
UNIFORM BOUNDEDNESS OF RATIONAL POINTS

Essay Description. It was conjectured by Mordell and proved by Falt-
ings that every smooth curve C of genus g ≥ 2 defined over a number
field K has only finitely many rational points. A different proof was
later found by Vojta, and simplified by Faltings and Bombieri [2]. The
proofs are ineffective in that no bounds are given on the height of ra-
tional points on C. Nonetheless the proofs do give an effective upper
bound on the number of rational points on C. This raises the interesting
question of what bounds can be given for C varying in a family of curves.
This essay should concentrate on proving the results of Caporaso, Harris
and Mazur [3] and Pacelli [8] on uniform boundedness. These results
are conditional on conjectures of Lang. Further developments (see [9]
for references) might also be discussed.
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1. Introduction

The question of how many rational points lie on a given algebraic curve
is easily motivated by a basic attempt to solve polynomial equations in two
variables. Almost as soon as one asks this simple question however, one
sees that it will not have a simple answer. It is easy to create examples of
curves exhibiting the full range of behaviors, from having no rational points,
to finitely many, to infinitely many. Indeed, it is far beyond the scope of
current mathematics to hope for an algorithm that will tell us the exact
number of rational points on any curve.

A better question is to ask what can be said in a more general sense:
What kinds of curves will have finitely many rational points, or what kinds
will have infinitely many rational points? Can we bound the number of
rational points on certain curves? One of the first observations to be made
is that the genus of a curve relates to the possible behavior. It has been
known since very early on that if one can find one rational point on a curve
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with genus zero, then there will be infinitely many, and they can be eas-
ily parameterized. The question of finding the first rational point can be
answered exactly by searching in every completion of Q, and similarly over
any number field K.

Unfortunately already by genus one there is no such nice procedure for
finding rational points. Even the question of whether there are finitely
many or infinitely many can only be answered in general assuming the truth
of the Birch and Swinnerton-Dyer Conjecture. One may be worried that
things only get worse as the genus increases further, but a major theorem
of Faltings’ proves that this is not the case.

Theorem 1.1 (Faltings). Let K be a number field and let C be an algebraic
curve of genus g(C) ≥ 2 defined over K. Then the number of rational points
|C(K)| on C is finite.

This was first conjectured by Mordell in 1922 (and still often goes by the
name the Mordell conjecture), and first proven by Faltings in 1983. A more
elementary proof, with methods developed by both Faltings and Bombieri
can be found in [2], with a description of the method in Section 4.

As soon as it is known that |C(K)| is finite for curves of genus two or
more, the next immediate question is whether we can bound the number of
rational points. Even more optimistically, does there exist a uniform bound,
i.e. one that doesn’t depend on the individual curve? The answer to this is
currently unknown.

Bombieri’s proof of Falting’s theorem, like all known proofs, does not
bound the height of the rational points on a curve, and so is ineffective in
producing a uniform bound. Given a particular curve C, the paper does
express a bound on |C(K)| in terms of the rank and torsion of the Mordell-
Weil group of the Jacobian variety of C, but again there is no known way
to control this across many curves.

This is essentially the current state of what has been proven in this area,
but rather than stop here, we look at what further results can be had by
assuming a well known conjecture.

Conjecture 1.2 (Bombieri–Lang Conjecture). Let K be a number field,
and X a variety of general type defined over K. Then the set X(K) of
K-rational points on X is not Zariski dense in X.

The meaning of a variety of general type will be discussed shortly. This
conjecture, made by Lang in [6] in 1986, and independently (though less
generally) by Bombieri at the same time, was quite controversial for a time.
Many of the results proven assuming it, including the main result here, were
not thought of as certainly being true, but as being as much possible ways
towards a counterexample to the conjecture as a statement of an indepen-
dently true result. The conjecture can probably said to be more widely
believed to be true today, though there is still little direct evidence.
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1.1. Main Results. We are now ready to introduce the main result to be
discussed here, which shows that the Bombieri–Lang Conjecture allows us
to uniformly bound the finitely many rational points of Faltings’ theorem.

