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Conventions and Notations

Conventions

In this text, a manifold is always taken to be real, Hausdorff, second-countable,
smooth and without boundary. Vector bundles are also always considered to
be smooth. Unless stated otherwise, a vector bundle means a complex vector
bundle. Hilbert spaces are always considered to be separable, and their inner
product are taken to be linear in the first argument.

Notations

In the following list:
e M and N are two manifolds
e £ — M is a (real or complex) vector bundle over M

e V is a (real or complex) vector space

f: M — N is a map
e 7 is a (separable) Hilbert space

Here is a list of notations that will be commonly used throughout the text:
e {x}: the set containing one point
o B(V): set of bases of V

e Y Xyq,..., X, (: vector subspace generated by X1,..., X, €V

GL(V): group of invertible linear transformations of V'

e V*: dual vector space of V'

V' topological dual of a topological vector space V'

11
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CONVENTIONS AND NOTATIONS

[V]: vector space of a—densities of a real vector space V

T(M): tangent bundle of M

N(Z): normal bundle of a submanifold Z ¢ M

|TM|*: vector bundle of a—densities on M

|E|*: vector bundle of a—densities of a real vector bundle E over M
A¥(M): vector bundle of differential k—forms on M

E*: dual vector bundle of £

EY: functional bundle of a complex vector bundle E

E)z: restriction of E to a submanifold Z C M (i.e. the pullback of £ on
Z)

CO%(M): continuous functions on M

C*°(M): smooth functions on M

CO(M): compactly supported continuous functions on M
C°(M): compactly supported smooth functions on M
(M, E): continuous sections of E

I'*>°(M, E): smooth sections of E

I'%(M, E): compactly supported continuous sections of £
I'%°(M, E): compactly supported smooth sections of E

D(M): topological vector space of compactly supported smooth functions
on M

E(M): topological vector space of smooth functions on M

D(M, E): topological vector space of compactly supported smooth sec-
tions of F

E(M, E): topological vector space of smooth sections of E
D'(M, E): generalized sections of F

E'(M, E): compactly supported generalized sections of E
Diff(M): group of diffeomorphisms of M

0% f: partial derivative of f corresponding to the multi-index «
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Jay 1 TeM — Ty M: differential at x € M of a smooth map f: M — N
fiu: restriction of a map f: M — N to a subset U C M

supp(u): support of a generalized section or a section u of F

ujy: restriction of a generalized section u to a open subset U C M

(u, p): evaluation of a generalized section u on a section p

(¢, X): evaluation of a linear form & € V* on a vector X € V

G x V' associated vector bundle over M corresponding to a character x
of a Lie group B on a vector space V' and a B—principal bundle G — M

L(H): the space of continuous linear operators on H
U(H): the space of unitary linear operators on H
L2(H): the space of Hilbert-Schmidt operators on H

LY(H): the space of trace-class operators on H
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Introduction

From the very beginning, mathematics and physics have been deeply entan-
gled, and many examples in the history of science show that both fields have
benefited from the developments of each other. Without opening the question
of “Who has influenced who?”, which is usually difficult to settle, let us point
out, for instance, how physical problems have been a constant inspiration for
the theory of differential equations. On the other hand, the mathematical de-
velopment of non-Euclidean geometries has been crucial to provide a proper
setting for Einstein’s theory of general relativity. Another example of the in-
terplay between mathematics and physics is given by quantum mechanics and
noncommutative geometry, which we suggest to explore a bit deeper.

Quantization and noncommutativity

In classical physics, we consider that the observables of a physical system (that
is, the physical quantities that can be measured, such as the energy or the
position of a particle) correspond to the real valued functions on that system.
The possible measurement outcomes of an experiment are then given by all the
possible values of those functions. However it has been observed that this set-
ting fails to describe the physics at microscopic scales. For instance, the energy
spectrum of an atom might take only discrete values, a behaviour which cannot
be reproduced by continuous functions on continuous spaces. Heisenberg has
been one of the first to realize that the cure to this problem was to describe
observables by noncommutative objects, such as matrices, instead of real val-
ued functions. The possible measurement outcomes of an experiment are then
described by the spectrum of those objects, which can now be discrete. More
generally, the framework of quantum mechanics is the one of linear operators
on Hilbert spaces. To a physical system is associated a Hilbert space, and to
each observable on that system, a linear operator on that Hilbert space. Suc-
cessive measurements then correspond to the composition of the corresponding
operators. The observables are thus described by an algebra which is not com-
mutative anymore (unlike the algebra of functions). As we will see later on, the

15



16 INTRODUCTION

idea of describing a system by a noncommutative algebra has lead to a change
of paradigm in several fields, including geometry.

Naturally associated to this mathematical description of the microscopic world
is the question of understanding how to pass from the quantum world to the
classical one. Although this is a very subtle and still unsettled question, it has
been suggested that, as some scale in a quantum system growths — like the
number of particles, or the action of the system —, that system should tend
to some classical one. However, since we obviously are more familiar with the
classical world than the quantum one, a more practical approach is to work
the other way around, and to build a quantum system starting from a classical
one, in such a way that the latter is a limit of the former. This is known as
quantization, and has lead to many different quantization programmes, which
try to make the above idea precise.

For instance, let us consider the free particle on the real line. As a classical
system, it is described by the phase space R? = {(¢, p)} endowed with the sym-
plectic form w := dg A dp. The set of observables corresponds to the (smooth)
functions on R?, which carries an additional structure given by the Poisson
bracket {-,-} corresponding to w. The celebrated Weyl quantization gives a
way to associate a quantum system to that classical one. It was introduced
by Weyl [Wey27] and has been extensively studied since then, to finally evolve
into its modern formulation. Let us consider the Hilbert space L?(R) of square-
integrable functions on R, and fix some real number 6 # 0. To any observable
f € S(R?) (S(R?) denotes the Schwartz space, i.e. the space of rapidly de-
creasing smooth functions), we associate a bounded linear operator on L?(R)
defined, for all p € L*(R), by

1 i (g0 — +
Qulhelan) = 5o [ o (2 FL0) p@) dadp. ()
27'('9 R2 2
That way, we get a so-called quantization map:
Qp : S(R*) — L (L*(R))

which associates to a classical observable (a function), a quantum observable,
that is, a bounded operator on a Hilbert space. The function f is called the
symbol of the Weyl operator Qy(f). An important point is that the composition
of Qo(f1) and Qg (f2) is again a Weyl operator, which means that the quantized
observables form an algebra. Indeed, we have that

Qo(f1) 0 Qo(f2) =: Qo(f1 %0 f2), (2)
where the function f; x¢ fo is given by an integral formula

1

(f1 %6 f2)(x) = 50

/ e F TGO £ () fo(2) dydz, (3)
R2 xR2
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which is known as the Weyl product. Since the composition of operators is as-
sociative but not commutative, xg gives a noncommutative associative product
on S(R?). Furthermore, if we Taylor expand (3) with respect to 6, we obtain

fi*o fa= fifo+ %{fl;fQ}

=10\ & . (4)
+ Z o (22) Z Wt WIR Oy f1050 . g fa,
k=2

i1eip=1
J1.--Jr=1
where w® are the components of the inverse matrix of w. This suggests to
see the product x4 as a deformation of the usual product of functions in the
direction of the Poisson bracket, in the sense that

f1 %6 fzeiwﬁfz and %(ﬁ*efz—fz*e fl)ﬂ{f17f2}'

Together with the fact that it might seem unnatural that the objects used in
classical physics — functions — and in quantum physics — operators — are so
radically different in nature, this has been a motivation for the development
of deformation quantization initiated by Bayen, Flato, Fronsdal, Lichnerowicz
and Sternheimer [BFF*78a, BFFT78b]. Quoting them, they “suggest that
quantization be understood as a deformation of the structure of the algebra
of classical observables, rather than as a radical change in the nature of the
observables”. In that spirit and in analogy with (4), a deformation quantization
of a Poisson manifold (M, {-,}) is (roughly) defined to be a map

w1 C®(M) x C®(M) — € (M)[0],

where C°(M)[0] denotes the formal series in 6 with coefficients in C*°(M),
such that

o0
firfa=fifa+ )6 crlfr, f), (5)
k=1
with the ¢; being bidifferential operators satisfying ¢1(f1, fo) — c1(f2, f1) =
{f1, f2} and an additional condition corresponding to formal associativity. Let
us emphasize that (5) is only a formal expression: there is no requirement on
the convergence of the series with respect to #. Such a x is called a formal
star-product on (M, {-,}).

The subject of deformation quantization has by far exceeded the realm of
physics and quantum mechanics. From a mathematical point of view, the
natural question to know whether there exists formal star-products on a given
Poisson manifold has been gradually answered. The first existence theorems
concerned symplectic manifolds and were given by De Wilde and Lecomte
[DWLS83], Gutt [Gut83], Omori, Maeda and Yoshioka [OMY91] and Fedosov
[Fed94]. It has culminated with the work of Kontsevich [Kon03], from which the
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existence and a complete classification for arbitrary Poisson manifolds follows.
It is interesting to mention that, after bringing many important contributions
to mathematics, deformation quantization is now again increasingly used in
contemporary physics, for instance in formulating quantum field theories. See
[Wall6] for a recent review.

Non-formal star-products

The idea of describing a system by a noncommutative algebra has also lead to
the development of noncommutative geometry, whose origin lies in the corre-
spondence between geometrical spaces and commutative algebras. More pre-
cisely, the commutative version of the theorem of Gelfand and Naimark [GN43]
establishes an equivalence between the category of locally compact Hausdorff
spaces and the category of commutative C*—algebras. In analogy with the
way quantum mechanics generalizes the notion of a physical system as being
described by noncommutative operators, the latter correspondence suggests to
interpret a noncommutative C*—algebra as the data defining a noncommuta-
tive topological space. This kind of move can be done as soon as we have some
duality between a category of geometrical spaces, and a category of commu-
tative algebraic objects. For instance, Connes [Con95] has realized that many
concepts of differential geometry — such as the notion of a Riemannian metric
— can be expressed in an algebraic way, without referring to the underlying
space. This allows to make sense of these notions also in the noncommutative
setting, which leads to noncommutative differential geometry.

However, these constructions usually involve operator algebras, hence topolog-
ical algebras. In the setting of deformation quantization, it implies that formal
star-products are not the end of the story since, being only formal series in the
parameter of deformation, they do not carry a satisfactory topological struc-
ture. This has lead to search for non-formal star-products, where f1 %¢ f5 is an
actual function, at least for small real values of the parameter 6. Let us notice
that, contrary to the case of formal star-products, the non-formal setting is still
under heavy development and far from being well understood. A systematic
study was initiated by Rieffel [Rie89]. He has suggested a definition of what
should be a continuous non-formal deformation of an algebra of functions, by
defining the notion of strict deformation quantization. However, as Rieffel no-
tices in [Rie90], the requirements of his definition are very tight, leading to
very few known examples. As a consequence, several different — sometimes
competing — definitions have arisen since then (see for instance [Lan93]), and
there seems to be no consensus yet on which one should be taken as a general
framework. Despite of this, applications of non-formal deformation quantiza-
tion have already flourished in other fields. For instance, let us mention the
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work of Lechner and co-workers on constructing quantum field theories by using
Rieffel’s techniques [BLS11].

The present work takes part in this ongoing exploration into the world of non-
formal star-products, and we will now introduce the specific questions that
are addressed here. Let us recall that the Weyl product provides an example
of a non-formal star-product since f; ¢ fo, given by (3), is indeed a genuine
function. Guided by this formula?, if M is a manifold, we might search for a
star-product on M of the form

(f1 %0 fo) (x) = /M Kol AW AE) du@) du@). 6)

for some function Ky(z,y, z) which is called the three-point kernel of the star
product, and some measure da; on M.? In order for the star-product to be
associative, the function Ky(z,y,z) must satisfy some specific relations that
make it difficult to be built out of the box. Also, if we consider some symmetries
of M, we would like x¢ to be compatible with those symmetries. More precisely,
suppose that a Lie group G acts on M. We require the star-product to be
G—equivariant in the sense that, for all g € G,

(9 f1) %0 (U f2) = 9(f1 %0 f2), (7)

where (9f)(z) := f (97 - ). Notice that the Weyl product is indeed equivari-
ant under the group of transformations of R? that leave the symplectic form
w invariant. In [Wei94], Weinstein gives some heuristic arguments to suggest
an interesting ansatz for the function Ky(x,y,z), which takes the form of a
fixed point formula. Let us first present it in the case of the Weyl product. To
this aim, we need to exhibit an additional structure on R?, which turns out
to be central in the construction. To each point z € R?, we can associate a
transformation of R?: the central symmetry around z, given by

Sx(y) =2z —y.

Then, for each triple of points (z,y,z) € R3*?, the transformation s, o s, o s,
admits a unique fixed point p, which is given by p = r—y+2. Corresponding to
that fixed point, there is a so-called double triangle, the triangle which admits
x, y and z as the midpoints of its edges. The situation is pictured in Figure 1.

2and also by the fact that, by the Schwartz kernel theorem, any continuous bilinear
functional on smooth compactly supported functions has a kernel.

31t is interesting to mention that, illustrating the various exploratory paths followed in
non-formal deformation quantization, other approaches to non-formal star-products do not
rely on an integral formula as in (6). For instance, motivated by the infinite dimensional
case, Schotz and Waldmann [SW] rather use purely topological techniques to construct de-
formations of some locally convex vector spaces.
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)

Figure 1: Double triangle defined by z, y and z in R?.

The key observation is now that the Weyl product can be written as

1

=— 75D f1(y) fol2) dy dz,
271'9 R2 xR2

(f1 %0 f2)(x)
where S(z,y, z) is equal to the area of the double triangle defined by z, y and z.
This situation can be generalized in the following way. We define a symmetric
space to be a connected manifold M such that for each x € M, there is an
involutive diffeomorphism s, : M — M, called the symmetry at x, which
admits = as an isolated fixed point. We also require that s, depends smoothly
on z, and that, for all x,y € M, s, 05,05, = s, (,). This definition generalizes
in some sense the notion of central symmetry in R%2. A symplectic symmetric
space is a symmetric space endowed with a symplectic form which is invariant
under all symmetries. On a symmetric space, there is a natural connection
invariant under all symmetries, so the notions of geodesic and double triangle
make sense, as is represented in Figure 2.

Figure 2: Double triangle defined by x, y and z in M.

Notice, however, that, contrary to the case of R?, the fixed points of s, and of
5,08, 05, need not be unique. Within this context, the conjecture of Weinstein
is that the three-point kernel Ky(z,y, z) should take the form

Ke(xvyvz) = Z ag(p,x7y7z) e%SP(Ivyvz)7
p(z,y,2)EFix(s28y8x)

where the sum is taken over the fixed points of s,0s,0s,, the “phase” Sp(z,y, 2)
is equal to the symplectic area of any double triangle determined by the fixed
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point p(x,y, z), and ag(p, z,y, z) is some “amplitude” function. Notice that it
is indeed the case for the Weyl product, the fixed point of s, o s, o s, being
unique in that case.

Regarding the explicit construction of equivariant star-products, one of the
results of the work of Bieliavsky and Gayral in [BG15] is to provide a non-formal
star-product x¢ on the elementary normal j—groups — which correspond to the
Iwasawa factors AN of the groups SU(1,n). They are symplectic symmetric
spaces, and the star-product is equivariant for the full group of automorphisms
of M — that is, the group of transformations that intertwine the symmetries
and leave the symplectic form invariant. Also, the expression of xg is of the
form (6) and, being entirely explicit, it allows to see that Weinstein’s conjecture
about the fixed points — which in this case are unique — and the phase of the
kernel is indeed verified. However, it does not make transparent why it holds.

One of the motivations behind this thesis is to get a better grasp on when and
why Weinstein’s conjecture holds. More specifically, although the exact form of
the phase and the amplitude won’t be investigated in general, we would like to
understand the appearance of the fixed points in the expression of the kernel of
the star-product. As a main tool towards that objective, we will need to prove
a fixed point formula for the distributional trace of a family of operators. Let
us therefore leave for a moment the world of quantization and star-products,
in order to introduce this notion.

The distributional trace

In group representation theory, the character of a finite-dimensional represen-
tation 7 of a group G is the function on G given by the trace of the operators,
that is, for g € G, by xx(g) := Tr (n(g)). The study of characters of a group
turns out to be a very powerful tool as they carry a lot of information about the
structure of that group. For instance, character theory is essential in the classi-
fication of finite simple groups, as well as in the classification of representations
of groups. We would naturally like to have such a tool for infinite-dimensional
representations, but it is not readily available. Indeed, if U is a unitary irre-
ducible infinite-dimensional representation of a Lie group G on some Hilbert
space H, for g € G, the operator U(g) is in general not trace-class*. However,
if p is a smooth compactly supported function on G, dg the Haar measure on
G and ¢ € H, we can consider

U(p)(p) = /G o(9) U(g)(¢) dg,

4For instance, the operator corresponding to the neutral element of the group is the
identity operator.
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which, in the good cases, gives a well-defined trace-class operator. This leads
to the notion of a “distributional trace”, defined as the linear mapping

p Tr (U(p)).

In the case of semisimple Lie groups for instance, this distributional trace
has been extensively studied by Harish-Chandra (see, for instance, [HC54,
HC55, HC66]), leading to some results that generalize theorems about finite-
dimensional representations.

Although the previous construction shows the interest to consider a distribu-
tional trace and already has a lot of applications, the notion of distributional
trace still makes sense far beyond the world of group theory and Hilbert spaces.
More generally, it can be considered as soon as we have a (nice) family of op-
erators — not necessarily on a Hilbert space — indexed by some manifold M
— which is not necessarily a group. Without caring too much about the de-
tails (see Chapter 1 for precise definitions and statements), here is how it goes.
Let M and @ be two manifolds, let dz and dg be two measures on M and @
respectively, and let

T:MxQ—=Q; (x,q) — 12(q),

(8)
r:MxQ—C; (z,q) = ry(q)

be smooth maps®. For each z € M, we can consider the endomorphism Q(x)
of C*°(Q) defined, for all p € C*°(Q) and ¢q € Q, by

(U2)p)(9) = r2(a) 9 (72(a))- (9)
Then, for all f € C§°(M), we define the endomorphism Q(f) of C*>°(Q) by

swm:A/mﬂmwm (10)

If Q(f) admits a smooth kernel, that is, a smooth function k(g,q’) such that
@)@ = [ hela.a)pla) da. (1)

we can consider its smooth trace tr (Q(f)) := fQ k¢(q,q) dg. The distributional
trace of the family Q is then defined as

tro:CP(M) — C; frtr (Qf)). (12)

A natural question is then to know whether tr g gives a genuine distribution
— that is, whether it is continuous —, and, moreover, whether there exists a
function trg(z) such that tro(f) = [,, f(z)tro(z) de. We will see that this
question is of particular relevance for the computation of the kernel of a star-
product.

57 might be, for instance, the action of a Lie group M on a manifold Q.
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Goals of the thesis

e The goal of the first chapter is, given a family of operators as in (9), to
show that the map (12) defines a distribution. Moreover, under some
conditions on the fixed points of 7, that distribution is smooth, and its
kernel is given by a fixed point formula:

wal)= [0 | 3 ) W

p=T2 (D)

where the sum is taken over the fixed points of 7,,. We will actually prove
such a result in the more general context where Q(z) is acting on sections
of a vector bundle over @), and we won’t need to fix a measure on M and
on Q.

Fixed point formulas appear in many places in the mathematical liter-
ature. Among them, a very much celebrated result is the Atiyah-Bott-
Lefschetz fixed point formula that Atiyah and Bott have proved in [AB67].
In [ABGS, Section 5], they apply this formula to express the distributional
trace of some group representations as a fixed point formula, leading to
something similar to (13). We could be tempted to use the same ap-
proach to handle our situation, but the Atiyah-Bott-Lefschetz fixed point
formula only covers the case of transformations of a compact manifold
@, and their arguments would be difficult to extend to the non-compact
case. We will therefore follow a different approach, based on the work
of Guillemin and Sternberg [GS90]. Besides its interest on its own, this
result will also be a crucial ingredient in order to solve the next question.

e The aim of the second chapter is, in the spirit of Weinstein’s conjecture,
to understand when a fixed point formula for the kernel of a star-product
on a symmetric space can actually hold, and to prove it, at least in a
particular framework. To this end, we define a setting where an equiv-
ariant quantization map & la Weyl can be constructed (we will give more
details on this below). We then identify some hypotheses under which
we can show that this quantization map allows to define a non-formal,
equivariant, associative star-product. Then, our main result is to prove,
in this setting, an explicit expression for the kernel of the star product, as
a fixed point formula. Finally, as an example, we show that for elemen-
tary normal j-groups, all our hypotheses are satisfied, which sheds a new
light on the appearance of the fixed points in the star-product of [BG15].

The relevance of the result about distributional traces to address our second
question lies in the following observation. The computation of the kernel of
the star-product boils down to the computation of the trace of some operator.
We will show that this operator is of the form Q(f) as in (10), and that its
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trace coincides with its smooth trace. Therefore, applying (13) will provide an
expression of the kernel as a sum over the fixed points.

Structure of the thesis

The thesis is divided into two chapters, each of them corresponding to one of the
objectives previously stated. We give here a brief overview of their structure,
and refer to each of them for precise definitions and statements.

Chapter 1

This chapter is dedicated to the study of the distributional trace of a family of
operators, in order to express it as a fixed point formula.

In Section 1.2, we first investigate the subject of integration on manifolds. We
recall the notion of densities, that are objects that can be naturally integrated
on any manifold, without any further choice (such as an orientation). Densities
are here defined for any real vector bundle, not only the tangent bundle.

Section 1.3 introduces the notion of distributions on manifolds and, more gen-
erally, generalized sections of vector bundles. Standing as generalizations of
functions, they are the objects we need to define a distributional trace in the
same way as in equation (12). Generalized sections are also very useful to study
linear operators on functional spaces.

This is what we explore in Section 1.4, where general operators are introduced.
They provide a more general setting to handle linear operators between func-
tional spaces than operators on Hilbert or Banach spaces, but they still admit
those as particular cases. We discuss the Schwartz kernel theorem which (very
roughly) asserts that, like in (11), any general operator admits a kernel, al-
though it might be a generalized section instead of a function. The kernel of an
operator will be a key tool for us since a critical step of our construction will
be to express the distributional trace as a sequence of operations on the kernel
of the operators. Also, the study of the regularity of the kernel of an operator
reveals a lot of its properties. For instance, a particular class of operators is
formed by those whose kernel is a smooth function. In this case, we define
the smooth trace as the integral along the diagonal, and discuss the delicate
question of its link with the usual trace of bounded linear operators on Hilbert
spaces.

In Section 1.5, we introduce the operations we need to manipulate the kernel
of operators. We recall how the usual notions of pullback and pushforward
of a function by a smooth map f can be extended to generalized sections.
However, this extension is not completely general since we have to restrict the
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kind of map f we consider if we want the definition to work for any generalized
section®. For instance, the pullback is only defined if f is a submersion.

In Section 1.6, we introduce a particularly important class of generalized sec-
tions — called §—sections. They correspond to the integration over a subman-
ifold, and are described by their so-called symbol, a smooth section on the
submanifold. We show that the pullback of a d—section can be defined for
more general maps than submersions. We also explicitly describe, in terms of
its symbol, the transformation of a d—section under the pullback and pushfor-
ward operations. This is a powerful feature of d—sections since their symbol,
being an actual section, is by far easier to manipulate than the corresponding
generalized section.

d—sections turn out to be crucial in our construction because the kernels of the
general operators that we deal with — namely, pullback of sections of vector
bundles, that have a form similar to (9) — are precisely given by J—sections, as
we show in Section 1.7. We also define a notion of trace for those operators,
and express it as a fixed point formula.

Finally, in Section 1.8, we introduce the notion of a family of geometric mor-
phisms as a data similar to (8), to which we can associate a family of pullback
operators as in (9). We then construct the corresponding distributional trace
as in (12). We show that it is a distribution which, under some conditions, is
smooth. Moreover, it is shown that its kernel is given by a fixed point formula
similar to (13).

Chapter 2

The second chapter comes back to the world of quantization, and aims to
understand the appearance of fixed points in the construction of non-formal
star-products on symmetric spaces.

In Section 2.1, we recall some elementary facts about symmetric spaces, which
are the kind of spaces we are interested in. In particular, we present three
different points of view, each of them shedding another light on this notion.

Section 2.2 is dedicated to the construction of an equivariant quantization map.
It is based on the work of [BG15], adapted to a more general context. We first
specify the kind of spaces we are working with and the additional structure
that we ask for. This leads to the definition of a nearly-quantum symmetric
space, and its local version. In particular, it underlies a symmetric space M
and a group G acting on M. Then, we identify a Hilbert space H, naturally as-
sociated to a nearly-quantum symmetric space, and we give several equivalent

SWe will see however that we can consider more general maps f if some compatibility
between f and the generalized section is satisfied.
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realizations of that Hilbert space. In the same spirit as (1) in the Weyl quanti-
zation, we construct a first quantization map Q : L'(M) — L(H,), which gives
bounded operators on H,. It is G-equivariant in the sense that, for all g € G,
QUf) =U(g)Qf)U(g)~! for some unitary representation U of G.”

However, this quantization map, although very natural, turns out to be not
very convenient. We thus turn to the construction of a slightly modified quan-
tization map ,, depending on a functional parameter m. A major difference
with € is that the associated operators do not give bounded operators on H,,
but are rather defined as linear operators acting on smooth sections. We are
then able to realize those operators as the pullback operators associated to a
family of geometric morphism, as defined in the previous chapter.

In Section 2.3, we recall several notions about trace-class and Hilbert-Schmidt
operators. We also briefly discuss when our quantization map gives genuine
Hilbert-Schmidt operators.

Now we have built a quantization map Qm,(f), we would like to use it to define
a star-product by the formula

Qm(f1%m f2) = Qm(f1) © Qm(f2).

This “dequantization procedure” is the subject of Section 2.4, where we look
for an inverse of the quantization map. In order to do so, we require that the
quantization map gives Hilbert-Schmidt operators. This allows the definition
of a symbol map oy, which is the inverse of the quantization map if the latter
extends to a unitary operator between L?(M) and the Hilbert space £2(H,)
of Hilbert-Schmidt operators on H,. We are then able to define a deformed
associative product %, on L2(M). The latter is G-equivariant because the
quantization map is.

The second part of the section leads to the main result of the chapter, which is
to give an explicit expression of the kernel of the previously constructed star-
product. That kernel is given by computing the trace of an operator, which we
compute using the results of the previous chapter. We rely on the fact that the
operator is associated to a family of geometric morphisms (7,r) like in (8), so
we can compute its trace using the results proved in Chapter 1, which leads to
a fixed-point formula of the kind

B T(z, ,z)(p)
(hom )= [ ARG | X TEGA = ()] ) %
P=T(z,y,2)P

where the sum is taken over the fixed points of 7, , .). Notice that we have
an explicit expression of 7 and r in terms of the data of the nearly-quantum
symmetric space.

"See (7) for the definition of 9 f.
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Finally, in Section 2.5, we apply the previous results to the particular case of
elementary normal j-groups. After reviewing their definition and structure, we
associate to each of them a nearly-quantum symmetric space. We then show
that all the hypotheses needed in our previous construction are satisfied. This
leads to an explicit expression of the star-product in terms of the fixed points,
which coincides with the star-product constructed in [BG15].
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Chapter 1

A fixed-point formula for
the distributional trace

1.1 Introduction

In this chapter, we are going to study the distributional trace of a family of
operators, in order to express it as a fixed point formula. Let us begin with an
introductory example, which illustrates what is going on.

Example 1.1.1. Let M :=R? and @ := R and consider the smooth maps

T: M X Q — Q7 ((aal)7q> HT(a,l)(q) = Qa_Q>

. 1.1
r:MxQ—C; ((a,l),q) — T(a,l)(q) — 2ilatq)l (1.1)

This datum gives a family {Q(x)}zenr of linear operators Q(z) : C*(Q) —
C>(Q) given, for every (a,l) € M, ¢ € C*(Q) and ¢q € Q, by

(a, 1)) (@) = T (@) - 2(T(n (@) (1.2)
— e2i(a+q)l(p(2a —q).

Then, for every p € C3°(M), we can form the linear operator 2(p) : C*(Q) —
C*>(Q) defined, for every (a,l) € M, p € C*(Q) and g € Q, by

(Q(PW)(Q):/R pla,1) (e, D¢)(q) dadl (1.3)

= / pla,1) ¥ D20 — q) dadl

L[ /
=/ (2/6’“ 0l (q;ql> dl) w(a') dg’,
R R

29
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where we have made the change of variable ¢’ = 2a —q. If we define k,(q,¢’) :=

3 e eild'+30)l, (%‘1/, l) dl, this operator can be written as

(QAp)e) () = / ko0, d) o) dd (1.4)

The function k,(q, ¢’) is called the kernel of the operator €(p). Inspired by the
finite-dimensional situation, we can think of k,(g,q’) as the matrix coefficients
of the operator §2(p). Following that analogy, its trace would be the sum of the
diagonal elements, that is, the integral over the diagonal (we denote it by tr
instead of Tr to emphasize that those two notions do not coincide in general,
as we discuss in Subsection 1.4.4):

tr (2(p)) ZZ/RkP(q’Q) dq:/Rz

The linear map

641'(1[

p(a,l) dadl.

trg:C(M) = C; p—tr(Q(p)) (1.5)

turns out to be continuous for some topology on C2°(M) and is therefore called
a distribution on M. This is the definition of the distributional trace of the
family of operators {2, },car. In this case, it has the functional form

r (2(p)) = /]R tra(a,l) . p(a,) dadl, (1.6)

for the function, tr o(a,l) := €**® /2. The striking point is that this function is
smooth, and given by a fixed point formula:

_ 7(a.1)(P)
tra(al) = ) | [det(id = (7a)-,)| .

D= T(a,1)(P

where the sum is taken over the fixed points of 7, ;) : @ — @ (in this example,
we only have one such fixed point). O

The goal of this chapter is to show that this situation is not restricted to this
particular example, and is even valid in the more general context of operators
between sections of vector bundles.

As we already mentioned in the introduction, formula (1.7) is very similar to
the Atiyah-Bott-Lefschetz fixed point formula [AB67, AB68]. However, their
result only concerns compact manifolds @ and, in the next chapter, we will have
to consider transformations of non-compact manifolds () — this was already the
case in Example 1.1.1. The arguments of Atiyah and Bott being difficult to
extend to the non-compact case, we will follow a different approach, based
on the work of Guillemin and Sternberg [GS90, Chapter 6]. Although their
fixed point formula is also restricted to transformations of a compact manifold,
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we identify some conditions that allow to extend it to the non-compact case.
We give here a detailed exposition of the construction which, in our opinion,
renders the appearance of the fixed points in the computation of traces very
transparent.

Before getting to the heart of the matter, let us summarize how the construction
of the introductory example will be generalized in this chapter, and how we will
prove the fixed point formula. This is just a sketchy description, full details
and precise definitions and hypotheses will be given later on. Given a manifold
M and a vector bundle £ — @ over a manifold (), suppose that we have a
locally transitive! smooth map:

T MxQ—Q; (m,q)l—ﬂ'x(q)
and, for each x € M and ¢ € @, a linear map
r2(q) Er ) = By

such that the dependence on x and ¢ is smooth. We call this datum a family
of geometric morphisms of E indexed by M. Then, we can consider the family
of operators {Q(x)},en acting on smooth sections of E by pullback, that is,
for o € T'°(Q, E) and q € Q:

(Qx)¢)(q) = 72(q) ¢(12(q)).

We will see that the kernel of those operators are given by d—sections. The
latter are a special class of distributions — more generally, generalized sections
—, which are described by their so-called symbol, which is a genuine section of a
vector bundle. Their main advantage is that several operations on J-sections —
such as the pullback and the pushforward — can be described in terms of their
symbol, which is a lot easier to manipulate (this will be the subject of Section
1.6). We will be able to make sense of the “trace” of Q(x) as a sequence of
operations on the corresponding d—section. By tracking how its symbol changes
under those operations, we will show that the trace, when well-defined, is given
by a fixed point formula:

Tr (r4(p))
[det(id, — (7)n )]

CeO@) = Y

p=Tz(p)

where the sum is taken over the fixed points of 7, : Q — @, id,, is the identity
map on T, (Q) and Tr (r;(p)) is the (algebraic) trace of the homomorphism 7 (p)
of the finite-dimensional vector space E,. Next, for every compactly supported
density p on M, we will form the operators Q(p) defined, for ¢ € I'°(Q, E)

LA smooth map 7 : M x Q — Q is locally transitive if and only if, for every (x,q) € M x Q,
the linear map T (M) — Ty, ()(Q) 5 X = T, ., (X, 0) is surjective.
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and g € Q, by:?

o) ® (Qz)e)(q) = / o) ® (12(0) (ma(a)) )-

M

(p)e)(q) = /

M

We will show that, because of the local transitivity of 7, these operators have a
smooth kernel, i.e. there exists a smooth section k, of some vector bundle over
Q@ x Q such that (Q(p)e)(q) = fQ ky(q.q") ¢(q').> If we suppose that, for each
p, Tr (k,) is integrable along the diagonal, Q(p) has a well-defined smooth trace
tr (Qp)) = fQ Tr (k,(q, q)). This smooth trace can be expressed as a sequence
of pullback and pushforward operations on some d—section. Using the results
of Section 1.6, this will allow us to show that the linear map p — tr (Q(p)) is a
distribution on M, which in addition is smooth. That is, there exists a smooth
function tr o on M such that

(@) = [ tra(e)sla)

Finally, we will identify that function with tr (€2(z)), which will lead us to the
fixed point formula

r ) Tr (r5(p)) "
tr (2(p)) /M p_;(p) |det(id — (2)«, )] e

1.2 Intrinsic integration on manifolds

On R", the Lebesgue measure provides a canonical way to integrate func-
tions. On a generic n dimensional manifold, one can consider the measures
such that, in each coordinate charts, their pushforward by the chart is equiv-
alent to the Lebesgue measure by a smooth non-vanishing function. We call
them Lebesguian measures on the manifold. However, there are many such
Lebesguian measures, and no canonical one in general. This implies that there
is no canonical way to integrate functions on a manifold. The workaround is
usually to work with differential n—forms, that are objects that can be in-
tegrated in a natural way without the need to fix a measure. However, this
requires the choice — and the existence — of an orientation on the manifold. This
can be avoided by introducing a—densities. Like n—forms, they are scalar func-
tions on the space of bases of a vector space but which are transformed under
a change of basis by the absolute value of the determinant taken to the power

2The tensor product inside the integral gives a density on M valued in Eg, which is an
object that can be naturally integrated to give an element of Eq.

3In order to explain what the integrand means, let us say, for the moment that ko(q,q') is
a homomorphism from Eg/ to the densities on Q valued in Eg, so the integral is an element
of E4. This will be made more precise later on.
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a. When that power is equal to one and the vector space is the tangent space
at a point, we can make sense of the integral of a density in a way similar
to the integration of differential forms. Furthermore, 1/2—densities allow to
define an intrinsic Hilbert space of square-integrable sections associated to the
manifold. We will first define and study a—densities on real vector spaces, and
then extend the notion to manifolds and real vector bundles.

1.2.1 Densities on real vector spaces

Let V be a real vector space of dimension n. We denote by B(V) the set of
bases of V. GL(n) acts on the right on B(V) by matrix multiplication. For
e=(e1,...,en) € B(V)and A € GL(n), this action is defined by

e—e-A:=(e1,...,e,) A (1.8)

Definition 1.2.1. Let V' be a real vector space and o € R. An a—density on
V' — or a density of order a on V' — is a map

A:BV)=C
such that, for alle € B(V) and A € GL(n), we have:
Ae- A) = |det A|%X(e). (1.9)

The set of all a—densities on V' forms a complex vector space, which will be
denoted by |V|*. An a—density A on V is said to be positive if, for every
ec B(V), Me) e R and A(e) > 0. A 1—density on V is simply called a density
on V and the space of densities on V is denoted by |V|.

