at By) to the south of Tropics[—2], or if it leaves Tropics[—2] via the south side, then it will,
after reentering Tropics[—2], make a visit to DownClust[2] before ending at Bs: this is because we
are supposing that Short occurs and B lies in, or to the north of, Equator[2]. If we take B3 to be
the last visit of I' to DownClust[2], it thus has the sought property.

Now consider the reversal I'V of T from Bs, stopped at Bs. We assert that there is a box By in I
that lies in UpClust[2] N Tropics[—2] such that the subpath of 'V strictly beyond B, makes no visit
to UpClust[2] and does not leave Tropics[—2] via its north side. Indeed, and similarly to above, if
I'¥ begins to the north of Tropics[—2], or if it leaves Tropics[—2] via the north side, then it will, after
reentering Tropics[—2], make a visit to UpClust[2] before ending at Bs. Naturally we then take By
to be the last visit of I'* to UpClust[2].

It may be that B3 = By: the first case in the lemma then holds. If not, we take ¥ to be the subpath
of I' strictly between Bz and By4. This path remains in Tropics[—2] and thus verifies the second case
in the lemma. This completes the proof of Lemma [4.28 O

The projected distance dpo; between two K-boxes By and B is given by translating the two boxes
in the eg-direction so that they have latitude zero, and setting dpy0j(B1, B2) to be the ¢;-distance
between these translates.

Let i,j € Z be at least —(d/2+2) and let k£ € N. We set J,[7, j, k] to be the event that Short occurs
alongside the latter alternative in Lemma [4.28] with the K-box path ¥ in that alternative being
such that D[¥] has latitude —i; U[¥] has latitude j; and dproj(D[¥], U[¥]) = k. The event that
the first alternative in Lemma[4.2§ obtains, in which D[¥] and U[¥] may be viewed as being equal,
can in fact be included in this classification, by taking £ = 0 and ¢ = —j.

Lemma 4.29. With e € (0,1/(2d — 1)) denoting a parameter that may be chosen arbitrarily small
by making a sufficiently high choice of K € N, we have that, for w € Fine,

1. and for v € Z* N F, N Buyar, 4,5 € [—|d/2+2],|A/K]] and k € N,

fUpClust},DownClust (JU [i7j7 k]) < 5d (6Kd1/2 +2Kr + ‘Z’)4R(2d - 1)‘i+j|+k6|i+j|+k )

2. for such (i,j, k), the set of v € Z% N F, N Byys, for which Rq[)UpClust],DownClust(‘]U[i’j’ k]) is
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non-zero has cardinality at most

504 (6K d"? + 2K + [i|)* (6K dY? + 2Kr + [j))* (2(i + j| + k) + 1) R2 K4,

3. and, for a universal constant C > 0,

v — — A/K—6
IR[UpClust},DownClust(I‘ong) < C(LudK ! + 2)d 1((2d - 1)6) / :

Proof: (1). For given w € Fine and v € Z% N F, N By, 3, the set of nearest-neighbour edges in Z¢
is partitioned in Definition [£.17] into three disjoint subsets: discovered open edges; discovered closed
v

edges; and undiscovered edges. We have Rij; 01160 DownClust (e) = w'(e) for any undiscovered edge e.
Recall also, from the final sentence of Definition that

RFUPCIUSt]vDOWHCIUSt (JU [i’j’ k]) =P (w/ e RfUpClust],DownClust (w/) € Jy [i7j7 k]) :

It is perhaps useful to recall that, under the probability measure RfUpClustLDownClust(')’ UpClust?,
when it is viewed, as it will be, as a function of w, is a well-defined and non-random subset of
edges, specified by Definition .16l Moreover, when a sample of this probability measure realizes
V = v, the random variable UpClust defined by the sample equals UpClust’ = UpClust’(w). In
what follows, we will consider this sample when various subsets of the event {V' = v} occur, so that

UpClust is well-defined and takes the just stated value.

Call a K-box B undiscovered if every nearest-neighbour edge in the big box with Centre B is undis-

covered for the given w € Fine and v € Z? N F, N Byy3,. If the configuration RFUpClust],DownClust

realizes Clustery, ,.3,) N {V = v}, then any box in Surfacex that lies in Tropics[—2]—recall Defi-
nition but in neither UpClust[2] nor DownClust[2] is undiscovered: indeed, in the case that
RE’UPClustLDowncmst realizes Cluster, ,43,], any discovered edge in Tropics is incident to a vertex in
either UpClust or DownClust; since no edge in a big box with Centre equal to such a K-box is thus

incident, each such edge is undiscovered.