Theorem 1.3 (Uniform Bound Theorem). If the Bombieri–Lang conjecture
holds, then there exists an integer B(d, g) for every integer d ≥ 1 and integer
g ≥ 2 such that no smooth curve of genus g defined over a number field K
of degree d has more than B(d, g) K-rational points.

The main work here will be taken up by proving a slightly weaker result
of Caporaso, Harris, and Mazur in [3]. They prove the same statement as
above, except getting a bound B(K, g) depending on the individual number
field K, not just [K : Q]. After proving this we will sketch the method of
Pacelli used in [8], which generalizes the result of [3] to the above form.

In order to derive a bound that applies to all curves of a fixed genus over
a fixed number field, we want to work with many curves at once, and the
natural thing to use is a family of curves. Let f : X → B be a proper
morphism of integral varieties defined over a number field K. Denote the
fiber of f over b ∈ B by Xb = f−1(b). Since B is integral, it has a unique
generic point, and the fiber over this point is called the generic fiber. A
family of smooth curves of genus g is given by such f : X → B, whose
generic fiber is a smooth curve of genus g. We next define an object that
encodes information about a family of curves, and will be one of our main
objects of study.

Definition 1.4. Denote by Xn
B the irreducible component of the n-th fiber

product

X ×B X ×B · · · ×B X︸ ︷︷ ︸
n

which dominates B. We further specify that X0
B := B.

The main tool in proving the Uniform Bound Theorem will be the Cor-
relation Theorem, and the bulk of our work will go towards proving this.

Theorem 1.5 (Correlation). Let f : X → B be a family of smooth curves
of genus g ≥ 2. Then there is some N such that for n ≥ N , Xn

B admits
a dominant rational map h to a variety W of general type, where if X is
defined over a number field K, then so are W and h.

The idea behind the Correlation Theorem is that Faltings’ Theorem only
tells us about each fiber Xb in a family of curves individually. In order to
say something about all curves at once, we want to be able to say some-
thing about how rational points on different curves relate to each other, and
how rational points are distributed throughout X, not just on individual
fibers. The fiber product Xn

B encodes some of this information, essentially
‘correlating’ n points at a time. Proving the Correlation Theorem and then
applying the Bombieri–Lang Conjecture will tell us about the locations of
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rational points on Xn
B, which in turn will tell us about the correlated loca-

tions of rational points on many fibers Xb at once. Working out the details
of this will give us the Uniform Bound Theorem.

1.2. Definitions. We now discuss what it means for a variety to be of
general type, with terminology coming mostly from [4].

Definition 1.6. Let L be an invertible sheaf on a scheme X, and let F be
any coherent sheaf on X. If F ⊗Ln is generated by global sections for all n
greater than some n0, then L is called ample.

When L is a globally generated invertible sheaf over X, we can use global
sections of L to define a map from X into projective space, and L being
ample means that we can make this map a closed immersion.

Recall that when X is an integral scheme, we have an isomorphism

Div(X)
∼−→ Pic(X),

D 7→ L(D)

between invertible sheaves and equivalence classes of Cartier divisors. Since
we can then write a divisor as a sum

D =
∑

niYi,

we can extend the notion of the degree degD =
∑
ni to L(D), and we have

the basic fact that when X is a curve, L(D) is ample exactly when it has
positive degree. (See [4] page 308 for a basic proof of this fact.)

We further recall that a divisor D =
∑
niYi (and when appropriate the

invertible sheaf L(D)) is called effective if ni ≥ 0 for all i, allowing us to
state the following definition, a generalization of the concept of ampleness:

Definition 1.7. An invertible sheaf L is called big provided that it is the
tensor product of an ample invertible sheaf and an effective invertible sheaf.

We can now define a variety of general type.

Definition 1.8 (Variety of General Type). A smooth projective variety is
of general type if it’s Serre dualizing sheaf is big. An arbitrary projective
variety is of general type if a desingularization of it is.

We also introduce a second definition of bigness, and will state the equiv-
alence of the two without proof.