Remark 1.2.2. Since GL(n) acts transitively on B(V'), the transformation law
(1.9) implies that an a—density is completely determined by its value on one
basis. Hence, |V|* is a one-dimensional complex vector space. <

Remark 1.2.3. For every w € A™(V'), we can define an a—density |w|* on V' by
the formula |w|¥(e) := |w(e1,...,en)|* for all e = (e1,...,e,) € B(V). It is a
positive density if w is not zero. <

Lemma 1.2.4. Let « € R and A, B and C real vector spaces. Suppose we
have a short exact sequence

0545 B 0o
Then, there is a canonical isomorphism

|B|* = |A[* @ |C]".
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Remark 1.2.5. Before going into the proof, let us make a comment on how
this lemma should be understood. At first sight, it might look trivial because
the space of densities on a vector space is 1—dimensional, so the two sides are
clearly isomorphic. However, it is not canonical without additional data. The
statement is that, in this situation, there is a natural isomorphism associated
to the maps 8 and . The proof is a basic exercise in linear algebra. We detail
it here in order to explicitly show the construction of the isomorphism, which
we will need several times throughout this text. <

Proof. Let a € R, Ay € |A|* and Ay € |C]*. To define an a—density A on B, it
is sufficient to define it on a basis of B. Let us choose a basis (a1,...,a,) of
A and denote e; = f(a;). Then, because S is injective, (e1,..., e, ) is a tuple
of linearly independent vectors, which can be extended to a basis of B

e= (€1, - yCm,Cmels---,€n).

Then, because the sequence is exact, (y(€m+1);--.,7(en)) forms a basis of C.
This allows to define

Ale) := Aler, .. em) Aa(v(ems1), -, v(en)).

Let us see that, as a density, A does not depend on the choice of (ay,...,am)
and (em41,--.,€n). Another choice would lead to a basis f = (f1,..., fn) of B
that would be related to e by a transformation A € GL(n) of the form

fee. Ay Agp
0 Ay )’
where A; € GL(m), Ay € GL(n —m) and Aj3 € Mat(m,n —m). Notice that
det A = det A; det A3. We would have

(’Y(fm-l—l)v s 77(fn)) = (’Y(em-ﬁ-l)) s 77(611)) - Ay

and, therefore:

)\1(]013 A fm) )\2(’Y(fm+1)7 s v’y(fn))
= Ai((ers ..o em) - A1) Aa((V(emt1), - v(en)) - A2)
= [det A1[* [det A2|™ Ai(e1, ... em) A2(V(em+1)s -, v(en))
= | det A|* A(e) =: A(f),
which shows that the definition does not depend on the choice of basis. This

construction gives a non-zero bilinear map |A|* x |C|* — |B|® which induces
an isomorphism |A|* ® |C|* — |B|*. O

In several occasions, we will need to decompose a density with respect to a vec-
tor subspace decomposition, which is possible as a consequence of the previous
lemma.
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Corollary 1.2.6. Let a € R, W a real vector space and U, V. C W wvector
subspaces such that W = U @ V. Then there are canonical isomorphisms

(W = |U|* @ [W/U|%
(W[ = [U]* @ |[V]*.

Proof. We apply the previous lemma to the short exact sequences

Tw/U

0—-U% W = W/U -0,

0-U%L WLV 0,

where ¢y denotes the inclusion of U in W, my is the natural projection and
7y is the projection corresponding to the direct sum W =U & V. O

An isomorphism between real vector spaces allows to select a particular iso-
morphism between their spaces of a—densities. Again, the proof only deals
with basic algebra, but since we will need the explicit form of the isomorphism
several times, we detail it here.

Lemma 1.2.7 (Pushforward of densities by isomorphisms). Let V' and W be
real vector spaces, j:' V. — W an isomorphism and o € R. Then, j induces a

canonical isomorphism
= V] = (W™

Proof. Let A € |V|*. For any basis e = (e1,...,e,) of W, we denote by j71(e)
the basis of V given by (j7'(e1),...,5 1(en)). We define |j|(\) : B(W) — C
by the formula
71N (e) = A7 (e)),

for any e € B(W). By linearity of j, for all A € GL(n) and e € B(V'), we have
j e A) = j~1(e) - A, which implies that |j|()\) is an a—density on W. ||
is an isomorphism since it is a non-zero linear map between one dimensional
complex vector spaces. O

Remark 1.2.8 (Multiplication and conjugation of densities). Let V be a real
vector space and «, 8 € R.
The product of A € [V|* and u € |V|? is defined by

Ap:B(V) = C; e Ae).u(e).

It is readily verified that it is a density of order aw + 5 on V. This induces a
linear map

VI*@ V|7 = [v]et?
which is an isomorphism since it is a non-zero linear map between one dimen-
sional complex vector spaces.
The complex conjugation of A € |V|® is defined by

A:B(V) = C; e Ae).
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It is also a density of order a on V. <

1.2.2 Densities on manifolds

Let A — M be a real vector bundle of rank n over a manifold M and o € R.
We will define a complex line bundle over M whose fiber at x is |A;|“. The
construction is as follows. Let B(A) — M be the frame bundle of A. It
is a GL(n)—principal bundle for the action (1.8) whose fiber at x is B(A,).
Consider the representation of GL(n) on C given by the multiplication by the
character

d*:GL(n) — C; aw |detal™.

Definition 1.2.9. Let A — M be a real vector bundle of rank n over a manifold
M and o € R. The complex vector bundle |A|* over M is defined as the
associated vector bundle*

|A|* := B(A) x40 C.

Proposition 1.2.10. Let A — M be a real vector bundle of rank n over a
manifold M and o € R. Then, |A|* is a trivial line bundle over M, whose fiber
at x € M is |Az|*.

Proof. By construction, |A| is a complex line bundle. Let © € M. To any
[(p, 2)] € (JA]¥)s, we can associate the a—density A € |A;|* on A, defined by
A(p) := z. It is well defined since any other representative of the equivalence
class would be of the form (p-a,|det a|*z) and would give the same a—density.
This way, we get a non-zero linear map (|A|*), — |Az|® between one dimen-
sional vector spaces, hence an isomorphism. To see that |A] is a trivial line
bundle, notice that its transition functions are all positive by definition of the
character . Using a partition of unity associated to a trivialization of |A|%,
we can thus construct a smooth positive section of |A|*. It is a nonvanishing
smooth section, and |A|® is therefore trivial. O

Definition 1.2.11. Let A — M be a real vector bundle of rank n over a
manifold M and o € R. A section p of the vector bundle |A|* is called positive
if p(x) is positive for all x € M. From the previous Proposition, there exists a
smooth positive section of |A|*.

Lemma 1.2.12. Let M be a manifold, o € R. If we have an exact sequence
of real vector bundles over M

0—-A—B—~C—0,

4Recall that B(A) xsa C := M, where (p,z) ~ (p-a,d%(a"1)z) for all p € B(A),
z € Cand a € GL(n).
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then, we have a canonical isomorphism of complex vector bundles over M
|B|* ~ |A]* @ |C]".
In particular, the result holds if B=A® C.

Proof. This is an immediate consequence of Lemma 1.2.4 and 1.2.6. O

A particularly important case of this construction is when it is applied to the
tangent bundle T M.

Definition 1.2.13. Let M be a manifold and o« € R. The complex vector
bundle |TM|® is called the a—density bundle of M. A section of |TM|* is
called an a—density on M. A positive a—density is a section p of |TM|* such
that p(z) is positive for all x € M. An a—density is smooth (resp. continuous)
if the section is smooth (resp. continuous). In the case o = 1, we drop the «
from the terminology and simply talk about densities.

Remark 1.2.14. By Proposition 1.2.10, |T'M | is a trivial line bundle, i.e. there
exists a non-vanishing smooth a—density, but not a canonical one. However,
some specific contexts allow to choose a preferred non-vanishing smooth den-
sity:

e If the manifold is orientable, a non-vanishing smooth volume form v €
['>°(M,A™(M)) gives a non-vanishing smooth density |v|* by the formula

| (@)((ex, - .- en)) = [v(z)(e1, .. €n)[*
for all z € M and (ey,...,e,) € B(T,M).

e On a symplectic manifold (M,w) of dimension 2n, w"" is a non-vanishing
smooth volume form, so |w”"|* is a non-vanishing smooth a—density.

e Let U C R™ an open set with coordinates (z1,...,z,). We denote by
|dzy ... dx,|* the smooth a—density corresponding to the Lebesgue vol-
ume form dzi A+ -+ Adx,. For any smooth a—density p on U, there exists
a unique complex valued function f, on U such that p = f, |dz1 ... de,|®.

<

Definition 1.2.15. Let ® : N — M be a smooth map between two manifolds
of dimension n and o € R. The pullback by ® of an a—density p on M is the
a—density ®*p on N defined, for y € N and e € B(TyN), by

(@%p)(y)(e) := p(@(y))(Dx, (€))-

Remark 1.2.16. If ® is a local diffeomorphism and p is smooth, then ®*p is
also smooth. When N = M, this gives a right action of the group Diff(M) on
Do (M, [T M%), <
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In the special case of open subsets of R™, the transformation can be computed
more explicitly. In particular, this allows to describe how a—densities transform
under smooth maps in local coordinates.

Proposition 1.2.17. Let U and V be two open subsets of R*, ® : U — V a
smooth map, o € R and f : V — C a function. Denote by x1,...,x, (resp.
Y1y .-, Yn) the coordinates on U (resp. on V). Then,

O (f . |dyr ... dyn|*) = (f o @) |[Jace | |dz1 ... dxy|*. (1.10)

Proof. This readily follows from Definition 1.2.15 and from the expression of
the pullback of the Lebesgue volume form dy; A --- A dy,. O

1.2.3 Integration of densities

Because of equation (1.10), it is possible to define the integral of a 1—density
in a coordinate independent way, in very much the same way as for differential
forms. We recall here how the construction works.

First, let U € R™ be an open subset and p a compactly supported continuous
density on U. By Remark 1.2.14, there is a unique continuous function f, such
that p = fy|dz1 ... dx,| and we define

/p::/fp(xl,...,xn)dxl...dxn.
U U

Next, we turn to the case of a manifold M. Let (U, ¢) be a coordinate chart
on M and p a compactly supported continuous density on M with support in

U. We define
[ o= @ (1.11)
M o(U)

To verify that this expression does not depend on the chart, let (V,¢) be
another coordinate chart such that p is supported in V. Without loss of gener-
ality, we can suppose that U = V. Denote by |dz; ...dz,| and |dy; . .. dy,| the
Lebesgue measures on ¢(U) and 1 (U) respectively. We have (v~1)*p(y) =
f(@W)|dys .. .dyn| for some continuous function f on U and, by Proposition
1.2.17:

() p(x) = (¢ o) (v ")*p) ()
= f((¢71 o 7/’)(50)) |[Jacg-10y| [doy ... dzy|.

Therefore:

/ (= )*p
B(U)

[ 367 00)@) Wacoi ldar .o
o(U)

- / ) |dys ... dyn| = / (W1,
P(U) »(U)
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To extend this to densities with arbitrary support, let us take {U;} a locally
finite open cover of M by relatively compact subsets and {x;} a smooth parti-
tion of unity subordinate to {U;}. Then, for each ¢, k;p is a continuous density
compactly supported in the domain of a single coordinate chart, whose integral
is defined by (1.11).

Definition 1.2.18. Let M be a manifold and {U;} a locally finite open cover
of M by relatively compact subsets and {k;} a smooth partition of unity subor-
dinate to {U;}. A continuous density p on M is integrable if and only if the

following series converges
3 / kil (112)
i=1/M

In this case, Y .=, [\, Kip converges and we define

Lemma 1.2.19. The previous definition does not depend on the choice of the
open cover and the partition of unity.

Proof. Let {V;} be another locally finite open cover of M by relatively compact
subsets and {&;} a smooth partition of unity subordinate to {V;}. Let N € N.
For each 1 < j < N, the support of i;|p| is compact and meets only a finite
number of U;’s, so there is a m; such that &;|p| = Y., k& |p|. Let m :=
max;, (m;), we have:

N N m N om
;/M@ v :;/M;Hiﬁj el :ZZ/M'%@ o]

j=11i=1
m N m o)
S DICI'ED oY 7ES oY 1L
i=1'M j=1 i=17M i=17M

Therefore, the sum 7%, [,/ &;|p| is also convergent. The value of [, p does
not depend on the various choices neither since

%) oo - o
;/MHHM ;/M;fijlﬁ |P|:ZZ/M;{]M|p|

[SSINeS) ijolj:1 [eS) [eS)
;;/M 1l Z/M; 1 ;/Mmj ol

The commutation of the sum and the integral signs are justified because there
are only a finite number of non-vanishing terms in the sum. The fact that the
series is absolutely convergent allows to rearrange its terms. O
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In particular, if p is a compactly supported continuous density, then it is in-
tegrable. Indeed, its support, being compact, meets only a finite number of
U;’s, which implies that there are only a finite number of non-vanishing terms
in (1.12). Therefore, we get a C—linear functional on the space of compactly
supported continuous densities on M

/ :TY(M,|TM|) — C; ,0'—>/ p (1.13)
M M

which has the following properties, which we borrow from [Leel3, Chapter 16].

Proposition 1.2.20 (Properties of integration of densities). Let M and N be
manifolds, and p,v compactly supported continuous densities on M. Then

(a) For alla,beC, [, (ap+bv)=a [, n+bf,, v:
(b) If p is positive, then [, p > 0;
(¢) For all diffeomorphism ® : N — M, [, p= [y ®*pu.

Remark 1.2.21. Let V be a complex vector space and denote by E the trivial
vector bundle M x V over the manifold M. The previous construction can be
extended to V —valued densities, that is, sections of the vector bundle E®|TM]|.
The integral is computed componentwise after a choice of basis of V' and this
value does not depend on that choice because of the linearity of the integral. <«

Remark 1.2.22. The construction we have presented here does not involve any
choice from the start, making it clear that integration of densities is an intrinsic
and canonical process. However, there is a more measure theoretical approach
— which is the one followed by Dieudonné in [Diel3] — that we now briefly
describe. <

Definition 1.2.23. Let M be a manifold. A measure on M is a linear func-
tional on C2(M) with the following property: for every compact subset K C M,
there exists ax > 0 such that, for all f € CO(M) supported in K,

lu(f)] < ar.sup |f(z)].
reK

A measure p on M is a Lebesguian measure if, for every coordinate chart (U, ¢)
on M, the pushworward measure ¢*u is smoothly equivalent to the Lebesgue
measure on U. That is, there exists a non-vanishing smooth function f on U
such that ¢*u = f.dxy, where dxy is the Lebesque measure on U.

If we fix a smooth non-vanishing density p on M, then the map (1.13) induces
a Lebesguian measure i, on M by the rule

fecd(M)— /M fp. (1.14)
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Since any continuous density A on M is of the form A = g.p for some continuous
function g, we can define that A is integrable if g is, in which case we set
Jas A := [y 9dpi,. This definition turns out to be independent on the choice of
p and is equivalent to our construction.

Remark 1.2.24. Notice that in fact, every Lebesguian measure is of the form
(1.14) for some non-vanishing smooth density p (see [Diel3, 23.4.2]). The
density is positive if the measure is. <

1.2.4 The intrinsic Hilbert space

Let us close this section by discussing half-densities and introducing a Hilbert
space intrinsically associated to a manifold. Recall that, according to Remark
1.2.8, the complex conjugate of a half-density is still a half-density and that
the product of two half-densities gives a one density, which can be integrated
(at least if it has a compact support). This manipulation allows to define a
Hermitian product on compactly supported smooth densities.

T (M,|TM|'?) x T (M, [TM['/?) = C; (p, ) i

This leads to the following definition.

Definition 1.2.25. Let (E,(:,-) ;) be a Hermitian vector bundle over a man-
ifold M. On T'®(M,E ® |TM|'?), an inner product (-,-) is defined, for
r®p,s@pel®(M,E®|TM|'?), by

vopsow= [ (g o (1.15)

The intrinsic Hilbert space of square-integrable sections of E is the completion
of this pre-Hilbert space and it is denoted L*(M, E, (-,-) ), or L*(M, E) when
there is mo possible confusion about the Hermitian structure on E. When E =
M x C, it is called the intrinsic Hilbert space of M and it is denoted by L?(M).
The norm on L?(M) is denoted by || - ||.z.

Remark 1.2.26. Through the action given in Remark 1.2.16 and because of
Proposition 1.2.20(c), the group Diff(M) acts on L*(M) by unitary transfor-
mations. <

Although the previous construction is completely intrinsic, it is sometimes use-
ful to work with a particular positive density — like in the Riemannian or sym-
plectic framework —, for which we can also consider square-integrable functions.
The following result shows that both constructions are naturally equivalent.

Proposition 1.2.27. Let M be a manifold, p a positive Lebesguian measure
on M, p, the corresponding positive density (see Remark 1.2.24) and L*(M, )
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the Hilbert space of square-integrable functions on M with respect to u. Then,
the linear operator

U: L*(M,p) — L3(M) ; £~ f.(pu)"/?
18 unitary.

Proof. Since (p,)'/? is a positive section of the bundle |TM|*/2, any p €

T (M, |TM|Y/?) C L*(M) is of the form f(p,)'/? for some f € C2°(M). Since
() 2|2 = Jas 1fP? pu < 400, f € L2(M,p). This shows that U has a
dense image. Next, for f,g € L?(M, ), we have <f79>L2(M,#) = [y fGpu =

fM(f(pu)1/2)-9(p#)1/2 = <f(,0u)1/2,g(p,$)1/2>L2(M)7 which shows that U is uni-
tary. O

1.3 Distributions on manifolds and generalized
sections of vector bundles

Appearing in many areas of mathematics, physics and other fields of science,
the d—function on R associates to a function f on R the number f(0). It is
a basic example of what is called a distribution on R, which is some kind of
generalization of functions. This notion can be extended to vector bundles, in
which case we call them generalized sections. For our purpose, generalized sec-
tions will turn out to be useful in mainly two ways. First, they allow to extend
some linear operators on sections to a broader class of sections (or even to gen-
eralized sections). For instance, the Fourier transform of €% is not a function,
but it makes sense as a distribution. Second, generalized sections are a very
powerful tool to describe those linear operators thanks to the Schwartz kernel
theorem. It allows to study linear operators on functional spaces by looking at
and manipulating their so-called kernel, which is a generalized section.

Generalized sections are defined as continuous linear functionals on some topo-
logical vector spaces of sections of a vector bundle. We will first consider the
local theory of functions on open subsets of R™ in order to motivate the defi-
nitions. Then, we will extend the discussion to manifolds and vector bundles.
The topological spaces we will define will be locally convex vector spaces. A
short reminder on the related notions can be found in Appendix A and we refer
to [Tre06] for the details. After these definitions, we will discuss the localization
and support of generalized sections.

1.3.1 Local theory

In this subsection, let U C R™ be an open subset. The following family of
seminorms will be central for all the subsequent definitions.
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Definition 1.3.1. Let U C R™ be an open subset. To each compact set K C U
and r € N, we associate a seminorm || - ||k, on C*(U) by

Il s €°(U) = RY 5 f o [|fllicr o= sup {|0°f ()] | 2 € K, [a] <r}.

We now introduce several vector spaces of functions on U and endow them with
a specific topology to turn them into locally convex vector spaces. The proofs
of the stated properties can be found in [Rud91].

Smooth functions

The space of smooth functions on U
EU) :=C>(U)
is endowed with the locally convex topology given by the family of seminorms
{|| MK | K C U compact,r € N}.
Using a countable exhaustion of U by compact sets and the restriction property

of families of seminorms, we can show that it is a Fréchet space.

Smooth functions supported in a fixed compact set

Let K C U be a compact set. The space of smooth functions on U supported
in K

Ex(U) = {f € C®(U) | supp(f) C K}
is endowed with the locally convex topology given by the family of seminorms

{Illgr |reN}.

It is a Fréchet space. This topology is the same as the topology induced by the
inclusion £k (U) — E(U).

Smooth functions of compact support

Let us denote the space of compactly supported smooth functions on U by
D(U) :={f €C>®(U) | supp(f) is compact} .

D(U) is not complete for the topology induced by D(U) — E(U) since a se-
quence of compactly supported functions may converge to a non compactly
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supported function. Let Ky C Ky C --- C U be a countable exhaustion of U
by compact sets.> We then have

DU) = J &x(U)
k=1

and we endow D(U) with the inductive limit topology. Proposition A.17 shows
that for a sequence to converge in that topology, there must exist a compact
set such that every function of the sequence is supported in that compact set.
D(U) is a complete space in the sense that any Cauchy sequence does converge
in D(U). However, it is not a Fréchet space since it is not metrizable by
Proposition A.18. It is worth noticing that the topology of £k (U) coincides
with the subspace topology corresponding to the inclusion Ex(U) — D(U).

Distributions

Definition 1.3.2. Let U C R™ be an open subset. A distribution on U is a
continuous linear map
u:DU) — C.

The space of all distributions on U is denoted by D'(U). For w € D'(U) and
v € D(U), we will use the following pairing notation

(u, ) == u(yp).

Ezxample 1.3.3. Any smooth function f on U induces a distribution on U by
the following definition:

ur :DU) = C; ¢ /Uf(gc)cp(sc) dz, (1.16)

where dz denotes the Lebesgue measure on U. This gives an inclusion £(U) <
D'(U) which justifies the fact that distributions are considered as generalized
functions. O

1.3.2 Global theory

We will now extend the previous discussion to the case of a vector bundle over
a manifold. As a first step, we will consider various spaces of sections and
use local charts to define topologies that turn them into locally convex vector
spaces. Then, since we want to think about generalized sections precisely as a
generalization of sections, we will have to make sense of formula (1.16) in the

5That is, for all n = 1,2,..., 400, K, is a compact subset of M and K, is contained in
the interior of K41, and M = UjliolKn.
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context of sections of vector bundles. This will lead us to use the dual vector
bundle to define the product of sections inside the integral, and to use densities
over the manifold to be able to carry out the integration process.

Let £ — M be a complex vector bundle of rank p over a manifold M. As in
the local case, we begin by introducing a family of seminorms on the space of
smooth sections.

Definition 1.3.4. Let E — M be a complex vector bundle of rank p over a
manifold M. Let U := {U;, ki, 7i};o; be a total trivialization® of E. Then, for
each i € I, we have an isomorphism of vector spaces

@;: T (U3, By, ) = €= (ki(U3)"

To eachi € I, 1 <1 < p, K C k;(U;) compact and r € N, we associate a
seminorm on I'™°(M, E) defined by:

| ligrer : TO(M,E) = RY 5 s || @(s), )| -

We can now consider several spaces of sections of F and endow them with a
structure of locally convex vector space.

Smooth sections

The space of smooth sections of E is denoted by
E(M,E):=T(M,E)
when it is endowed with the topology induced by the family of seminorms

{I-

It is a Fréchet space and the topology is independent on the choice of trivial-

i1, 5,r | iel,1<Il<p K Ck;(U;) compact,r € N}.
ization.

Smooth sections supported in a fixed compact set

Let K C M be a compact subset. We denote the space of smooth sections of
FE supported on K by

Ex(M,E) :={s € ™°(M,E) | supp(s) C K}

when it is endowed with the topology induced by the inclusion Ex (M, E) <
E(M,E). It is a Fréchet space.

6Recall that it means that {Uiv“i}iel is an atlas of M, and that for each i € I, 7; :
E|, — U; x CP is alocal trivialization of E — M.
K2
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Smooth sections of compact support

The space of compactly supported sections of E is denoted by
D(M, E) := {s € I°(M, E) | supp(s) is compact in M }

when it is endowed with the following topology, whose definition depends on
whether M is compact or not.

e If M is compact, then D(M,E) = E(M, E) and we use the previously
defined topology, which turns D(M, E) into a Fréchet space.

e In the noncompact case, let K1 C Ky C --- C M be a countable exhaus-
tion of M by compact sets.” Then:

oo
D(M,E) = | &k, (M, E).
k=1
We endow D(M, E) with the inductive limit topology as in the local case.
D(M, E) is complete but not Fréchet.

The inclusion D(M, E) — E(M, E) is continuous and dense.

Remark 1.3.5. Although D(M,E) and £(M, E) coincides respectively with
(M, E) and T'>°(M, E) as vector spaces, we will usually use the notations
D and £ only when their topology is involved. <

Generalized sections

We are now ready to define the space D'(M, E) of “generalized sections” of
E. As in the local case, we would like to have a natural inclusion £(M, E) <
D'(M, E), by generalizing formula (1.16). Making sense of the product inside
the integral as well as of the integration itself requires to define generalized
sections as linear functionals on sections not of £ but of the so-called functional
bundle.

Definition 1.3.6. Let E — M be a vector bundle over a manifold M. The
functional bundle of a vector bundle E — M over a manifold M is the vector
bundle over M

EY:=E*®|TM|.

Definition 1.3.7. Let E — M be a vector bundle over a manifold M. A gener-
alized section of E — or a distribution on F —is a continuous linear functional
on D(M,EY). We denote by D'(M, E) the space of generalized section of E —
which is the continuous dual of D(M, EV) -, endowed with the strong topology.
The evaluation of u € D' (M, E) on any p € D(M, EY) is denoted by (u, p).

"That is, for all n = 1,2,..., 400, K, is a compact subset of M and K, is contained in
the interior of Ky 41, and M = UIgKn.
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Ezample 1.3.8. As was previously advertised, any smooth section of the vector
bundle £ — M naturally gives a generalized section of E. Indeed, at each
z € M, we have (E* ® \TM|)$ ~ Hom (F,, |T.M]|), so there is a pairing

() : &M, E) x D(M, EV) — D(M, |TM]). (1.17)

This gives a continuous inclusion
E(M,E) = D'(M,E); s+ |so € D(M,EY) — (s, s0) ::/ (5,30)} . (1.18)
M

O

There is an important subset of D'(M, E) which is formed by the generalized
sections that can be defined not only on compactly supported smooth sections
but on all smooth sections.

Definition 1.3.9. Let E — M be a vector bundle over a manifold M. A
generalized section of E of compact support is a continuous linear functional
on E(M,EY). We denote by E'(M, E) the space of generalized section of E of
compact support — which is the continuous dual of E(M,EY) -, endowed with
the strong topology. The evaluation of uw € E'(M,E) on any p € E(M,E") is
denoted by (u, p).

Remark 1.3.10. To verify that a linear functional on D(M, EY) or £(M, EY)
is continuous, it is sufficient to check whether it is sequentially continuous.
Indeed, £ is a Fréchet space and D is also a Fréchet space if M is compact,
and an inductive limit of Fréchet spaces if M is not compact. The claim then
follows from Proposition A.19. <

Remark 1.3.11. We should emphasize that we choose here to work with the
strong topology on the continuous duals D'(M, E) and &'(M, E), which is dif-
ferent from the weak* topology chosen by Hérmander in [H6r03]. This choice
will be of importance when we will state the Schwartz kernel theorem in Section
1.4.2. However, for some applications, it does not matter which topology we
consider, as is shown in the next two lemmas. <

Lemma 1.3.12. Let E — M be a vector bundle over a manifold M. Then, in
D'(M,E) and in &' (M, E), every sequence that converges in the weak* topology®
also converges in the strong topology.

Proof. From [Tre06, pp. 357-358], we know that D(M, E) and £(M, E) are
Montel spaces and that, in the dual of a Montel space, every weakly convergent
sequence is strongly convergent. O

Lemma 1.3.13. Let E — M be a vector bundle over a manifold M, and 'V a
locally convex vector space. Suppose that V is a Fréchet space, or an inductive

8Recall that the weak* convergence of linear functionals is the pointwise convergence.
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limit of Fréchet spaces. Then a linear map P :V — D'(M, E) is continuous if
it is sequentially continuous for the weak™ topology on D' (M, E). Also, a linear
map Q 1V — &' (M, E) is continuous if it is sequentially continuous for the
weak* topology on &'(M, E).

Proof. Let P : V. — D'(M,E) and Q : V — &' (M, E). Proposition A.19
implies that P and @) are continuous if they are sequentially continuous, and
Lemma 1.3.12 allows to conclude. O

The following result implies that every Cauchy sequence in the space of gener-
alized sections converges to a generalized section.

Theorem 1.3.14. Let E — M be a vector bundle over a manifold and {u; }ien
a sequence in D' (M, E) such that

u(p) := lim wu;(p) (1.19)

1—00
exists for every ¢ € D(M,E). Then u € D'(M, E).

Proof. Let p; — 0in D(M, E). Then, there exists a compact K C M such that
supp(p;) C K for every j. Since u; is continuous on D(M, E), it is continuous
on Ex (M, E). The latter being a Fréchet space, let us denote by {pi}ren a
countable family of seminorms on £k (M, E). Because of (1.19), the principle of
uniform boundedness implies that {u;} is equicontinuous, that is, there exists
C > 0 and k € N such that |u;(p;)| < C.pr(p;) for all j. Passing to the limit
in ¢, we get that this inequality holds for u, so u(y;) — 0, which shows that u
is continuous on D(M, E) by Remark 1.3.10. O

Definition 1.3.15. Let M be a manifold. A generalized section of the trivial
bundle M x C 1is called a generalized function or a distribution on M. It is
given by a continuous linear functional on the space of compactly supported
densities.

Ezxample 1.3.16. A well-known example is given by the J—function on R™.
Any compactly supported density on R™ is given by p(z) = f(z) |dx; ... dz,]
where f € D(R™) and |dzy ...dx,| is the standard density corresponding to
the standard coordinates = (z1,...,x,). Then, the §—function is defined by
(0, p) :== f(0). For a generic point a € R", we similarly define (d,, p) := f(a).
Notice however that on a generic manifold, there is no canonical way of defining
a d—function at a point since there is no canonical positive density on that
manifold. We will come back to that point later. O

Definition 1.3.17. Let M be a manifold. A generalized section of the density
bundle is called a generalized density. If E — M is a vector bundle over M, a
generalized density of E is a generalized section of E* & [T M|.
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Remark 1.3.18. Let us give a more precise description of a generalized density.
Since the density bundle of a manifold M is a complex line bundle, |TM|* ®
|T'M]| is canonically isomorphic to the trivial line bundle. Therefore, the space
of generalized densities is canonically isomorphic to the space of continuous
linear functionals on D(M,C). <

Remark 1.3.19. We should warn about a possible confusion between generalized
functions and generalized densities, since some authors define distributions as
linear functionals on compactly supported functions. Recall that since the
density bundle is trivial, both notions are completely equivalent as soon as
we fix a non-vanishing density on the manifold. On R”, this is usually done
using the Lebesgue density. This is why the d—function is usually defined on
functions rather than on densities. <

1.3.3 Localization and support

In this subsection, let M be a manifold, and £ — M be a vector bundle over
M. We will see that generalized sections can be restricted to arbitrary open
subsets of M. This allows to define two notions of support for a generalized
section, one that describes the points where it is not vanishing (similarly to the
support of a section), and another that describes its singularities.

Let U C M be an open subset. Then, U is itself a manifold and we can
consider generalized sections of Ejy;. Since we have the natural identification
EY\y ~ (E|y)Y, there is a natural inclusion

D, (Bw)¥) = DM, EY) ; ps (1.20)

given by extending a compactly supported section on U by zero outside of U.
This allows to restrict to U a generalized section on M in the following manner.

Definition 1.3.20. Let E — M be a vector bundle over a manifold M and
U C M an open subset. The restriction to U of generalized sections of E is
defined by

D'(M,E) = D' (U, Ey) ; u— uy,

where (ujy, p) = (u, p) for all p € DU, (Ejy)Y).

The following theorem shows that a generalized section is completely deter-
mined by its local restrictions.

Theorem 1.3.21. Let E — M be a vector bundle over a manifold M and
u € D'(M,E). If for every x € M, there exists an open neighbourhood U of x
such that ujy =0, then u = 0.
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Proof. Let p € D(M,EV). For every x € supp(p), let U, be an open neighbour-
hood of = such that uy;, = 0. Since supp(p) is compact, it can be covered by a
finite number Uy, ... Uy of such U,’s. Let Uy := M \supp(p) and let vy, ..., 1%
be a partition of unity subordinate to Uy, ...,Ug. Then, for all i = 1,...,k,
supp(vip) C U; and u(vip) = ujy,(¢¥sp) = 0. Finally, since u is linear and
p= Zle ¥;p, it implies that u(p) = 0. O

Corollary 1.3.22. Let E — M be a vector bundle over a manifold M and
{Ui}ier an open cover of M. If u,v € D'(M, E) are such that ujy, = vy, for
every ¢ € I, then u =v.

Remark 1.3.23. The previous results will be very useful to us in the sequel
since they allow to study generalized sections in local coordinates. Also, they
imply that to show that two generalized sections are equal, it is sufficient to
show that they agree on sections of arbitrary small supports. <

Definition 1.3.24. Let E — M be a vector bundle over a manifold M and u
a generalized section of E. We define

M, = {9: € M | 3 Uopen neighbourhood of x such that wjy = 0} .

It is the largest open subset of M on which the restriction of u is zero. The
support of u is defined as

supp(u) := M\ M,.

Remark 1.3.25. The generalized sections of compact support as defined in 1.3.9
are exactly those such that supp(u) is compact in M. <

Remark 1.3.26. More generally, the domain of definition of a generalized section
u can be extended to any smooth section s such that supp(u) N supp(s) is
compact. Indeed, choose ¢ a compactly supported smooth function that equals
1 on a neighbourhood of supp(u) N supp(s). Then, we can define (u,s) by
(u, ¢.s), which does not depend on the choice of ¢ since (u, ¢.s) only depends

Oon (@-8) supp(u)risupp(s) = S|supp(u)Nsupp(s)- <

When a generalized function is represented by a smooth section under the
inclusion (1.18), it is called regular, and singular otherwise. Thanks to the
localization property of generalized sections, we can be more precise in the
description of the singularities of a generalized section by describing the points
around which it cannot be represented by a smooth section.

Definition 1.3.27. Let E — M be a vector bundle over a manifold M and u
a generalized section of E. The singular support of u is denoted sing(u) and
is defined as follows. A point x € M does not lie in sing(u) if there exists an
open neighbourhood U of x and a smooth section s of E on U such that ujy = s
under the inclusion (1.18).
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1.4 General operators and kernels

When studying linear operators between functions on manifolds — or more
generally, between sections of vector bundles —, one often works with a specific
functional space, that is, a specific subspace of sections and a corresponding
topology. It might be for example L?(M) or some Sobolev space on M. In
many cases, the functional space contains the space of compactly supported
smooth sections and the inclusion is continuous and dense. On the other hand,
in very much the same way as smooth sections are included in the space of
generalized sections, those functional spaces are often continuously included
in the space of generalized sections. Because the inclusions are continuous,
any continuous linear operator between such functional spaces therefore gives
a continuous linear operator from compactly supported sections to generalized
sections. This is the motivation to introduce general operators as we will do
now.

1.4.1 Definitions

Definition 1.4.1. Let M and N be two manifolds and E — M and F — N
two vector bundles. A general operator P from F to E is a continuous linear
map

P:D(N,F)— D'(M,FE).
We denote by ﬁb(D(N, F)—= D'(M, E)) the vector space of the general oper-
ators, endowed with the strong topology.