When R pClust], DownClust (W) € Jyli, j, k], the K-box path ¥ offered by Lemma lies in Surface N

Tropics[—2] but in neither UpClust[2] nor DownClust[2]. Thus, the K-boxes along this path
are undiscovered. Lemma implies that the K-boxes along ¥ are bad. The configuration
R pClust] DownClust (w') belongs to Jy[i, j, k] and thus realizes Fine. The K-box D[¥] lies in Tropics[—2]
at latitude —i and intersects DownClust[2]. Lemma (1,3) thus implies that D[¥] may adopt
one of at most 5% (6Kal1/2 +2Kr+ |i|)4R locations. By Lemma we see that the path ¥, which
begins at a neighbour of D[], and has length |i + j| + k& (the absolute value is operative when
one or other of ¢ and j lies in [—[3d/2], —1]), lies in the set of open vertices of a site percolation
on Z¢ of parameter ¢ > 0, where this parameter may be chosen to be arbitrarily small provided
that a sufficiently high choice of K € N is made. And indeed this percolation is independent of
the conditioning that specifies the law RFUpClust],DownClust(.): this conditioning is measurable with
respect to the configuration in DownClust, UpClust, NorthZone and SouthZone, a region that no
big box with Centre in ¥ intersects, so that Lemma delivers the claimed independence. The
probability p(¢,€) that such a site percolation contains an open path of length ¢ € N emanating

from the origin is readily seen to satisfy

p(le) < (2d — 1)Lt (22)
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Thus, we see that, with £ = |i + j| + k,
FUPClust],DownClust (‘]U [i’j’ k]) < 5d (6Kd1/2 + 2K + ’Z|)4R(2d - 1)(2d - 1)6_1% :

Using K > 1, we obtain Lemma [4.29|(1).

2). We seek an upper bound on the cardinality of the set of v € Z% N F, N Byss, for which
+

W' € ) exists such that Riypctust) DownClust (W) € Ju[i,j,k]. It is useful to partition the set of

v € Z4N F, N Byys, into (2K)? classes, with members of a given class differing by an element of
(2K)¢-7Z. We do so because, as v varies over the elements in a given class, the collection UpClust|2]
shifts in a straightforward fashion, by vector displacement.

In any case, if such w’ is to exist, then there must exist a pair (D(\I/), U (\Il)) of K-boxes, the former in
DownClust[2] at latitude —i, and the latter in UpClust[2] at latitude j, at K-box nearest-neighbour
distance at most |i + j| + k + 1. The number of admissible pairs of K-boxes is at most

a1 = 5%(6Kd"/? +2Kr + i) 'R - 57 (6Kd"/? + 2K7 + |j|) 'R

by Lemma (1,2,3,4). When such a pair is given, the variation of v within a given class yields
various outcomes at which the elements of the pair lie at K-box distance at most |i + j| + k + 1.
An upper bound on the number of such v is ay = (2(|i + j| + k) + l)d, because this is the number
of K-boxes at such a distance from a given K-box. The number of classes into which the set of v
is divided is at most az = (2K)%. The product ajasas is the upper bound in Lemma (2)

(3). Under FineN Long, ¥ is a path in bad boxes of length at least A/K — 6 that begins at a box
whose distance (in the lattice Z?) from the vertical line through 0 € Z¢ is at most Lu? + 2K, since
this box *-neighbours an element of C,, and |V (Cyu+3r)| < Lu? by condition G(L). Elements in
the path W lie in Tropics[—2] and in neither UpClust[2] nor DownClust[2], so the constituent boxes
are undiscovered for the given w € Fine. The probability of such a path emanating from a given
box is at most ((2d — 1)6)A/K_6 by Lemma and the bound . Lemma 4.29(3) follows from
e<(2d—1)"%L O
Note that Rl[}UpClust],DownClust fUpClust],DownClust
set [[—Lud, Lud]]d_1 x Z; and equals zero when v is any other element of Z%. This justifies the first

inequality as we write

Z R’f}UpClust] ,DownClust ( Fi ne)

(Fine) equals R (Fine, V' = v) when v belongs to the

VEZANFyNByt3r
< Z Z RfUpClust],DownClust (Jv [i’ j’ k]) + Z FUpClust},DownCIust (Long)
VEZINFyNByt3r 4.J:k vE[—Lnd, Lnd]d—1xZ
< 2500R3 KN (6KdY? + 2K7 + |i])* (6K dY/? + 2K7 + | )
i7j7k