Definition 1.9 (Iitaka and Kodaira dimension). LetX be an algebraic variety
and L an invertible sheaf on X. The Iitaka dimension of L is one less than
the dimension (the transcendence degree over the base field) of the ring

R(X,L) :=

∞⊕
d=0

H0(X,Ld).

In the special case where L is the dualizing sheaf of X, we say that

R(X) := R(X,ωX)
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is called the canonical ring of X, and the value dim(R(X))− 1 is called the
Kodaira dimension of X.

Proposition 1.10. Let X be an integral variety and L an invertible sheaf
on X. The following are equivalent:

(1) L is big.
(2) The Iitaka dimension of L is maximal, i.e. equal to the dimension

of X.

In particular, X is of general type exactly when it has maximal Kodaira
dimension.

See [4] for a proof of this fact. The general method is to observe that the
Iitaka dimension is the largest dimension of the image of X in projective
space under the map determined by global sections of Ln for some n ≥ 1,
and then this can be related to our original definitions of ampleness and
bigness.

1.3. Outline of Proof. The proof of the uniform bound theorem will con-
sist of five sections. The first three will be dedicated to proving the Corre-
lation Theorem. We first prove in section 2 that the theorem holds in the
special case of families of stable curves with maximal variation of moduli.
This section is the real heart of the proof of the Correlation Theorem, where
we will see how to show that Xn

B is of general type, and the next two sections
will expand the class of families to which this can be applied.

Section 3 will not prove the correlation theorem for any class of families,
but will construct a series of base changes that can be applied to a general
family to relate it to a family of smooth curves with maximal variation
of moduli as considered in the preceding section. These base changes will
introduce an action by a finite group G, and realize an arbitrary family as
a quotient by this group.

To complete the proof of the Correlation Theorem, Section 4 will show
that the results of section 2 can be carried through the quotient by the action
of G, and as such will demonstrate that the Correlation Theorem holds for
an arbitrary family of curves.

Next, Section 5 will take a universal family f : X → B of curves of a
fixed genus g ≥ 2, apply first the Correlation Theorem and then Lang’s
Conjecture, and show that this gives a uniform bound on the number of
rational points on any fiber

|Xb(K)| ≤ B(K, g).

Finally, we will sketch Pacelli’s methods in Section 6 to show that we
can get a uniform bound which only depends on the degree [K : Q] of the
number field K, not the individual field.
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2. Families of Stable Curves with Maximal Variation of Moduli

We now begin the proof of the Correlation Theorem, starting by proving
it in the case of families of stable curves with maximal variation of moduli.
This case is where the heart of the proof of the Correlation Theorem for
an arbitrary family lies, and the next two sections will not prove correlation
directly but instead extend the space of curves which can be related to those
in this section, so that the results of this section can be applied. We first
introduce moduli spaces and what it means for a family to have maximal
variation of moduli.

2.1. Moduli Spaces. Moduli spaces can be thought of as solutions to clas-
sification problems of varieties. For example, in our case we would like a
geometric object which classifies or parameterizes isomorphism classes of
smooth algebraic curves of genus g. If we have such an object, we can look
at the image of our particular family of curves in it, and gain information
about how the curves in our family vary up to isomorphism.

If we consider smooth curves with g = 0, all such curves are isomorphic
to P1, and so their moduli space will be trivial.

In the case g = 1, recall that isomorphism classes of elliptic curves can be
exactly described by their j-invariant, and so here we see how the affine line
can be taken to be the moduli space via the map given by the j-invariant.

If g ≥ 2, which is precisely the case which concerns us here, it is less clear
how a similar construction can be made. Indeed, studying the existence and
properties of moduli spaces for smooth curves of genus g ≥ 2 is an entire
subject unto itself, and to avoid going too far afield from our main objective
we will only state here without proof a few results. While moduli spaces
will be important to what follows, it will be possible to take the stated facts
about them as a black box and continue without further knowledge of the
subject. We begin by defining (and hence also purporting the existence of)
the moduli spaces of smooth curves of genus g.

Definition 2.1. Let g ≥ 2. Define the moduli space Mg to be the set of iso-
morphism classes of smooth curves of genus g. We further endow Mg with a
topological and algebraic structure so that Mg is an integral quasiprojective
variety.