Remark 1.4.2. To check whether a linear operator P : D(N, F) — D'(M, E)
is continuous might seem to be complicated for two reasons. First, D'(M, E)
is endowed with its strong topology, which is more complicated to deal with
than the weak* one. Second, if N is not compact, D(N, F') is not metrizable,
so sequential continuity of P does not imply that it is continuous. However,
we can forget about these difficulties since Lemma 1.3.13 implies that we only
need to check whether P maps convergent sequences to weakly convergent
sequences. <

The following example illustrates the discussion at the beginning of this section,
which led us to the definition of a general operator.

Example 1.4.3. Let M be a manifold. Any continuous linear operator
L:L*(M) — L*(M)
gives rise to a general operator

Pp : D(M,|TM|"?) — D'(M, |TM|/?).
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Indeed, we have the continuous inclusion D(M, |TM|'/?) < L?>(M). On the
other hand, since |TM| ~ |TM|"/?@|TM|*/?, (|TM|"/?)*®|TM| ~ |TM|"/?, so
D'(M,|TM|"/?) is the continuous dual of D(M, |[TM|'/?). To any p € L*(M),
we can therefore associate the generalized section given by

D(M,|TM|"?) = C; ,u»—)/ L.
M

This gives an inclusion L?(M) < D'(M, |TM|'/?) which is continuous. Indeed,
let p, — 0 in L?(M). Then, for each u € D(M,|TM|*/?), using the Cauchy-
Schwartz inequality, we get that | (pn, ) | = | [5, pnpel < |lpnllr2-|lpllL2 — 0.
By Lemma 1.3.13, the inclusion is continuous. Putting everything together, we
can define the linear operator

P D(M,|TM|Y?) — L2(M) & L2(M) — D' (M, |TM|'/?),
which is continuous because all the inclusions and L are continuous. O

Other examples of general operators, that will be central in our discussion,
are given by the pullback of functions on a manifold and sections of a vector
bundle.

Ezample 1.4.4. Let h : M — N be a smooth map between manifolds and
consider the pullback

h*:E(N)—=EM); fr foh,

which is a continuous linear map. Because of the continuous inclusions D(N) <
E(N) and E(M) — D'(M), it gives a general operator by the rule

PhD(N) = DI(M) ; > [/m [ o= /M<foh>p] (1.21)

Notice that if h is proper, then h* maps compactly supported functions to
compactly supported functions. O

The following notion of a geometric morphism allows to naturally generalize
the pullback operation to sections of vector bundles.

Definition 1.4.5. Let M and N be two manifolds, and E — M and FF — N
two vector bundles over those manifolds. A geometric morphism from E to F
is a pair h = (h,r) where h : M — N is a smooth map and r is a smooth
section of Hom(h*F, E).° In particular, for every x € M, it gives a linear
operator

r(x) : Fz) — By

9Recall that the pullback bundle h*F is a vector bundle over M whose fiber at a point
z € M is Fp(z), and that Hom(h*F, E) is a vector bundle over M whose fiber at a point
x € M is Hom(Fp,(y), Ez).
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Remark 1.4.6. Notice that this is not the same notion as a morphism of vector
bundles since here, the linear maps r(z) are going the other way around, to get
back from the fibers of F' to those of E. This is because we want to define the
pullback of a section. <

Remark 1.4.7. Let F — N be a vector bundle and h : M — N a smooth
map. Then, there is an obvious natural geometric morphism from h*F to F,
whose corresponding section of Hom(h* F, h*F') is the identity section. We will
usually still denote this geometric morphism by h. <

Ezample 1.4.8. Let M and N be two manifolds, £ — M and F' — N two vector
bundles over those manifolds, and h = (h,r) a geometric morphism from E to
F. We define the pullback by h as the operator

h* :T®(N,F) > T>*(M,E); s+— h's,
where, for every x € M,
(0 )(x) = r(@) (s(h(2)) € B
As in the previous example, this defines a general operator
PL:D(N,F) - D'(M,E); s+ |pe D(M,EY) /M(h*s,p)] , o (1.22)
where (-,-) denotes the pairing (1.17). Again, if h is proper, then h* maps

compactly supported sections to compactly supported sections. O

1.4.2 The Schwartz kernel theorem

There is a deep link between general operators and generalized sections, which
is suggested by the following example.

Ezample 1.4.9. Let U C R™ and V' C R™ be two open subsets, and k € C*(U x
V). Then, we can associate to k a continuous linear operator P : D(V) — £(U)
defined, for every ¢ € D(V) and = € U, by the formula

Pu(g)(x) = /V k(z,y) oly) dy.

Since £(U) — D' (U), P, induces a general operator P : D(V) — D'(U) given,
for every ¢ € D(V) and ¢ € D(U), by

(Pu(p). ) = /U () (o) olo) do dy

= (k,pry (¥) @ priy (),
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where in the last line, k is seen as an element of D'(U x V) and pry;(¢) ®
pri () € D(U x V). Since (k, prj;(¢) @ pri (¢)) only depends on k as a gener-
alized function on U x V and not as a smooth function, this suggests a way to
associate a general operator to any generalized function on U x V' by the same
formula. This construction can be extended to a general manifold, although
care must be taken to introduce densities at the right places. O

The so-called Schwartz kernel theorem asserts that the previous construction
is in fact completely general, in the sense that any general operator can be
represented in a unique way by a generalized section — the kernel of the oper-
ator. It also states that this association is a topological isomorphism''. As we
shall see, there are several variants of the kernel theorem, the first versions of
which are due to Schwartz [Sch57]. A proof in the setting of general operators
between vector bundles can be found in [Tarl2, Section 1.5].

Definition 1.4.10. Let E — M and F — N be two complex vector bundles
over the manifolds M and N. The external tensor product is the vector bundle
over M x N defined by

EXF :=pry(E) @ pry(F).
Notice that its fiber over a point (x,y) € M X N is given by
(EKX F)(m’y) =FE, ®F,.

Theorem 1.4.11 (Schwartz kernel theorem). Let M and N be two manifolds
and E — M and FF — N two complex vector bundles. There is a topological
isomorphism

D'(M x N,ERFY) = L,(D(N,F) — D' (M, E))

that associates to a generalized section k € D' (M x N,EX FV) the general
operator Py given by

Py :D(N,F) — D' (M,E); ¢+ [ (k,prise @ prve)]. (1.23)

The generalized section k is called the kernel of the operator P .

To better see how this isomorphism works, let us explain what is meant by
formula (1.23). There is an isomorphism

(ERFY)Y ~EYRF, (1.24)

10prU and pry, denote the projection of U x V onto U and V respectively.
HThe fact that the isomorphism is topological is true only if we consider the strong topology
on both spaces.
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Indeed, we have:

(ERFY)Y ~ (priy (E) @ pry (F7) @ priy(ITN])" ® [T(M x N)
=~ pryy (E") @ priy(F) @ pry(|TN[")
® priy (ITM]) @ pry (ITNJ)
~ pri,(E*) @ pri,(|TM|) ® priy(F) ~ EY K F.

Since for ¢ € D(N, F) and ¢ € D(M, EY), pri; v @prip is a section of EV X F,
this isomorphism allows to evaluate k € D' (M x N, EX F") on this section.

FEzample 1.4.12. In the case of operators between functions on manifolds, a
kernel is a generalized section k € D'(M x N,pry(|TN|)). The isomorphism
(1.24) corresponds to

(priy(ITN])" = (pri (ITN))" @ [T(M x N)|
~ (pry (ITN1))" @ priy(ITN|) @ priy, (|TM])
=~ priy (|TM]).

The operator Py : D(N) — D'(M) associated to k is therefore defined, for
@ € D(N) and ¢ € D(M, |TM|), by

P(¢) (1) == (k,pry@ . pryfio @ (Privio @ prisyv)), (1.25)

where pi( is any non-vanishing density on N, [ig the corresponding dual density,
and (priyfo ® pri, ) is seen as a density on M x N. O

Ezxample 1.4.13. In the case of general operators between vector bundles, let us
give the expression of the operator Py : D(IN) — D’'(M) associated to a kernel
keD(MxN,EXFY). Let p € D(N,F) and ¢ € D(M,E* @ |[TM]|). Since
|T'M]| is a trivial complex line bundle, ¢ can be written as ¥ = ¢ ® ¥y with
1 € D(M, E*) and 95 € E(M, |TM|). Then, we have

Pr(@) () := (k, priye @ prijv1 @ pryfio ® (priyio @ prisa)) , (1.26)

where pg is any non-vanishing density on N, fip the corresponding dual density,
and (priyso ® pri i) is seen as a density on M x N. O

Remark 1.4.14. We have seen in Example 1.4.3 that a continuous linear op-
erator on L2?(M) naturally gives a general operator. A related but in some
sense opposite question is to know whether a general operator can be con-
tinuously extended to a functional space larger than D(M, E). Similarly, we
can ask whether its range consists in a functional space smaller than the whole
D'(N, F), while still being continuous for the topology on that functional space.
We will see that these questions can sometimes be answered solely from proper-
ties of the kernel of the operator — such as regularity or integrability — showing
the power of the Schwartz kernel theorem. An extreme situation corresponds
to smoothing operators, that we now introduce. <
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1.4.3 Smoothing operators

Definition 1.4.15. Let M and N be two manifolds and E — M and F — N
two vector bundles. A general operator P from F to E is smooth if its kernel
is an element of E(M x N,EX FV).

Definition 1.4.16. Let M and N be two manifolds and E — M and F — N
two vector bundles. A smoothing operator P from F' to F is a general operator

P:D(N,F)— D'(M,E) such that

e the range of P is contained in E(M, E);
e P extends to a continuous linear map E'(N,F) — E(M, E).

We denote by L,(E'(N,F) — E(M,E)) the vector space of the smoothing
operators, endowed with the strong topology.

This variant of the Schwartz kernel theorem — they follow from the same theo-
rem proved in [Tarl2, Section 1.5] — characterizes those smoothing operators.

Theorem 1.4.17. Let M and N be two manifolds and E — M and F — N
two vector bundles. There is a topological isomorphism

Ly(E'(N,F)— EM,E)) = EM x N ERFY)

given by sending a smoothing operator to its kernel. In particular, a general
operator P : D(N,F) — D'(M, E) is smooth if and only if it is a smoothing
operator.

Remark 1.4.18. On a compact manifold M, £ = D, which implies that smooth-
ing operators can be composed together. The kernel of the composition is given
by the convolution of the kernels. On a non-compact manifold, this is not true
anymore. <

Let E — M be a vector bundle over a manifold M. We will now define a notion
of trace for smooth operators from E to E. Let k € E(M x M, EXK E") be the
kernel of a smooth operator from E to E. Then, for all z € M, k(z,z) € E, ®
E!®|T;M|=Hom(E,, E,;)® |T,M|. Taking the trace of the homomorphism
thus gives a density at z. Therefore, [z — Tr (k(z,z))] is a smooth density on
M, that can be integrated if it is integrable.

Definition 1.4.19. Let E — M be a vector bundle over a manifold M and
Py a smooth operator from E to E with kernel k € E(M x M,EX EY). We
say that Py is smooth-traceable if [z — Tr (k(z,z))] is integrable. Then, the
smooth trace of Py is defined as

tr (Py) := /M Tr (k(z,z)).
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1.4.4 The smooth trace of trace-class operators

We will now see how the smooth trace is related to the usual trace of operators
on Hilbert spaces of square-integrable functions. Notice that this section aims
only at suggesting some motivation to study the smooth trace. It will not be
needed in the following part of this chapter. The reader who would appreciate
a quick recap on Hilbert-Schmidt and trace-class operators might find useful
to first refer to Section 2.3 before going on.

Let M be a manifold, x a measure on M, and A : L2(M,u) — L*(M,p) a
continuous linear operator. Suppose that A is integral, that is, there exists
some measurable function K on M x M such that for every ¢ € L*(M, 1) and
almost every z € M:

(A6)(x) = /M K (2, 9)é(y) du(y).

K is called the kernel of A. It is well-known that A is Hilbert-Schmidt if
and only if its kernel belongs to L2(M x M,y x u). However, the question of
determining whether A is trace-class and computing its trace, solely from its
kernel, turns out to be much more subtle.

A useful result in that direction, first due to Duflo [Duf72] and then generalized
by Brislawn [Bri91], gives some conditions to express the trace as the integral
of the kernel over the diagonal. Specializing Brislawn’s result to measures on
manifolds, we have the following theorem.

Theorem 1.4.20. Let pu be a measure on a manifold M, and let K be a trace-
class operator on L*(M,p). If the kernel K(x,vy) is continuous at (x,y) for
almost every x, then

Tr (K) = y K(z,x)dp(z).

It should be emphasized that in this theorem, the operator has to be known
to be trace-class. The integrability of the kernel along the diagonal is not
sufficient to ensure that the operator is trace-class, even when the kernel is
continuous and integrable. Carleman [Car16] has given an example of an oper-
ator on L?(S') with a continuous kernel (hence integrable since the manifold
is compact) which is not trace-class. However, more can be said if we im-
pose more regularity on the kernel. Delgado and Ruzhansky [DR14] give a
simple regularity condition on the kernel of an integral operator on the square-
integrable functions on a compact manifold, that ensures that it is trace-class.
As a particular case, we have:

Theorem 1.4.21. Let M be a compact manifold endowed with a positive mea-
sure p. Let k € C*°(M x M). Then, the integral operator P on L*(M, )
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defined, for o € L*(M, p), by

(Po)(x) = | k(z,y)p(y)du(y)
M

18 trace-class and its trace is given by
Tr (P) = / k(x,z)dp(x).
M

Theorems 1.4.20 and 1.4.21 give the relation between our smooth trace and the
usual trace of linear operators on L?(M, p).

1.5 Operations on generalized sections

Functions on a manifold and sections of a vector bundle can be manipulated in
a variety of ways: multiplication by a function, pullback of a function, pushfor-
ward of a vector field by a diffeomorphism, etc. In this section, we would like
to extend such kind of operations to generalized sections. For instance, since
functions are particular generalized functions, we can ask whether the pullback
can be defined for every generalized function. This turns out to be possible only
with restrictions because of the singularities exhibited by generalized sections.
We thus have to limit either the set of generalized functions we consider, or
the set of maps by which we want to pullback. In this section, the question of
extending those operations will be addressed using duality, that is, using the
fact that generalized sections are linear functionals on sections. However, we
should mention that there are other ways to carry on the extension of the pull-
back and pushforward from sections to generalized sections, such as extension
by continuity — which is the approach of Hérmander [H6r03] — or more specific
definitions — like we will do in Section 1.6.

In the following discussion, M and N will denote two manifolds, and £ — M
and F — N vector bundles over those manifolds.

1.5.1 Multiplication by a function

As a warm-up, let f : M — C be a smooth function. For any p € D(M, EY),
we can consider the section fp given by the pointwise multiplication. It is still
a compactly supported section of EV, which allows the following definition.

Definition 1.5.1. Let f : M — C be a smooth function over a manifold M
and u a generalized section of a vector bundle E — M. The multiplication of
u by f is the generalized section fu € D'(M, E) defined, for p € D(M,EY), by

(fu, p) = (u, fp)-
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1.5.2 Pushforward of a density by a submersion

We will now define the pushforward of a density by a submersion through the
process of “integration along the fibers”. For the integrals to be finite, we will
require a properness condition relative to the support of the density.

Definition 1.5.2. Let f : X — Y be a continuous map between two topological
spaces, and B C X. We say that f|g is proper if and only if, for all K CY
compact, f~1(K) N E is compact.

Let p € (N, |T'N|) and h : N — M a submersion such that hjspp(,) is
proper. To explain how the integration along the fibers works, let € h(N) C
M. Since h is a submersion, Z, := h~!'({z}) is an embedded submanifold of
N. For any z € Z,, we have the short exact sequence

05 T,2, 2= m N "= 1o 0,

where ¢z, denotes the inclusion of Z, in N. Lemma 1.2.4 gives an isomorphism

IT.N| ~ |T.Z,| ® | T, M|. (1.27)

Therefore, when restricted to Z,, the density p can be seen as a density pz,
over Z, valued in [T, M|. hjsupp(,) being proper, Z, Nsupp(p) is compact, so
pz, is of compact support. It can thus be integrated to give an element of
|T. M|, to which we set (h.p)(x). For any x € M outside of the range of h, we
set (hap)(z) = 0.

Proposition 1.5.3. Let h: N — M be a submersion between two manifolds.
Then, for any p € T°°(N,|TN|) such that hisupp(,) s proper, the pushforward
h«p defined as above is a smooth density on M. Furthermore, supp(hs.p) C
h(supp(p)). In particular, if p is compactly supported, so is hip.

Proof. Let p € T°(N,|TN|). First, the claim regarding the support of h.p
follows from the facts that, from the definition, (h.p)(x) =0 if « &€ h(supp(p))
and that h(supp(p)) is closed since Ajsupp(p) is proper'?.

Next, suppose that p is supported in a coordinate patch
(Vyo =Wty s Ym, 21y 2k))

such that h has the local expression

h(ylu"'7ym7zla"'7zk) = (ylw"aym)

12To show this last claim, let {2 }ren be a sequence in h(supp(p)) converging to . We can
choose a sequence {yi } ke in supp(p) such that h(yg) = xi. Since {z}U{zy }ken is compact,
there exists a convergent subsequence {yg, }. Let y be its limit, which must belong to supp(p)
since the latter is closed. By continuity of h, h(y) = x, which shows that € h(supp(p)),
hence h(supp(p)) is closed.
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for some local coordinates (U, 4 = (1,...,%m)) on M such that h(V) C U.
Then, p has the local form

V(YL oy Ymy 21y - -5 2k) |dz1 o dzi dyr ... dynm|

for some smooth function py on V. Let z € h(V) with coordinates (z1, ..., Zm)
and Z, := h='({x}). Since (z1,..., 2;) are local coordinates on Z, the density
pz, corresponding to the splitting (1.27) has the form

pU(T1y e Ty 215+ 2k) |d21 - d2g| @ |day . dog, | 1B
Integration over Z, finally leads to

(hap)(21,. . Tm)

= / pv(T1, oy Tmy 21, ey 28) d21 .. dzy | |dxy . dXy, .
0(ZzNV)

As mentioned before, the integral is well-defined because hjsupp(p) is proper.
The properness also ensures that h.p is smooth with respect to x. Indeed, if
we fix an open subset W in h(V) with compact closure, the properness allows

(1.28)

to choose a common compact integration domain to replace ¢(Z,NV) in (1.28)
for every x in W. This implies that h.p is smooth on W, hence on h(V). h.p
is also smooth outside of h(V') since we have seen that its support is contained
in h(V).

Finally, if p is not supported in such a coordinate patch, we can use a partition
of unity and the properness assumption to express locally h.p as a finite sum
of smooth densities. O

Remark 1.5.4. Tt is clear from formula (1.28) that [, p = [, hup- <

This construction can be readily extended to the case of vector bundles. Let
h = (h,r) be a geometric morphism from F' to E, such that h : N — M is a
submersion and p € T*°(N, F* ® |[T'N|) such that hsupp(p) is proper. For each
€M and y € h~'({z}) C N, composition with the map r(y)* : Fy — Ex
allows to see p as a section of h*(E*) ® |TN|. As before, this gives a density
along the fiber h=1({z}) valued in E* ® |T,,M|, which is compactly supported
because of the properness condition. Then, integration along the fiber can be
performed, in order to get a section h,p of E* ® |TM|. Using local charts as
in the proof of Proposition 1.5.3 and trivializations of the vector bundles, we

get the following result.

13T be completely explicit, let dy;, 0z; and Oz be the vectors tangent to coordinates
Yi, zj and x} respectively. Then, h*(z,z) (0y;) = Oz; and, by the explicit construction of the
isomorphism (1.27) in the proof of Lemma 1.2.4, the density corresponding to |dz1 ...dzg| ®
|dz1 ...dxm]| evaluated on the basis (90z1,...,0zk, dy1,. .., 0yx) must be equal to

|dz1 . ..dzx|(Oz1,...,0z).|dz1 . . dzm|(hwg, . (Oy1), - R, ) (Oym)) = 1.
This is precisely the density |dzi ...dzg dy1 ... dym]|-
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Proposition 1.5.5. Let E — M and F — N be vector bundles over manifolds
M and N, and h = (h,r) a geometric morphism from F to E such that h :
N — M is a submersion. Then, for any p € I'°°(N,F* ® |[TN|) such that
hisupp(p) 18 proper, the pushforward h,p defined as above is a smooth section
of E* @ |TM|. Furthermore, supp(h,p) C h(supp(p)). In particular, if p is
compactly supported, so is h,p.

Remark 1.5.6. In the case of a compactly supported section, the properness
condition is always fulfilled, so the pushforward of a compactly supported sec-
tion of F* ® [TN| is defined for any submersion. On the other hand, the
pushforward by a proper submersion is defined for any section of F* ® |T'N|,
without any restriction on its support. <

1.5.3 Pullback of a generalized section by a submersion

As advertised in the beginning of this section, we can now use the pushforward
of a density to define the pullback of a generalized section by duality.

Definition 1.5.7. Let E — M and F — N be vector bundles over the man-
ifolds M and N, and h = (h,r) a geometric morphism from F to E such
that h : N — M 1is a submersion. The pullback by h of a generalized sec-
tion uw € D'(M,FE) is the generalized section h*u € D'(N,F) defined, for
p € D(N,F* ®|TN|), by:

(h'u, p) := (u, hup) .

Remark 1.5.8. This definition of the pullback extends the pullback of functions
as considered in Example 1.4.4. Indeed, let f : M — C be a smooth function
on a manifold M, h : N — M a smooth map between manifolds and p €
D(N,|TN|). Because f oh is constant along the fibers of h, we have f.(h.p) =
h«((f o h)p). Therefore:

(B £,p) = (f, hep) = /M Fhop= /M ha((f o h)p)
= [romp=tronp).

which is indeed the usual pullback of functions. The same argument shows
that the definition also extends the pullback of sections of a vector bundle. <

Remark 1.5.9. Let us emphasize once more that there is no universal notion
of pullback for generalized sections in the sense that it depends on the kind of
generalized sections we consider, as well as on the kind of transformation by
which we pullback. For instance, the pullback in Definition 1.5.7 is valid for
any generalized section, but only for transformations that are submersions. On
the other extreme, the pullback of sections of Example 1.4.8 can be seen as a
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pullback operation that is valid for any transformation, but only for generalized
sections that are actual sections. As an intermediate case, we will be able to
define the pullback for a subset of generalized sections, but for more general
(although not all) transformations than submersions. We should also stress
that although this seems to give many different notions of pullback, they all
agree on their common cases, as is shown for instance by the previous Remark
1.5.8. <

1.5.4 Pushforward of generalized densities

We have seen how to pushforward a density — or more generally a section of
F*®|TN| - by a submersion. It is in fact a special case of the pushforward of a
generalized section of F*®|T N |, which can be defined by duality. Indeed, such a
generalized section is a linear functional on sections of (F*®|TN|)*®|T'N| ~ F,
which can be pullbacked by a geometric morphism.

Definition 1.5.10. Let E — M and F' — N be vector bundles over the man-
ifolds M and N, u € D'(N,F*® |TN|) and h = (h,r) a geometric morphism
from F to E such that hisupp(u) is proper. The pushforward of u by h is the gen-
eralized section h,u € D'(M, E* @ |[TM]|) defined, for p € D(M,EY @ |TM]|) ~
D(M, E), by:

(hou,p) = (u,h"p). (1.29)

Remark 1.5.11. Notice that h*p might not be compactly supported. However,
the condition that h|supp(u) is proper implies that supp(u) Nsupp(h*p) is com-
pact, so {u, h*p) is well-defined by Remark 1.3.26. If u is compactly supported,
then this condition is always verified, and h,u is also compactly supported. <

Remark 1.5.12. In the special case where h is a proper submersion, and p
is a smooth density on N, this definition coincides with the previous one.
Indeed, for any f € D(M), we have (h.u, f) = [y, f-(hep) (Where h,p is
defined as the pushforward of a density as in Proposition 1.5.3). Since h*f
is constant along the fibers of h, it can be entered into the integral of (1.28),
s0 [y f-(hep) = [y h*f.p, which is the definition 1.5.10 of the pushforward
of u as a generalized section. The same argument is still valid for a smooth
section of F* ® |TN|. The important point to note is therefore that under
submersions, smooth densities — seen as generalized sections — pushforward to
smooth densities. g

Remark 1.5.13. Since hjsupp(u) is proper, h(supp(u)) is closed, and we get from
the definition of h,u by duality that supp(h,u) C h(supp(uw)). <

Remark 1.5.14. As would be expected, the pushforward by a composition of
geometric morphisms is the composition of the pushforwards. Indeed, let £ —
M, F —- N, G — L be vector bundles over manifolds M, N and L and
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u € D'(L,G* ® ITL|). Let hy = (h1,71) be a geometric morphism from G to
F such that hi|supp(u) is proper, and hy = (hg,72) a geometric morphism from
F to E such that hijp,(supp(u)) 18 Proper. Then, (hg o hy)
the definition readily gives

|supp(u) 1S proper and

(hg 0 hy)x(u) = how hyu(u). (1.30)
<

The following technical lemma will be used later on. As a particular case, it
asserts that the pushforward of a generalized section by a geometric morphism
coincides with the pushforward by the restriction of that morphism to any open
subset that contains the support of the generalized section.

Lemma 1.5.15. Let E — M and F — N be vector bundles over the manifolds
M and N, uw € D'(N,F* ® [TN|) and h = (h,r) a geometric morphism from
F to E such that hgpp(u) is proper. Let U C M be an open subset and V C
h='(U) open such that supp(u) " h='(U) C V. Then, (hu)jy = (Iyy)«(uy ).

Proof. First, notice that hyy : V' — U is proper on supp(u|y) = supp(u) NV, so
(Byy )« (ujy) is well-defined.'* From the definitions by duality of the restriction
and the pushforward of generalized densities, we have for any p € D(U, (E* ®
ITM|)v):

(), p) = (bou, p) = (u, h"p)

:< () > < (Byy ), > (1.31)
= <u\v7 (hyy)* P> = <(ﬁ\v)*(UIV)’p>7

where the sign denotes the extension by zero of Compactl/yilpported
sections (see (1.20)), and (1.31) follows from the fact that (h,-1()*p and

—

(hyy)*p coincides on supp(u) since supp(u) N h~'(U) = supp(u) N'V. O

w=~»

Remark 1.5.16. As a particular case of the pushforward, let us consider the
projection 7 : M — {x} of a manifold M onto a point. Then, the pushforward
by 7 of a compactly supported generalized density w is a functional on C, which
we shall identify with the number (7, u, 1). In the particular case of a compactly
supported continuous density u € TO(M, |TM]), it is given by:

Fou= (Faus1) = (u,1) = /M ”

This suggests to think about the pushforward by 7 as the integration over M
of the generalized density. <

4Indeed, for any K C U compact, since h~1(U) N supp(u) C V, we have h~1(K) N
supp(uy) = b~ (K) Nsupp(u) NV = h~(K) Nsupp(u) N~ (U) = k= (K) N supp(u),
which is compact since h|sypp(u) is Proper.



64 CHAPTER 1. DISTRIBUTIONAL TRACE AND FIXED-POINTS

We end this section by a handy application of the previous observation, which
allows to express the smooth trace of a smooth operator in terms of the pullback
and push forward operations.

Lemma 1.5.17. Let E — M be a vector bundle over a manifold M and Py a
smooth operator from E to E with kernel k € E(M x M, E X EY). Denote by
7T M — {*} the projection onto a point, and by A : M — M x M the diagonal
map. If A*(k) is of compact support, then Py is smooth-traceable and

tr () = 7 Tt A* (k). (1.32)

Proof. Since k is a smooth function, the pullback is just the composition. If
A*(k) is compactly supported, so is  — (Tr A*k)(z) = Tr (k(z,)), which
is therefore an integrable density on M. Py is thus smooth-traceable and the
identity (1.32) follows from Remark 1.5.16. O

1.6 J{—sections

Introduced in Example 1.3.16, the §—function is a distribution that associates
to a function — more precisely, to a density — its value at a point. In this section,
we are going to generalize this concept by associating to a submanifold general-
ized sections — called d—sections — given by integration over that submanifold.
However, since there is no standard way of integrating over a submanifold —
unlike on R™, where we have the standard Lebesgue density —, those general-
ized sections will carry an additional datum related to the direction transverse
to the submanifold.

1.6.1 Definitions

The following elementary lemma is a key ingredient in the definition of a
d—section. It allows to decompose the restriction of a density to a submanifold
into densities on the submanifold and on the normal bundle.

Lemma 1.6.1. Let M be a manifold, Z C M an embedded or immersed sub-
manifold and v : Z — M the inclusion map. Then, canonically,

CITM| ~ |NZ|® |TZ|. (1.33)
Proof. Since we have the exact sequence of vector bundles over Z
0—|TZ| = |TM|— |NZ| — 0,

this is an immediate consequence of Lemma 1.2.12. O
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Now, let E — M be a vector bundle over a manifold M, and Z C M a properly
embedded submanifold.!> Denote by ¢ : Z < M the inclusion map. For all
p € DM, EY), p|z := ("p is of compact support. By Lemma 1.6.1, it can be
written as pp @ py @ pr for some pg € I'™(Z,Ey), pn € I'*(Z,|NZ]) and
pr € I°°(Z,|TZ]).*® Given a section 0 € '™ (Z, E|; ® |NZ|*), we can form

(0, pE ® pN) P,

which is a compactly supported density over Z. It is clear that this density
does not depend on the particular choice of pg, py and pr but only on their
tensor product pg ® py ® pr. We can finally integrate this density over Z to
get a number. This justifies the following definition.

Definition 1.6.2. Let E — M be a vector bundle over a manifold M, Z C M a
properly embedded submanifold and o € T'>° (Z, Ez® |NZ|*). The d—section
associated to the submanifold Z and the symbol o is the generalized section of

E denoted by 6z, and defined on p € D(M, EY) by

(02,04 pP) 3:/2 (o, pE ® pN) P> (1.34)

where pg € I'°(Z, Ef;), pn € I'°(Z,|NZ|) and pr € I'*°(Z,|TZ|) are such
that pg ® pn @ pr is identified to p|z through (1.33).

Remark 1.6.3. Let us give another description of the symbol of a §—section that
will be very useful later on. For every vector bundles FE and F', we have EQF™* ~
Hom(F, E). Therefore, the symbol of a d—section of the bundle E along the
submanifold Z is equivalently given by a section o € I'*°(Z, Hom(|N Z|, E| z)).
In this case, if pjz is identified with pp ® py ® pr where pp € T'°(Z, E*),
pz €T°(Z,|NZ|) and py € T'*°(Z,|TZ|), then we can form a smooth section
o(pn) of Ejz given at z € Z by 0(2)(pn(2)), and pair it with pg. The value
of §z , on p is then given by

(07.0:0) = /Z (o (o)) pz. (1.35)

<

Remark 1.6.4. As a convention, we set the d—section associated to the empty
submanifold to be the trivial generalized section assigning 0 to every section.
<

Remark 1.6.5. The support of a d—section dz , coincides with supp(o) C Z. <

Ezample 1.6.6. The d—function §, on R™ (Example 1.3.16) can be seen as a
d—section of the trivial bundle. The corresponding submanifold is the point

15Notice that a properly immersed manifold is automatically properly embedded.
16We should stress that although pg, py and pr are not uniquely determined, the value
of pg ® pN ® pr is canonical since the isomorphism (1.33) is.
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{a}. The normal bundle is the whole tangent bundle, whose densities are
generated by the Lebesgue density. Hence, the symbol of 4, is |dzy ... dx,|*
the dual element of the Lebesgue density. O

)

Remark 1.6.7. On a generic manifold M, there is no canonical density and
therefore there is no canonical d—function at a point x € M. We need to
specify its symbol, which is given by a dual density at the point — which can
be specified by a choice of a basis of the tangent space at that point. <

Definition 1.6.8. Let E — M be a vector bundle over a manifold M. A
d—density of E is a —section of the vector bundle E* @ |TM].

1.6.2 Pullback of a j—section

The following computation of the pullback of the j—function is a useful exer-
cise to get more familiar with the calculus of d—sections and the splitting of
densities.

Ezample 1.6.9. Let M = R™, N = R" and h : M — N a smooth map.
Consider the smooth map

H:MxN—=R"; (z,y) = y— h(x)

We denote by x, y and w the coordinates on M, N and R™ respectively, and
by |dz|, |dy| and |dw| the corresponding Lebesgue densities. Since H is a
submersion, we can form H*d, where ¢ is the d—function on R”. Let us compute
the value of H*¢ on the density u(x)v(y)|dzdy| of M x N for some u € D(M)
and v € D(N). By definition of the pullback,

(H"0, u(x)v(y)|dzdy|) = (6, H. (u(x)v(y)|dzdy|)) =: c,
where ¢ € C is such that H, (u(z)v(y)|dzdy|)(0) = c.|dw|(0). Let
Z:= H1({0}) = {(,5) € M x N | y = h(z)} = graph(h).

We have to identify the density |dz| on Z such that, for each z € Z, |dz|(z) ®
|dw|(0) corresponds to |dxdy|(z) through the isomorphism (1.27). Since

|dxdy|(z)((1,0), (07 1)) =1
= ((gr™1)"(Idz]))(2)(1,0) . [dw|(0) (Hx, (o (0,1))
where
gr: M = Z CMxN; xw (x,h(z)),

we have that |dz| = (gr=1)*(|dz|). By definition of the pushforward of a smooth
density, H. (u(z)v(y)|dzdy|)(0) is the integral over Z of (gr=')*(|dz|) @ |dw]|(0),
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c= /Z prig(w) . priy(v). (gr=")"(|dz]) (1.36)
= / gripri,(u) . gr*pry(v) . |dz| = / (voh).ul|dx|
M M

This is usually written more suggestively as (H*0)(z,y) = 6(xz — h(y)), i.e.

[ o) v dy = [ 5~ b)) oly) dy = o(h(e).
N N

Finally, equation (1.36) suggests that H*d is itself a §—section along the sub-
manifold Z. This is indeed the case, as we shall see in this section. O

We have seen that for a generalized section, its pullback by a submersion can
always be defined. For J—sections, this definition can be extended to more
general maps, which is what we will now carry on. Let us first recall the notion
of transversality which in some sense generalizes the notion of regular values
of a smooth map.

Definition 1.6.10. Let h : N — M be a smooth map between two manifolds,
and Z C M an embedded submanifold of M. We say that h is transverse to Z
if for every y € h=1(2):

ThipM = Ty Z + ha, (TyN).

Remark 1.6.11. We follow here the general convention of saying that if h=1(2)
is empty, then h is trivially transverse to Z. <

Remark 1.6.12. A submersion is transverse to any embedded submanifold. <

The following theorem follows from the Preimage Theorem for submersions.
We refer to [Leel3] for a proof.

Theorem 1.6.13. Leth : N — M be a smooth map between two manifolds that
is transverse to an embedded submanifold Z C M. Then, h=1(Z) is an embed-
ded submanifold of N. Furthermore, if h=1(Z) is not empty, the codimension
of h“Y(Z) in N is the same as the codimension of Z in M.

Now let us turn to the pullback of a d—section. Let £ — M and FF — N
be vector bundles over manifolds M and N, Z C M be a properly embedded
submanifold and h = (h,r) be a geometric morphism from F to E such that
h: N — M is transverse to Z.

Let W := h=}(Z). It is an embedded submanifold of N by Theorem 1.6.13
and it is also properly embedded since Z is. The key point is that, since h
is transverse to Z, it induces an isomorphism between the normal bundle of
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Z and the normal bundle of W. This naturally gives a geometric morphism
from Fly @ [INW|* to E|; ® |[NZ|*, which allows to pullback the symbol of any
d—section of E along Z to a symbol of a j—section of F' along W. Let us see
how this works. For any y € W, the map h,, : TyN — Ty, (M) induces a
map

which is surjective since T,y (M) = (ha,)(TyN) + Tp(,)(Z) by transversality

of h. Its kernel contains Ty, W because (h.,)(T,W) C T, (Z). Therefore, we
get a surjective map:

iL*y : NyW ~ TyN/TyW — Nh(y)(Z) ~ Th(y)(M)/Th(y)(Z).