X (2()i + j| + k) + 1)4(2d — 1)l
+ (2Lud + 1)d_1C(LUdK_1 + 2)d_1((2d _ 1)6)A/K76’

where Lemma M(l,Q) is invoked to bound above the first term in the latter inequality, and
Lemma [4.29((3) offers control on the second such term. The final sum is over 4, j > —3 and k > 0; it
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converges due to (2d—1)e < 1. Recall that, in Proposition we suppose that A/K is bounded be-

low by a suitably high multiple of log u. We find then that ZUEZdﬂFuﬁBu+3T RE}UpCIust DownClust (FiNe)
is bounded above, uniformly in w € Fine. This completes the proof of Proposition [4.20} O

4.3 Controlling the damage when the single slide fails

The event Catastrophe occurs when ResidualClust contains a vertex whose height differs from A by
more than 3A; which is to say, there exists a vertex in ResidualClust that lies in none of NorthZone,
Tropics and SouthZone. This tall structure prevents renewal levels at all the heights that it occupies.
This section is devoted to proving the next result, which shows the rarity of this untoward outcome
of slide resampling.

Proposition 4.30. For any positive R and K, there exist ¢ = ¢(R,K) > 0 and C = C(K,d) such
that the condition that A > C'logu implies that

ppFine ( Catastrophe ‘ [UpClust], DownClust) < exp { — cA} .

The slide resample has been the centre of attention, but we have never explicitly defined it. In order
to prove Proposition it is useful to do so. The slide operation Slide at height h associates to
each configuration w € Q a random configuration Slide(w). Let the positive parameters R and K
that specify the event Fine be given.

Definition 4.31. If w ¢ Fine, set Slide(w) = w. If w € Fine, we set Slide(w) to be a random element
of Q2 whose law equals IP’Fi"e( . ![UpClust], DownClust).

Lemma 4.32. The probability space (2, B,P) may be augmented in order to support the system of
random variables {Slide(w) : w € Q} specified in Definition |4.31]

Proof. The value of Slide(w) may be chosen so that it is determined by the evaluation at w of
([UpClust], DownClust). There are only finitely many possible values for this pair. For each, the
value of the concerned Slide(w) may be set by sampling the probability measure in Lemma m
with B = Fine and ([u],?) = ([UpClust](w), DownClust(w)). O

Definition 4.33. Let ¢, € Z with £ < ¢'. A connected subgraph S of the slab Slaby s is called
crossing for this slab if V(S) contains an element in VertBdry, and another in VertBdry, .

A north island is a finite open connected component in NorthZone that is disjoint from UpClust.
A north island is called crossing if it is crossing for NorthZone. A north island is called meagre if
for at least one-quarter of north-zone integral height indices ¢ € [h + A, h + 3A — 1] there at most
K R vertices in the north island with height in [i,7+ 1). A north island is called near if the distance
from the vertical line running through 0 € Z¢ of all of its vertices is at most Lu?.

A south island is a finite open connected component in SouthZone that is disjoint from DownClust.
The definitions above may equally be made for south islands, with the replacements NorthZone —
SouthZone, h + A — h — 3A and h + 3A — h — A made.

Let CrossMeagNearlsland denote the event that there exists a north or south island that is crossing,
meagre and near.
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Lemma 4.34. There exist positive C and ¢ such that, whenever the parameter A € N appearing in
Definition [{.]] satisfies A > Clogu,

Rz[’Upcmst]’Downcmst(CrossMeagNearIsland) <exp{—cA}

for any v € Z¢NF,N Bytasr and w € Cluster[u’u+3r].

Let ([u],0) denote a possible value of ([UpClust], DownClust) as w ranges over Clusterp, ,3,], and
let v € Z* N F, N Byy3,. Let Seed denote the set of z € VertBdry,, 4 N [—Lu¢, Lu?]® such that =
is an endpoint of an edge in NorthZone that is undiscovered given the data ([u],d,v) according to
Definition The vertex set of any near crossing island in NorthZone intersects Seed. (The set
Seed is so named because an iterative procedure will grow a cluster from a starting point therein in
the proof of the next result.)

Lemma 4.35. There exists ¢ > 0 such that, for w € Cluster, ,y3,), * € D andv € Z*NF, N Byiar,
the conditional probability under RfUpClust],DownCIust(') giwen that this value is adopted that x is an
element in the vertez set of a meagre crossing island is at most e~ 4.