Since Mg is not projective or complete, it will be convenient to work with

the Deligne-Mumford compactification, Mg. This is an integral, projective

variety in whichMg is a dense subset. Mg now no longer describes all smooth
curves of genus g, but is the moduli space of Deligne-Mumford stable (often
just called stable) curves of genus g. The necessary properties of stable
curves will be taken in what follows from [10]. Briefly, stable curves have
only nodes as singularities and have finitely many automorphisms.

Now if we let f : X → B be a family of stable curves (a family where
the fibers of f are each stable curves), we have a canonical morphism to
moduli, the map which sends a point in B to the isomorphism class of the
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corresponding fiber, so that

φ :B −→Mg

b 7→ [Xb]

We are now ready to define a family of stable curves with maximal vari-
ation of moduli

Definition 2.2. Let f : X → B be a family of stable curves. Such a family is
said to have maximal variation of moduli provided that the preimage under
the canonical morphism to moduli of the generic point in Mg has finite
cardinality (i.e. the map is generically finite). This is equivalent to saying
that there are no isotrivial subfamilies which include the generic fiber.

2.2. Correlation for Smooth Families with Maximal Variation of
Moduli. We now turn to proving the Correlation Theorem for such families.

The first step is to construct an invertible sheaf on Xn
B using one on X,

and then use this to prove a lemma constructing ample and big invertible
sheaves on Xn

B. Recall that we have a natural morphism

fn : Xn
B → B,

and let
pi : Xn

B → X

be the natural projection maps onto the i-th factor. Then given an invertible
sheaf L on X,

Ln := p∗1L ⊗ · · · ⊗ p∗nL
will be an invertible sheaf on Xn

B. Now we look at this construction when
L is ample or big.

Lemma 2.3. Given a flat, projective family X → B of integral varieties,
an ample (resp. big) invertible scheme L on B and an arbitrary invertible
scheme M on B,

Ln ⊗ f∗nM
is ample (resp. big) on Xn

B for sufficiently large n.

Proof. First assume that L is ample. L will be ample over every curve C
in the family X. If we use the equivalent definition of ample in terms of
the positivity of the degree degC(L), then it is easy to see that by taking
enough copies of L, any negativity of degC(M) (i.e. M not being ample)
will eventually be overcome, and

degC(L⊗e) = e degC(L) ≥ degC(f∗M)

for sufficiently large e. Now Let C be a curve in Xn
B and take the projections

Ci := pi(C), with di the degree of C over Ci. Since ⊗ is the group operation
on Pic(Xn

B) and this group is isomorphic to the abelian group Div(Xn
B),

degC (Ln ⊗ f∗nM) = degC Ln + degC f
∗
nM.
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We can now project from C to the Cis, and write

1 =
e

n
+
n− e
n

for some n > e to get

degC (Ln ⊗ f∗nM) =
e

n

n∑
di degCi L+

n− e
n

degC Ln + degC f
∗
nM,

≥ −1

n

n∑
di degCi f

∗M+ degC f
∗
nM+

n− e
n

degC Ln

=
n− e
n

degC Ln > 0

since edegCi(L)⊗ ≥ degCi(f
∗M) and Ln is itself ample.

Now suppose L is instead a big invertible sheaf. Recalling the definition of
big, this means we can write L as the tensor product of an ample invertible
sheaf A and an effective one L(D), where D is an effective Cartier divisor.
Writing

Ln = p∗1A⊗ · · · ⊗ p∗nA⊗ p∗1L(D)⊗ · · · ⊗ p∗nL(D)

and noting that each pullback p∗i (L(D) will still be effective, it is immediately
clear that the proof above will give us Ln⊗f∗nM as the tensor product of an
ample and an effective invertible sheaf, making Ln⊗f∗nM big as desired. �

This construction of ample and big invertible sheaves on Xn
B will be our

main tool in proving correlation for complete families of stable curves with
maximal variation of moduli.