It is in fact an isomorphism since N, W and Nj,(,)(Z) have the same dimension
because the codimensions of Z and W are equal by Theorem 1.6.13. By Lemma
1.2.7, this induces an isomorphism |ﬁ*y\ between densities, and we denote its
dual by

~

|, | ¢ [N (2)[F = |N,2W . (1.37)

We can now define a section 7 of Hom(h*(E|z ® [INZ|*), Fiw @ [INW[*) given
at y € W by

7(y) = rz(y) @ |hs, " (1.38)
The following Lemma shows that this section is smooth, so it defines a geometric
morphism h = (h,7) from Fjyy @ [INW[* to Ejz ® [NZ]|*.

Lemma 1.6.14. Within the previous setting, h = (h,T) defined by the formula
(1.88) is a geometric morphism from Flyy @ [INW|* to E|z @ |NZ|*. Therefore,
for any é—section 6z, of E along Z with symbol o € I'>® (Z, Ez® \NZ|*),
5h—1(Z),ﬁ*(o) is a well-defined §—section of F along the submanifold h=*(Z).
Proof. Let (y1,-..,yn) be local coordinates on an open set V' C N such that
h=1(Z)NV is described by y; = - - = y;, = 0, and local coordinates (1, ..., Z,)
on an open set U C M such that h(V) C U and ZNU is given by 1 = -+ =
xr = 0. Then, |[NZ|* is spanned by |dx; ...dxg|*, INW|* by |dy; ... dyg|* and
the isomorphism (1.37) maps |dz; ... dzg|* to

1 *
m|d’y1 dyk| ,

where Jacl,i denotes the partial Jacobian of h:
Jacf = det : :

This shows that 7 is indeed a smooth section. Let dz, be a d—section of E
along Z with symbol o € I'® (Z, E|; ® [NZ|*). Then, h*(0) is a well-defined
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symbol on h=1(Z). For a later use, let us give an explicit expression of it. The
symbol ¢ has the form s ® [dx; ...dxy|* for some smooth section s of E)|z, so,
fory e WNV, we have

B (0)(y) = (riz(y) @ b, [0 (hy)) € F, @ |N,W[*
r(y)(s(h(y))) (1.39)

= = "2 R |dy1 e dyk;|*.
| Jac (y)|
That is the local expression of the d—section 5h,1(Z)7&*(0) which we shorten by
writing
= r(soh .
h*(0) = ( k)®|dy1...dyk| . (1.40)
‘Jach|

O

Lemma 1.6.15. Within the previous setting, if we suppose in addition that
h is a submersion, then the pullback ﬁ*(éz’g) coincides with the §—section

On-1(2) k()"

Proof. Let us take some local coordinates as in the proof of Lemma 1.6.14.
Because h is a submersion, we can take them to be such that the local expression

of h is
h(yrs o yn) = (Y155 Ym)-
Let p € D(N, F* @ [T N|) supported in V. It has the form
p=1®|dyi...dyx| ® |dykt1 ... dyn|

for some smooth section of compact support [ of F*. The symbol ¢ has the
form s ® |dwxy ... dwg|* for some smooth section s of Ejz. By definition of
a §—section and the formula (1.40) for the symbol of 6,1 ) j-(,), We have

(notice that |Jacy| = 1):

(Oh-1(2),1% (o) P)
= / (Iyr(soh)y.(|dyy ... dyx|",|dy1 . .. dyx|) -|dyg+1 - - - dyn]|

_ /(z,r(s o)) |dypsr .. dyn.

On the other hand, the definition of the pushforward of p by h leads to

hopi= (/ r*l.|dym+1...dyn|) © |der ... dwy| € D(M, E* ® [TM]).
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By definition of the pullback by a submersion, we thus have
<ﬁ*(5Z,a)7 p> = <§Z,Ua ﬁ*p>

:/</ r*l.|dym+1...dyn|,s>.(|d331...da:k|*,|dx1...dxk|>.|da:k+1...da:m|
://(l,r(SOh)>.|dym+1...dyn||dyk+1...dym\

— [ [t om) lag .. dml.
This indeed coincides with the value of <6h*1(Z),ﬁ*(a)7 p>. O

The two previous results suggest a way to extend the definition of the pull-
back of d—sections to more general maps than submersions. Notice that in
the following, we will write A instead of h since it should not introduce any
confusion.

Definition 1.6.16. Let E — M and F — N be vector bundles over manifolds
M and N. Let 0z, be a 6—section of E along a properly embedded submanifold
Z C M with symbol o € T (Z,E|z @ INZ|*). Let h = (h,r) be a geometric
morphism from F to E such that h : N — M is transverse to Z. The pullback
h*(0z,0) of 62,6 by h is the d—section 6p-1(z) p* (o)-

Remark 1.6.17. By Remark 1.6.5 and (1.40), the support of the pullback is

supp (h*(62,5)) = h™(supp(c)) = h™ " (supp(dz,0)). <

The following lemma shows that the pullback of §—sections behaves as expected
with respect to the composition of geometric morphisms.

Lemma 1.6.18. Let E — M, F — N, G — L be vector bundles over man-
ifolds M, N and L. Let 07, be a 6—section of E along a properly embedded
submanifold Z C M with symbol o € T (Z,E|; ® [INZ|*). Let hy = (hy,r1)
be a geometric morphism from F to E such that hy : N — M 1is transverse to
Z, and hy = (ha,r2) a geometric morphism from G to F' such that ho : L — N
is transverse to h7*(Z). Then, (hy o hy) is transverse to Z, and

(hy 0h2)"(0z,0) = hy" by (02,0)- (1.41)

Proof. Let z € Z, y € L such that (hi(h2(y)) = z and X € T,(M). Then,
since h; is transverse to Z, there exists Xz € T.(Z) and Y € Tj,(,)(N) such
that X = Xz + (h1)s,,, (Y). Since hy is transverse to hi'(Z), there exists
Y1 € Thy(y) (k11 (Z)) and Yy € Ty(L) such that Y = Y3 + (hs)., (Yo). Therefore,

X =Xz + (h1)s,,,, (Y1 + (h2)s, (Y0))
= Xz + (h1)s,,,, (Y1) + (h1 0 ko)., (Yo),
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which shows that (hy o hg) is transversal to Z because (hq) ) eT.(Z

*ho (y)

).
(h10h2)*(0z,,) is thus a well-defined d—section, whose symbol is (hy0hy)*(0) =
hy*h,*(0) (since these are pullbacks of a smooth section), which shows (1.41).

O

1.6.3 Pushforward of a )—density

We have seen in Section 1.5.4 how to pushforward generalized densities, that is,
generalized sections of F* ® |TN| for F — N a vector bundle over a manifold
N. In the case of a §—density, we can describe its pushforward in terms of
its symbol. Also, we will show that the pushforward of a d—density by a
submersion gives a smooth section.

Proposition 1.6.19. Let E — M and F' — N be vector bundles over mani-
folds M and N and h = (h,r) a geometric morphism from F to E. Let 0z, be
a 6—density of F (that is, a 6—section of F*®|TN|) along a properly embedded
submanifold Z C N with symbol o. Suppose that hisupp(o) s proper. Then,

h,(0z,0) = (Byz)+(0), (1.42)
where, on the right hand side, o is considered as a (smooth) generalized section
of (Fiz)* ®|TZ|.

Proof. First, let us make sense of formula (1.42). The symbol o is a smooth
section of the vector bundle
(F*@|TN|) )z @ |NZ|" ~ (Fz)" @ |TZ|® |[NZ|® |[NZ|*

(1.43)
(Fz)" ®|T'Z|,

1

so it can be seen as a smooth generalized section of (Fjz)* ® |T'Z|, which can
be pushforwarded by h, using formula (1.29). Because the support of 7, is
supp(c), the condition that h|s,pp (o) is proper ensures that the pushforward is
well-defined.

Now let us evaluate h,(dz,) on a compactly supported section p of (E* ®
|[TM|)V ~ E. By definition of the pullback, we have (h,(dz.5),p) = (0z.5,L"p).
Under the identification (1.43), we have:

(62017 p) = /Z (0. (h"0) 2)

where (o, (h*p)|z) denotes the pairing (1.17) of the first component of o with
(h*p)|z, which gives a density on Z. This last integral is (o, (h*p)|z), the
evaluation on (h*p)|z of o seen as a generalized section. Since (h*p)|z =
(hz)*p, it coincides with the definition of the pullback of o. O
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The following result gives conditions for the pushforward of a §—density to be
smooth.

Proposition 1.6.20. Let E — M and F' — N be vector bundles over mani-
folds M and N. Let 6z, be a d—density of F. Let h = (h,r) be a geometric
morphism from F' to E such that hispp (o) is proper. Then h,(0z,,) is smooth
at every reqular value of h|z. More precisely, for every reqular value x € M of
hyz, there exists an open neighbourhood U C M of x such that h,(0z.s)u is
smooth. In particular, if hyz is a submersion, then h,(6z,) is a smooth section
of E*® |TM]|.

Proof. Let x € M be a regular value of k7 and denote g := hz and g := ;.
Notice that gjsupp(s) 1S proper since Z, being properly embedded, is closed in
N.

First, let us show that, because g|supp(s) 15 proper, there exists an open neigh-
bourhood U of = such that every point of supp(c) Ng~1(U) is a regular point
of g. Indeed, if it is not the case, one can find a sequence x,, — x in U and a se-
quence {yn tnen C supp(o) such that g(y,) = x, and y, is a singular point of g.
Since K := {2y, }nenU{z} is compact and gjsupp(o) is proper, g Y (K)Nsupp(o)
is compact and there is a convergent subsequence y,, — y. By continuity,
g(y) = x, so y must be a regular point. We therefore have a sequence of singu-
lar points converging to a regular point, which contradicts the fact that being
a regular point is an open condition.

Next, since being a regular point is an open condition, there exists an open
subset V containing supp(c) N g~ (U) such that 9 is a submersion. Then, if

we define V := ¥V N g }(U), Lemma 1.5.15 imply that

(Q*U)w = (QW)*(UW)-

Therefore, since gy is a submersion, it follows from Remark 1.5.12 and Propo-
sition 1.5.5 that (Q*U)IU is smooth. By Proposition 1.6.19, this finally implies
that (h,(dz,0))|v is smooth. O

We end up our considerations about the calculus of §—sections with a result
about the commutation of pullback and pushforward. It should be interpreted
as an instance of “integration commutes with restriction”. The key point of the
proof is to work with the symbol of the d—section, which is easier to manipulate
thanks to the previous results.

Proposition 1.6.21. Let M, N and Q be manifolds, f : M — N a smooth
map and Z C Q X N a submanifold. Consider the following commutative
diagram:

M LN

Tt Tp
WcQxM L QxN>Z,
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where:

e T:QXM—Mandp:Q x N — N are the projections onto the second
components;

o g:=idx f and W := g~ (Z).
Let E— M and F — N be vector bundles. Suppose that:
1. g 18 transverse to Z;
ii. p|z 18 a submersion;
wwi. f is proper;
w. f*(F*®|TN|)~E*®|TM)|.

Then, at the level of the vector bundles, we have the following commutative

diagram!”

E* @ |TM)| AN F*®|TN|
rt tp (1.44)
™ (E)* @ |T(Qx M)| = p*(F)*®|T(Qx N)|,
and for every d—section 0z, of the vector bundle p*(F)* @ |T(Q x N)| along Z

and of symbol o, such that pisupp(o) 8 proper, f*p«(dz.) and 7. g*(0z,,) are
well-defined smooth sections of E* @ |[TM| and

[ 0:(02,0) =T 9" (02,5)- (1.45)

Proof. Let us first notice that, because of the definition of 7, p and g, for every
subset A C M, we have that

g(m=H(A)) = p~ 1 (f(A), (1.46)

which we will use later on. Also, for every (q,z) € Q x M, we have:
g (0" (F) 2 [1(Q x N)|) .y ~ (0" (F) ©1T(Q X M) g 50
~ F*p(0) @ [TQlq @ [T'N|y(a)
~ f*(F*®|TN|), ®|TQl, (1.47)
~ (E*®[TM]), ® |TQl

~ (w*(E*) @ |T(Q x M)| )(q,x)’
which justifies the diagram (1.44). Let us now verify that both generalized
sections in (1.45) are well-defined. Since pisupp(o) is proper and pz is a sub-
mersion by assumption, Proposition 1.6.20 implies that p.(dz,) is a smooth
section of F* @ |[T'N| and the pullback by f gives a smooth section f* p.(dz,)
of f*(F*®|TN|) ~ E* @ |TM|.

17The geometric morphisms associated to each arrows are the natural ones between a vector
bundle and its pullback bundle as mentioned in Remark 1.4.7.
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On the other hand, since g is transverse to the properly embedded submanifold
Z, W is a properly embedded submanifold by Theorem 1.6.13, and ¢*(dz,,) is a
d—section along W of the vector bundle g* (p*(F*) ® [T(Q x N)|) ~ 7*(E*) ®
|T(Q x M)|. To show that g1 (supp(s)) 18 proper, let K C M be a compact
subset. Then, f(K) is compact by continuity of f and p~1(f(K))Nsupp(o) also
by the properness of pjsupp(o), and it is equal to g(m~1(K))Nsupp(c) by (1.46).
Since f is proper, g is also proper, and 7=1(K) N g~!(supp(c)) is compact,
which proves the claim. We have in addition that | is a submersion. Indeed,
let (g,z) € W C Q@ x M and X € T,M. By definition of W, (g, f(z)) €
Z and, since p|z is a submersion, there exists Xz € T(qyf(m))(Z) such that
Prg oy (X2) = fu, (X). By writing g r(2))(Z) C Ty(Q) X Tf(4)(N), Xz must
be of the form (Y, f. (X)) for some Y € T,Q. Then, (Y, X) € T4, (W) and it
is such that m, (Y, X) = X, which shows that 7y is a submersion. Putting
everything together, Proposition 1.6.20 implies that . ¢*(dz ) is a smooth
section of E* @ [T M|.

In order to finally show that the two sections coincides, we will track how the
symbol of 7, is transformed under the various operations. Let x € M. Since
p«(0z,5) is a smooth section, f*p.(0z,,)(z) = p«(dz.-)(f(x)), which, by (1.42),
is given by integration of o along the fibers of p|z, that is:

£ p.00z0)0) = [ o (1.48)
P {f(x))nZ
On the other hand, by (1.42) and the definition of the pullback of a §—section,

m g (0za)(e) = [ ¢o

=1 ({z})NW

= / (j’7
g(m=1({z})NW)

where we have used (1.47) and the change of variable formula. (1.46) finally
gives the equality with (1.48). O

1.7 Pullback by a geometric morphism of vector
bundles

We will now compute the kernel of the operator corresponding to the pullback
by a geometric morphism of vector bundles. We will see that it is given by a
d—section, and identify its symbol. After introducing a transversality condition,
we will then be able to define some “trace” for those operators.

Recall that given a smooth map h : M — N between manifolds, its graph is
defined by
graph(h) := {(z,h(z)) |z € M} C M x N.
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Also, we will denote by pry; : M x N — M and pry : M x N — N the two
projections onto each component.

In order to keep notations simple, we first focus on the case of the pullback by
a smooth map.

Proposition 1.7.1. Let h: M — N be a smooth map between manifolds and
denote by P : D(N) — D'(M) the general operator induced by the pullback (see
Ezample 1.4.4)

h*: E(N) = E(M).

Then, the kernel of P is a d—section of the vector bundle priy (|[TN|) — M x N
along the submanifold Z := graph(h) with a symbol o € T°°(Z,pry(|TN|);z ®
INZT7).

Proof. According to the Schwartz kernel theorem!®, the kernel of P is an

element of D'(M x N,pri (|[TN|)). We will first identify a d—section k of
priy(ITN|) along Z, and then verify explicitly that it is the kernel of P. No-
tice that it makes sense to define a §—section along Z since, as the graph of a
smooth map, it is a properly embedded submanifold of M x N.

The proof is mainly a matter of correctly identifying the splitting of a density
on M x N as a tensor product of densities on Z and NZ, as well as on M and
N. Let z = (z,h(x)) € Z. We have the two decompositions

T.(M x N) = Th(x)N@TzM,
T. MxN)=N,Ze®T.Z,

to each of which corresponds, by Lemma 1.2.6, a canonical isomorphism:

IT.(M x N)| ~ |N.Z| @ |T.Z|. (1.50)

The diffeomorphism
gr: M = ZCMXN; zw (x,h(x)).
induces an isomorphism of vector spaces
ar (T M S5 T.Z; (X, ha (X)),
hence, by Lemma 1.2.7, an isomorphism |gr, | : |T,M| = |T.Z|.

Then, for every A1 € [Thp)N| and Xy € [T, M|, there is a unique density
in |[N.Z|, that we denote by |j.|(A1), such that the elements \; ® Ay and

18We should note that the kernel theorem is in fact not really needed here because we will
explicitly compute the kernel of P. However, we still refer to it since we think it gives some
more insight into the proof.
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l7:](A1) ® |gr,, |(A2) have the same image under the isomorphisms (1.49) and
(1.50). This defines an isomorphism

We can explicitly compute that it is induced from the isomorphism
Jz : Th@yN = N.Z; Y — [(0,Y)] .29 (1.51)

We define the symbol of our §—section k as the section o of the vector bundle
Hom(|NZ|,pry (|TN|),z) over Z given by o(z) := |j.|~*. Before showing that
this section is smooth, let us see that k& indeed gives the kernel of P.

Let ¢ € D(N) and ¢ € D(M, |TM]|). By definition of the operator Py associ-
ated to the kernel k (see Example 1.4.12), we have:

(Prp, ) := (k,prye . priviio @ (Prypo @ prisy)),

where p is any non-vanishing density on N, [iy is the corresponding dual
density and (pri o ® pri v) is considered as a section of |T'(M x N)| through
the isomorphism (1.49). When restricted to Z, this section canonically gives a
section of the bundle |NZ| ® |T'Z| over Z through the isomorphism (1.50). By
the compatibility between |j.| and |gr, |, this section is given at a point z € Z
by

71 (privo(2)) @ gr,, [(priyv(2)) = o(2) " (privpo(2) @ ((gr~") ") (2). (1.52)

By definition of a §—section (equation (1.35)), we therefore have
(k, privep . priviio ® (privio ® prisy))

= [ Grive)) - (o) (). o) () rivm (1)) - (7)) (2
= [ trien)) - (o)
= / (gr'prive)(x) . ¥(x) :/ (poh). .9,

M M

19Indeed, let (e1,...,em) be a basis of Tx M and (f1,..., fn) be a basis of Tj(,)N and

denote p := |de1 ...den| € |[TeM| and A := |df1,...,dfn| € [T}, ;) N| the densities that are
equal to 1 one those bases. Then b := ((e1, hx, (€1)), ..., (€m, hxy(em)), (0, f1),. .., (0, fn))
is a basis of T> (M x N) and, by the proof of Lemma 1.2.4, the evaluation on b of the image
of [j2[(A) ® |gr, (1) under the isomorphism (1.50) is

(1321(3) @ lgrs,, [(1)) (B) := 15=[(A) ([0, 1)) - -, [(0, fn)])

Jeri, () ((e1, by (€1)), - -5 (€m, har,y (€m))

=M(f1,- -5 fn))pl(en, .. em)) = 1.
On the other hand, since b is related to the basis ¢ := ((e1,0),. .., (em,0), (0, f1),..., (0, fn))
by a matrix of determinant 1, the image of A ® u under the isomorphism (1.49) evaluates as:

A @p)b) =A@ p)(c) =A(f1,---, fn))-pl(er,. .., em)) =1,

which proofs the claim.
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where, to get the last line from the previous one, we have performed a change of
variables using the diffeomorphism gr : M = Z. This last expression coincides
with the value (1.21) of (P, ), so k is indeed the kernel of P.

Finally, let us get back to the symbol ¢ and show that it is smooth by giving a
local expression that will be useful later. Let (1, ..., 2,,) be local coordinates
on an open neighbourhood U C M of = and (y1,...,yn) local coordinates on
an open neighbourhood V' C N of h(x). Denote by

(hl(xh s 7xm)7 LRRE hn('rh s 7$M))
the expression of h in those coordinates. Then,
(ur :=y1 — h1(z1, -, Tm)y e oy U = Y — A (Z1, oy T ), 1,y ooy Tan)

gives local coordinates on U x V. C M x N such that Z is described by the
vanishing of the first n coordinates. |NZ| is generated by |duy ... du,|, and, by
equation 1.51, |j,| maps |dy; ... dyn| to |du; ...du,|. Therefore, as an element
of |[TN|® |NZ|*, the symbol is

0(2) = 127V = |dyn .. dyn| © |dus ... dun ", (1.53)

which is clearly smooth. O

We can now generalize this result to vector bundles. Since the delicate point of
identifying densities has already been carried on in the previous proof, there is
nothing really new. It is mainly a matter of carefully introduce tensor products
with sections and homomorphisms of £ and F where they should be.

Proposition 1.7.2. Let E — M and FF — N be vector bundles over two
manifolds M and N. Let h = (h,r) be a geometric morphism from E to F
and denote by P : D(N,F) — D'(M, E) the general operator induced by the
pullback (see Example 1.4.8)

h*:E(N,F)— E(M,E).
Then, the kernel of P is a d—section of the vector bundle
Hom(priy F, pry, E) @ pry(|[TN|) — M x N
along the submanifold Z := graph(h) with a symbol
o € I (Z,Hom(pry F,pry, E) z @ Hom(INZ|, pry (|TN|)z)) -
The support of this —section k is given by

supp(k) = {(z, h(z)) | © € supp(r)} C graph(h). (1.54)
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Proof. The proof follows pretty much the same line as the previous one. Ac-
cording to the Schwartz kernel theorem, the kernel of P is a generalized section
of the vector bundle over M x N

EX FY ~ Hom(pry F,pri, E) ® pry(|TNJ),

which we will identify as a d—section k along the properly embedded subman-
ifold Z of M x N.

Its symbol must be a section of the vector bundle over Z

(Hom(pr F, priy E) ® priy(ITN))),, @ INZ]"
~ Hom(pry F, pry, )|z ® Hom(|NZ|, pry (|TNJ)|z).
Let z = (z,h(z)) € Z. As in the proof of Proposition 1.7.1, we get an isomor-

phism
71 £ IN2Z] = [ Tho) N

The fiber at z of Hom(priy F, pry, E)|z is
(Hom(pry F, pri, B) z) , =~ Hom ((0ry F) (@.n(2))> (P73 E) (2,h(2)))
~ Hom(Fp (s, Ez).
From the geometric morphism h, we get such a homomorphism as the element
7(x) : Fz) — By

All this allows us to define the symbol of our d—section k as the section o of
the vector bundle

Hom(pry F, pry, E) |z ®@ Hom(|NZ|, pry (|TN|) z) — Z

defined at z by

o(z) == r(pry(2) @ 717 (1.55)
|~! is smooth in z and since
r is a smooth section, o is also smooth. From (1.55), we also get that the

We have shown in the previous proposition that |j,

support of k is given by (pr,,;)~!(supp(r)), which coincides with (1.54).

Finally, to see that k indeed coincides with the kernel of P, let us follow Exam-
ple 1.4.13 and take ¢ € D(N, F) and ¢ € D(M, E* ® |TM|). 9 can be written
as P = 11 ® ¥ with ¢»; € D(M, E*) and 9 € E(M,|TM]|). The value of the
operator Py associated to the kernel k is then given by equation (1.26):

Pi(o)(¥) := (k, priye @ prisv1 @ pryfio @ (Pryio @ prasia)),

where pg is any non-vanishing density on N, [io is the corresponding dual
density and (priypo ® pri,i2) is considered as a section of |T'(M x N)| through
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the isomorphism (1.49). To evaluate k from its definition as a d—section, we
proceed as in the previous proof, relying on equation (1.52):

(k. prye @ prise1 ® pryfio ® (privio ® priyte))
= /Z ((prign)(2), m(prag(2)) (Prive)(2))

- ((orviio) (), 11 (5= (privio(2)))) - ((gr™)*2)(2)
=/Z ((pragn) (), 7(prag (2)) (rave) (2)) - ((8r7) 2)(2).

Changing variables using the diffeomorphism gr : M =3 Z leads to

< prig ) (gr(@)), r(pras (gr(2))) (prive) (gr(@))) - (gr(sr™") ¢2) ()

\

= / 2)(p(h(2))) - ()
M
_ /M @) vaw) = [ W),
Where (+,-) denotes the pairing (1.17). This is indeed the expression (1.22) for

O

Definition 1.7.3. Let h : M — M be a smooth map on a manifold M. A
point p € M is said to be a simple fixed point if it is a fized point of h (i.e.
h(p) = p) such that det(id — h.,) # 0.2

Lemma 1.7.4. Let h : M — M be a smooth map on a manifold M. Then,
the diagonal map A : M — M x M ; x — (x,z) is transverse to graph(h) if
and only if all the fixed points of h are simple. Furthermore, in this case, all
the fixed points of h are isolated.

Proof. First notice that a point p € M is in A~!(graph(h)) if and only if
(p,p) = (p, h(p)), that is if and only if it is a fixed point of h. Let p € M be a
fixed point of h. We have

T(p,p)(graph(h)) ~ {(X, hi, (X)) | X € TpM} ~ T,M,
A, (T,M)~{(Y,)Y)|Y € T,M} ~T,M.

To say that A is transverse to graph(h) is to say that these vector spaces must
span 1{;, ) (M x M). Because they both are of dimension dim(M ), this is equiv-
alent to their intersection being {0}. This is in turn equivalent to the linear
map (id — hs,) : T,M — T, M being injective, hence invertible, which is the
condition for p to be simple.

Regarding the second part, if A is transverse to graph(h), Theorem 1.6.13

20Here, id : TpM — TpM denotes the identity map. Since p is a fixed point, we have
hyp, : TpM — Tp M, so the condition is well-defined.
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implies that A~!(graph(h)), the set of fixed points of h, is an embedded sub-
manifold of M of codimension dim(M), that is, a union of isolated points. [

Proposition 1.7.5. Let E — M be a vector bundle over a manifold M. Let
h = (h,r) be a geometric morphism from E to itself. Let ky, be the kernel of
the general operator induced by the pullback by h (see Example 1.4.8). Let us
denote by A: M — M x M;x — (x,2) the diagonal map and by @ : M — {*}
the projection onto a point. Suppose that all the fized points p € M of h are
simple and that Tr (r(p)) # 0 for only a finite number of them.

Then, the quantity w, Tr A* kj, is well-defined and

Tr(r(p)

AT = D [det (id — h,, )|’

p=h(p)

(1.56)

where the sum is over the fixed points of h.

Remark 1.7.6. The sum in (1.56) always has only a finite number of nonvan-
ishing terms, even if h has an infinite number of fixed points, because of the
hypothesis that Tr(r(p)) # 0 for finitely many of them. Notice that this condi-
tion is trivially always verified if h has a finite number of fixed points. It is also
the case if M is compact since, all the fixed points being simple, they must be
isolated by Lemma 1.7.4, hence in finite number. <

Proof of Proposition 1.7.5. Let pr; : M x M — M be the projection onto the
ith component. By Proposition 1.7.2, kj, is a §—section of the vector bundle?!

F := Hom(pryE,priE) @ pra(|TM|) - M x M

along the submanifold graph(h). To pullback by A, we need to define a geo-
metric morphism that “enhances” A with a vector bundle morphism from A*F'
to some vector bundle over M. Since pr; o A = pry 0 A = idys, we have in fact
that

A*F ~Hom(E,E) ® |[TM|.

We still denote by A the associated geometric morphism. Because all the fixed
points of h are simple, Lemma 1.7.4 implies that A is transverse to graph(h), so
we can pullback k, by A using Definition 1.6.16. This gives a d—section of the
bundle Hom(E, E) ® [T M| along the submanifold W := A~!(graph(h)) C M,
which is the set of fixed points of h. At each p € W, the symbol of A* ky,
is an element of Hom(E,, E,) ® |T,M| ® |N,W|*. Taking the trace of the
homomorphism gives a symbol of a d—section of |T'M| along W that we denote
Tr A* ky,. Its support is exactly the set of fixed points p such that Tr (r(p)) # 0,
which is finite by hypothesis. Therefore, Tr A* kj, is compactly supported and
we can pushforward it by 7, to get the well defined number 7, Tr A* ky,.

21We denote by pr; : M x M — M the projection onto the ith component.
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To compute this number, let p € M be a fixed point of  in supp(Tr A* k), that
is, such that Tr (r(p)) # 0. Let (x1,...,2,,) be local coordinates on an open
neighbourhood U C M of p. Denote by (hi(21,...,Zm)s- -, hm(T1, ..., Tm))
the expression of h in those coordinates. Then,

(ur :=y1 — hi(T1, -, Tm), oy U = Ym — A (X1, oy T )y T1y e oy Tan)

gives local coordinates on U x U C M x N such that Z is described by the
vanishing of the first n coordinates.?? We know from equations (1.53) and
(1.55) that the symbol of ky, is 7(z) ® |dy; . .. dyn| ® |duy . . . duy|*. To pullback
by A, we notice that

ATy, ..y Tm)
=(x1—h(T1, s Tm)y oy T — A (T, o ) Ty e oy )

and that N,W =T, M. From the proof of Lemma 1.6.14 and equation (1.40),
we compute that the symbol of A* kj, at p is

r(p) ® |dzy ... dxy,|
|det (id — h.,)|

® |dy ... dx,|* € Hom(E,, E,) @ |T,M|® |T,M|*.

Taking the trace gives Tr(r(p)) |dzy . . . dz,|®|dzy . . . dzy|*, a —section of |T M|
over the fixed points of h. 7 being a submersion, Proposition 1.6.20 implies
that the pushforward 7, Tr A* kj, is a smooth density given by integration over
the fiber. In this case, the fiber is the submanifold associated to the d—section.
Integration is thus given by the sum over the fixed points p of the pairing of
|dxy ... dxy|* with Tr(r(p)) |dxy ... dz,|, which leads to the expected identity
(1.56). As already noticed in Remark 1.7.6, we can extend the sum to all fixed
points of h since Tr (r(p)) = 0 for the additional ones. O

Remark 1.7.7. We have seen in Lemma 1.5.17 that if k is the kernel of a smooth
operator P such that A*k is compactly supported, then P is smooth-traceable
and tr (P) = 7. Tr A*(k). The previous result suggests thus to interpret the
operation 7, Tr A* as a generalized trace for pullback operators. However, we
should mention that this analogy should be taken with care. Indeed, even
when the pullback by h extends to a bounded operator on the intrinsic Hilbert
space of square-integrable sections on M, it is usually not trace-class, although

7 Tr A*(ky) is well defined. <
22Here, (x1,...,%m) are understood to be defined on the first component of U x U, while
(y1,-..,ym) denotes the same coordinates as (z1,...,Zm), but defined on the second com-

ponent of U x U.
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1.8 Distributional trace of a family of geometric
morphisms

1.8.1 Pullback by a family of geometric morphisms

Let M and @ be two manifolds, and suppose that we have a smooth map 23

T:MxQ—=Q; (x,q) — 12:(q).

This gives a family {Q(z)},ecar of continuous linear operators on £(Q) given,
for every x € M, by

Qz): E(Q) = EQ); ¢ = oty

Then, for every compactly supported smooth density p € D(M,|TM|), we can
form the continuous linear operator

Qp):E(Q) = E(Q); ¢ M(Q(Jf)w) p(x),

which is explicitly defined as (Q(p)p) (¢) = [y, ¢(72(q)) p(x). According to
the discussion in section 1.4, Q(p) induces a general operator D(Q) — D'(Q).
The goal of this section is to show that, under some conditions, it is a smooth
operator (that is, its kernel is a smooth density k, on @ x Q). If in addition,
it is smooth-traceable, we can define the distributional trace as the linear map

trg:D(M) — C; p—tr(2(p)).

We will show that it is a generalized function on M and express it by giving
an explicit formula for the smooth trace [, 0 k,(q,q) in terms of the fixed points
of 7.

We will in fact work in the more general setting of a family of geometric mor-
phisms of a vector bundle £ — @ over ). To motivate the next definition,
we would like to think of a family of geometry morphisms of E parametrized
by M as the datum, for each € M, of 7, = (7, 7), where 7, : Q — Q is a
smooth map and r,(q) : £, () — Eq is a linear map for each ¢ € Q. It would
be a smooth family if everything depends smoothly on z. This can be encoded
by the following definition.

Definition 1.8.1. Let M and Q) be two manifolds and E — Q) a vector bundle
over Q). Denote by pry : M X Q — @ the projection onto the second compo-
nent. A smooth family of geometric morphisms of E parametrized by M is a
geometric morphism from prs(E) to E. In other words, it is a pair T = (T,7),
where 7 : M X Q — @Q is a smooth map and r is a smooth section of the vector
bundle Hom(7*E, pry E) over M x Q.

23For instance, we can think about the case where M is a Lie group, and 7 is a smooth
group action of M on Q.
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Remark 1.8.2. Let us see that the definition gives what we would like. For each
x € M and g € @, we have

HOm(T*E7 prgE)(as,q) = Hom ((T*E)(os,q)v (pr;E)(m,q))
= Hom (E., (4, By) ,

so r;(q) is a linear map from E, (4 to E, as expected. <

Given a smooth family of geometric morphisms 7 = (7, ), we can build a family
of operators in the same spirit as before, and use it to associate an operator
on £(Q, E) to every compactly supported density on M. For each x € M, we
define a continuous linear operator Q(x) : £(Q, E) — £(Q, E) by the rule, for
p€&(Q,F) and g € Q:

(Q@)¢)(q) =r2(a)(¢(12(a))) € Eq (1.57)

Definition 1.8.3. Let M and Q be two manifolds, E — Q a vector bundle over
Q. Let T = (1,7) be a smooth family of geometric morphisms of E parametrized
by M. We call the operators {Q2(z)}rear defined by (1.57) the family of pullback
operators assoctated to the geometric morphism .

Then, to each compactly supported smooth density p € D(M, |TM]), we asso-
ciate the continuous linear operator

Q) E(Q.E) = E(Q.E) : 9 /Mm(x)so) ©px),  (158)

which is more explicitly defined, for ¢ € £(Q, E) and ¢ € Q, by

@)@ = [ r(0) (¢(7:(0) @ plo). (1.59)

M

The following hypothesis will turn out to be crucial for Q(p) to be a smooth
operator.

Definition 1.8.4. Let M and @ be two manifolds. A smooth map 7 : M xQ —
Q is locally transitive if and only if, for every (z,q) € M x Q, the linear map

TZ(M) - Tn(q)(Q) ; X T (2,q) (Xv O)
18 surjective.

Proposition 1.8.5. Let M and @ be two manifolds, E — @ a vector bun-
dle over Q. Let 7 = (7,7) be a smooth family of geometric morphisms of
E parametrized by M such that T is locally transitive. Then, for every p €
D(M,|TM]), the operator Q(p) : E(Q,E) — E(Q,E) defined by (1.59) is
smooth.
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Proof. Here is the outline of the proof. We first show that the integrand of
(1.59) corresponds to the pullback by a geometric morphism, whose kernel K, is
thus a —section. Then, we express the integration over M as the pushforward
by a projection w3, and we compute that the kernel of Q(p) is (mas)«(K,).
Finally, we show that mo3 is a submersion on the submanifold associated to the
d—section K,, which implies that (ma3).(K,), hence Q(p), is smooth.