Proof of Lemma We sum the estimate in Lemma over x € Seed to obtain the lemma
with a relabelling of ¢ > 0. O

Proof of Lemma It is perhaps helpful to recall the meaning of the sought assertion. We
take w € Clustery, , 43, given and consider the conditional probability

v
R{UpClust], DownClust (CrossMeagNearlsland)

= P (w’ € Q' : Riypciust) DownClust (') Tealizes the event CrossMeagNearIsIand) ,

where w determines the value of ([UpClust], DownClust). The sought claim is that this probability
decays exponentially in the north- and south-zone width A, independently of w. To prove it, take
given = € Seed. First an heuristic overview. Our task is to examine the north island that contains
x—which is to say, the open connected component in NorthZone containing the vertex x under the
auxiliary percolation w’. We will iteratively form this component by locally realizing its edges in a
process that begins with edges neighbouring z. If the resulting component is to cross NorthZone,
the process must run for at least 24 steps. At each step, certain edges at the boundary of the
thus realized cluster remain to be examined. If, at a given step, there are at most a given bounded
number of such edges—call this the ‘bounded case’—there is a uniformly positive probability that
the process will end at this very step, because it may be that each such edge will turn out to be
closed when it is realized. On the other hand, if there are a greater number of unexamined edges
at the given step—‘the unbounded case’—then it is likely that a large number of open edges will
enter the forming cluster when they are examined. Thus, if the bounded case is more typical, the
forming north island is likely to have died out before the (24)*™" step is reached, so that the island
cannot be crossing. And if the unbounded case is more prevalent, then typically the growing island
will often welcome in many new edges and its resulting form will not be meagre. In summary, an
island can be crossing and meagre only by performing the rare feat of surviving for long without
thriving.

To make this scheme precise, we specify the searching procedure in terms of some notation. Let ¢ €
[0,2A —1], and set S; equal to the subgraph Slabp4 a4i n+A+it1. Thus, the edge set of NorthZone =
Slabp, 4 4,h+34 is partitioned into the sets {E(S;) : i € [0,24 — 1] }.
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We will iteratively specify edge sets U; and O; for j € [0,77]. The value of the index j will rise until
its terminal value T', which is at most 24. Write UnDisc C E(Z?) for the set of undiscovered edges
in the sense of Definition and O C E(Z%) for the set of open edges. Set

Co={z}, Up= {e € UnDisc N E(Sp) : e is incident to :1:} and Opg=UpNO.

For j € [1,2A], set T' = j and terminate the procedure if O;_1 = ). In the opposing case, set C;j_;
equal to the open connected component of x in Slabyya pta4+; = Ug;é S;; then further set

Uj = {e € UnDisc N E(S;) : e is incident to V(Cj,l)} and O; =U;N0O.

Noting that e € E(Z%) belongs to S; precisely when (e) N Fjyaqs # 0 and (€) C Bpyarivr1, we see
that e € S; implies that the minimum height of the endpoints of e liesin [h+ A+i,h+ A+1i+1).
We thus find that, whenever O; # 0,

Cu,u+3r contains at least |O;|/(2d — 1) vertices whose height lies in [h + A+ i, h+ A+i+1).
(23)
Write O = U;frlei. Note that O C E(N,), where N, is the north island that contains the vertex x
under RE}UpClust],DownClust' We analyse how O forms. Use the shorthand
D=22d—-1)p'KR.

We say that step j is fecund if |U;| > D and unproductive if |0;] < D%. Let T denote the
number of steps for which the procedure runs. Let M denote the number of steps j € [0,7] that
are not fecund. To express the theme of the proof sketch in these terms, a meagre crossing island
emanating from x must arise from a procedure with many unproductive steps. For such a procedure,
there are either many steps that fail to be fecund, or many steps that are fecund and unproductive.
Next is a result showing that each of these eventualities is a rarity.

Lemma 4.36.

1. The random wvariable M 1is stochastically dominated by a geometric random variable X with
lawP(X = k) = p* (1 — p) for k> 1, where p=1— (1 —p)K—1,

2. There exists ¢ = q(p) € (0,1) such that, for each k € N, the probability that there are at
least k fecund steps, and that, among the first k such, there are at least k/2 unproductive steps,
18 at most qk.

Proof: (1). At any given step that is not fecund, the size of the unexamined set is at most D — 1.
With probability at least (1 —p)”~!, each edge will be found to be closed when it is examined. The
procedure will then terminate; otherwise, it will continue, with further independent examinations of
unexamined edges. Thus M, the number of steps that are not fecund, is stochastically dominated
by a geometric random variable that is at least one and whose success probability equals (1 —p)P~1.

(2). The probability that a given fecund step is unproductive is a constant ¢ that is strictly less
than one-half. These outcomes are independent, so that, if the list of fecund steps is recorded, and
the unproductive elements are marked, the collection of marked indices is stochastically dominated
by a Bernoulli-c sequence truncated at a random time. From this, Lemma [4.36{2) follows. O
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We claim that, if = is a vertex in a crossing island, then the procedure duration 7 is at least 24 — 1.
To see this, let m; denote the maximum height of a vertex in C;. Note that z-£ < h + A by
x € VertBdry,, 4 and Lemma 1); thus, mg < h 4+ A. Note that m;11 —m; < r, with r =
max<k<d |eg-£| so that m; 1 —m; < 1. If z is a vertex in a crossing island, then this island intersects
VertBdryy, 34, so that my > h + 3A — r by Lemma [2.2(1). We find then that T > 2A4/r — 1, so
that the claim follows from r < 1.