Let us first assume for simplicity that both X and B are smooth (we’ve
already assumed them to be projective) so that the Serre dualizing sheaves of
both X and B are just the invertible sheaves corresponding to the canonical
divisors KX and KB. We can write

KX = ωf ⊗ f∗KB

where ωf is the relative dualizing sheaf of X over B, and then it is easy to
see that the previous lemma will be exactly what we want if we can show

Lemma 2.4. The relative dualizing sheaf ωf of f : X → B is big.

This result in fact will not require that X is smooth.

Proof. We begin with a result shown by Viehweg in [10] that gives us the
relation

g(g + 1)

2
ωf = f∗L+W,

where g is the genus of the curves in the family X → B, L is big, and W is
effective. W and L can be identified specifically, but this won’t be important
to us. Write

L = A+ E,
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where A is ample and E is effective. Since A is in particular ample on every
fiber of f , we also have that f∗A is ample, and so

m · degX(f∗A) ≥ −degX(ωf )

for sufficiently large m, making mf∗A + ωf ample. Multiply Viehweg’s
relation by m and add ωf to both sides:(

m · g(g + 1)

g
+ 1

)
ωf = (mf∗A+ ωf ) + (f∗E +mW ) ,

Which is a sum of an ample divisor and an effective divisor, making(
m · g(g + 1)

g
+ 1

)
ωf ,

and hence ωf itself, big. �

We now have that the relative dualizing sheaf of X over B, ωf is big. In

order to prove that Xn
B is of general type, we must prove that, if X̃n

B is a
desingularization of Xn

B, ω
X̃n
B

is big. We will actually prove a slightly more

general lemma for use later, of which correlation for families of stable curves
with maximal variation of moduli will be a direct consequence.

Lemma 2.5. Let X → B be a family of stable curves with maximal varia-
tion of moduli. Let σ be the birational morphism from the desingularization

X̃n
B → Xn

B, and

gn := fn ◦ σ : X̃n
B −→ B.

Then if M is any invertible sheaf on B,

ωgn ⊗ g∗nM

will be a big invertible sheaf on X̃n
B.

Proof. We can write

ωfn ⊗ f∗nM = p∗1ωf ⊗ · · · ⊗ p∗nωf ⊗ f∗nM.

By the previous two lemmas, we immediately see that this will be big on
Xn
B for sufficiently large n. To move to a desingularization, we can explicitly

calculate blow-ups to show that the singularities of Xn
B are all canonical,

which means that every regular section of ωfn ⊗ f∗nM pulls back through

σ to a regular section of ωgn ⊗ g∗nM on X̃n
B, making this invertible sheaf

big. �

Corollary 2.6. Correlation holds for families stable curves with maximal
variation of moduli.

Proof. LettingM = KB, the invertible sheaf corresponding to the canonical
Cartier divisor of B, we see that

ω
X̃n
B

= ωgn ⊗ g∗nKB

is big. �
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3. Treating General Families through Base Change

In the previous section we’ve shown that correlation holds for families of
stable curves with maximal variation of moduli. Our goal is to show that
correlation holds for an arbitrary family f : X → B of curves of genus g ≥ 2.
Here we take an arbitrary family to mean that f is any morphism of integral
varieties such that the fiber of the (unique) generic point of B is a smooth
curve of genus g ≥ 2. In order to deduce the full result we will show that
any such arbitrary family can be related to a quotient of a stable family
with maximal variation of moduli by the action of a finite group.

Remark 3.1. Note that in the previous section we’ve actually proven some-
thing more direct than the statement of the correlation theorem. Namely,
we’ve proven that Xn

B is itself of general type. The correlation theorem, and
importantly the uniform bound theorem that follows from it, only requires
that there exists a dominant rational map from Xn

B to a variety of general
type. This map was simply the identity in the previous section, but here
the allowance that it be nontrivial will provide the extra freedom needed to
relate any family to one of the type we’ve considered.

The method used to relate an arbitrary family to one of the type we’ve
considered will be making base changes to the family f : X → B. A base
change is given by a map

B′ −→ B

with B′ irreducible and such that the preimage of the generic point of B
has finite cardinality (the map is said to be generically finite). We make one
further definition to fully specify what is meant by a base change.