Let us denote by pry : M x @@ — M and pry, : M x QQ — @ the projections and
consider the geometric morphism

1, = (1,1) (1.60)

from the vector bundle prj(E) & pri(|TM]) over M x @ to the vector bundle
E, where r, € Hom (7*(E), pr5(E) ® pri(|TM])) is defined, for (z,q) € M x Q
and v € E, (), by

7p,2(0)(v) := 12(q)(v) @ p(x).
Then, for every ¢ € £(Q, F), the pullback by 7
by:

oz 18 given at (z,q) € M x Q

(T, ) (@, q) = rp2(0) (@(12(q)) )
=712(q) (¢(12(a)) ) ® p(z),

which coincides with the integrand of (1.59). By Proposition 1.7.2, the kernel
of the corresponding general operator is given by a §—section, which we denote
by K,, of the following vector bundle over M x @ x (. Let m; denote the
projection of M x @ x @ onto the ith component, w12 : M X Q X Q — M x @
the projection onto the first two components and mo3 : M X @ X Q = Q X @
the projection onto the last two components. The vector bundle is

(1.61)

mia(pr3(B) @ pri(ITM])) © (w3(E))* @ =3 (17Q))
~ Hom (3 (E), w3 (E)) ® 7} (ITM]) © 73(1TQ).

We would like to pushforward K, by m23, which would correspond to integration
over M in (1.59). First, notice that the submanifold associated to the J—section
K, is Z := graph(r) C M x @ x Q and that the corresponding symbol has the
form

0p(2, 4, 72(q)) = r2(q) ® p(x) ® o (z, q), (1.62)
for some o € I'°(Z,Hom(IN Z|,73(|TQ|)|z).2* Therefore, since p has compact
support, ma3 is proper on supp(o,), hence on supp(K,). Then, let us write

Hom(73(E), 73(E)) @ 71 (|ITM|) @ m3(ITQ))
~ (Hom (3 (E), 5(E))  73(TQN))" & |T(M x @ x Q)|

24For a later purpose, notice that 7, (q) ® o (z, q) is the symbol of the §—section correspond-
ing to the kernel of the pullback by 7.
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Since the vector bundle
Hom (w3 (E), 75(E)) @ 75 (|TQ[) = M x Q x Q

is the pullback by a3 of the vector bundle (p; : @ X @ — @ denotes the
projection onto the ith component)

Hom (pi(E),p3(E)) @ pi(|TQ]) — Q x Q,
we have a natural geometric morphism my3 = (723, r23)
Hom (73 (E), 73(E)) ® m3(|TQ|) — Hom(pi(E), p3(E)) @ p; (|ITQ))

given by naturally identifying the fibers. We can thus pushforward K, by m,s
to get a generalized section of the vector bundle over @ x @

(Hom(pi(E), p3(E)) ®pi(ITQ)))" @ |T(Q x Q)]
~ Hom (p3(E), pi(E)) @ p3(ITQ)).

Let us see that (my3)«(K,) is the kernel of Q(p) : D(Q,E) — D'(Q,E) by
evaluating it on some ¢ € D(Q, E) and §® pug € D(Q, E* @ |[TQ|). We have

((mr93)+(Kp), p5(0) @ (p7(5) @ pI(1qQ)))
= (K, (m95)" (23 () @ 9} (5) @ 1} (k@) )
= (K,,m3(0) @ 75(5) @ my (fing) @ (71 (par) @ w5 (11q)) ) »

where s is some non-vanishing density on M and jips the corresponding dual
one. Then, by definition of K, as the kernel of the pullback (1.61):2°

(Kpyp @ (5@ fing) @ (s @ 1))

= /MXQ (8(0) ® fine (), 72(0) (2(72(0)) ) @ p(2)) (par(2) @ nq(q))
— /MXQ (5(0),r2(@) (0(72(9)) ) (ina (), p(2)) s () @ pp(q))
- / (3(0), () (#(72(0) ) (p(z) ® nq(q))

MxQ

-/ (sta). [ re@)(o(rla) o0) ) nota)
- /Q (5,20) (9) e

which is indeed the operator (p).

To see that the kernel (my3)+(K,) of Q(p) is smooth, let (¢,¢') € @ x @ and
(quaq/) € (7T23)71({(Q7ql)})’ Then,

Tz,q.0)(2) = {(X,Y,T*(M) (X,Y)) | X eT,M,Y € TqQ} .

25We have dropped the pullbacks 7 from the equations in order to simplify the notations.
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For X €e T,M and Y € T,Q, we have

((7(23)|Z)*(¢,q,q/) (X,Y, T (2,q) (X,Y))=(Y, T (2,q) (X,Y))
= (Yv T (2,q) (Xv O) + T (2,q) (07 Y)))

Since the map 7., , (-, 0) is surjective because 7 is locally transitive, it implies
that (m23)|z is a submersion. Therefore, by Proposition 1.6.20, (my3). (/) is
smooth. O

Example 1.8.6. To make things a bit more concrete, let M := R? Q := R
and F the trivial line bundle over (). Consider the smooth family of geometric
morphisms given by

7:RZxR—>R; ((a,l),q)»—>2a—q,

Tan(@) :C—=C; z— e2ila—a)l
T is locally transitive, and we have:

(Qa, 1)) (q) = ¥ Dlp(2a — q).

Any compactly supported smooth density on R? is of the form p(a,l)|da di| for
some p € D(R?), so

@) = [ D o(20~0) pla.l) dad

1 o !
:/ (2/61((’ ~lp (q;q,l> dl) e(q') dq'.
R R

The kernel of Q(p) is therefore k,(q,¢') = 5 [5 elld =l (%‘1/,1) dl which is
indeed smooth. O

Intuitively, we should think that the integration against p allows to “smooth
out” the singularities of the pullback by 7. The local transitivity of 7 ensures
that the smoothing occurs in all directions. The next example gives some more
insight into how Q(p) fails to be smooth when 7 is not locally transitive.

Ezample 1.8.7. Let 7 : RxR = R ; (z,9) — q, p € ER), z,q € R, and
pldz| € D(R). Then, (Q(x)¢)(q) = ¢(q) and

mww@:/

R

@)oo ds = ( [ po)de) pla)

which is not smooth (the kernel of the identity operator is a d—section along
the diagonal). O

Ezample 1.8.8. Our last example emphasizes that (p) is smooth even when 7
is locally transitive but not globally. Let 7 : RxR — R ; (z,q) — arctan(z)—gq,
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x,q € R, ¢ € E(R) and p|dx| € D(R). Then, (Q(z)p)(q) = p(arctan(z) — q)

and
Qo)) = [P 3 (@) el

where 14 denotes the characteristic function of a subset A. This is indeed a
smooth kernel since p has compact support. O

1.8.2 The distributional trace

Let us now turn to the distributional trace and begin with a sketchy discussion

which, although very formal and not rigorous, should help to understand what

26

happens. If the kernel k, of Q(z) were a smooth function®®, we would have:

mm@@=AM@www

Then, we would write?”

mw@@:/sz ALLM% o(¢') ple)
/(/’w @) ol

The smooth trace of Q(p) would therefore be given by

//qu /M/k 4,q) p (1.63)

Recall that we have seen in Section 1.7 that, if 7, only has a finite number
of fixed points and if they are all simple, the generalized trace of the pullback
Q(x) by 7, is a well-defined number tr (Q(z)) := 7. Tr A*(k,,) (see Proposition
1.7.5 and Remark 1.7.7). Furthermore, it is given by a fixed point formula
(1.56). Since we would like to think about the integral along the diagonal as
the trace, equation (1.63) suggests to write

mmm=/mmwwm

M

i} o)\
S\ 2w ) 7

p=

This would give an explicit fixed point formula for the distributional trace

tro: D(M,|TM|) = C; p—tr (Qp)).

261t is obviously not the case, but it gives an insightful analogy.
27 Again, this is only formal since it is not clear at all that the permutation of the integrals
is justified.
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In the case where the fixed points are not simple, we will see that tr (2(z)) still
makes sense, but as a generalized function on M.

Before going on, let us see that the set of all fixed points of 7 is a submanifold.
It will turn to be central in the study of the smoothness of the distributional
trace.

Lemma 1.8.9. Let M and @ be two manifolds, E — @ a vector bundle over
Q. Let T = (1,7) be a smooth family of geometric morphisms of E parametrized
by M such that T is locally transitive. Then, the diagonal map

AMxQ-MxQxQ; (z,9) — (x,q,q)

is transverse to graph(r) and

A~ (graph(r)) = {(z,q) e M x Q | 7u(q) =q}

is a properly embedded submanifold of M x Q. If it is not empty, it is of
dimension M.

Proof. For A to be transverse to graph(r), we must have that, for all (z,q) €
M x @ such that 7,.(q) = ¢,

Tlog) (M X Q x Q) = T(4.q.0) (W) + A*(I,q) (Tiaq) (M x Q). (1.64)

Let (x,q) € M x @Q such that 7,(¢) = ¢, X € T,(M) and Y1,Y> € T,(Q). Since
7 is locally transitive, there is Xo € T;;(M) such that 7.,  (Xo,0) = Y2 — Y1,
ie. (Xo0,0,Ys —Y1) € Ty g4 (W). We compute:

(X0,0,Y2 = Y1) + A, ((X = Xo,17))
=(X0,0,Ys — Y1)+ (X — X0,Y1,11) = (X, 11, Y2),

which shows that (1.64) is verified. By Theorem 1.6.13, A~!(graph(7)) is an
embedded submanifold of M x @, which, if not empty, has the same codimension
as graph(7). The latter being dim(Q), A~ (graph(r)) is of dimension dim (M)
if it is not empty. It is properly embedded because graph(r) is and A is
continuous. O

Definition 1.8.10. Let M and @ be two manifolds, E — @Q a vector bun-
dle over @, and T = (7,7) a smooth family of geometric morphisms of E
parametrized by M such that T is locally transitive. The fixed point bundle of
T 1s the properly embedded submanifold of M x @ given by

A~ (graph(r)) = {(z,q) e M x Q | 7u(q) =g}, (1.65)

where A - M x Q — M x Q x Q; (x,q) — (x,q,q) is the diagonal map. It is
either empty or of dimension dim(M).
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Lemma 1.8.11. Let M and Q be two manifolds, E — Q a vector bundle over
Q. Let T = (1,7) be a smooth family of geometric morphisms of E parametrized
by M such that T is locally transitive. Denote by pry; : M x Q — M the
projection onto M and by Z the fized point bundle. Then, for all x € M, x is
a regular value of (pryr) 7 if and only if all the fized points of 7, are simple.

Proof. Let x € M and q € @ a fixed point of 7,,. We get from (1.65) that for all
Y € T4(Q), (0,Y) € Tia,q) (M x Q) is tangent to Z if and only if Y = (7)., (Y),
that is, if and only if (id — (7;)«,)(Y) = 0. Since dim(Z) = dim(M) (Z is not
empty in this case) and ((pryr)|z)«(, ,, (X, Y) = X for all (X,Y) € T(, (Z) C
Tp(M) x Ty(Q), ((Prar)2)+(,.,, 18 surjective if and only if (0,Y) & T, 4)(2)
for all Y # 0 € T,(Q), that is, if and only if (id — (7;)«,) is injective — hence
invertible. We have thus shown that (x,¢) is a regular point of (pry,)z if and
only if ¢ is a simple fixed point of 7. Since (pry)z ' ({}) is the set of fixed

points of 7, the claim is proved. O

We are now able to state the main results of this chapter. Their proofs will be
given later on.

Theorem 1.8.12. Let M and Q be two manifolds, E — @ a vector bundle over
Q. Let T = (1,7) be a smooth family of geometric morphisms of E parametrized
by M such that T is locally transitive. Let us denote by

e A MxQoMxQxQ: (x,q) — (z,q,q) the diagonal map;

o pry; : M x Q — M the projection onto M ;

e Zi= AY(graph(r) = {(5,q) e M x Q | 7u(q) = a}-
Suppose that one of the following conditions is true:

e (pry)|z is proper;

e () is compact.

Then, for every p € D(M,|TM]|), the operator Q(p) : E(Q,E) — £(Q,E)
defined by (1.59) is smooth-traceable and the linear map

tro: D(M,|TM|) = C; p—tr(Q(p))

is a generalized function on M which coincides with (prj;).Tr A*k, where k
is the kernel of T* (see Proposition 1.7.2). Furthermore, the set of all x € M
such that all the fized points of T, are simple is an open subset U C M, and
the restriction (tr o)y is smooth and, for all x € U:

Tr(rz(p))
(tro)v(z) = > : , (1.66)
U p:Tw(p) |det (ld - (Tm)*p) ’

where the sum is over the fized points of T,, which are necessarily in finite
number, and is equal to 0 if 7, has no fized point.
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Corollary 1.8.13. In the setting of Theorem 1.8.12, suppose in addition that
for every x € M, the fixed points of 1, are all simple. Then, trq is smooth,
given by (1.66) for U = M and, for all p € D(M,|TM|), we have:

_ Tr(rs(p)) -
tr(Q(P))*/M pg}(p) et (1d = (ro))| pl), (1.67)

where the sum is over the fixed points of 1., and is equal to O if 7., has no fized
point.

If we know in advance that Q(p) is smooth-traceable for all p, then we can drop
the condition that the restriction of the projection to the fixed point bundle is
proper, although the result is weaker.

Theorem 1.8.14. Let M and Q) be two manifolds, E — @ a vector bundle over
Q. Let T = (1,7) be a smooth family of geometric morphisms of E parametrized
by M. Suppose that

e 7 is locally transitive;

o for every p € D(M,|TM)|), the operator Q(p) : E(Q,E) — E(Q, E) de-
fined by (1.59) is smooth-traceable.

Then, the linear map
tro: D(M,|TM|) — C; p—tr(2(p))
is a generalized function on M.

Furthermore, suppose that U C M is an open subset such that for all x € U,
all the fized points of T, are simple. Let Co C C1 C -+ C @ be a countable
exhaustion of @ by compact sets, and for each n € N, let ¢, € D(Q) such
that 0 < ¢, < 1, supp(¢n) C Cny1 and (¢n)|c, = 1. Then, for each p €
DU, |TM|), we have:

Z ¢n(p) Tr(Ta: (p))

o 1det (id = (72).,) | pa); (1.68)

(tro)w(p) = lim

n—oo U

where the sum is over the fized points of 1., and is equal to 0 if T, has no fixed
point.

1.8.3 Examples

We now give various examples of smooth families of geometric morphisms 7 =
(1,7) of a vector bundle E — @ parametrized by M. The goal is to illustrate
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the previous results and to highlight why their hypotheses are important. If
the reader prefers to directly dive into the proofs of the previous theorems,
he should feel free to skip this part. In this subsection, we denote by Z the
fixed point bundle of 7 and we always identify smooth densities on R™ with the
smooth functions through the Lebesgue density.

Let us begin with two examples where the projection (pr,,)|z is proper and all
the fixed points are simple, so the distributional trace is smooth by Corollary
1.8.13. The first example illustrates the noncompact case, and the second one
the compact case, with multiple fixed points.

Ezample 1.8.15. Let m,n € N, M :=R" x R™, Q :=R", r : R*"™™ x R"* — C
a smooth map and f : R — R" a diffeomorphism. We consider the family
of geometric morphisms of the trivial bundle over R” parametrized by R*+™
corresponding to r and

7R X R™ = R™; ((a,l),q) — 2f(a) —q.

Notice that both Examples 1.1.1 and 1.8.6 fit into this context. For all (a,l) €
R™*™ the corresponding pullback operator Q(a,!) is given, for ¢ € £(R™) and
q € R", by:

(Q@)e) (@) = r@n(a) p (2f(a) —q).
Then, 7 is locally transitive since f is a diffeomorphism, and for every (a,l) €

R™ ™ 74, has a unique fixed point ¢ = f(a). The fixed point bundle is
therefore given by

7= {((@,), f(@) | (a,1) e R},

so (prys)|z is a diffeomorphism and is thus proper. By Lemma 1.8.11, it also
implies that all fixed points are simple, as can also be seen from the fact that,
for all (a,l) € R™"™ and g € R™:

det (id — (7(a1))x ) = det (id — (—id)) = 2 # 0.

By Corollary 1.8.13, the distributional trace is smooth and is given, for every
p € D(R™), by (1.67), that is:

tal) =5 [ renf(@)pla.D) dad

It is also an enlightening computation to get tr o(p) directly from the kernel of
Q(p) which is given, for q,¢’ € R™, by

blad) = [ gDl (7 (550) 1) r ey @l 0
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Ezxample 1.8.16. Let M := R and Q := S' and let us consider the family of
geometric morphisms of the trivial bundle over S! given by any smooth map
r:Rx 8! — C and

T:RxS" = S (2,2) 207
For every x € R, the corresponding pullback operator () reads, for ¢ € £(S1)
and z € St

(Q)P)(2) = 1 (2) @ (e275271).
7 is locally transitive, and for every x € R, 7, admits two fixed points z4 =

+e'™  which are simple. We are thus in the setting of Corollary 1.8.13 which
asserts that the distributional trace tr g is smooth and given, for p € D(R), by:

1

tra(p) = /R 3 (rw (ei”) + 1Ty (—ei”)) p(x)d. O

We now turn to some more pathological behaviours that show that the distri-
butional trace may fail to be smooth, or locally-integrable, or might even not
be a generalized function. Unless otherwise stated, we will take M = Q =R
and consider the trivial bundle over (). We denote by AMxQ—MxQx
Q; (z,q9) — (x,q,q) the diagonal map. Let us first give a general result that
helps building specific examples by defining a family of geometric morphisms
whose fixed point bundle corresponds to the graph of a given function f.

Remark 1.8.17. Let f : R — R and g : R — Ry be smooth maps. Then
TiRXR R (2,9) = 72(q) = 9(¢) "(z — f(q)) + ¢ (1.69)

is locally transitive and for every smooth map r : Rx R — C, 7 := (7,r)
defines a smooth family of geometric morphisms of the trivial bundle over R
whose fixed point bundle corresponds to the graph of f:

Z ={(f(q),q) | ¢ € R}.

Furthermore, for every z € R, the fixed points of 7, — which are therefore all
q € R such that z = f(q) — are simple if and only if f'(q) # 0. Finally, for
every p € D(R), the kernel of the operator £2(p) (see (1.59)) is given by

r(9(Q)(d —q) + f(a),q) p(9(a)(d' — @) + f()).  (1.70)

Proof. The local transitivity is ensured by the equation 9,7.(¢) = g(q) # 0
and the claim about the fixed point bundle follows from the fact that ¢ € R is
a fixed point of 7, if and only if g(q)~*(z — f(q)) + ¢ = ¢ & = = f(q). Such a
fixed point is simple if and only

ko(q,4") = lg(q)

0# (1 =9 72(9)|a=f(q) = (1 —1- j;gl (= fla)+ J;/((;))> —fa)
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that is, if and only if f'(q) # 0. Finally, for every p € D(R), ¢ € E(R) and
q € R, we have:

©W)0) = [ o0 (90 - 1) +a) pla) do

R
= /R l9(@)l 7 (9(a)(d" —a) + f(a),q) p(9(a)(d —a)+ f(q))
e(q') dq',
by making the change of variable ¢’ = g(¢)~!(z — f(q)) + ¢. O

The following example illustrates that the distributional trace might fail to be
smooth if there exists some non simple fixed points.

Ezxample 1.8.18. Let r : R x R — C be any smooth map and
T:RxR=R; (2,9) — (z —¢°) +q,
which has the form of (1.69). Its fixed point bundle is therefore

Z:={(¢*,9) | ¢ R}

and, for every x > 0, 7, has two simple fixed points, 79 has one fixed point,
which is not simple, and for every x < 0, 7, has no fixed point, as is illustrated
on Figure 1.1.

X

Figure 1.1: Graph of A and 7 (left) and fixed point bundle of 7 (right).

Since (pry;)|z, the restriction to Z of the projection of R x R on the first
component, is proper, we are in the setting of Theorem 1.8.12 and tr o is thus
a generalized function, which is smooth on Ry. Since for all z > 0, the fixed
points of 7, are ¢ = £/z, (1.66) leads to

r(z,va)+r(z,—/T)
br _ O z>0
a(z)
0 xz < 0.

This shows that for a generic r, tro cannot be smooth at x = 0. However,
it is a locally integrable function, as can be shown by explicitly computing
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Jz k0(q. q)dg from (1.70):

tI‘Q(p) — /R+ T’(l?,ﬁ) +T($,—\/E) p(x) dr. <>

2V

The next example shows that the distributional trace might not be given by
a locally integrable function. Here, this is due to the fact that the set of non
simple fixed points is not negligible, so their contribution to the distributional
trace leads to a §—function.

Ezxample 1.8.19. In the setting of Remark 1.8.17, let us consider the family of

geometric morphisms associated to the constant maps ¢ = —1 and r = 1, and
to
eXp<q711—(q+1)) q< -1
fR=>R;qg—<¢ 0 -1<¢g<1
exp((q—l)—q%l) q> 1.

For every = # 0, 7, admits a unique fixed point, which is simple. However,
the set of fixed points of 75 is [—1,1] and they are all non simple. This is
represented on Figure 1.2.

X

Figure 1.2: Graph of A and 7 (left) and fixed point bundle of 7 (right).

From (1.70), we compute that, for p € D(R), we have:

1

tm(p)Z/Rkp(q,q)dq=/w_l7l] p(f(t]))qur/ p(0) dg

-1

_ Oy oele) )
‘2”(0)+/RO o <1+ 4+10g(|x|)2> pla) d.

On Ry, the distributional trace is therefore smooth as predicted by Theorem
1.8.12, but at = 0, the non simple fixed points give rise to a multiple of the
d—function. O
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We now focus on the situation where (pr ar)|z is not proper. In that case, the
distributional trace might fail to be a well-defined generalized function, as is
illustrated by the following example.

Ezxample 1.8.20. Still in the setting of Remark 1.8.17, we consider the family
of geometric morphisms associated to a smooth map g : R — R{ and, the
constant map r = 1, and to

f:R—=R; g— el

Then, 7, has a unique fixed point if z > 0, none otherwise, and all the fixed
points are simple. For any p € D(R), the kernel k, along the diagonal has the

Figure 1.3: Fixed points bundle of 7.

form k,(q,q) = g(q)p(e?) by (1.70). For g =1 for instance, the distributional
trace is thus not well-defined since 2(p) is not smooth-traceable for every p.
It is, however, as soon as we choose g integrable since p, being compactly
supported, is bounded. In that case, the distributional trace is smooth and

given by
log(x
walp) = [ 2B ) s
RY T
which coincides with the result (1.68) of Theorem 1.8.14. O

Our last example, for which we will just describe the fixed point bundle, is
cooked up to show that, in the non proper case, the condition to have simple
fixed points is not an open condition.

Ezxample 1.8.21. In the setting of Remark 1.8.17, let us consider the family of
geometric morphisms associated to the constant maps ¢ =1 and r = 1, and to

2
Ff R=>R; ¢g— z (1 + cos (wq — arctan(ﬁ)) > e v3l,

Since f is injective, surjective on R{ and f’(q) = 0 < ¢ € N, for each z > 0,
T, has a unique fixed point, which is simple if and only if x # e~ V2 for some
n € Z, and 7, has no fixed point if < 0. The situation is pictured on Figure
1.4. Therefore, the set of € R such that 7, only has simple fixed points — that
is, the set of regular values of (prj;)|z (see Lemma 1.8.11) — is not an open set
since (ef%) is a sequence of singular values of (pr,,)|z converging to the

neN
regular value z = 0. O
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o = N W~ O
T T T T

X

Figure 1.4: Fixed points bundle of 7. Notice that the horizontal axis has been
arbitrarily scaled in order to better show the stairlike behaviour.

1.8.4 The proofs

In order to prove Theorems 1.8.12 and 1.8.14, our strategy will consist of two
main steps. First Lemma 1.8.22 will show that, even when the fixed points of
T, are not all simple, tr (Q(x)) still makes sense, but as a generalized function
on M, that we will denote tr ;. Then, in Proposition 1.8.23, we will show that
tr » coincides with tr . The proofs will mainly consist in playing with commu-
tations of pullbacks and pushforwards of d—sections, and these manipulations
will often rely on a technical properness condition. In Theorems 1.8.12 and
1.8.14 we will finally give settings where this properness condition can be sim-
plified or relaxed. If at some point the reader feels a bit lost in the middle of all
those commutations of pullbacks and pushforwards, he is invited to come back
to the sketchy discussion of subsection 1.8.2 to interpret them as restrictions
to diagonals and integrals respectively, by playing with the kernels as if they
were smooth.

Lemma 1.8.22. Let M and @ be two manifolds, E — @Q a vector bundle over
Q. Let T = (1,7) be a smooth family of geometric morphisms of E parametrized

by M. We denote by
e k the kernel of T* (see Proposition 1.7.2);
e A MxQ—MxQxQ; (x,q) — (x,q,q) the diagonal map;
e pry, : M x Q — M the projection onto M.
Suppose that
1. 7 is locally transitive;

2. (PTar)|A=1 (supp(k)) & PToper.

Then,
tr . == (pry )« Tr A%k

1s a well-defined generalized function on M. Furthermore, we have the following
result regarding the smoothness of tr ;:
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e supp(tr,) C pry (A~ (supp(k))); 28
o tr, is smooth at each x € M such that all the fized points of T, are simple;

o for all open subset U C M such that for all x € U, all the fixed points of
T are simple, the restriction (trl)‘U is smooth and, for all x € U:

_ Tr(ra(p))
(tr ) (@) _,,_;p) Gt (= () )] (1.71)

where the sum, which always has only a finite number of nonvanishing
terms, is over the fized points of 1., and is equal to O if 7, has no fired
point.?°

Proof. Let us begin with some notations. Let m; denote the projection of
M x Q x @ onto the ith component, w5 : M X Q X Q — M x @Q the projection
onto the first two components and ma3 : M X Q X Q — @ X Q the projection onto
the last two components. Let also pry, : M x Q@ =+ M and prg : M X Q — Q
be the projections.

Let us first verify that (pr,,).Tr A*k is a well-defined generalized function on
M. Recall that, by Proposition 1.7.2, the kernel k of the pullback by 7 is a
d—section of the vector bundle

F :=Hom(m5(E),m3(E)) @ m3(|TQ|) = M x Q x Q.

along the submanifold graph(7) C M x @ x Q. By Lemma 1.8.9, A is transverse
to graph(7) and A* k is therefore a well-defined —section of the vector bundle
A*(F), that is

pro* (Hom(E, E) @ [TQ|) — M x Q,

Taking the trace of the homomorphism gives a d—section Tr A* k of the vector
bundle prg*(|7Q]). The corresponding submanifold is the fixed point bundle
Z := A~ Y(graph(7)), that is:

Z={(z,q9) € M x Q| 1(q) = q}, (1.72)

which, by Lemma 1.8.9, is a properly embedded submanifold, either empty
or of dimension dim(M). (Pras)|A-1(supp(k)) Peing proper by assumption and
given that (see Remark 1.6.17)

supp(Tr A* k) € supp(A* k) = A~ (supp(k)), (1.73)

(PTAr) jsupp(Tr A= &) 1S also proper. Since pro*(ITQI) ~ pry (|TM|)* @ |T(M x
Q)|, Tr A* k can be seen as a §—density which we can thus pushforward by pr
M

28In particular, any point € M such that 7, has no fixed point is outside of supp(tr 7).
29Notice that, as we have seen in Example 1.8.21, the condition that the fixed points of 7
are all simple is not an open condition in general.
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to get (pry)« Tr A* k, a well-defined generalized section of |TM|* ®|T M| ~ C,
that is, a generalized function on M. Let us denote it by tr .

Let us turn to the claims about the smoothness of tr .. Regarding the support
of this generalized function, by (1.73) and Remark 1.5.13, we have indeed that

supp(tr7) C prys (A~ (supp(k)) ).

Next, any « € M such that all the fixed points of 7, are simple is a regular
value of (pry/);z by Lemma 1.8.11. It follows from Proposition 1.6.20 that
(pras)« Tr A* k is smooth at x. Finally, let U C M be an open subset such
that for all z € U, all the fixed points of 7, are simple. We have just seen

that ((pr a)s T A* k)| is smooth. To explicitly evaluate this function, let
U

z € U and let us consider the pullback by 7, = (7jr,7r), where 7y and |y
are respectively the restrictions of 7 and r to U instead of M. Then, the whole
previous discussion regarding (pr,;). Tr A* k still holds if we replace M by U
and we have (Tr A* k) pryy-1 oy = Tr A* kyr, where on the right hand side, A
is restricted to U x @@ and kg denotes the kernel of the pullback by Ty, which
is a d—section along the submanifold Zy := {(z,q) € U x Q|72(q) = ¢} . By
Lemma 1.5.15, we have

((prM)* Tr A k>|U = (pry)« Tr A ky, (1.74)

where pry; @ U x Q — U is the projection. Let us introduce the following
smooth maps®:

T:Q —{*x}; qg—*
e {x} =2 U x—x
:Q—=>UxQ; ¢ (2,9
L QxQ—=UxQxQ; (¢,4) = (2,9,4)
A:Q—=Q@xQ; g (q,9).
We also make the elementary observation that, for any function f : U — C, we

can write the evaluation at = as the pullback by ¢,. Indeed, ¢,* f is a function
over a point, that is, a number, which is precisely f(z). Therefore, we have:

((prU)* Tr A* kU) (z) = 12" (pry ) Tr A* Ky (1.75)
Now, notice that we have the following commutative diagram:

{x} ey U
T i 1 pry
Q Loy Zy CcU x Q.

30{41 denotes the set containing one point.
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Considering the trivial vector bundle over {x}, the density bundle |TU| over U
and the d—section Tr A* ky of the vector bundle pro*(|TQ) ~ pry*(ITU|)* ®
|T(QxU)|, we are in the setting of Proposition 1.6.21 (we identify @ x {*x} with
Q). Indeed, we have that ¢,* (]TU|* ® |[TU|) ~ C and that i, is transverse to
Zy because we have seen in the proof of Lemma 1.8.11 that for all X € T,(Q),
(0, X)) is tangent to Zy if and only if X = 0 since the fixed points of 7, are
simple. Therefore,

L (pry )« Tr A*ky = 7, 0 Tr A Ky
=7, Tr i,* A ky =7, Tr (Aoi,) ky
=7, Tr (lp 0 A) ky =7 Tr A 0, ky
=7, Tr A" kg,

where k, is the kernel of the pullback by 7. Line (1.77) is justified by Lemma
1.6.18. Line (1.78) as well because i, is transverse to graph(7), and A is
transverse to i, ' (graph(r)y)) = graph(7;) by Lemma 1.7.4 since all the fixed
points of 7, are simple (because z is a regular value of (pry,)z). Line (1.79)
follows from the observation that the symbol of k, coincides with the pullback
by ,, of the symbol of k. Now, notice that, since all the fixed points of 7,, are
simple, they are isolated by Lemma 1.7.4. The fixed points p of 7, such that
Tr (r4(p)) # 0 are contained in (pr,,)~*({z})NA~!(supp(k)). The latter being
compact since (prM)|A*1(supp(k:)) is proper, they must be in finite number. We
can thus apply Proposition 1.7.5 to T, to get that 3!

Tr(rz(p)) )
‘det (id - (TI)*[,)’

T Ak = Y

p=T74(p)

(1.80)

Putting equations (1.74), (1.75), (1.76) and (1.80) together finally gives

Tr(rm(p))
(tr)w(e) = Y . :
U b ‘det (1d - (Tx)*p)|

O

Proposition 1.8.23. Let M and @ be two manifolds, E — Q a vector bun-
dle over Q. Let T = (1,7) be a smooth family of geometric morphisms of E
parametrized by M. Let us denote by

o k the kernel of T* (see Proposition 1.7.2);
e A MxQ-oMxQxQ: (x,q) — (x,q,q) the diagonal map;
o pry, - M x Q — M the projection onto M.

Suppose that

31 As before, we sum over all fixed points because it only adds vanishing terms to the sum.
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(H1) 7 is locally transitive;

(H2) (PTa1)|A-1 (supp(k)) & Proper.
Then, for every p € D(M,|TM]), the operator Q(p) : E(Q,E) — E(Q,E)
defined by (1.59) is smooth-traceable and the linear map

tro: D(M,|TM|) — C; p—tr(Q(p))

is a generalized function on M which coincides with tr; (see Lemma 1.8.22).
Therefore, for all open subset U C M such that for all x € U, all the fized
points of T, are simple, the restriction (trq)y is smooth and, for all x € U:

Tr(rz(p))
(o)) = 3 | (1.81)
U pere (®) |det (ld — (T(lj)*p)’

where the sum, which always has a finite number of nonvanishing terms, is over
the fized points of 1., and is equal to 0 if 7, has no fixed point.

Proof. In this proof, we will use the same notations for the projection maps as
in the proof of Lemma 1.8.22.

Denote by k the kernel of the pullback by 7. We know by Proposition 1.7.2
that it is a J—section along the submanifold graph(7). Because of assumptions
(H1) and (H2), we can apply Lemma 1.8.22 to get that tr, := (pry,).Tr A%k
is a well-defined generalized function on M.

Before going on, let us make the following observation. For all u € D/(M) and
p € D(M,|TM]), we can define the compactly supported generalized density
up by (up, f) = (u, fp) for all f € D(M). Then, we have that (see Remark
1.5.16):

<u,p> = <7.Lp, 1> = H*(up),
where we denote by I1 : M — {x} the projection onto a point.

If we take p € D(M, |TM|) and apply this to (pry,).Tr A*k, we see that

(ran)-Tr&%k)p = (pray) TrA'K,,

where K, is the kernel of the pullback by 7, as defined in the proof of Propo-
sition 1.8.5 (see equations (1.60) and (1.61)).32 Notice also that A*K), is

32Let us explain why. By (1.62) and footnote 24, the symbol of k reads r;(q) ® o(x, q) and
the symbol of K, is r5(g) ® p(z) ® o(x,q). Therefore, the symbols of Tr A*k and Tr A*K,
are respectively Tr (rz(q)) ® A*o(z, q) and Tr (r:(q)) ® p(z) ® A*o(z,q). From Proposition
1.6.19, we get that

(oran)«Tr A%k, p) = (Tr (r2(a) @ A0 (w,9), (prar)"p)

= (T (2(@)) @ pl@) ® B0 (2,0), 1) = ((prag) s Tr A" K, 1)
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compactly supported. Indeed, supp(A*K ») is a closed subset contained in
(pra) " (supp(p))NA~1 (supp(k)), which is compact by assumption (H2). This
implies that the following pushforwards and their permutations are justified
since all the maps are proper on the supports of the generalized sections:

<(pTM)*TT A*k7p> = IL(pry): Tt A*Kp
= (ﬁ opry)«Tr A*Kp
= (ﬁoprQ)*TrA*Kp (1.82)
= ﬁ*(prQ)*Tr A*Kp
=7, Tr (prQ)*A*Kp.

Now, notice that we have the following commutative diagram:
A
Q — QxQ
pro T ] T a3
MxQ 2 graph(r) C M xQ x Q.