The probability that there are among the procedure’s steps at least A that are not fecund is at most
P(M > A) < pA~! by Lemma M(l) If x is a vertex in a crossing island and there are fewer than
A steps that are not fecund, it must be, in view of T" > 2A — 1, that there are at least A fecund
steps. The probability that there are among these fecund steps at least A/2 that are unproductive
is at most ¢ by Lemma M(Q) Moreover, shows that, when there are at least A/2 steps
that are not unproductive, there are at least A/2 values i € [h + A, h + 3A — 1] such that the

crossing island of which x is an element has more than Dm = KR vertices whose height lies
in [i,4+ 1). In this event, this crossing island is thus not meagre. Making a suitably small choice of
¢ > 0 completes the proof of Lemma. [4.35 O
Proof of Proposition We will first argue that

Fine N Catastrophe C CrossMeagNearlsland . (24)

Indeed, suppose that the left-hand event occurs. Since ResidualClust contains a vertex v with
lv-£€—h| > 3A, Lemma [4.32) implies that there exists an open path in ResidualClust that lies in
one or other of NorthZone or SouthZone and that crosses the slab in question between its lower and
upper sides. The open path thus lies in a crossing island. This island is a subset of ResidualClust
and thus of the well Cy y43-. Every vertex in this island lies at distance at most Lu? from the
vertical line through 0 € Z4, because |V (Cy.u+3r)| < Lu? (by condition G(L) of Fine) and contains
0 € Z? Thus, the island is near. Since Fine occurs, this event’s subtropical conditions S}(R)
and Sg(R)—recall Definition ensure that the island must also be meagre. We thus see that
CrossMeagNearlsland occurs, so that has been verified.

From and Lemma and using the notation , we note that, for w € Fine,

Fine
IP)[UpCIus‘c} ,DownClust (CataSt rophe)

ZUE[[—Lud,Lud]]d*1 R?[)UpClust],DownClust (Crossl\/leagNearIsIand N Fine)

v : — )
ZUEdeFumBIkH’)T R[UpClust],DownClust(Fme’ V =v)

where the summand is thus restricted in the right-hand numerator because summands indexed by
other values of v € Z% N F, N B,.3, report the probability of an event that entails that UpClust
contains a vertex whose distance from the vertical line containing the origin exceeds Lu¢, which
event is inconsistent with the global condition G(L) in Fine. Proposition then follows from
Lemmas and [4.34] O

4.4 The iterated slide: fast decay for inter-renewal distance

Here we prove Theorem [.9(2). To do so, we will iterate the slide resample that led to Theo-
rem [1.9(1). In analysing the steps of the iteration, we will not invoke Theorem [L.9(1) but rather

58



the underlying Propositions and which show that each step often acts favourably with a
negligible probability of catastrophic failure.

The level h € [0,u] has been given, and we have often omitted it in describing the slide resample.
Now, however, we will treat h as variable, and indicate its role by placing it in a subscript of
relevant notation, in usages such as Finey, UpClust;,, Slide;, and Catastrophe;. In the cases where
the subscript role is already reserved, namely Clustery, 3, and Cy y43r, this event and random
variable have no h-dependence, and it should be understood that these notions remain unaltered.

For convenience, recall that Finey, from Definition [.§ occurs when Clusterp, ,, 13, does and
1. fori € [-A,—-1JU[L,A], [{v € V(Cuutsr) :v-L € [h+ih+i+1)}| <i3R;

2. for at least one-quarter of i € I, [{v € V(Cuutsr) 1 v-£€ € [h+i,h+i+1)}| < KR, when
I=[h+A h+3A—1]; and likewise when I = [h —3A4,h — A — 1]; and

3. |V(Cu7u+37")‘ S Lud.

Let h € [0,u]. The random operator Slide;, has been specified in Definition m This operator
maps the event Cluster, 3, to itself and preserves the data ([UpClust], DownClust). If w has
the law IP’( : ‘Cu7u+3r N Fineh), then Slidey,(w) is conditionally independently of w given the value of
([UpClust], DownClust) at w. We now offer a definition of an iterated slide resample, in which this
resampling is undertaken at several heights.

Definition 4.37. Let h = {h; : i € [1,L]} be a decreasing vector of elements of [0,u]. We now
specify an iterative resampling procedure IterateSlidey; : Clustery, ,4.3, — Cluster(, ;4 3,

IterateSlide; = Slidey, o - -- o Slidey, o Slidey,, .