Definition 3.2. Let f : X → B be a family of curves and B′ → B a base
change. Define the essential pullback to be the unique irreducible component
X ′ of the fiber product

X ×B B′ −→ B

which dominates B along with the map X ′ → B′, the restriction of the usual
projection map.

Using the essential pullback is necessary as if the fiber dimension of f
jumps, the standard pullback given by the direct product X ×B B′ itself
may not be irreducible, and we don’t want to work with non-dominating
components. With the above notation, a base change B → B′ will give us
an essential pullback X ′ → B′.

We now describe the three base changes that will be used to relate to a
stable family with maximal variation of moduli. Some facts about moduli
spaces will be assumed along the way.

We begin with an arbitrary family f : X → B.

3.1. First Base Change. Since one of the few assumptions we do have
about an arbitrary family is that the fiber of the generic point of B is a
smooth connected curve, there will exist an open subset U ⊂ B over which
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f is smooth, with all fibers being smooth connected curves of genus g. This
means that the map to the moduli space Mg of smooth curves of genus g

gives us a regular map U → Mg to the moduli space of stable curves, and

any such regular map can be extended to a rational map B →Mg on all of
B. Define

B1 ⊂ B ×Mg

to be the graph of this map, such that we get the essential pullbackX1 → B1.
Locally this looks exactly like what we want, that is every point b ∈

B1 gives us (through its image Σ1 in Mg) an isomorphism class of stable
curves which includes the fiber X1,b, but we don’t have enough algebraic
information globally about where other such isomorphic curves may be found
as fibers, and cannot conclude that the map B1 → Σ1 ⊂ Mg is actually
the canonical morphism to moduli for this family. We will use this local
information to construct a second base change using a cover of Σ1 in Mg.
First we state (without proof) a lemma about moduli spaces to provide such
a cover.

Lemma 3.3 (Existence of tautological family of stable curves). There exists
a family of stable curves T → Ω such that the canonical map to moduli,

φ : Ω→Mg

is finite and surjective. Such a family is called a tautological family of stable
curves.

3.2. Second Base Change. Using the above, we have that Ω→Mg is the
cover we desire, and we can take Σ2 := φ−1(Σ1), Which gives by restriction
the family of stable curves

T ⊃ T2 → Σ2.

Now we make the base change B2 → B1 to the family X1 → B1 with

B2 := B1 ×Σ1 Σ2

and take the essential pullback X2 → B2, so that on any open set U ⊂ B2,
if b ∈ U , then X2,b is isomorphic to the fiber of T2 given by the image µ(b)
of b in Σ2, where µ : B2 → Σ2. This is even closer to the relation we want,
but knowing that the individual fibers are isomorphic is not a strong enough
condition to make the family X2 → B2 birationally isomorphic to the family
T2 → Σ2 pulled back to B2. It will take one final base change to fix this
discrepency, and this is where we will see the introduction of a group action.

3.3. Third Base Change. To speak in heuristic terms, the reason why
the previous family X2 → B2 is not sufficient is that while X2,b will be
isomorphic to T2,µ(b) for each b, there may be multiple such isomorphisms.
In order to globally relate the families we will need to give a consistent way
to pick which isomorphism we want and the constructions given so far do
not provide a way to do so.
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The way to get around this is to consider the automorphism group of each
fiber. Change to a new base

B′ := {(b, ψ) : b ∈ B2, ψ ∈ Aut(X2,b)}.

This now has the multiple possible isomorphisms X2,b
∼= T2,µ(b) built into

it. The previous problem will then be solved by taking the quotient by the
Galois group of of the extension of function fields corresponding to B′ → B.

In order to guarantee that we actually get a finite group with the proper
quotient we must slightly alter the above construction and let B3 be the
Galois normalization of a connected component of B′ which dominates B2

over B. Then we have indeed that with

G := Gal(K(B3)/K(B)),

B3/G is birationally isomorphic to B, and taking the essential pullback
X3 → B3, we have X3/G is birationally isomorphic to our original X.