Considering the vector bundles Hom (E, E)* ® |T(Q)| over @ and
Hom (pi(E), p3(E)) ® pi(ITQl) — Q x Q
as well as the d—section K, the fact that
Hom (E, E)" @ |T(Q)]
~ A (((Hom(p}(E),p3(E)) @ p1(ITQ)))" @ T(@ x Q)] )

together with our previous discussions ensure that the assumptions of Proposi-
tion 1.6.21 are satisfied, from which it follows that (prQ)*A*Kp = A*(m23) K.
Recall from the proof of Proposition 1.8.5 that (ma3).K, is the kernel of Q(p)
and that it is smooth. Since A*(ma3).K, has compact support, we have by
Lemma 1.5.17 and equation (1.82) that
tr (Q(p)) = T Tr A*(m23) K,
=7, Tr (prQ)*A*Kp

= ((prag) Tr Ak, p)
This means that
tro: D(M,|TM|) — C; p—tr(2(p))

is a generalized function on M which coincides with tr ; and the proof is com-
plete by Lemma 1.8.22. O
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Proof of Theorem 1.8.12. Notice first that if @) is compact, then pr,, is proper,
which implies that (pr;)|z is also proper since Z is a properly embedded
submanifold of M x ) and is therefore a closed subset of M x Q. Next,
suppose that (pry,)|z is proper. Since A~ (supp(k)) is closed and contained in
Z, (prM)lé,l(Supp(k)) is proper so we can apply Proposition 1.8.23 to get that,
for every p € D(M,|TM|), the operator ©(p) is smooth-traceable and that tr g
is a generalized function on M which coincides with (pr,,).Tr A*k. By Lemma
1.8.11, the set U of all z € M such that all the fixed points of 7,, are simple
coincides with the set of regular values of (pry;)z. Since (pr,,)z is proper,
it is an open subset. Therefore, by Proposition 1.8.23, (tr o)y is smooth and
given by (1.66). For all x € U, the fixed points of 7, are isolated by Lemma
1.7.4 and contained in (pry,)z~'({z}), which is compact, so they are in finite
number. O

We finally turn to the proof of Theorem 1.8.14. Let us notice that if @ is
compact, everything boils down to Theorem 1.8.12. In the case where @ is not
compact, the difficulty is that we can not apply straightforwardly Proposition
1.8.23 because of the properness condition (H2). We will thus have to first
localize our operators to compact sets, and then globalize the result by using
an exhaustion of the manifold by compact sets and passing to the limit.

Proof of Theorem 1.8.14. In this proof, we will use the same notations for the
projection maps as in the proof of Lemma 1.8.22.

Let Cy C C; C --- C @ be a countable exhaustion of @ by compact sets.?3
For each n € N, let ¢,, € D(Q) such that 0 < ¢,, < 1, supp(¢,) C Cpy1 and

(¢n)|Cn =1 -

Let us consider the geometric morphism 7,, = (7,7,), with 7, 2 (q) := ¢, (q)7(q).
For each © € M, the corresponding pullback operator reads, for ¢ € £(M, E)
and q € Q:

(Qn(2)0)(q) = Tn2(0)p(T2(q))
= n(@)r2(0)p(12(0)) = dnl@)(2(z)p)(q)-

Denote by k,, the kernel of the pullback by 7,,. We know by Proposition 1.7.2
that it is a —section along the submanifold graph(7). The expression (1.55)
of its symbol and the definition of r,, imply that supp(k,) C M x C,41 X Q,
so A= (supp(kn)) € M x Cypiq1. Therefore, (PT'ar)| A1 (supp(,)) 1S Proper and
we can apply Proposition 1.8.23 to get that

(1.83)

tro, : D(M,[TM|) — C; p— tr(Q(p))

33That is, for all n = 0,1,..., 400, Cp is a compact subset of @ and C,, is contained in
the interior of Cp41, and Q = UZS’OCW
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is a generalized function on M which coincides with tr, , that is, for every
p € D(M, [TM]);

r (2u(p) = { (orar) T Ak, )
On the other hand, from (1.83), we get that, for all ¢ € Q:

(Q(p)e)(q) = én(a)(QUp)e)(q)-

If we denote by k, the (smooth) kernel of €(p), this shows that k, ,(q,q") =
On(Q)ky(q,q') for all ¢, ¢" € Q and thus that |Tr (k,(¢,¢))| < |Tr (k(g,q))|. Since
Q(p) is smooth-traceable by assumption — which means that g — |Tr (k(q, q))]
is integrable —, Lebesgue’s dominated convergence theorem implies that:

tralp) = /Q im Tr (ki (g.0)) = lim_tra, (o). (1.84)

By Theorem 1.3.14, tr (p) is thus a generalized function on M.

Now, suppose that U C M is an open subset such that for all x € U, all the
fixed points of 7, are simple. Then, formula (1.68) follows from (1.84) and the
expression (1.81) of (trgq, ) given by Proposition 1.8.23. O
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Chapter 2

Quantization of symmetric
spaces

In this chapter, we investigate the question of constructing non-formal star-
products on a symmetric space. More specifically, we would like to understand
the appearance of the fixed points in the kernel of such a star-product, moti-
vated by the formula of Weinstein’s conjecture. The first section recalls some
facts about symmetric spaces. The next section is dedicated to the construction
of a quantization map, and to the study of its properties, such as equivariance.
In Section 2.3, some notions related to Hilbert-Schmidt and trace-class oper-
ators are recalled, and we briefly discuss when our quantization map fits into
that setting. Then, in Section 2.4, we tackle the problems of “dequantization”
and of defining a star-product. We also compute the kernel of the latter as a
fixed point formula, which is the main result of this chapter. Finally, in Section
2.5, we apply the previous results to elementary normal j-groups.

2.1 Symmetric spaces

There are several ways of approaching symmetric spaces, each of them providing
a new insight into that notion. A first one is to consider a symmetric space as a
manifold for which it is possible to define some kind of central symmetry around
each of its points. These central symmetries acquire a very geometric meaning
as soon as we highlight the natural affine structure of a symmetric space, and
its associated geodesics. Finally, the whole machinery of Lie theory can be used
to study symmetric spaces since they can be realized as homogeneous spaces
G/K for some Lie group G acting transitively on the symmetric space. In this
section, we are going to briefly describe those different aspects. For a complete

105
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treatment, we refer to the classical references of Loos [Loo69], Kobayashi and
Nomizu [KN09] and Helgason [Hel78]. A nice summary of the equivalence
between the different definitions can also be found in Voglaire [Vogl1, Section
1.4].

A first definition

Definition 2.1.1. A symmetric space is a pair (M, s), where M is a connected
manifold ' and s : M x M — M is a smooth map such that:

1. For every x € M, the map s, : M — M ; y — s(z,y) is an involutive
(i.e. 2 =1dy;) diffeomorphism admitting x as an isolated fived point;
2. For every x,y € M, s, 08,08y = 55, (y)-

The map s, s called the symmetry at the point x.

Definition 2.1.2. Let (M,s) and (M’,s") be two symmetric spaces. A mor-
phism between (M, s) and (M',s") is a smooth map ¢ : M — M’ such that, for
all x,y € M,

Sés(x)(Qs(y)) = P(s2(y))-

It is an isomorphism if ¢ is also a diffeomorphism. An automorphism of (M, s)
is an isomorphism of (M, s) to itself.

Ezxample 2.1.3. The simplest example of a symmetric space is given by R™
endowed with the following symmetry:

s:R" X R" - R"; (z,y) — 2z —y.

The symmetry s, corresponds to the central symmetry around z. O

Ezample 2.1.4. Generalizing the previous example, any Lie group G can be
endowed with a symmetric space structure through the following map:

s:GxG—G; (g.9) g(g) g %

Let us briefly comment on the two conditions in the definition. As for the first
one, s, being an involution implies that (s;)., is an involutive automorphism
of T, M, hence is diagonalizable and admits only +1 and —1 as eigenvalues.
The fact that x is an isolated fixed point implies that +1 eigenvalues can not
occur. Therefore, (s;)., = —Idr, am, suggesting that s, is something like a
central symmetry around x. The second condition is represented in Figure 2.1
and, again, is a generalization of a property of the central symmetries of R™.

INotice that we restrict to connected symmetric space, which is not the case everywhere
in the literature.
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s:(2)

Figure 2.1: The point z must be mapped on the same point by the sequence of
transformations corresponding to the plain line, and by the one corresponding
to the dashed line.

Symmetric spaces and geodesics

The following theorem allows to highlight a geometric structure underlying a
symmetric space.

Theorem 2.1.5. Let (M, s) be a symmetric space. There exists a unique affine
connection (i.e. a covariant derivative)

V :T°°(M,TM) x T°(M,TM) — T°(M,TM) ; (X,Y)— VxY

that is invariant under all symmetries. It is called the Loos connection. More-
over, it is complete, torsion-free, its curvature tensor is parallel and it is ex-
plicitly given by the formula, for all X, Y € T°(M,TM) and x € M,

1
(VxY), = 3 (X,Y +5s,..Y], .

The next result asserts that the symmetry at a point x is in fact the geodesic
symmetry around x — at least for points that are connected to x by a geodesic.
This is again pictured in Figure 2.1.

Proposition 2.1.6. Let (M, s) be a symmetric space, and v : R — M ; t —
~(t) a mazimal geodesic for the Loos connection. Then, for all t,s € R,

syt (Yt +8)) =(t — s).

Symmetric spaces as homogeneous spaces

Proposition 2.1.7. Let (M, s) be a symmetric space. The group of automor-
phisms of (M, s), denoted by Aut(M, s), is a finite dimensional Lie group acting
transitively on M.
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Let (M,s) be a symmetric space, and fix o € M. Let us denote by G the
identity component of Aut(M, s), and consider K the stabilizer in G of o, that
is, K := {g € G | g(0) = o}. It is a closed subgroup of G and M is diffeomorphic
to the homogeneous space G/K — recall that M is connected by definition, so
G must act transitively on M. The second property in the definition of a
symmetric space ensures that every symmetry is an automorphism of M. We
can thus consider the following involutive homomorphism of Aut(M, s):

o Aut(M,s) = Aut(M, s) ; g — So9So-
When restricted to G, ¢ gives an involutive automorphism of G. Furthermore,

if we denote G7 := {g € G| o(g9) = g} and by (G?), the identity component of
G, we have the inclusions

(Gg)o cKcGe.
This motivates the following definition.

Definition 2.1.8. A symmetric triple is a triple (G, K, o), where

1. G is a connected Lie group;
2. 0: G — G is an involutive automorphism of G;
3. K is a closed subgroup of G such that

(G0 CK CG”:={geCG|olg) =g},
where (G7)o denotes the identity component of G°.

Given a symmetric triple (G, K, o), the homogeneous space G/K can be en-
dowed with the symmetric structure § : G/K x G/K — G/K defined, for
9zK,9,K € G/K, by the formula

80,5 (9 K) == g20(g; ' gy) K.

If we start with a symmetric space (M, s) and consider the associated symmetric
triple (G, K, o) as above, it turns out that (G/K,3) and (M, s) are isomorphic
as symmetric spaces. However, let us notice that there is generally not a
unique symmetric triple associated to a symmetric space. There is for instance
some freedom in the choice of K. But we could also have started the above
construction from any connected subgroup of Aut(M, s) acting transitively on
M and stabilized by o.

At the infinitesimal level, given a symmetric triple (G, K, o), the differential
o, of o at the neutral element is an involutive automorphism of the Lie algebra
g of G. We therefore have a decomposition g = g4 @ g_ corresponding to the
(£1)—eigenspace decomposition (that is, o, = Idg, @& (—Idg_)). Moreover, if
t denotes the Lie algebra of K, we have that g, = ¢, and

[0r,0¢]Cor, o0 ]Cay, [0r,0-]Co
Finally, notice that we have T, x (G/K) =g_.
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2.2 Equivariant quantization map

2.2.1 The setting

In this subsection, we describe the setting we will use for the construction of
the quantization map.

Definition 2.2.1. A nearly-quantum symmetric space is a tuple (G, K, o, B, x)
such that:

1. (G, K, o) is symmetric triple such that there exists a G—invariant smooth
measure dg /g on G/K;

2. B is a closed subgroup of G such that K C B;

3. x: B —U(1) is a unitary character of B which is o—invariant, that is,
for allb € B, x(o(b)) = x(b).

A nearly-quantum symmetric space is said to be local if there exists a subgroup
Q of G such that the map

QxB—G; (¢,b) — gb
s a global diffeomorphism.

Remark 2.2.2. Recall that, as we have seen in the previous Section, the sym-
metric triple (G, K, o) gives rise to a symmetric space (M ~ G/K, s), with s
given, for all g, K, g, K € G/K, by

ngK(gyK) = gz0 (gglgy) K. <

Remark 2.2.3. For a local quantum symmetric space (G, K, o, B, X), notice
that @ is a closed subgroup of G. For any element g € G, there is a unique
decomposition g = ¢b, with ¢ € @ and b € B and we will use the following
superscript notation to denote that decomposition:

g=9%¢". <
Ezample 2.2.4. This example endows the cylinder with a symmetric structure.
Let us consider the group G given by the semi-direct product
. ql
G:=5x,C

for the action p defined, for ¢ € S and z € C, by p(a)z := e¢*®z. The corre-
sponding group law and inverse are respectively given, for (¢, z), (¢!@ | 2') € G,
by:

/

(ez’a7z) . (eia ,Zl> _ (ez’(a—&-a’)’z/ + ez’a’z)7

(eia’z)—l _ (e—ia’ _e—iaz).
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Let us consider the following involution of G:
0:G =G (e 2)— (e7™, —2),

and the subgroup K := G = {g€ G |o(g) =g} = {(0,7y) |y € R} C G.
Then, (G, K,0) is a symmetric triple and we may consider the corresponding
symmetric space M ~ G /K. If we define the two subgroups of G

A:={(c""0)]e* €S} ~S" and N:={(0,2)|zeR},
we have the decomposition G = AN K. This gives the following coordinates:
AN = M ~ G/K ; (e",n) — (e",n)K,

which we use to identify M with AN. Under this identification, the action of
G on M is given, for (e'* x +iy) € G and (e'*,ng) € M, by

(eia’ T+ iy) - (eiao7 ng) = (ei(ao—&-a)7 no + x cos(ag) — ysin(a0)> .
The symmetric structure s : M x M — M on M reads, for (e!*,n), (em/,n’) €
M:
s(em’n)(eia,, n') = (/%) 2z cos(a — ') — 2').

The G—invariant measure on M is dy; = dadn. Finally, we have some choice
left for the subgroup B and its character y. As a first choice, we could take
B := K, and any unitary character of K would do (since o is the identity on
K). As another example, let us consider B := NK. Then, since o)y is the
inverse map, the o—invariance of the character implies that x|y = 1. It must
thus be of the form y,,(z + iy) = "™V for some m € R and all z + iy € NK.
Notice that in this case, the nearly-quantum symmetric space is local. O

For the following discussion, let (G, K, 0, B, x) be a nearly-quantum symmetric
space. It will be specified when we take it to be local. The remaining of this
section aims to construct a quantization map as in the Weyl quantization, which
is G-equivariant. The construction is based on the one of [BG15, Chapter 7],

adapted to the more general setting of nearly-quantum symmetric spaces.?

2.2.2 The Hilbert space and a first quantization map

As a first ingredient of the construction, we consider the unitary representation
of G induced by the character x of B. It associates to the data of G, B and
X, a vector bundle that carries a natural left action of GG, and whose sections
allow to define a Hilbert space on which G acts by pullback. Let us recall how

2We need, for instance, to use half-densities on G/ B, since we do not require the existence
of a G-invariant measure on G/B.
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it works. Given the B—principal bundle G — G/B, we consider the associated
vector bundle over G/B

GxC

W:(EX::GXX(C:: )—>G/B,

where, for all ¢ € G, b € B and z € C, the equivalence relation is defined by
(g,2) ~ (gb, X(b)’lz) and the projection by 7 ([g, z]) := gB. It is a complex line
bundle and there is a natural left action of G on E, defined, for all gg,9 € G
and z € C, by:

90 - 19, 2] = [909, 2]. (2.1)
We can endow F, with a G—invariant Hermitian structure h given, for all
g € G and z,2' € C, by:

hgs ([9,%'], g, 2]) == #'Z. (2.2)

We can now get a Hilbert space from that bundle by making use of its intrinsic
Hilbert space, that we denote by H,,. Recall from Definition 1.2.25 that it is
built from sections of the tensor product of F, with the bundle of half-densities
on G/B. More precisely, it is the completion of T°(G/B, E, @ |T(G/B)|*/?)
for the inner product

(p®@p, ¢ @u):= /G/B h(e,¢") p.fi- (2:3)

In order to define a representation of G on H,, we consider the representation
of G on I' (G/B, E,,) given by the pullback, that is, for every go,g € G and
p eI (G/B, Ey):

(9 9)(90B) =999~ g0 B). (2.4)

Also, recall that, as mentioned in Remark 1.2.26, Diff(G/B) acts by pull-
back unitarily on the Hilbert space of half-densities. Since G is a subgroup
of Diff(G/B) via the left action of G on G/B given by left translations

a:GxG/B— G/B; (9,90B) = ag(g0) := 990 B, (2.5)

G acts also on the half-densities. These two considerations define a representa-
tion of G on H,, which is unitary by G—invariance of the Hermitian structure
on F,.

Definition 2.2.5. Let (G, K,0,B,x) be a nearly-quantum symmetric space,
the unitary representation of G

Uy:G—=UHy)
defined, for g € G, p @ p € T®(G/B, E, ® |T(G/B)|'/?), by
Ux(9)(p®@p)=(9-¢) @ (a,~1p)

is called the unitary representation of G' induced from (B, x).
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Before going on, let us take some time to give different descriptions of the
Hilbert space H,. In each of the next remarks, we build an isomorphism be-
tween I'® (G/B, Ey, ® |T(G/B)|'/?) and another vector space of sections. By
transporting the pre-Hilbert structure (2.3) to that new vector space and tak-
ing the completion, we get a concrete realization of a Hilbert space isomorphic
to H,. These different realizations of H, will allow us to express our operators
on one or another vector space, depending on which one is the most convenient.

For the first one, we will need the following lemma which expresses the den-
sity bundle as an associated bundle. Since there are multiple conventions for
defining the modular function on a group, let us recall its definition.?

Definition 2.2.6. Let G be a Lie group. The modular function on G is the
smooth homomorphism Ag : G — R such that, for all left Haar measure \ on
G, d\(zy) = Ag(y)dA(z) for all x,y € G. It is given explicitly by the formula
Ag(r) = |det Ady-1| for ally € G.

Let us also recall the following notion, coming from the theory of quasi-invariant
integration on homogeneous spaces, for which we refer to Folland [Fol94].

Definition 2.2.7. Let G be a Lie group, B a closed subgroup of G. A p-
function associated to the pair (G, B) is a positive continuous function p : G —
Ry such that, for all g € G and b € B,

Lemma 2.2.8. Let G be a Lie group, B a closed subgroup of G and 5'/? the
character of B defined by

A (b) 1/2
51/2:B—>C;bH51/2b::( ¢ ) .
Or= 20

Then, we have an isomorphism of vector bundles 4
T(G/B)|'/? = G x5 C,
which induces a G—-equivariant ® isomorphism at the level of sections
I(G/B,|T(G/B)|"/?) = I'°(G/B, G x 4,2 C).

Proof. Let us fix a positive half-density p on G/B. By the theory of quasi-
invariant integration on homogeneous spaces (see for instance Folland [Fol94,

3We follow the convention of Folland [Fol94].

iq xs1/2 C is the associated vector bundle corresponding to the B—principal bundle
G — G/B and the character §'/2

5The action of G on G X172 C is the natural one, given by the same formula (2.1), and
the induced action on the sections is given by (2.4).
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Section 2.6]), we know that there exists an associated so called p—function,
that is, some smooth (because y is) positive function p : G — Ry such that,
forall g € G, goB € G/B and b € B:

1 1/2
(@) = (P9 90) T g, (2.6)

Ap(b)
b) = .
p(gb) Acld) r(g)
Let goB € G/B. Recall that the half-density bundle is a complex line bundle,

so any element of (|T(G/B)|'/2),,p is of the form z.u(goB) for some z € C.
We can thus consider the linear map between the fibers

(|T(G/B)‘1/2)QOB = (G X g1/2 C)goB ; z,‘u(gOB) — [907/7(90)1/22’].

It is well-defined because of (2.7), and it is an isomorphism, being a surjection
between one-dimensional spaces. Also, it depends smoothly on goB since p
and p are smooth. This gives the isomorphism of vector bundles

2.7)

A:|T(G/B)|Y? = G x4,2 C.
We denote by the same letter the induced isomorphism at the level of sections
A:T>(G/B,|T(G/B)|"?) & T=(G/B,G x;,: C).

It is G—equivariant because, for all g € G and goB € G/B, we have, using
(2.6),

(A(ag*_lu)) (goB) = A ( <p(g(gl(jo))1/2 u(goB)>

-1 1/2
90#(90)”2 (P(s(gog)o)) 1(goB)

=g [gflgo, p(gflgo)l/zu(goB)]
=g (A(u(g90B))) = (9 - Ap)(goB). ]

Remark 2.2.9. The previous lemma allows to give a slightly different description
of the vector bundle F, @ |T(G/B)|'/2. Let us define the character Y of B by

X:B—=C; b x(b). 6Y2(b). (2.8)

Then, by Lemma 2.2.8, we have the isomorphism of vector bundles
E, ®|T(G/B)|*? ~ G x4 C =: Fy, (2.9)
and the natural left action of G on Ej given, for all go, g € G and z € C, by:°

go - [g,Z] = [90972}'

6We keep the same notation [-,-] for the equivalence classes defining the elements of E,
and Eg since it should not introduce any confusion.
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This induces an isomorphism I'° (G/B, Ey ® |T(G/B)|1/2) =TI (G/B, Ey)
and, under this identification, the representation U, reads, for every go,g € G
and ¢ € I (G/B, Ey):

(Ux(90)9)(9B) == go - (g5 "9 B). (2.10)

If we fix a positive half-density p and denote by p the corresponding p—function,
the transported Hermitian structure on Ejy is given, for g € G and 2,2’ € C,
by

he(lg, 2], 19, 2]) = 22" p(g) ™ (2.11)
and the inner product on I'Y° (G/B, Ey) is, for all p,¢ € 'Y (G/B, Ey), given
by

(o, ) = /G | Hap(69B) V(9B 1 (9B). (2.12)

<

Remark 2.2.10. Recall that we can identify the space I'™° (G/B, Ey) of smooth
sections of Fy with the space of smooth (B, x)—equivariant functions on G

C*(G) PV = {p € C™(G) | ¢(gb) = X(b)"'@(9) Vg € G.b € B}
through the isomorphism
$ € C®(G) PV 5T (G/B,Ey) 3 ¢ :=[ 9B [9,8(9)] € By ]

We denote by C°°(G),(;B7’~‘) the pre-image of the space of compactly supported
smooth sections under this correspondence 7, which can be explicitly described
as

C®(G)BX = {@ € C%(G) B | r(supp()) is compact} : (2.13)

where 7 : G — G/B is the natural projection. Then, under this identification,

the representation U, corresponds to the restriction to C*° (G)ﬁB’i) of the left

regular representation of G: for every ¢ € C*> (G)EB”Z) and go, g € G,

(Ux(90)2)(9) = (g5 ' 9)- (2.14)

Indeed, U, (go)¢ is defined by the identity (U, (g90)®)(gB) =: [g, (Uy(90)®)(9)]
and ¢ by p(gB) =: [g,(9)], so we have:

(Ux(90)2)(9B) = g0 - (95 ' 9B) = 90 - [90 "9, 895 ' 9)]
=[g,2(95 ' 9);

"Notice that the subscript is on the right of the parenthesis, to distinguish it from com-
pactly supported functions.
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which implies (2.14) by identification. Regarding the inner product, if we fix
a positive half-density y and denote by p the corresponding p—function, from
(2.11) and (2.12), we have, for all ¢, € COQ(G)EB’X),

(@, 9) = /3 D@50 00) " 1 (0). (2.15)

Notice that the integrand in (2.15) is a well-defined function on G/B because
of the B—equivariance of ¢, ¢ and p and the unitarity of the character y. <

Remark 2.2.11. In the local case where G = () B, we have a natural half-density
on G/B ~ @, the one corresponding to the p—function defined, for all ¢ € Q
and b € B, by p(qb) = igézg. We denote it by u, and by dg the measure
corresponding to p?. Furthermore, we have an isomorphism of vector spaces

given by
CX (@)Y ZC2(Q); ¢ = ¢ = dlq-

Notice that it indeed maps COO(G)((;B’X) on compactly supported sections be-
cause of the characterization (2.13). Under this identification, for every g € G
and gp € @, we have

(U(9)$)(q0) = (U(9)$)(q0) = ¢ ((9_1QO)Q (Q_IQO)B) (2.16)
=3 (g7 a)?) (97 a)?). <

From (2.15), we get that the inner product is given, for all G, 1) € C (@), by
70 = | Fa)al0) dala),

which shows that H,, ~ L*(Q,dg).

Remark 2.2.12. We now have four different descriptions of the Hilbert space
‘H,. In the following, we will use one or another depending on which one turns
out to be the most convenient for a given purpose. Notice that we are a bit
sloppy with the notation since we keep the same symbol for an operator when
it acts on one space or another. However, it should not cause any confusion
because it will be clear to which space the vector on which the operator acts
belongs (for instance, the “hat” indicates that ¢ € C‘X’(G)gB’i) and the “tilde”
indicates that ¢ € C°(G/B)). For the sake of clarity, let us summarize the
four descriptions of H,. It is defined as a completion of either:

1. the space of compactly supported smooth sections of the vector bundle

(Ey, =G %, C)® |T(G/B)|"/? = G/B;

2. the space of compactly supported smooth sections of the vector bundle
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3. the subspace CDO(G)EB’X) of (B, x)—equivariant functions on G.

4. in the local case, the space of compactly supported functions on G/B ~
Q. N
Remark 2.2.13. Let us also mention that the chosen positive half-density on
G/B appears in the expression of the inner products, so the completion of
the space of sections will depend on that choice. However, all the obtained
representations are unitarily equivalent and, since the half-density does not
appear in the expressions of the representation of G, we often won’t need to
specify that choice. <

The second ingredient of the quantization map arises from the observation that
the involution o — which encodes the symmetric structure of G/B — allows to
define an operator on H,, which commutes with U, (k) for all k € K. It is based
on the following lemmas.

Lemma 2.2.14. Let (G,K,0,B,x) be a nearly-quantum symmetric space.
Then, the character X is invariant under the restriction of o to the subgroup
B, that is, X o o|p = X.

Proof. The character x is invariant under ¢ by assumption. The invariance un-
der o of §'/2 follows from its definition and from the invariance of the modular
function of a Lie group under any involutive homomorphism of the group. [

Lemma 2.2.15. Let (G, K, 0, B, x) be a nearly-quantum symmetric space. The
map
c:G/B— G/B; gB~ o(9)B,

is a well-defined involutive diffeomorphism of G/B. The map
g E)Z — E)Z ; [g,Z] = [U(g)az]
is a well-defined involutive isomorphism of Ey which lifts o.

Proof. The fact that 6 and ¢ are well-defined follows from the stability of B
under ¢ and Lemma 2.2.14. They both are involutive diffeomorphisms since
o is. Finally, for all g € G, b € B and z € C, 6([gb,2]) = [0(g9)o(b),2] €
(Ex)g(gB)s s0 the fiber (Eg),p is mapped onto the fiber (Eg)q(g5)- O

In view of this Lemma, we can define a linear operator
Y:I°(G/B,Ey) - I'? (G/B, Ey)
by the formula, for all ¢ € I'>° (G/B, Ey) and gB € G/B,
(Xp)(9B) = (¢ (a(9B))) - (2.17)

Notice that Y is compactly supported since g is a diffeomorphism.
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Remark 2.2.16. As in Remark 2.2.10, we can realize X on the space of (B, X)—
equivariant functions on G. For all ¢ € C*™ (G)EB’X)

(X@)(9) = ¢(o(9))-

Indeed, ¥ is defined by the identity (X¢)(¢B) =: [g, (X)(g)], and, ¢ being
such that p(gB) =: [g, $(g)], we have

and g € G, we have

Lemma 2.2.17. Let (G, K, 0, B, X) be a nearly-quantum symmetric space. The
operator ¥ defined by (2.17) extends to an involutive unitary — hence self-
adjoint — operator on H,. Furthermore, for all k € K:

Uy (k) 2 = 3 Uy (k). (2.18)

Proof. We will realize ¥ on (B, x)—equivariant functions on G and first show
that X leaves the inner product (2.3) invariant. Let 3,1 € C>® (G)gB’X)7 and let
i be a half-density on G/B and p the associated p—function. We have, from
the expression (2.15) for the inner product,

™

(@, 50) = /G L, FOT) ) (o)

/G/B ¢(9)

o o 2 o -1 P(U(g
- /G |, 0@) B0 ot 275

(a(9)) plg) " 1*(9B)

<,

1*(o(g)B)

- / S6(9B) Dg) p(o(9)) " 12 (9B) = (Sp,9),
G/B

where, for the transformation of y under the change of variable, we have used
the fact that o is an involutive automorphism of G. This implies that 3 extends
to a unitary operator on H,, which is involutive because ¢ and o are. Let
k € K. In terms of equivariant functions, for all ¢ € COO(G)gB’;‘) and g € G,
we have

which shows the last assertion. O

We now have everything we need to define a map that associates in a natural
way an operator to every point of the symmetric space G/K. It is constructed
by intertwining the operator X by the representation U, of G.
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Proposition 2.2.18. Let (G, K, 0, B, x) be a nearly-quantum symmetric space.
The map
Q:G/K = UHy); gK — Uy(g) Ux(g)’l

is well-defined and defines a unitary representation of G/K in the sense that,
for every x,y € G/K and g € G, we have:

1. Q(z)? = Idy,,
2. Qz)Qy)z) = s (),
3. Uy(9)Qz)Uy(9) ™t = Q(g - 2).
Proof. Let us define
Q:G = UM 5 g Ug) = Uy(g) S Uylg) ™"

which is indeed valued in U(#,,) since the representation U, and ¥ are unitary.
From (2.18), we get

Qgk) = Uy (9)Uy (k) Uy (k)" Uy (9) "
=Uy(9) S Uy(9)~" = Q(y),

so Q induces a well defined map on G/K, which we still denote by Q. We
then give the explicit formula for Q2 on different realizations of #H,. For all
z=g,K € G/K and ¢ € I'?* (G/B, Ey) and goB € G/B, we have:

(Q(x)2)(90B) = (Ux(92)2Ux (95 )#) (90 B)

(Ux
=gsG (gz ¢ (9:0(92) "o (g0)B)) -
In terms of equivariant functions, we have, for all ¢ € C>°(G)(PX) and g, € G:
(Q2)2)(90) = (Ux(92) = Ux (95 ")) (90)
= ¢ (920(92 ' 90)) -

This last expression allows to verify the three properties of the claim by explicit
(B.,x)

computation. Let z = ¢, K,y = g,K € G/K, g,90 € G and ¢ € C>®(G).
Then,

L Q)2 =Uy(9) X Uy(g) "t Uy(g) Uy (9) ' = Idy;

2. Since s, (y) = 9.0 (g5 *g,) K, we have

(Q(2)Q(y) (=)

¢ (920(9; gy gy '9.0(9; ' 90))))
@(gxa 92 94)0 (0 (9, 92)95 ' 90)))
= (2sz(y))#)(g0)-
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3. Finally, Q2 is G—equivariant since, from the definition, we have

UX(g)Q(x)UX(g)_l = Ux(g)Ux(gx)EUx(gz)_lUx(g)_l

= Uy (99:)2Ux (992) " = Qg - 2). O
Remark 2.2.19. Notice that for all z € G/K, Q(z) is not only unitary but also
self-adjoint since it is an involution. <

Following [BG15], we introduce the following definition.

Definition 2.2.20. Let (G, K, 0, B, x) be a nearly-quantum symmetric space.
The pair (Hy, Q) ts called the unitary representation of (G/K,s) induced by
the character x of B.

We are now able to construct our first quantization map.

Proposition 2.2.21. Let (G, K, 0, B, x) be a nearly-quantum symmetric space.
Let us denote by dg . the G—invariant measure on G/K and by L'(G/K) the
space of functions on G /K integrable with respect to dg . Then, the map

Q: LYG/K) — L(Hy) 5 | Qf) (2.19)

where Q(f) is the operator defined, for ¢ € I'?° (G/B, Ey) and goB € G/B, by
(Q(f)e)(90B) := o f(z) (Q2)e)(90B) da/x (), (2.20)

is well-defined, continuous and G—equivariant in the sense that, for all g € G:

Ux(9)Q(NUx(9)" = Q(* /), (2.21)
where f : G/K — C; g. K — f(g7 9. K).

Proof. For all g, € G, from the unitarity of U, (g,) and of X, we get the
unitarity of Q(g,), which leads to

12O < 1I£1l

for all f € L'(G/K), so § is well-defined and continuous. The G— equivariance
follows from Property 3 in Proposition 2.2.18 and from the G— invariance of
the measure. O

Definition 2.2.22. Let (G, K, 0, B, X) be a nearly-quantum symmetric space.
The map § defined by (2.19) is called the quantization map of G/K induced
by (B, x), or simply the quantization map of G/K when the context is clear.
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Remark 2.2.23. Notice that, since Q(x) is self-adjoint for all z € G/K (see
Remark 2.2.19), we have, for all f € L}(G/K),

Q)" = Q(f).

Indeed, this is easily seen from (2.20) for compactly supported f, and the
property extends to the whole L' by continuity of . In particular, real-valued
functions are mapped to self-adjoint operators. <

2.2.3 Another quantization map

Although the quantization map {2 naturally encodes the symmetric space struc-
ture of G/K, it will turn out that a slight modification of it is more convenient
in order to define a deformed (i.e. noncommutative) product on G/K. The
modified quantization map arises from a very similar construction, which how-

ever involves a functional parameter. 8

Definition 2.2.24. Let (G, K, 0, B, X) be a nearly-quantum symmetric space.
Let m be a smooth function on G/B and denote also by m the operator of
multiplication by m of sections of Ey. We define the operator X as the
composition m o X:

Ym T (G/B, Ex) = I'E (G/B, Ey) 5 ¢ = (mo X)(p)
that is, for all ¢ € T° (G/B, Ey) and goB € G/B:

(Emep)(90B) := m(goB) (X¢)(g90B) = m(goB) & (¢(o(g0)B))

| (2.22)
=m(goB) 5 (¢(c(goB))).

In terms of (B, X)—equivariant functions, we have, for all go € G and ¢ €
Coo(G)gB,f()
(Xm$)(90) = m(goB) ¢(o(g0))- (2.23)

It should be noted that 3, is only defined as a linear operator on the vector
space of compactly supported smooth sections. In general, it does not extend to
a bounded operator on H,, unless m is bounded. We will see that it might be
needed to consider such unbounded m. For a short time, we will therefore leave
the realm of bounded operators on Hilbert spaces and consider our operators as
linear operators on I'*° (G/B, Ey). In this spirit, observe that for every g € G,
U, (g) gives an endomorphism of I'** (G/B, Ey). Notice also that ¥, as well
as U(g) map compactly supported sections to compactly supported sections

8Later on, this function will then be chosen in such a way that the quantization map
defines a unitary operator from the Hilbert space of square integrable functions on G/K and
the Hilbert space of Hilbert-Schmidt operators on Hy.
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since ¢ is a diffecomorphism and G acts on G/B by diffeomorphisms. As we
did before with 3, we can therefore intertwine ¥, by the representation U, to
define Qm(9) = Uy(g) Em Uy (g9) ! for all g € G. However, many properties of
Proposition 2.2.18 do not hold anymore for Qy, for a generic m — for instance,
Qm is not constant on the left cosets of K in G. Still, we can recover some of
them by imposing some conditions on m.

Definition 2.2.25. Let (G, K, 0, B, X) be a nearly-quantum symmetric space.
A smooth function m on G/B is called admissible if the two following condi-
tions are satisfied:

1. it is invariant for the natural left action of K on G/B, that is, if for all
ke K and goB € G/B:

m(kgoB) = m(goB).