In this definition, the randomness used at each stage is independent of all earlier or later used
randomness.

It is perhaps helpful to review this definition, and we set down a little notation by doing so; the
reader may consult Figure [0

The operator IterateSlidey; acts on an input configuration w that realizes Clustery, ,3,. The form
of its action is a composition of L steps. Set Sy = w and S; = Slidey(S;—1) for i € [1,L],
evoking randomness in each step that is independent of that used at other steps. Then we take
IterateSlide;(w) = Sr. The first step is illustrative of the general one. The form of this step depends
on whether w realizes the event Finey,. If it does not, the first step is dormant, so that w remains the
state of the system at the end of the first step: which is to say, S1 = w. If w € Finey,,, then the first-
step ending-state S7 is set equal to a realization of the law of the percolation measure P subject to
the event Cluster, ;1 3,]NFinep, occurring and to the data DownClusty, and [UpClusthl] coinciding
with its specification under Sy = w. The height-h hyperplane—the equator—moves downwards at
each step, visiting the successive levels in the vector h, with a dormant or active step taking place
at each level. The cluster C, 43, is a function of S; that is being held at equilibrium while being
modified at each step. It is our aim to show that each modification introduces a renewal point at the
concerned height with a uniformly positive probability, and further that earlier successes, in which
renewal points have been secured higher up in the well, are unlikely to be undone by the ongoing
resampling dynamic.
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Figure 9: The slide resample iterated, here with L = 3 steps. The first and third steps are active;
while the second is dormant, due to the high cardinality of the cluster around height hs. On the
left, the cluster under Sy is shown; in the middle, this cluster under S; = Ss; on the right, the
output cluster, under S3. The active steps generate simple joins, resulting in two renewal points,
marked with crosses, in the output.

Let i € [1,L]. The i*" step of the procedure is regular if either S; | & Finey, or S;_1 € Finep,, and
S; ¢ Catastrophe;,,. The operator IterateSlide; is said to act normally if every step, indexed by
i € [1, L], is regular.

Let j € [0, L]. An element h;, with i € [1, L], in the vector & is called fine in S; if the configuration
S; realizes the event Finey,.

For L € N, let {h; : i € [1, L]} be a decreasing sequence of elements of (0,u). We further set ho = u
and hr1 = 0. Such a sequence is well-spaced if hj11 — h; < —6A for i € [0, L].

Proposition 4.38. Let L € N and let h = {hi NS [[I,L]]} be well-spaced. Suppose that
IterateSlide; acts normally. Let j € [0,L]. If h;j is very fine in Sy, then h; is very fine in S;.

For j € [0,L] and h € R, let C;, denote the cardinality of the intersection of VertBdry, and the
set V(Cyu+3r) as specified by the configuration S;.

Lemma 4.39. Suppose that IterateSlide; acts normally. Let i € [1,L] and £ € N, with [¢| < 3A.
Then the sequence [0,i — 1] : j = Cj p,4¢ is non-increasing.

We have seen that the value of the well C,, 3, is variable during the L-step procedure that specifies
IterateSlide;. We write Cy y43,(5;) to indicate the form at the end of the i*" step when the algorithm
reports state S;. Naturally we make analogous uses such as UpClust, (S;): here, the denoted object
is the upcluster specified by equatorial height h; for the well Cy, y+3,(5;).

Proof of Lemma Let j € [0,L]. At the j*" step of the procedure, an input configura-
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tion Sj_1 is transformed into an output S;. In this change, the upcluster UpClusthj(Sj_l) shifts

to become UpClust, (S;). Indeed, we may locate a vector V; € Z% such that UpClusty,, (S;) =
UpClusty, (Sj-1) + Vj. Let i € [1,L] and j € [1,i]. We claim that

o when S; ¢ Catastrophey, , every v € V(Cuut3(Sj)) with v-£€ < hj — 34 is a vertex in
DownClustp,; (S;).

To see this, note that a vertex v in Cyu+43-(5;) is a vertex of at least one of UpClusty,, (S5),
DownClustp,(S;) and ResidualClustp,(S;). Any vertex w in UpClusty, (S;) satisfies w - € > h;.
Because S; ¢ Catastrophey, , any vertex w in ResidualClustp, (S;) satisfies w-€ > h; —3A. Thus we
see that a vertex v in Cy y13-(Sj) with v-£ < h; —3A is indeed a vertex in DownClusty, (S;), as we
claimed.