Finally, we want to change base of our family T2 → Σ2 of stable curves
with maximal variation of moduli to match. Without going into explicit
details, we create the base Σ3 so that B2 → Σ2 factors through it, with G
acting on both B3 and Σ3. Let

T3 → Σ3

be the essential pullback of this base change.
The thing to check is that the action of G on X3 → B3 gives a birational

isomorphism with T3 → Σ3. Geometrically, we can see heuristically that
the previous problem of choosing which isomorphism of fibers to choose is
solved as now automorphisms of fibers over Σ1 are specified exactly by an
element g ∈ G.

To summarize the previous three base changes, we have changed base to
X3 → B3 such that G acts on both X3 and B3 with quotient birationally iso-
morphic to our original family, and that X3 → B3 is birationally isomorphic
to the pullback of the family T3 → Σ3 of stable curves with maximal vari-
ation of moduli over B3. Putting this together and lifting to fiber powers,
we get

Xn
B
∼−→ (X3)nB3

/G −→ (T3)nΣ3
/G,

where the right map is a dominant rational map. Since T3 → Σ3 is a family
of stable curves with maximal variation of moduli, if we can show that the
Correlation result of the previous section descends through a quotient by
G, we will conclude that (T3)nΣ3

/G is a variety of general type when n is
sufficiently large, which will imply the Correlation Theorem for an arbitrary
family f : X → B.

4. Group Actions

4.1. Groups Acting on Families. The aim of this section is to show that
our correlation result on stable curves descends to the quotient by the action
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of a finite group. This is all that remains to prove the Correlation Theorem
for an arbitrary family. Specifically, we will prove:

Proposition 4.1. Suppose f : X → B is a family of stable curves of genus
g ≥ 2 with projective base B and smooth general fiber, and that the family has
maximal variation of moduli. Let G be a finite group which acts birationally
on both X and B such that

X

X

B

B

g

f
//

f //

g

commutes for every g ∈ G. Then the quotient Xn
B/G of Xn

B by the action
of G (where G acts diagonally on Xn

B) is of general type for sufficiently large
n.

Proof. We would first like to strengthen the conditions on the action of G
to further assume that the action of G on both X and B is regular instead
of just rational. For each g ∈ G we let Ug ⊂ B be the open set on which the
birational map B → B given by the action of g is regular. Since G is finite,
write G = {g1, . . . , g`}, and

U :=
⋂̀
i=1

Ugi

will be nonempty and open, and this allows us to define a new base B′ as
the closure of the set

{(pg1 , . . . , pg`) : p ∈ U} ⊂ B`.

The action of G on B′ is then simply a permutation of factors, and hence
regular.

We can further change base to B′′ taking a resolution of singularities of
B′, and let

X ′′ = X ×B B′′ → B′′

be the pullback of this base change. Hironaka shows in [5] that this can be
done so that the discriminant locus

∆(X ′′/B′′) ⊂ B′′,

i.e. the subset of B′′ over which all fibers are singular, is a divisor with
normal crossings, and so that the action of G lifts from B′ to B′′, and re-
mains regular. A divisor with normal crossings is one for which components
intersect transversally. We refrain from discussing further properties of di-
visors with normal crossings, as the only property we will require is that in
our situation of stable curves, having normal crossings implies that X has
canonical singularities.
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The last thing to verify for the above base changes is that the regular
action of G on X lifts to a regular action on X ′′. As stated earlier, one
of the fundamental properties of stable curves is that their automorphism
group is finite. Hence for g ∈ G we can define a finite cover

Γ := {(b, φ) : b ∈ B′′, φ : Xb → Xbg is an isomorphism}
of B′′ Since we already have that G acts regularly on B′′ and on X, if this
action lifts to Γ→ B′′ it will verify that we get a well defined action on

X ′′ = X ×B B′′

given by the action on each factor. It lifts to a regular action on an open
subset of B′′, and since B′′ is smooth and the cover is finite, the lift can be
extended over all of B′′.

So far we’ve reduced from having a rational group action on a stable
family f : X → B with maximal variation of moduli to further assuming
that X has canonical singularities and that G acts regularly on both X
and B. In order to complete the proof that Xn

B/G is of general type, we
introduce a lemma, the proof of which will only be discussed briefly.