2. mog =m.

Lemma 2.2.26. Let (G, K, 0, B, X) be a nearly-quantum symmetric space and
let m be an admissible smooth function on G/B. Then, X, is a symmetric op-
erator on I'2° (G/B, Ey) for the inner product (2.12) for any choice of positive
half-density, that is, for all v, € TP (G/B, Ey),

(@, Zm¥) = (Emp, ¥) -

Proof. We will use the expression (2.23) of ¥y, on (B, x)—equivariant functions
on G. Let ¢, € COO(G')QB’)U7 and let p be a half-density on G/B and p
the associated p—function. We have, from the expression (2.15) for the inner
product,

(8, Sm) = /G PO Tt (0) o) (0)

- / () m(gB) (o (9) plo) " 12(aB)
G/B

= [ m(eB)p(e(9) T oo L2D
G/B

_ / Semp(9B) 9(9) p(0(0)) " 12(9B) = (Senip, ),
G/B

where we have used the fact that m is admissible, and the fact that o is an
involutive automorphism of G for the transformation of p under the change of
variable. O

Lemma 2.2.27. Let (G, K, 0, B, x) be a nearly-quantum symmetric space and
let m be an admissible smooth function on G/B. Then, the map

Om : G = End(I'° (G/B,Ey)) 5 g Qm(9) :=Uy(9) Em UX(g)_1

satisfies the following properties:
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1. Qu is G—equivariant, that is, for all g, g9 € G,
Qi (990) = Ux(9) Qm(90) Ux(9) ™

2. forallg € G, Qm(g) is symmetric on T'2° (G/B, Ey) for the inner product
(2.12) for any choice of positive half-density;

8. forallk € K:
Uy(B)Zm = ZmUy (k).

Proof. As in the case of 2, the first claim follows immediately from the def-
inition. The last one is more easily proved by realizing the operators on
(B, x)—equivariant functions on G. Let ¢ € C‘X’(G)ﬁB’i) and g € G. For
all £k € K, we have, by the K—invariance of m and the fact that o is the

identity on K:

(Ux(k)2m$)(9) = m(k~ gB)@(o (k™ g))
=m(gB)p(k~"o(g)) = (SmUy (k)2)(9)- 0

In view of the those results, we get a weaker but similar statement to Proposi-
tion 2.2.18, which allows to attach an operator to each point of the symmetric
space G/K.

Proposition 2.2.28. Let (G, K, 0, B, x) be a nearly-quantum symmetric space
and let m be an admissible smooth function on G/B. Then, the map

O 2 G/K — End (T3° (G/B.Ey) 5 gK > Uy(g) Sn Uy(9) ™"

is well-defined and G—equivariant, and we have, for all ¢ € I'° (G/B, Ey),
gK € G/K and goB € G/B:

(m(9K)@)(90B) =m(g 'goB) (90(g™")) -5 (¢(go(9 '90)B)). (2.24)

Proof. Because of Property 3 in Lemma 2.2.27, we have Qp,(gh) = Qm(g) for
all g € G and k € K, so Qyy, induces a map on G/K which we still denote by
Qm- The G—equivariance still holds after passing to the quotient since the left
and right multiplications in G commute.

The expression (2.24) follows by the explicit formulas (2.10) and (2.22) for
Uy(g) and Xy, and from the fact that for all g € G and [go, 2] € Ey:

9-5 (97" [90.2]) = [90(97 " 90), 2] = (9o(97")) - 5([g0. 2]). O

Remark 2.2.29. For a later use, let us give the expression of {2y, on (B, X)-
equivariant functions. For all gK € G/K, ¢ € COO(G)gB’X) and gy € G, we
have, from (2.14) and (2.23),

(Qm(9K)$)(90) =m(g 'g0B) ¢ (90(9 " 90)) -
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From this expression, we also get that, in the local case G = @B, for all
9K € G/K, $ € C(Q) and g € Q,

(Qun(9K)3)(@) = m ((97"90)?) ¥ ((90(970))®) " & ((90(979)?).
<]

In a similar way as we did for €2, we can use this family of operators to construct
a quantization map for the functions on G/K. Let f € C°(G/K), we define a
linear operator

Qm(f) : T (G/B,Eg) — I (G/B, Ey) (2.25)

by the formula given, for each ¢ € I'?° (G/B, Ey) and goB € G/B, by:
(Qm(f)e)(90B) = o f(@) (Qm(x)9)(90B) dayx (), (2.26)
where dg )k () is the G—invariant measure on G/K.

Lemma 2.2.30. Let (G, K, 0, B, X) be a nearly-quantum symmetric space and
let m be an admissible smooth function on G/B. The map f — Qum(f) is
G —equivariant in the sense that, for all f € C*(G/K) and g € G,

Qa(7f) =Ulg) Q) Ug) ",
where for all goK € G/K, (9f)(90K) = f(g7 g0 K).

Proof. This follows from the G—invariance of dg,x and Property (1) of Propo-
sition 2.2.28. O

The next property will be useful later on, to show that, when it makes sense,

Qm(f)* = Qm(f)

Lemma 2.2.31. Let (G, K, 0, B, x) be a nearly-quantum symmetric space and
let m be an admissible smooth function on G/B. Then, for all f € C°(G/K)
and @, € I'¥(G/B, Ey),

where (-,-) denotes the inner product (2.12) for any choice of half-density on
G/B.

Proof. This follows from statement 2 in Lemma 2.2.27, and from the explicit
expression (2.26). O

By identifying the smooth section Qp,(f)e with the corresponding generalized
section (see Example 1.3.8) of Ey, Qm(f) defines a general operator from Ey
to itself (see Section 1.4, Definition 1.4.1).



124 CHAPTER 2. QUANTIZATION OF SYMMETRIC SPACES

Definition 2.2.32. Let (G, K, 0, B, x) be a nearly-quantum symmetric space
and let m be an admissible smooth function on G/B. The quantization map
of G/K induced by (B, x,m) is the linear map

Om :CF(G/K) — L’b(D(G/B,EX) —D'(G/B,Eg)); [+~ Qm(f), (2:27)

where Qo (f) is defined by (2.25) and (2.26).° We will call it simply the quan-
tization map when the context is clear.

Remark 2.2.33. Although Q,,(¢K) might not be a bounded operator, it is a le-
gitimate question to ask whether Q,,,(f) extends to a honest bounded operator
on H,. Also, we would like to know to which extent the domain of the quan-
tization map €y, can be enlarged to a larger space than compactly supported
functions, such as the space of square-integrable functions. Let us however
postpone that discussion to Section 2.3 and stick with general operators for
the moment, in order to make a link with the previous chapter. <

2.2.4 The family of geometric morphisms of the quanti-
zation map

We will now see that the construction of the quantization map y, exactly fits
into the setting of Section 1.8. Indeed, the operators Oy (z) and Oy (f) of our
quantization map correspond to the pullback operators associated in Subsection
1.8.1 to a family of geometric morphisms. Later on, this identification will allow
us to use the techniques that we developed in the previous chapter to compute
the trace of (compositions of) Qum(f).

More precisely, let m be an admissible smooth function on G/B and let us
consider the smooth map

7:G/K xG/B— G/B

B (2.28)
; (9K, 90B) = 7y (90B) == go (9™ " 90) B
and, for each gK € G/K and goB € G/B, the linear map
gk (90B) : (Ex), — (Ex)
9 X gK(QOB) » X/goB » (229)
i lg1,2] = m(g™ goB) (90(97)) - [o(gr), 2.
Notice that 74k (goB) is well-defined since any element of (Ef()rqx(go p) is of the

form [go (97 go) , 2] for some z € C and that (go(g™")) - [0 (90 (97 90)) . 2] =
[90, 2] € (E%),, 5 Since r depends smoothly on gK and goB, the data 7 = (7, 1)
gives a smooth family of geometric morphisms of Ey parametrized by G/K
(see Definition 1.8.1). For ¢K € G/K, we see from (2.24) and (2.29) that

9Notice that in the case of m = 1, we recover the quantization map Q of Definition 2.2.22.
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the pullback operator defined by (1.57) coincides with Q,,(¢K). Now, denote
by |dg k()| the smooth density corresponding to the G'—invariant measure
on G/K. Tt is non-vanishing, so any compactly supported smooth density on
G/K is of the form f|dg i (z)| for some f € C:°(G/K). Then, the operator
associated to f|dg i (2)| by the expression (1.59) is equal to Qm(f), given by
(2.26).

This rephrasing in terms of geometric morphisms allows to highlight some of
the geometric structure underlying the quantization map. In analogy with a
group action, the map 7 may be considered as an action of the symmetric space
G/K on G/B in the sense of the following lemma.

Lemma 2.2.34. Let (G, K, 0, B, X) be a nearly-quantum symmetric space. The

smooth map
:G/K xG/B— G/B
TG/ / / B (2.30)
; (9K, goB) = Ty (90B) == go (97 "g0) B

defines a G—equivariant action of the symmetric space G/K on G/B in the
sense that, for all x,y € G/K, we have:

1. (1,)% = ldg/B,
2. TpOTyOTy = Ts,(y)s
3. agoTyoay1 =Ty, forallg € G,
where « is the natural left action (2.5) of G on G/B.
Proof. Let g, K, 9,K € G/K, goB € G/B and g € G. The results follow from

explicit computations and using the fact that ¢ is an involutive automorphism
of G.

L. 7, k(79,5 (90B)) = 920 (95920 (95" 90)) B = 9o B;

2. Since sg, k (9,K) = 920 (95 *9y) K, we have

(g1 © Tg, 1 © T, 1) (90B) = 920 (9, ' 90 (9, ' 920 (92" 90))) B
= gz0 (9;1gy) o (O‘ (gy_lgw) ga?lgo) B
= Tsgurc(9,K)(90B);

3. (agoTzoay-1)(g0B) = 9920 (951 97 90) B = 749,k (90B). O

Definition 2.2.35. Let (G, K, 0, B, x) be a nearly-quantum symmetric space.
The map (2.30) is called the symmetric action of G/K on G/B.

The map 7 then corresponds to a lift to the vector bundle Fy of the symmetric
action 7. Although, as noted in Lemma 2.2.27, it does not give a genuine rep-
resentation of symmetric space for generic admissible m, the G—equivariance
is always satisfied.
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Remark 2.2.36. In the local case G = QB, we identify G/B with @ and the
bundle Ey; with the trivial bundle over Q. The morphisms ryx(g) are thus
simply given by a complex number. Recall from Remark 2.2.29 that, for all
gK € G/K, € C(Q) and ¢ € Q, we have

(Qm(9K)2) (@) =m ((97'0)?) X ((90(97'0)") " @ ((go(g™'0)?) . (231)
Therefore, we have for all gK € G/K, q € Q:

o (@) = (9o(97"q))?

2.32
ro(q) = m ((97'9)?) % ((golg9)") ™" 22

<

Building on the results of the previous chapter, we get the following Proposition.

Proposition 2.2.37. Let (G, K, 0, B, x) be a nearly-quantum symmetric space
and let m be an admissible smooth function on G/B. Suppose that the action T
defined by (2.28) is locally transitive. Then, for all f € C°(G/K), the operator
Qm(f) has a smooth kernel.

Proof. In view of the previous discussion identifying Qp,(f) with (1.58) for
the family of geometric morphisms (7, ) given by (2.28) and (2.29), this is an
immediate consequence of Proposition 1.8.5. O

Let us now comment on the requirement that the action 7 is locally transitive,
an essential feature to be able to apply the results of the previous chapter.
As the following counter-example shows, local transitivity needs not hold in
general.

Ezample 2.2.38. Let us consider the cylinder, as introduced in Example 2.2.4.
Recall that, as a manifold, M ~ S' x R and the symmetric structure is given,
for all (¢'*,n), (", n') € M, by

s(eiam)(ei“,, n') = (e!?9=9) 2z cos(a — ') — @).
For this example, we consider B = K, so M acts on itself (i.e. 7 = s). From
the latter expression, we can see that the action of M on itself is not locally

transitive. Indeed, identifying the tangent space to M with R?, for every
(e**,n) € M and

(Xa, X, 0, 0) S T((eia,7n)7(1)0))(M X M),
we have:

(X, Xn,0,0) = (2X,,2X,, cos(a) — 2X, z sin(a)),

T, .
*((eia,n),(1,0))

which is not surjective as soon as e = e'Z. In order to suggest a more
geometric intuition of what is going on, the situation is pictured in Figure 2.2.

O
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Figure 2.2: Picture of the symmetric space M (the horizontal axis corresponds
to the coordinate a, and the vertical one to n). The plain lines are the geodesics
issued from the point e = (0,0) corresponding to the Loos connection. * =
(€'2,n),m= 8’5 m) (0,0) and the thin dotted line (a = %) shows the midpoints
of the geodesics between the points e and m. The dashed lines (a = +m)
represent points z € M such that there is no y € M such that s,(0,0) = z. In
this situation, s fails to be locally transitive because moving  vertically along
the dotted line does not move m. Thus, the differential of s with respect to x
cannot be surjective.

One possible way to ensure local transitivity is to require that any pair of points
in M admits a midpoint in the following sense.

Definition 2.2.39. Let (M, s) be a symmetric space. For x,y € M, a point z
satisfying s.(x) = y is called a midpoint of x and y. A midpoint map on M
is a smooth map

MxM— M; (z,y) — mid(z,y)
such that, for all x,y € M, mid(x,y) is a midpoint of x and y, that is:

S mid(z,y) (LL‘) =Y.

Midpoints in the present context of symmetric spaces have first been studied by
Qian [Qia97]. As can be seen in Example 2.2.38, they need not exist for generic
pairs of points, neither should they be unique. Also, as it is the case on the
circle, there might be topological obstructions to the smoothness of a midpoint
map. The relation between the existence of a midpoint map and properties
of the exponential map has been analyzed by Voglaire [Vogll]. Rephrasing
[Vogl4, Theorem 1.1] and [Vogll, Theorem 2.2.20], we get the following im-
portant characterization.

Theorem 2.2.40. Let (M, s) be a connected symmetric space. Then, the fol-
lowing conditions are equivalent:

1. there exists a midpoint map on M;
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2. any two points in M have at most one midpoint;

3. there exists © € M such that the exponential map at x of the Loos con-
nection is a global diffeomorphism;

4. the exponential map at any point of M of the Loos connection is a global
diffeomorphism.

Remark 2.2.41. In particular, this implies that if every pair of points has at least
one midpoint, then they have exactly one. It also implies that if a midpoint
map exists, then it is unique, and every two points have a unique midpoint. <

Proposition 2.2.42. Let (G, K, 0, B, x) be a nearly-quantum symmetric space.
Suppose that there exists a midpoint map on G/K. Then, the smooth map T
defined by (2.28) is locally transitive. Therefore, for any admissible smooth
function m on G/B, the operator Qum(f) is smooth for every f € C°(G/K).

Proof. Let goK € G/K, ¢1B € G/B and define go := goo(gy '91). We have
thus 74,k (g1B) = ¢g2B. Let Xy € Ty,5(G/B) and X € g such that Xy =
%|0 exp(—tX)g2B (such an X exists since G/B is a homogeneous space). For
€ > 0 sufficiently small, consider the path x : I. :=| — €,e[— M defined, for
tel., by
x(t) :== mid (g1 K, exp(—tX)g2K) .

It is smooth since mid is and, by uniqueness of the midpoints (Remark 2.2.41),
x(0) = goK. Let g: I. = G be a smooth lift of 2 such that g(0) = go — which
exists since G — G/K is a K—principal bundle. Then, by definition of x(t),
we have:

exp(—tX) g2 K = s54)(91K) = s¢0)x (91 K)
=g(t)o(g(t) "9 K,

so for each t € I, there exists k(t) € K such that
exp(—tX)g2k(t) = g(t) o (g(t) " 1)
Then, since K C B, we have:

o) (91B) = gk (91 B) = g(t) o(g(t) "' 91)B
exp(—tX)gok(t)B = exp(—tX)g2B.

Setting Y := %|0 z(t) € Ty, x (G/K) the latter equation shows that

(Y,0) = X,

T*(Qo K,91B)
which proves the local transitivity of 7.

The last part of the claim follows from Proposition 2.2.37. O
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Remark 2.2.43. It is worth mentioning that the existence of a midpoint map
is not a necessary condition for the local transitivity. Indeed, coming back to
the Example 2.2.4 of the cylinder, but this time choosing B = NK, we have
G/B = Q ~ S! and, for all (¢!*,n) € M and e'® € Q,

T(eiom) (ei(l[)) _ ez’(2a—a0)’

which is locally transitive. <

2.3 Hilbert-Schmidt and trace-class operators

We now come back to the realm of Hilbert spaces and pause for a moment to
review some fundamental facts about Hilbert-Schmidt and trace-class opera-
tors. The two notions are very much related, leading to a variety of ways to
introduce them, depending for instance on which one is introduced first. For
a complete exposition of the subject, we refer to Conway [Con00, Chapter 3,
§18]. Although his approach is slightly different than ours, all the equivalences
are stated and proved. Regarding the study of traces of operators, Pietsch
[Piel4] gives an illuminating review of its history, which shows that it extends
far beyond Hilbert spaces.

At the end of the section, we briefly discuss how our quantization map fits into
the setting of Hilbert-Schmidt operators.

Throughout this section, let H be a separable Hilbert space with inner product
(+,-) and denote by L£(#) the space of bounded linear operators on H and by
[| - || the operator norm on L£(H).

Proposition 2.3.1. Let A € L(H) and {e;}icr be an orthonormal basis of H
such that ), (Ae;, Ae;) < +o0o. Then, for all orthonormal basis {fi}icr of
H:

Z (Afi, Afi) = Z (Aey, Ae;) .
il iel
This justifies the following definition.

Definition 2.3.2. An operator A € L(H) is called a Hilbert-Schmidt operator
if there exists an orthonormal basis {e;}icr of H such that

Z (Ae;, Ae;) < +o0.

i€l

The set of Hilbert-Schmidt operators on H is denoted by L?(H) and we define

1/2
Izt L2(H) > R A ||A]|g2 = <Z (Aei,Ael->) ,

el
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where {e; }icr s any basis of H.1°
Theorem 2.3.3. We have:

1. L2(H) is a vector subspace of L(H) and ||-||z2 is a norm on L*(H) which
turns it into a Banach space;

2. for all A € L2(H), [|Al| < ||Al|c2;
3. for all A € L2(H), its adjoint A* belongs to L2(H) and ||Al|z2 = ||A*||2;

4. L2(H) is a two-sided ideal of L(H), that is, for all A € L2(H) and T €
L(H), AT € L%(H) and TA € L2(H);

5. for all A€ L2(H) and T € L(H), ||AT||z2 < ||T||||Allzz and ||TA||z2 <
T All>-

The subset of products of Hilbert-Schmidt operators turns out to be as impor-
tant as Hilbert-Schmidt operators themselves. This definition was introduced
by Schatten and von Neumann [SvN46].

Definition 2.3.4. An operator A € L(H) is called a trace-class operator if it
1s the product of two Hilbert-Schmidt operators. The set of trace-class operators
on H is denoted by L1 (H).

Theorem 2.3.5. We have:
1. LY(H) is a vector subspace of L(H); 1!
2. for all A € LY(H), its adjoint A* belongs to L1 (H);

3. LY(H) is a two-sided ideal of L(H), that is, for all A € LY(H) and T €
L(H), AT € LY(H) and TA € L*(H);

4. for all A € L(H), A € LY(H) if and only if for every orthonormal basis
{eitier of H,
Z [(Ae;, e;)] < +o0. (2.33)
iel
In that case, the number ), ; (Ae;, e;) is independent on the basis.

Remark 2.3.6. Some authors take (4) in Theorem 2.3.5 as a definition of trace-
class operators. However, it should be emphasized that, unlike in Proposition
2.3.1, the condition (2.33) is not independent on the basis for a generic bounded
operator. That is, there exists A € £(#) which is not trace-class such that

10By Proposition 2.3.1, || - || ;2 is independent of the choice of basis.
11 As for Hilbert-Schmidt operators, it is possible to define a norm || - || 1 on £1(#), which
turns it into a Banach space, and which satisfies the same properties as || - || 2 in Theorem

2.3.3. The trace functional (to be defined in a moment) turns out to be continuous with
respect to that norm.



2.3. HILBERT-SCHMIDT AND TRACE-CLASS OPERATORS 131

(2.33) holds for one basis but not for all. This is one reason why we take the
definition as a product of two Hilbert-Schmidt operators, which seems more
elegant and more practical to use. <

We can now define the trace of a trace-class operator which, by analogy with the
finite dimensional case, justifies the terminology and, by the previous Theorem,
is independent on the basis in the definition.

Definition 2.3.7. The trace of an operator A € L(H) is the number

Tr(A) == Z (Aei,ei),

icl

where {e;}icr is any orthonormal basis of H.
Theorem 2.3.8. We have:

1. Tr : LY(H) — C is a linear functional;

2. for all A € LY(H) Tr (A*) = Tr (A).

3. for all A€ LY(H) and T € L(H), Tr (AT) = Tr (T A).
The trace allows to define an inner product on £2(#) which turns it into a
separable Hilbert space.

Theorem 2.3.9. The space L2(H) endowed with the inner product defined, for
every A, B € L2, by
(A, B) . :=Tr(B*A)

is a separable Hilbert space whose norm coincides with || - ||zz.

In the case where H is the space of square-integrable functions on a measurable
space, we have an important characterization of Hilbert-Schmidt operators on
H. We refer to [RS81, Theorem VI.23] for a proof of this result.

Theorem 2.3.10. Let M be a manifold, i a measure on M and H = L*(M, p)
the Hilbert space of square-integrable functions on M with respect to p. Then,
an operator A € L(H) is Hilbert-Schmidt if and only if there exists a function
K € L?>(M x M, x p) such that, for all f € H:

(Af)(x) = /M K (2, 9) £ (y) du(y).

In that case, we have

1A]|2, = /MXM K (2, 9)? du(z) diu(y)-



132 CHAPTER 2. QUANTIZATION OF SYMMETRIC SPACES

As we have already mentioned in subsection 1.4.4, there is no such nice charac-
terization of a trace-class operator. However, when we know that an operator
is trace-class and has an almost-everywhere continuous kernel, let us recall that
we have the following trace formula. It follows from [Bri91, Corollary 3.2].

Theorem 2.3.11. Let pu be a measure on a manifold M, and let K be a trace-
class operator on L*(M,p). If the kernel K(x,vy) is continuous at (x,y) for
almost every x, then

Tr(K) = /M K(z,z)du(z).

We end up this section by discussing how our quantization procedure fits into
the setting of Hilbert-Schmidt operators. Recall that, in Definition 2.2.32,
the quantization map Qy, is defined as a general operator Eb(D(G/B, E;) —
D'(G/B,Eg)). However, in many interesting cases, it turns out that Qum(f)
can be extended to a Hilbert-Schmidt operator on H,,. As we will see in the
next section, it gives a powerful setting to compute the inverse of Q. It is
therefore useful to study whether the image of Qyy, is contained in £2(H, ), and
the following result gives a first sufficient condition.

Proposition 2.3.12. Let (G, K, 0, B, ) be a local nearly-quantum symmet-
ric space and m an admissible smooth function on G/B. Suppose that G/B
is compact and that the action of G/K on G/B is locally transitive. Then,
for every f € C(G/K), the operator Qum(f) extends to an Hilbert-Schmidt
operator on H,.

Proof. Recall from Definition 2.2.32 that for all f € C°(G/K), Qm(f) is a gen-
eral operator of Ey, that is, an element of £,(D(G/B, Ex) — D'(G/B, Ey)).
By Proposition 2.2.37, the kernel of Qy, (f) is smooth, and it is therefore square-
integrable on G/B x G/B since G/B is compact. Since we are in the local case,
G/B ~ Q and H, ~ L*(Q) by Remark 2.2.11. We can thus apply Theorem
2.3.10, which implies that Q,,(f) extends to a Hilbert-Schmidt operator on
Hy - O

2.4 Symbol map, deformed product and three-
point kernel

Now we have built a quantization map, that associates operators to functions,
we would like to define a symbol map, which goes the other way around and
“dequantize” a quantized operator by assigning to it a function — its so-called
symbol. Ideally, we would like those two maps to be inverse of each other, in
the sense that the symbol of the operator quantizing a given function would be



2.4. SYMBOL MAP, DEFORMED PRODUCT AND THREE-POINT KERNEL 133

precisely that function. However, this won’t be true in general and the defect
of the inversion procedure will be encoded by the so-called Berezin transform.

Throughout this section, let (G, K, o0, B, x) be a nearly-quantum symmetric
space, let m be an admissible smooth function on G//B and denote by d¢ k()
the G—invariant measure on G/ K. We further make the two following assump-
tions.

Hypothesis.
(H1) the symmetric action 7 of G/K on G/B is locally transitive;

(H2) for every f € CX(G/K), the operator Oy (f) extends to an Hilbert-
Schmidt operator on H,, that is, the quantization map (2.27) induces a
linear map

Om : C(G/K) — L2(H,y). &

As we mentioned earlier, hypothesis (H2) is verified for many interesting ex-
amples. It allows to use the trace as a powerful computational tool in the
quantization procedure. Hypothesis (H1) will then be used in to order to
apply the fixed point formula for the trace that has been developed in the pre-
vious chapter. This will lead to an explicit geometric expression of a deformed
product on G/K.

2.4.1 The symbol map and the deformed product

Let us begin with a heuristic explanation of how the symbol map arises. Let
A € L%(H,). Forall ¢ € C°(G/K), since Qm(¢) is Hilbert-Schmidt, Qm(4)* A
is trace-class and we can define the following map:

m(A4) :CFX(G/K) - C; ¢ Tr(Qm(p)" A). (2.34)

In the good cases, we can hope that ¢y (A4) is in fact continuous and that,
moreover, this antilinear distribution is represented by a (locally integrable)
function o, (A). That is, for all ¢ € C°(G/K),

Tt (Qun(6)" A) = /G AT do ) (2.35)

Applying this to A := Qu(f) for f € C°(G/K) would give a dequantization
procedure, the symbol of Q,,(f) being defined as the function oy (Qm(f)).
However, this function has no reason to be a smooth compactly supported
function (and it won’t be in general, even in the good cases). We therefore

need to require that the quantization map €, can be extended to a larger
domain F D C°(G/K) which is large enough for o (2m(f)) to fall back in F.
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Notice that since | Tr (A Qm(0)*)] < || 4|22 ||m(6)]| 22, the continuity of (2.34)
is guaranteed as soon as the quantization maps is continuous for the L? norm.
It seems therefore natural to take F as the space of square-integrable functions,
which leads us to strengthen (H2) with the following additional hypothesis.

Hypothesis.

(H3) the quantization map Q, extends to a bounded linear operator 12

Om : L2 (G/K) — L%(Hy). &

Now, observe that, by definition of the inner products of £?(H, ) and L*(G/K),
the defining property (2.35) of o (A) reads

(A4, 92(0)) 2> = (om(A), @) 12,

which is exactly the definition of the adjoint map of Q,,. Assuming (H3)
therefore makes the whole dequantization procedure well-defined, and leads
naturally to the following definition.

Definition 2.4.1. Let (G,K,0,B,x) be a nearly-quantum symmetric space
and let m be an admissible smooth function on G/B. Suppose that (H1), (H2)
and (H3) hold. Then, the adjoint of the quantization map Qm,

om : L2(Hy) — L*(G/K),

1s called the symbol map.

This is not the end of the story since the symbol map has no reason to be
a left inverse of the quantization map. This would require the latter to be
an isometry, which is not always the case. The obstruction is encoded by the
notion of the so-called Berezin transform.

Definition 2.4.2. Let (G,K,o0,B,x) be a nearly-quantum symmetric space
and let m be an admissible smooth function on G/B. Suppose that (H1), (H2)
and (H3) hold. The Berezin transform is the linear operator defined by

Bm : L*(G/K) = L*(G/K) ; f+ (0m© Qm)(f).

Proposition 2.4.3. Let (G, K, 0, B, x) be a nearly-quantum symmetric space
and let m be an admissible smooth function on G/B. Suppose that (H1), (H2)
and (H3) hold. The Berezin transform is a positive bounded linear operator on
L?(G/K), whose norm satisfies || Bm|| < ||Qm][?-

Proof. This is immediate from the definition of By, as a composition of a
bounded operator and its adjoint, and from the fact that Q,, is bounded. [

12Later on, we will give examples for which it is indeed the case, and for which the functional
parameter m can be chosen so that Qm is even unitary.
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Now we have a complete working quantization and dequantization procedure,
we are ready to define a deformed product on L?(G/H). For this, we assume
the quantization map to be unitary. It is therefore invertible and its inverse is
precisely the symbol map.

Hypothesis.
(H4) the quantization map Qm : L?(G/K) — L*(H,) is unitary.
&

Definition 2.4.4. Let (G,K,o0,B,x) be a nearly-quantum symmetric space
and let m be an admissible smooth function on G/B. Suppose that (H1), (H2),
(H3) and (H4) hold. We define a product xm on L*(G/K) by the formula, for
all f1,f2 € LQ(G/K)

fl *m f2 ‘= 0Om (Qm(fl)Qm(fQ)) . (236)

Theorem 2.4.5. Let (G, K, 0, B, x) be a nearly-quantum symmetric space and
let m be an admissible smooth function on G/B. Suppose that (H1), (H2),
(H3) and (H4) hold. Then, *ym satisfies the following properties:

1. it is bilinear, continuous and associative;

2. it is G—equivariant in the sense that, for all g € G and f1, fo € L*(G/K),

(gfl) *m (ng) = g(fl *m f2)a
with (9f)(goK) := f (97 g0 K) for all f € L*(G/K) and goK € G/K.
3. the complex conjugation is an involution of xm, that is, for all f1, fo €
L*(G/K),
fi*m f2 = fo*m f1.
Proof. The bilinearity and the continuity follow from the linearity and conti-

nuity of the operators 2, and o,,. Regarding the associativity, let f1, fo, f3 €
L?(G/K). Since €y, is unitary, we have Qu 0 oy = idr2(q/K), 0

((f1 *m f2) *m f3) = om (Qom (Q2(f1)Q2(/2)))2(f3))
= om ((f1)Q(f2)Q(f3))

om (2(f1)2(om (2(f2)2(f3))))

(f1 *m (f2 *m [3)).

Next, recall from Lemma 2.2.30 that Q, if G—equivariant on compactly sup-
ported functions. By continuity of Q, it is also on L*(G/K). For every
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A € L2(Hy), [ € L*(G/K) and g € G, we thus have, by definition of the
adjoint,

(om (U@)AU(9) ™) )2 = (U(@)AU(9) ™, ()
U (9) ™ Qm(HU(9)) 2

A0 1)

om(4),% ),

/(0w (4), F) 2

where the last line follows from the G—invariance of the G—invariant measure
on G/K. This shows that owm (U(9)AU(g9)™") = 9(0m (A)). This in turn gives
the G—equivariance of *, since, for all g € G, we have

Il
o~~~

(2.37)

—~

(7f1) *m (?f2) = Om (U (O f ) ( 2))
= 0m (U(9)m (f1) U(9) " U(9)Qm (f2) U(9)™")
= Om U(Q)Qm Qm (f2) U(g) )

Jm(Qm(fl) m (f2))) = 9(f1 *m f2).

Finally, regarding the last assertion, notice that, because of Lemma 2.2.31,
Qm(f) = Qm(f)* for all f € C5°(G/K). By continuity of Qy,, the same holds
for all f € L?(G/K). Using the definition of the adjoint and a computation
similar to (2.37), we get that o, (A*) = o(A) for all A € L*(H,). Therefore,

f1*m fo = 0om (Qm (fl) Om (f2))
= 0m ((Qm (1) Un (f2))") = om (Qn (f2)" Un (f1)")
= om (U (f2) Qm (1)) = Foxm fr,

which ends the proof. O

Remark 2.4.6. The definition (2.36) of x,, being rather abstract, let us give
a way to a more explicit expression of the product. By density of C§°(G/K)
in L?(G/K) and by continuity of *,, it is enough to compute fi xm fo for
fi, f2 € C°(G/K). The latter is uniquely determined by the datum of its
inner product with all f3 € C§°(G/K), that is (we rather take f3 instead of f3
since it will be more convenient later on):

(f1*m f2, [3) ;2 = (Om (D (f1) Qm (f2)) , f3) 1
:< m(fl Qm( ) (E)>Lz
=Tr (Qm(f3)" Qm (f1) Qm (f2))

Tr (R (f1) Qm (f2) Qm(f3)) -

The next section is dedicated to compute this last quantity using the fixed

(2.38)

point formula of the previous chapter. <
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2.4.2 The three point kernel

In this subsection, we take one step back regarding our hypotheses, and suppose
solely (H1) and (H2). Indeed, it might be instructive to be able to compute
Tr (2m (f1) Qm (f2) Qm(f3)) even for examples which do not lead to a genuine
deformed product. In order to simplify a bit the notations, let us denote
M :=G/K and @ := G/B. We will also restrict ourself to the local case.

We start with the following straightforward lemma, which shows that a com-
position of a locally transitive action is also locally transitive.

Lemma 2.4.7. Let M and @ be two manifolds, and 7 : M X QQ — @ a locally
transitive smooth map. Then,

T:(MxMxM)xQ—Q; ((m,y,z),q) — 7, (1y(72(q)))

1s also locally transitive.

Proof. Let x,y,z € M, q € Q and X € Tﬁm,y,z)(q)(Q)~ Denote ¢’ := 7,(75(q))-
Then, by definition of 7, X € T 4 (Q). By local transitivity of 7 at (z,q’),
there exists Y € T, (M) such that 7., (Y,0) = X. Therefore,

0,0,Y,0) = X,

7~.”‘((av,yYZ),q)(

which shows the local transitivity of 7. O

We are now ready for our main theorems.

Theorem 2.4.8. Let (G, K, 0, B, x) be a local nearly-quantum symmetric space
and let m be an admissible smooth function on Q. Suppose that

1. the symmetric action T of M on Q is locally transitive;

2. for every f € C°(M), the operator Qm(f) extends to an Hilbert-Schmidt
operator on H,, that is, the quantization map (2.27) induces a linear map

Qm : CO (M) — L2(H,y);

3. pr|y is proper, where pr : M3 x Q — M? denotes the projection, and Z
1s the fized point bundle

Z = {((m,y,z),q) € M3 X Q | (TZ OTZ/ OTOL‘)(Q) = Q} ;
4. for all x,y,z € M, all the fized points p of T, o Ty o T, are simple, that is

det (id — (72 0 7y 0 ), ) # 0.
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Then, for every fi, fa, f3 € C°(M), we have

m (/1) Om (f2) Om (f3))

(2.39)
/ (@) F2(0) F5(2) K (2,9, 2) dag (@) o (9)daa (=),

where K : M? — C is smooth and given, for all x,y,z € M, by

Z Tz (p) Ty (Tzzz(p)) Tz (Ty(Tz(p)))

K =
(,y,2) [det (id — (r. oy 0 7)., )|

p=T2(p)

where the sum is over the fized points of T, o Ty o 7, and, for all gK € M and

q€qQ,
rex(q) =m(g~'¢B) ¥ ((90(9"a))")

Ap ((go(g~19)")
Ag ((9o(9719))B)

Proof. Let fi, fa, fs € C§°(M). Since 7 is locally transitive, each of the Q(f;)
is smooth. They are also Hilbert-Schmidt by assumption, so their product
Qm (f1) Qm (f2) Qm (f3) is a Hilbert-Schmidt operator with smooth kernel on
L*(Q,dg).'* By Theorem 2.3.11, its trace is given by the integral along the
diagonal of its kernel, that is, its smooth trace tr (Qm (f1) Qm (f2) Qm (f3)).
To compute that smooth trace, we will express Qy (f1) Qm (f2) Om (f3) as the
pullback operator corresponding to a family of geometric morphisms, and use

-1

m(gqu)< > X ((go(g"0)?) "

the results of the previous chapter. This is how it works.