The case i = 1 in Lemma being trivial, we let ¢ € [2, L] and j € [1,7 — 1]. Because the vector
h is well-spaced, h; + ¢ < hj — 3A whenever (| < 3A. Since IterateSlide; acts normally, either
Sj-1 & Finep; or S; ¢ Catastrophehj. In the former case, S; = S;_1 and thus Cj ,4¢ = Cj_1 p;4¢. In
the latter case, we invoke the claim to find that any vertex v in Cy13,(5;) that lies in VertBdry,, .,
is a vertex in DownClusty,(S;). Since DownClusty,(S;) = DownClusty,(Sj-1) is a subgraph of
Cuut3r(Sj—1), we see that the number of vertices in Cy u3,(5;) that lie in VertBdry, ,, is at most
the number of vertices in Cy13,(Sj-1) that lie in VertBdryy, ,,: which is to say, Cj p, 10 < Cj_1,p;4¢-
Lemma has been proved. O

Proof of Proposition Let j € [0,7 — 1]. It is enough to argue that, if h; is very fine in S,
then it is very fine in Sj4q. If j =i — 1, note that S; = Slide,, (S;—1) and that the definition of the
random map Slidey,,; entails the desired assertion for this value of j. Suppose then that j <:—2. The
event VeryFine;, from Deﬁnition entails tropical, subtropical and global conditions: that the first
or second hold under S;j;1 when the respective assertion does under S; follows from Lemma

Note that either Sj;1 = S;, or S;y1 realizes the event VeryFiney, : either way, the global condition
is verified for S;41 when it is for S;. O

Let i € N and set h; =i-12A. Let Slab; denote {z € 7Z : |z — h;| < 3A}. Set L = |u(124)7] — 1.
The set {Slabi 1< < L} is a collection of consecutive elements of r - N that is contained in [0, u].
Each element has cardinality 6Ar~! (up to a discrepancy of two), and the gap between consecutive
members, in the sense of the cardinality of the interval in rZ lying to the right of the lower and to
the left of the higher, is also 6Ar~! (up to the same discrepancy).

Let H = (HZ 11 e 1, L]]) denote a random vector whose components are selected independently.
The law of H; is uniform on Slab;.

We will consider the iterative random procedure IterateSlides;, where the initial condition Sy has the
law P(-|Cluster(, ,43,1), the random vector H is selected independently of Sy, and the randomness
that is invoked during the running of the procedure is independent of this other randomness. Let Q
denote the law that governs the procedure in this form.

Let o € (0,1). We say that the procedure’s input is a-satisfactory if, in the configuration Sy, there
are at least aL indices i € [1, L] for which VeryFiney occurs.

Proposition 4.40. There exist a € (0,1) and ¢ > 0 such that, under Q, input is a-satisfactory
with probability at least 1 — exp { — cL}.
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Proof. Let a € (0,1/5). Choose K € N to be at least Ca™! for the constant C in Propositionm
Under Q, the input configuration Sy has the law ]P’( . ’Cluster[u’u_,_g)r]). Recall from the same propo-
sition that N denotes the number of h € NN [0,u] for which VeryFine;, occurs. By this result,
N > (1 — a)u except with probability at most exp { — cKau}. In the event N > (1 — a)u, at most
au/r levels i € YN (0, u] fail to realize the event VeryFine;. A slab Slab; may be called grim if at
least one-half of its members fail in this sense. Since the cardinality of a slab and the gap between
one slab and the next both equal 6A7~! up to an error of two, the union UiLZISlabi, which is a subset
of rZN 0, u], comprises a proportion of at least 1/2 —o(1) of elements of NN [0, u], where o(1) — 0
in high A. By choosing A to be at least a suitably high constant Ag, we thus ensure that, when
N > (1—a)u, the number of grim slabs is at most 5aL, and the number of slabs that are not grim is
at least (1 —5a)L. If i indexes a not grim slab, VeryFiney. occurs with probability at least one-half,
independently of other such outcomes. In the event N > (1 — a)u, then, the number of indices
i € [1,L] for which VeryFiney. occurs stochastically dominates a binomial random variable with
parameters (1 —5a)L and 1/2. Let o be a given positive value less than (1 —5a)/2. Proposition [4.40)
follows from binomial tail bounds. O

We fix a value for a € (0,1) in accordance with Proposition [4.40]

Proposition 4.41. Consider the law Q conditionally on input being a-satisfactory. There exist
positive constants co, c1 and co such that, when L < cou(logu)™t, the probability that the output St
contains at least c1L renewal levels is at least 1 — exp{ — ch} — Lexp{ — czu/L}.

Proof. Note first that a small enough choice of ¢y > 0 yields the hypothesis min{h,u — h, A} >
C'log u that permits the application of Propositions and in the upcoming argument.

Let S C [1, L] denote the set of indices 4 for which VeryFiney. occurs in the input configuration Sp.
Under the conditional law that we consider, |S| is at least aL. Let i € S. Suppose that, in the first
i — 1 steps of the procedure that specifies IterateSlide;, catastrophe has not occurred: that is, for
j € [1,i—1], Sj—1 & Catastrophey . From the proof of Proposition {4.38, we learn that VeryFiney;,
occurs in S;—;. By Lemma [£.9) and Proposition there is probability at least some positive
quantity c¢o that H; is a renewal level in S;.

If Sy ¢ Catastrophey, for all k& € [1,L], then, for any 7 € [1, L] for which H; is a renewal level
in S;, the value H; is also a renewal level in the output configuration Sy. Indeed, in any update
during the running of the procedure after the i*" step, the downcluster and the residual cluster will
lie below the level H;. Since the upcluster is preserved at each of these later steps, the renewal
status of level H; measured relative to the top cannot be jeopardised during this later part of the
procedure.

We see then that the number of renewal levels in the output of the procedure is stochastically
dominated by Bly, where B is a binomial random variable with parameters oL and cg, and N is
the event that S; ¢ Catastrophey, for i € [1, L]. By Proposition m the quantity Q(N) is at least
1-— Lexp{ - CQu/L} for some positive value of ca. Set ¢; = acy/2. We have that B > ¢1 L except
with probability at most exp { — caL} for some positive ¢ (that does not depend on «). Adjusting
c2 > 0 to be at most ca, we obtain Proposition O

Proposition 4.42. There exists ¢ > 0 such that, for k < cu(logu)™!, the probability under P given
Cluster(y, 43, that Cyu+3r has fewer than k renewal levels is at most exp { — ck} + kexp { — cu/k}

Proof. We consider the copy of the law ]P’(- ’Cluster[u’u+3r]) offered by the distribution of the output
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of the iterative procedure IterateSlider;. We aim to set the parameter L close to the value k. By
choosing A = |u/(12(k + 1)), we see that

L = [u(124)7!] — 1 lies between k and k + 1+ 12(k 4+ 1)?/u + k*u=20(1).

Since our assumption entails that k& < cu for a suitably small ¢ > 0, we have that L € [k, 2k].
Thus, input is a-satisfactory with probability at least 1 —exp { — ck:} by Proposition Provided
that input is a-satisfactory, the output configuration will contain at least c1k renewal levels with
probability at least 1 — exp { — CQk} — 2k exp { — 27 equ/ k} by Proposition By relabelling k,

we obtain Proposition for a suitably small choice of ¢ > 0. O
Proof of Theorem [1.9|(2:Cluster). The statement is obtained from Proposition by lowering
the value of ¢ > 0 if need be. O

We end the section by deriving Proposition which is a string counterpart to Theorem [1.9{(1).

Let Cluster’["u 3] denote the event Clustery, ,13,) given that head(C) and base(C) are renewal points

in R(C) (and we also permit semi-open intervals [u,u + 3r) in using this notation). Clusters with
such renewal points are close cousins of strings; Corollary is the counterpart of Theorem
for such clusters, and Corollary [1.10[1) is the principal tool for proving Proposition

Proof of Corollary The derivation coincides with that of Theorem by considering the
event Clusterfwu%r] (or CIusterE‘u’uHr), for the third part) in place of Cluster(, ,3,)- O

A further straightforward claim is needed.

Lemma 4.43. We have that

P(Cluster], 5, 1) > cP(Stry i)

Proof. This follows from P(Clusterf‘u_%uw)) > P(Clusterf‘muw}) > cIP’(Str[u’qur]), the latter bound

due to a bounded number of independent open/closed choices rendering a realization of Striuutr)
into an instance of Clusteri‘u ]

Proof of Proposition Lemma [4.43] implies that

P(IR(S)| > du, Sty uin )
P(CIUSterrufZT,qur)) ‘

P(IR(S)| = dulStriy i) = c-

It is straightforward to see that
P(’R(S” > du, Str[u,uJﬂ‘)) > c: P(‘R(S)’ > du—3, Str[u72r,u+r))

where on the right-hand side, S denotes the string of minimal length that manifests the event
Striyqr—3,u+r)- Indeed, the occurrence of the above right-hand event entails that on the left provided
that a bounded set of open/closed decisions outside the slab implicated in the right-hand event fall
the right way.

By restricting to a slab, we see that the last displayed right-hand probability is at least

IP’(]R(C)\ > ou—3, Clusterf‘uqnuw)) .
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Returning to (25)), we find that

IP’(\R(S)| > bu ‘ Str[uﬂm)) > ¢ IP’<|R(C| > §u— 3| Cluster?, ,, , +,,)) .

Corollary [1.10|(3) shows that the right-hand side is at least ¢?>. This completes the proof of Propo-

sition 2,11 O
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