Since f1, fo and f3 are compactly supported, we get from (2.26) that, for all
ZBS F?(Qv E)Z)v

Qm (f1) U (f2) Qm(f3) ¢ (2.40)
= / f1(@) f2(4) f3(2) (Qm (@) Qe (y) Qm(2) @) das (2)dar (y)dar (2)-
M X M x M

Let us consider the family of geometric morphisms of Ej parametrized by
M x M x M defined by

T MxMxM)xQ—Q; ((m,y,z),q) — 7, (1, (72(q)))
and, for all (z,y,2) € M x M x M and q € Q,

Ty, () : (Ef()%(,,,y‘z)(q) = (Ex)qg;
T(2,y,2) (q) :==rz(q) 0 7y(72(q)) © rz(Ty(Ta:(Q)))7

13dQ denotes the measure introduced in Remark 2.2.11.
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where 7 is the symmetric action (2.30) of M on @ and r is its lift (2.29).
Notice that, since we are in the local case, as mentioned in Remark 2.2.36, Ej
is identified with the trivial bundle over @, and the morphisms 7, , .)(q) are
simply given by the complex numbers

F(I,y,Z)(Q) =Tz (Q) Ty (Tm(Q)) Tz (Ty(Tx(Q)))a (2'41)

with r given by (2.32). If we denote by Qm the pullback operators associated
to the family (7,7) as in subsection 1.8.1, we have, for all x,y,z € M,

From (2.40), we thus have (we identify smooth densities and smooth functions
on M through the G—invariant measure djy)

Qm (fl) Qm (fZ) Qm (fB) = Qm (fl ®f2 ®f3)~

T being locally transitive, 7 is also locally transitive by Lemma 2.4.7. Together
with hypotheses 3 and 4, it allows to apply Corollary 1.8.13 which, given the
discussion at the beginning of the proof about the trace of Qm, (f1) Om (f2)
Qm (f3), leads to

Tr (Qm (f1) Qm (f2) Qm (f3)) = tr (Qm (f1) Qm (f2) Qm (f3))
=tr (Qm(h ®f® fg))

= /M3 f1($)f2(y)f3(2)p > et ( To)®) I dar (z)dar (y)da (2),

:Ta:(P) ld - (%(w)yvz))*P

where the sum is over the fixed points of 7., and is equal to 0 if 7, has no
fixed point. This shows (2.39) and the expression for K(x,y, z) follows from
the expressions (2.41) for 7, (2.32) for r and the definition (2.8) of x. The
smoothness of K(x,y, z) is also given by Corollary 1.8.13. O

Remark 2.4.9. Let us briefly comment on the hypotheses of Theorem 2.4.8.
Regarding the first one, we have seen in Proposition 2.2.42 that 7 is locally
transitive as soon as there exists a midpoint map on M. Theorem 2.2.40 gives
a characterization of such spaces. Notice however that it is not a necessary
condition.

Regarding the hypothesis 3, we have seen in the proof of Theorem 1.8.12 that
it is always verified if @) is compact. If @ is not compact, the following Lemma
gives a sufficient condition. <

Lemma 2.4.10. Let (G, K, 0, B, x) be a local nearly-quantum symmetric space.
If for all (z,y,z) € M3, 7, 07, 0T, admits a unique fized point p(z,y,z) € Q
and if the map

M? = Q; (z,y,2) = p(z,y, 2)
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s smooth, then pr|z is proper, where pr : M3 xQ — M? denotes the projection,
and 7 = {((x,y,z),q) EM3XxQ | (roomy0T)(q) = q}.

Proof. The map M3 > (z,y,2) — ((x,y,2),p(z,y,2)) € Z is the inverse map
of pr|; by uniqueness of the fixed points, and it is smooth since p is. pr|; is
therefore a diffeomorphism, hence a proper map. O

If we further assume that the quantization map is unitary, then, we have an
explicit formula for the associated deformed product (2.36).

Theorem 2.4.11. Let (G,K,0,B,x) be a local nearly-quantum symmetric
space, and let m be an admissible smooth function on Q. Suppose that

1. the symmetric action 7 of M on Q is locally transitive;
2. the quantization map Qn extends to a unitary operator

O : LA(M) — L2(Hy);

3. pr|y is proper, where pr : M3 x Q — M? denotes the projection, and Z
1s the fized point bundle

Z:={((z,y,2),q) e M*xQ | (rz07y07)(q) =q};
4. forall x,y,z € M, all the fized points p of T, o T, o 7, are simple, that is
det (id — (12 07y 0 73)s, ) # 0.
Then, the following formula defines an associative, bilinear and continuous
product on L2(M), which is G—equivariant and admits the complex conjugation

as a x—involution in the sense of Theorem 2.4.5. It is given, for all fy, fo €
CP(M) and x € M, by

(f1*m f2)(x) = / fi(y) f2(2) K(z,y,2) da(y) da(2), (2.42)

MxM

where K : M? — C is called the three-point kernel of xy, and is a smooth map
given, for all x,y,z € M, by

K(z,y,2) =

b

72 (p) 7y (12(p)) 72 (7 (72(p)))
Z » |det (id —(ryomyo0 TI)*pH

p=(1.07Ty0Ts)

where the sum is over the fized points of T, o 7y o 75, and, for all gK € M and

q€qQ,

rex(¢) =m(g~"qB) X ((go(9™"))")
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Proof. Given our hypotheses, we can apply Theorem 2.4.5 to get a product
*m on L?(M) with the desired properties. To get the explicit formula for xy,,
let f1,fo € C°(M). Repeating the arguments of Remark 2.4.6, we have to
compute <f1 *m fg,ﬁ)m for all f3 € C2°(M). On the one hand, by definition
of the inner product, we have

(fi*m f2, f3) 2 = / f3(@) (f1*m f2)(2) d (@) (2.43)
M
On the other hand, by Remark 2.4.6 and (2.38), we have

<f1 *m f27E>L2 =Tr (Qm (f1) Qm (f2) Qm (f3))
=Tr (Qm (f3) Qm (f1) Qm (f2))

:/M3 fa(@) fr(y) f2(2) K(z,y, z) dyr(2)dar (y)da (), (2.44)

where the last line comes from the expression (2.39) for the trace in Theorem
2.4.8. Then, the expression (2.42) for %y, follows by identification of (2.43) and
(2.44). O

2.5 Elementary normal j—groups

In this Section, we will apply the previous results to a particular class of sym-
metric spaces, the so called elementary normal j—groups. ' For these spaces
M, the quantization map gives a unitary map from square-integrable functions
L?(M) to Hilbert-Schmidt operators, which leads thus to a deformed equiv-
ariant product on L?(M). We will see that all the hypotheses of the previous
section are satisfied, and will therefore be able to give an explicit fixed point for-
mula for the product. The study of elementary normal j—groups is motivated
by the theory of Pyatetskii-Shapiro and collaborators on the classification of
homogeneous bounded domains [GPSV64, PS69], where they appear as some
kind of “building blocks”. We refer to [Spill] for some pedagogical details on
that theory. We adopt here a more pragmatical approach to elementary normal
j—groups, and define them from their infinitesimal structure.

14To avoid any possible confusion, let us emphasize that, even if they are groups, we will
consider them as a symmetric space G/K, not as the group G acting on that symmetric
space.
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2.5.1 Definitions and properties

Definition 2.5.1. Let (V,wqg) be a symplectic vector space.'> The Heisenberg
algebra associated to (V,wp) is the Lie algebra b :=V ® RE, generated by the
elements of V' and a generator E, which brackets are defined, for all v,w € V,

by
[v,w] :==wo(v,w)E and [E,v]:=0.

In particular, it is a central extension of the Abelian Lie algebra V.

Definition 2.5.2. Let (V,wp) be a symplectic vector space, and let by be the
associated Heisenberg algebra. The Lie algebra s == RH &@h=RH &V & RE
with Lie brackets given, for allv,w € V and a,t € R, by

[v,w] ;= wo(v,w)E , [E,v]=0 and [H,v+tE] :=v+2tE.

1s called an elementary normal j—algebra. The connected simply connected Lie
group whose Lie algebra is s is called an elementary normal j—group.

Remark 2.5.3. The Lie algebra s is a split extension of the Heisenberg algebra
h:
0—=b—RHX, h—RH =0,

where the extension homomorpshism py : RH — Der(h) is given, for all v € V
and t € R, by

po(H)(v +tE) = [H,v + tE] = v + 2LE. (2.45)

<

Remark 2.5.4. Given an elementary j—algebra s = RH & V & RE associated
to a symplectic vector space (V,wq) of dimension 2d, we will always make the
following identification

R2+2 2y 5: (a,v,t) — aH + v+ tH,
where we identify V ~ R2?, <

Elementary normal j—groups can be endowed with a natural symplectic struc-
ture, as well as a symmetric one. This is shown by the following Proposition,
for which we refer to [BG15, Section 3.2] and references therein.

Proposition 2.5.5. Let s the elementary j—algebra associated to a symplectic
vector space (V,wp), and let' S be the corresponding elementary normal j— group.
Then, S is an exponential (non-nilpotent) solvable Lie group. The map

5 —S; (a,v,t) — exp(aH) exp(v + tFE) = exp(aH) exp(v) exp(tE) (2.46)

s a global coordinate chart. In this chart, we have

15Recall that a symplectic vector space is a vector space V endowed with a bilinear form
wo which is antisymmetric (wo(u,v) = —wo(v,u) for all u,v € V) and non-degenerate (for
all w € V, if wo(u,v) =0 for all v € V, then u = 0).
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1. The two form w° := 2da A dt + wq is a symplectic form on 'S;
2. The group law and inversion map on S are given, for every (a,v,t),

(a/ V') €S, by

/ ’ 1 ’
(a,v,t)(d, v, t')=(a+d,e v+, et +t + 56_“ wo(v, ")),

(CL, v, t)71 = (—U;, _eava _e2at);
3. The map s : S xS — 'S defined, for all (a,v,t), (a’,v',t') €S, by

S(awy (@, V' 1) = (2a — d’,2vcosh(a — a') — 0/,

2t cosh(2a — 2a’) — t' + wo(v,v’) sinh(a — a'))
defines a symmetric structure on S;

4. there exists a midpoint map on (S,s), which is given, for all (a,v,t),
(a/, V', t') €S, by

+a’ v+ t+t
id a,v I7 lvt/ = - ) N
mi (a,v,t) (CI, v ) < 2 9 cosh (afa ) 2 cosh (CL _ a/)

2

sinh (252

4 cosh (a — a’) cosh (“f’))

- WO(Ua rUl)

The following examples show that the reader might well have already encoun-
tered an elementary normal j—group before.

Ezample 2.5.6. In the case V = 0, the elementary j—algebra s is generated by
the two elements H and F, with bracket [H, E] = 2F. The elementary normal
j— group S is the identity component of the group of affine transformations of
the real line, the so-called ax + b group. O

Ezample 2.5.7. More generally, consider the group SU(1,n) and its Iwasawa
decomposition K AN. Then, the factor AN is an elementary normal j— group.

O

2.5.2 Associated nearly-quantum symmetric space

From now on, let us fix an elementary j—algebra s = RH &V & RE associated
to a symplectic vector space (V,wg) of dimension 2d. We denote by b the
Heisenberg algebra associated to (V,wy) and, as in Remark 2.5.4, we identify
s ~ R?¥*2 We denote by S the corresponding elementary normal j—group,
and will always use the global coordinate chart s — S given by (2.46).

In order to apply the quantization program developped before, the first step is
to realize the symmetric space (S, s) as a symmetric triple (G, K, o). Following
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[BG15, Chapter 7] 16, we first introduce the Lie algebra underlying G. Let us
define gy as a one-dimensional split extension of two copies of the Heisenberg
algebra in the following way. Let a = RH be the one-dimensional Lie algebra
generated by H and consider the extension homomorphism

p = py & (=py) € Der(h & b),
where py is defined by (2.45). We define

go:=ax,(hah).

Explicitely, the vector space underlying go is RH & (V @ RE) ® (V @ RE) and
the brackets are given, for all X; @ Xo, X1 ® X, € h ® b, by

[H, X1 ® Xo]g, = py(H)(X1) ® (—py(H)(X2)),
(X1 ® Xa, X1 ® Xolg, = [X1, X1y ® [Xa, Xo]s,

where py(H)(v+tE) = v+ 2tE for all v € V and ¢t € R. Then, let us consider
the element Q € A%g* given, for all v,v’ € V, by

Q(H,E @ (fE)) =2
Q(U D (_U)a Ul D (_’U/)) = WO(Ua Ul)v
and vanishing everywhere else on g X g.

Finally, we define the Lie algebra g := g9 & RZ to be the one-dimensional
central extension of gy with generator Z whose brackets are given, for all X, Y €

g, by
(X, Y]y = [X,V]g + X, Y)Z

Notice that, as a vector space, g~ RH OV &V ®RE O RE & RZ.

Let G be the connected simply connected Lie group whose Lie algebra is g. We
have the global chart g =+ G given, for all a,t1,t5,1 € R and vy,v3 € V, by

aH +v, Qva+ 81 E®taFE + 17 — exp(aH)exp(vy ®ve + 11 E @t E+12).

In these global coordinates, the group law is given, for every (a, v1, U9, t1, Lo, l)7
(a',vi,v’z, 1 ’2,1’) € G, by
(aa v1, V2,11, ta, l) (CL/7 Ulla U/Qa tlla t/23 l/) =

’ ’
(a—i—a’, e %+, e vy +vh,

’ 1 ’ ’ 1 ’
et + 1) + 567(1 wo(vi,v)), €%ty +th + 56“ wo(va,v5) ,

/ ’ 1 ’ 4
L1 4 (€72 = 1)ty + (2 = 1)ta + 5“0(67‘1 v — e g, v — Ué))’
(2.47)

16Beware that in [BG15], our group G is denoted G, its Lie algebra § and K is denoted K.
In this text, G is not the transvection group of S, but its central extension.
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and the inversion map by

(G,Ul,'l)g,tl,tg,l)71 =

( —a,—e%vy, —e vy, —e?ty, —e 2y, —1 — (62a — ity — (672(1 — 1)152).

An involutive automorphism ¢ : G — G is given by the formula, for all
(avvl,vz,thtz,l) € G,

U(a/7 U1, V2, tla t?a l) = (_aa V2, V1, t27 tl? l) (248)

It is easy to see that the closed subgroup K := G% = {g € G | o(g) = g} is
given by
K ={(0,v,v,t,t,1) |ve V,t e R;l € R}. (2.49)

Now, to see that the symmetric triple (G, K, o) indeed realizes the symmetric
space (S, s), notice that, for all (a, v1, V2, t1, ta, l) € G, we have the decomposi-
tion

1
(a, 1}1,1)27t17t27 l) = (a,vl — V2, O,tl - t2 - 5&)0(1)1,’02), O) (0,’02, ’Ug,tg,tQ,l).
Therefore, the map

1
D G/K — R2d+2 ) (a,’l)h’l)g,tl,fg, l)K — (CL,’U1 — V9,11 —t2 — 5(,00(7)1, UQ))
(2.50)
is a well-defined global chart on G/K, whose inverse is

o1 R?*2 5 G/K ; (a,v,t) — (a,v,0,t,0,0)K. (2.51)

If we denote by § the symmetric structure on G/K coming from the symmetric
triple (G, K, o), that is, for all gK,¢'K € G/K:

S5,x(9'K) = g0 (97'9) K,
we compute

o (g(aa’U,O,t,O,O) (ala U/7 0) tla 0))
= (2a —a',2vcosh(a —a') =/,
2t cosh(2a — 2a’) — ' + wo(v,v") sinh(a — a’))

= S(a,v,t) (Cl/, Ulv t/)

This shows that under the identification S ~ R2*2 ~ G/K corresponding
to the charts (2.50) and (2.46), the symmetric space (S,s) is isomorphic to
the symmetric space (G/K, §) corresponding to the symmetric triple (G, K, o).
From now on, we will always make the identification S ~ R?+2 ~ G/K, and
we will also denote by s the symmetric structure on G/K.
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We compute that the action of G on S is given, for (a,v1,vs,t1,t2,1) € G and
(a',v",t') €, by

(a,v1,v2,t1,t2,1) - (a/,0", ') = (a' +a,0" + e~ v; — e vy,

L ;1
t e 20 — ety — §(w0(v1,vg) — wp(v1,v") = wo(va,0"))).

From that expression, we see that ds := da dv dt is a G—invariant measure on
S~G/K.

Our next step is to identify a subgroup B of G and a character x of B in order
to define a nearly-quantum symmetric space (G, K, o, B, x). Let us consider
a decomposition of V as a direct sum of two complementary Lagrangian '7
subspaces [ and [:

V=Ial (2.52)
For any vector v € V, we will denote v = v'4-v" its decomposition corresponding
to (2.52). Then, we define the closed subgroup of G
B:={(0,n® my,n® ma,t1,ta,1) | m1,ma €L, n €L t1,t2,1 € R}.
One explicitely see from the group law that B is a subgroup of G. For any
0 € Ry, we also define the following character of B:

Xﬁ’(b) = e%l7

for all b = (0,n ® m1,n ® ma,t1,te,l) € B, which is clearly o—invariant. We
thus have defined a nearly-quantum symmetric space and we will now see that
it is local. To this aim, let us consider the subgroup of G

Q:: {(avnaoaoaoyo) | GER, TLEI}

Notice that it is indeed a subgroup of G because [ is a Lagrangian subspace of
V. Next, observe that, for all ¢ := (a,n,0,0,0,0) € @ and b := (0,n ®m1,n B
ma, t1,t2,1) € B, we have

1 1
gb= (a,(n+n')&my,n &mh,t] + iwo(n,mll),tlz,l' + iwo(n,mll —mb)).

This shows that the map
QxB—G; (¢,b)— gb

is a global diffeomorphism, so (G, K, 0, B, xg) is local. For a later use, we
also compute the action of G on Q ~ G/B. For all g := (a,n; @& my,ny &
ma,t1,t2,1) € G and ¢ := (a’,n’,0,0,0,0) € Q, we have

g-q0:=(99)% = (a+a e ¥ny —e“ny +n',0,0,0,0). (2.53)

17Recall that a subspace W of V is called Lagrangian if W = W+, where Wi :=
{veV |w(v,w) =0 Yw € W}.
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From that expression, we notice that dg := da dn is a G—invariant measure on
@ ~ G/B. In particular, this implies that the modular functions of G and of
B coincides on B, a fact that we will use later on.

Putting all this together, we have:

Proposition 2.5.8. Let S be an elementary normal j—group, and let § €
Ro. Then, the tuple (G, K, o, B, xg) defined as above is a local nearly-quantum
symmetric space. Moreover, the symmetric space (S,s) is isomorphic to the
symmetric space G/K corresponding to the symmetric triple (G, K, o).

2.5.3 The deformed product and its three-point kernel

In the following, let (V,wq) be a symplectic vector space of dimension 2d, and
let S be the corresponding elementary normal j—group. Let 8 € Ry and let
(G, K, o, B, xs) be the local nearly-quantum symmetric space defined as above.
As before, we will make the identification S ~ R?¥+2 ~ G/K. Since we are in
the local case G = B, we will also make the identification G/B ~ Q. Finally,
let m be an admissible smooth function on @.

Let us first describe the quantization map associated to the nearly-quantum
symmetric space. Following what we have done in Section 2.2, for each point
of x € S, we can define an operator Qp m(z) '8 acting on compactly supported
smooth functions on Q). Recall from Remark 2.2.36 that it is given, for gK €
S~G/K, € C*(Q) and g € Q, by

Qom(9K)P)(q) = r9x (q) P( T4k (q) ),
where

o (q) = (9o (9™ "q)®
rex(q) =m ((g7'9)?) %o ((90(97"9)")

Recall that from (2.53), we have seen that there is a G—invariant measure on @),

which implies that the modular functions of G and B coincide on B. Therefore,
Xo = Xo- Let z:= (a,n®m,t) €S and ¢ := (a’,n') € Q. From (2.51), we get
x = gK with ¢ = (a,n ® m,0,¢,0,0). From the explicit expressions that we
have given before, we compute the following identities:

’

(gilq)Q = (a/ - CL,TL/ —e' TL),
(90(97'9))¥ = (2a — d/, 2 cosh(a — a’)n — '),

18Notice that we now show the dependence on 6, not only on m.
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(9o(9~"q)" =
(O, (n' — e % n) @ (e* ~m), (n' —e* % n)® (e % m),

’ 1 /
e~ 2a=al)y _ 56“ ~*wo(m,2cosh(a —a')n —n'),

— e2lamaly lea_“/ wo(m,n’),
— 2sinh (2(a — a’))t — 2wo(cosh(a — a’)n — n’, cosh(a — a’)m)).
This leads to the expressions:
Tamamt)(@,n') = (2a — a’,2cosh(a — a’)n — n'), (2.54)
and
T(an@m,t) (@, n') =m (a’ —a,n — e“fa/n)
X exp <29i<sinh (2(a — a’))t + wo(cosh(a — a’)n — n’, cosh(a — a’)m))) .
(2.55)

We thus have a quantization map

Qom 1 C°(S) = Ly(D(Q) = D'(Q)) 5 [+ Qom(f), (2.56)

whith!®
(Qo.m(f)P)q) = [ f(@)ra(q) &(m2(q)) ds(z).

We now come to the deformed product xg m associated to the quantization map
Qp.m as in Section 2.4. Let us verify that the various needed hypotheses are
fulfilled. The first question is whether the operators Qg m (f) can be extended to
Hilbert-Schmidt operators on L?(Q), and defined for a larger class of functions
than the compactly supported ones. To this aim, let us introduce the following
smooth function on @Q:

mg:Q — R ; (a,n) — 2942 cosh'/?(2a) cosh?(a). (2.57)

In [BG15, Theorem 6.43], it is shown that, if ||m/mg||ec < +00, the map (2.56)
extends to a bounded operator:

Qom : L*(S,ds) — £ (L*(Q,dg)) -

This is proved by explicitely computing the kernel of Qg m (f), and showing that
it is square-integrable. Moreover, it is shown that if m = myg, then the operator
is unitary. Notice from (2.47), (2.49) and (2.48) that my is K —invariant and
o—invariant. Since it is a real function, it is admissible.

19Recall that we identify a smooth function with the corresponding generalized function.
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Next, notice that, since G/K admits a midpoint map by Proposition 2.5.5,
Proposition 2.2.42 ensures that 7 is locally transitive. This can also be checked
directly from (2.54). We still need to settle the question of the fixed points.
Let

= (g, Ve =Ny ® My, t,) €S,
y = (ay,vy = ny, @my,t,) €S,

z=(az, v, =n, ®m,,t,) €S.
From (2.54), we compute

(T2 0Ty 0Ts)(q) = ( —a' +2(ay —ay + a,),
—n' + 2n, cosh(a’ — ay) — 2n, cosh(a’ — 2a, + ay)
+ 2n; cosh(a’ — 2a, + 2a, — a.)),
(2.58)

which allows to find that 7,07, 07, admits exactly one fixed point p(x,y, z) € Q,
and it is given by

p(x,y,z) = (az —ay + a,

(2.59)
cosh(a; — ay)n. — cosh(a. — az)ny + cosh(ay — a.)ng ).

Since the map p : S* — Q ; (v,9,2) — p(x,y,2) is smooth, Lemma 2.4.10
implies that Hypothesis 3 of Theorem 2.4.8 and Theorem 2.4.11 is verified.
Finally, these fixed points are all simple. Indeed, from (2.58), we compute

-1 0
(120 Ty © Tx)*?(w,y.z) — ( . ) ;

—1gx4

where * = —2(sinh(a, — ay)n, +sinh(a, —a,)n, +sinh(a, —a,)n,). Therefore,

det (Id — (rz 0Ty 0 7) =24+l L, (2.60)

ata.2))

which is the condition for the fixed point p(x,y, z) to be simple.

We are now finally able to get an bilinear, associative, continuous and G-
equivariant deformed product on L?(S) which is compatible with the complex
conjugation. Recall that if we choose m = myg, then the quantization map
is unitary, and the Berezin transform is trivial — that is, the symbol map
is the inverse of the quantization map, see Section 2.4. Putting everything
together, we have shown that the hypotheses of Theorem 2.4.5 are satisfied
and we get thus a genuine associative deformed product % m,. Its kernel is
given by Theorem 2.4.11, whose hypotheses are also satisfied by the preceding
discussion. We therefore get:
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Theorem 2.5.9. Let S be an elementary normal j—space. Then, the associa-
tive product *g m, on L*(S) given by Theorem 2.4.5 has the expression, for all
f1, f2 €C(S) and x € S,

(s 2)@) = [ R0 £22) Koy (2.0 2) dslo) do(2)
where the three-point kernel K : S* — C is given, for all z,y,z €S, by
Kom, (2,9,2) = 27D vy (p) 7y (12()) 72 (7 (72(p))), (2.61)
where p = p(x,y, z) is the unique fized point of T, o1, o7,. Explicitely, we have:
Kom,(2,Y,2) = Am, (2,9, 2) o 5@y
with, for all x = (ay, vy, t2), Yy = (ay, vy, ty), 2 = (az,v,,t,) €S,
A, (2,9, 2) =

22445 cosh (a, — ay)d cosh (a, — az)d cosh (a. — ax)d

x cosh (2(ay — ay))1/2 cosh (2(ay — az))l/2 cosh (2(a. — ay))
(2.62)

1/2

and

S(z,y, z) = sinh (2(az — ay))t. + sinh (2(ay — a.))t, + sinh (2(a. — a,))t,
+ cosh(a, — ay) cosh(ay, — az) wo(Vg, )
+ cosh(a, — a.) cosh(a. — az) wo(vy, vg)
+ cosh(a, — a,) cosh(a, — )wo(vz, Uy).
(2.63)

Proof. This follows from the previous discussion, which allows to apply Theo-
rem 2.4.11. It implies that the kernel is given by

1o (p) 7y (7o (p)) 72 (7 (72 (p)))

Kom(@,y,2) = |det (id —(rzo1yo0 TI)*p)| ’

where p = p(x,y, ) is the unique fixed point of 7, o 7, o 7,. From (2.60), we
get the expression (2.61). Let

xr = (a/m,vm =Ny @mwatw) €S,
y = (ay, vy =ny Gmy,ty) €8,

z=(az,v, =n, ®m,,t,) €S.
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From the expressions (2.54) for 7 and (2.59) for the fixed points, we get
p= (az_ay+aza
cosh(a, — ay)n. — cosh(a. — az)ny + cosh(ay — a.)n, ),
Tw(p) = ( Az + Gy — Ay,
— cosh(agy — ay)n. + cosh(a. — az)ny + cosh(a, — a.)n, ),
Ty(Tz(p)) = ( — g +ay +a,
cosh(a; — ay)n. + cosh(a. — az)n, — cosh(ay — a.)ng ).
From the formula (2.55) for r, we thus get (notice that my is a function of a
alone, not n):
Am,(z,y,2) = mg(a, — ay)mo(a; — a.)mo(ay — az),
which leads to (2.62) using the definition (2.57) of mg. For the phase — which

does not depend on m —, a (long) computation leads to

S(z,y, z) = sinh (2(az — ay))t. + sinh (2(ay — a.))t, + sinh (2(a. — a,))t,
)
)

+ cosh(a, — ay) cosh(a, — a,) (wo
(

+ cosh(a, — a;) cosh(az — ay) (wo(ns, my) + wo(m., ny)
) )

nw7mz) +w0(mw7 Nz

+ cosh(a, — a.) cosh(a. — az) (wo(ny, ma) + wo(my, na

)
)
)

= sinh (2(613c ))t + sinh ( —a))t, + sinh ( G, — Oy )ty
+ cosh(a, — ay) cosh(a, — az) wo (Vg,vz)
+ cosh(a, — a.) cosh(a. — az) wo(vy, vz)
+ cosh(a, — a;) cosh(az — ay) wo(vs, vy),

where the second line is obtained by using the fact that [ and [ are Lagrangian.
O

Remark 2.5.10. The formula (2.62) and (2.63) for the three-point kernel of the
deformed product has already been found in [BG15]. It has been computed
in two different ways, first by intertwining the Moyal product, and second by
using a quantization map as we do here. However, the computation of the trace
of that quantization map is done explicitely from the kernel of the operators.
The advantage of the approach we take here to the computation of the trace
is that it makes more transparent why the fixed points appear in the kernel of
the product. <

Remark 2.5.11. From [BG15, Equation 3.6], we extract that the area of the
double triangle defined by e = (0, 0, 0), 21 = (a1,v1,t1), x2 = (ag,va,ta3) €S is
Secan (1, T2) = sinh(2aq )ty — sinh(2as)t; + wp (v, v2) cosh(ay) cosh(as).

Using the fact that the area of double triangle is invariant under the group
law on S — since the left translations are automorphisms of (S, s), and sym-
plectomorphisms), a small computation shows that in the particular case of
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elementary normal j-groups, the phase S(z,y, z) corresponds to minus the area
of the double triangle determined by z, y and z. <



Appendix A

Locally convex vector
spaces

We collect here some basic definitions and constructions related to locally con-
vex topological vector spaces. We adopt a pragmatical approach, by defining
their topology from a family of seminorms. We refer to [Tre06] for a complete
treatment on the subject, as well as to [vdBC09] for a pedagogical exposition.

Definitions and properties
Definition A.1. A topological vector space is a vector space V' (over C) en-
dowed with a topology T such that the following maps are continuous:

1. addition: V xV =V (v,w) »v+w ;

2. scalar multiplication: CxV =V ; (A v) — Av.

Proposition A.2. The topology of a topological vector space (V,T) is com-
pletely determined by a basis of neighbourhoods of 0.

Definition A.3. A seminorm p on a vector space V is a nonnegative function
p:V — RT such that:

1. Yo,w €V : plv+w) < p(v) + p(w) ;
2.VAeC, Vv eV : p(hv) = |Ap(v).

Notice that condition 2 implies that p(0) = 0. A seminorm is called a norm if
Yo eV, p(v) =0=v=0. A family of seminorms {pa},c; is called total if
YveV:

NVael, po(v)=0)=v=0.

153
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Let {pa}ael be a family of seminorms on a vector space V. For r > 0, n € Ny
and {a1,...,a,} C I, we can define the ball

Biya, = {veV |pa(w)<r Vi<i<n}CV.

The collection of all those balls { By, } defines a family of neighbourhoods
of 0 which gives a vector space topology on V.

Definition A.4. A locally convex topological vector space (or l.c.v.s. in short)
1s a topological vector space V' such that there exists a family of seminorms on
V' that induces the topology of V.

Remark A.5. Locally convex vector spaces are so called because they admit
enough “convex” neighbourhoods of 0. They are usually defined using this
property but we chose the practical seminorm approach because this is how
the topologies we deal with naturally arise. <

Remark A.6. Different families of seminorms on a vector space V' can induce the
same topology on V. As a topological vector space, V' should be considered as
the same object, even though the seminorms are different. Often, the topology
of V is defined using a very large family of seminorms but this family can
be restricted to a smaller one without changing the topology, as the following
results show. <

(» Restriction property of families of seminorms)

The following result is of first practical importance in order to verify the con-
tinuity of a map between locally convex spaces using their seminorms.

Proposition A.7 ([Tre06], Proposition 7.7). Let V and W be two locally con-
vex spaces. A linear map f 'V — W is continuous if and only if for every

continuous seminorm q on W, there is a continuous seminorm p on V such
that, for allz € V, q(f(z)) < p(z).

Continuous dual of a l.c.v.s.

Definition A.8. Let V be a locally convex vector space. The continuous dual
of V' is the vector space of continuous linear functionals on V. It is denoted by
V.

There are several topologies that we can consider on the continuous dual of a
l.c.v.s. We will describe two of them that will be of importance for us.

Definition A.9. Let V be a locally convex vector space. The weak* topology
on the continuous dual V' is the locally convez topology induced by the family
of seminorms

{po: V' >R ums u(v)] |veV}.
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Remark A.10. In the weak® topology, the convergence of a sequence is given
by the pointwise convergence. That is, a sequence (uy)ren in V' converges to
uw € V' if and only if, for all v € V, |uy,(v) — u(v)| — 0. <

Definition A.11. Let V' be a locally convex vector space whose topology is
induced by the family of seminorms {pa},c;- A set B C 'V is bounded is for all
o € I, there exists ro, > 0 such that B C Bl>. Notice that any continuous linear
functional u is bounded on a bounded set B in the sense that sup,,cp |u(v)| < oco.

Definition A.12. Let V be a locally convex vector space. The strong topology
on the continuous dual V' is the locally convex topology induced by the family
of seminorms

{pB V5 RY; urssup ju(v)] |BCV bounded} .
veEB

Remark A.13. A linear map on V' is continuous in the weak* topology if it
is continuous in the strong topology. However, since both topologies are in
general different, the reverse is not true. <

Fréchet spaces and inductive limits of l.c.v.s.

Definition A.14. A locally convex vector space V is called Fréchet if its topol-
ogy is induced by a countable total family of seminorms and if it is complete.

In some cases, a vector space V can be seen as the limit of an infinite strictly
increasing family of vector subspaces, each of them carrying a locally convex
topology. Among all the locally convex topology on V such that all the inclu-
sions are continuous, one of them is particularly interesting.

Definition A.15. Let V' be a vector space and Vi, C Vo C ... an infinite srictly
increasing sequence of vector subspaces of V' such that :

1.V =U2,Vi;

2. for each k > 1, Vi is a locally convexr vector space, its topology being
denoted by Ty ;

3. for each k > 1, Vi, is closed in V41
4. for each k> 1, T, = 77€+1|Vk'

Then, we define the inductive limit topology on V' as the locally convex topology
given by the following family of seminorms:

{p seminorm on V' ’ |y, 18 continuous vk > 1}.
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Although the previous definition is rather abstract, the following results de-
scribe in a more explicit way the continuity of a linear map as well as the
convergence of a sequence in the inductive limit topology.

Proposition A.16 ([Tre06], Proposition 13.1). Let V = U2, Vi be a vector
space endowed with the inductive limit as in (A.15), W a locally convex vector
space and A :'V — W a linear map. Then, A is continuous if and only if, for
each k > 1, A‘Vk : Vi, = W is continuous.

Proposition A.17 ([vdBC09], Theorem 2.1.11). Let V = U, Vi be a vector
space endowed with the inductive limit as in (A.15). A sequence (Vy)nen in V
converges to v € V if and only if the following two conditions are satisfied:

1. 3ng € Ny such that v,v, € V,, for eachn € N ;
2. (Un)nen converges to v in V.

Proposition A.18 ([vdBC09], Theorem 2.1.11). Let V = U,V be a vec-
tor space endowed with the inductive limit as in (A.15). Then V cannot be
metrizable.

Proposition A.19. Let V and W be two locally convex vector spaces. Suppose
that 'V is a Fréchet space, or an inductive limit of Fréchet spaces. Then a linear
map L :V — W is continuous if it is sequentially continuous.

Proof. If V' is a Fréchet space, it is metrizable and therefore, sequential conti-
nuity is equivalent to continuity. Suppose now that V' = U3, V}, is an inductive
limit of Fréchet spaces. Let L : V' — W be a linear map. By Proposition A.16,
L is continuous if and only if L}y, is continuous for each k. Since each of the
Vi is a metrizable, Ly, is continuous if it is sequentialy continuous. Since all
the inclusions Vi < V' are continuous, Ly, is continuous if L is sequentially
continuous, so L is continuous if it is sequentially continuous. O
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