4.2. Correlation for Quotients.

Lemma 4.2. Suppose X be a variety with canonical singularities and G is
a finite automorphism group acting regularly on X. Let θ be a G-invariant,
regular section of the m-th power of the dualizing sheaf of X, and suppose
that θ vanishes with

vanishing orderp(θ) ≥ m · (|Gp| − 1)

at p ∈ X, where Gp is the stabilizer of p under the action of G. Then θ
induces a regular section of the dualizing sheaf on the quotient X/G.

To prove this, first replace X locally by it’s tangent space Tp(X) at each
point p, and then take a linear representation of G. With this setup, the
idea is then to take sections of the m-th power of the canonical invertible
sheaf on Tp(X)/G and look at their pullback to Tp(X). This pullback will
be the product of the canonical invertible sheaf of Tp(X) with the invertible
sheaf Γ of the divisor derived from the fixed points of the action of G. One
can then bound the order of vanishing coming from Γ based on G being
finite, and guarantee that a section with order of vanishing exceeding this
must come from the canonical invertible sheaf and descend as desired. Full
details of this proof can be found in [3, Corollary 4.2].

We now continue to prove the main result of this section. Define a subset
of B,

Φ := {b ∈ B : there exists g ∈ G\{1}
fixing a component of Xb pointwise}.

Note that this is potentially a smaller set than the set of b ∈ B fixed
by some non-identity g ∈ G, as such a g may still act nontrivially on all
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components of Xb. This is constructed exactly so that if p ∈ X is a point
such that |Gp| > 1, since each g is an automorphism of X, we will have that

f(p) ∈ Φ ⊂ B.

We now let D0 be an effective divisor such that the support of D0 contains
this set Φ. Multiply by |G| to get

D := |G| ·D0,

and now use this divisor to define an invertible sheaf

M := |G| ·KB ⊗ L(−D0).

We recall again Lemma 2.5 (really its proof up to the point of lifting to a
desingularization of Xn

B) and conclude that the invertible sheaf

ωfn ⊗ f∗nM = ωXn
B

(−|G| · f∗nD0)

is big on Xn
B. If we use the Iitaka dimension version of the definition of

bigness, this means that the ring

R = R(Xn
B, ωfn ⊗ f∗nM) :=

∞⊕
m=0

(Xn
B, (ωfn ⊗ f∗nM)m)

has maximal (Krull) dimension dim(Xn
B) + 1. Take RG to be the subring of

R consisting of elements fixed under G. Since G is finite, R is an integral
ring extension of RG, and it is a general fact that then R and RG will have
the same dimension.

Using the equivalence ωfn ⊗ f∗nM = ωXn
B

(−|G| · f∗nD0) above, we see that

M has been designed specifically so that the sections of (ωfn ⊗ f∗nM)m will
vanish to order at least |G| ·m at all points p ∈ X for which |Gp| > 1. Since
then

vanishing orderp(section) ≥ m · (|Gp| − 1)

for all p ∈ X, we may apply Lemma 4.2 to conclude that each section
descends to a regular section on the quotient X/G. Since X has canonical
singularities, these lift to sections on Z, any resolution of singularities of
Xn
B/G (also lifting through fn), and we can say explicitly that this gives an

inclusion

RG →
∞⊕
m=0

H0 (Z, (KZ)m) =: R(Z),

so that Z has maximal Kodaira dimension. This means that Z is of general
type, and this makes Xn

B/G a variety of general type as well, concluding the
proof of the Correlation Theorem.

�
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5. Proof of the Uniform Bound Theorem

We now prove the Uniform Bound Theorem, assuming both the Corre-
lation Theorem and the Bombieri–Lang Conjecture. This will be relatively
straightforward, as the main depth of the proof of the Uniform Bound The-
orem has already come in the proof of the Correlation Theorem. We begin
will a lemma.

5.1. Main Lemma.

Lemma 5.1. Let f : X → B be a proper morphism of integral varieties,
whose general fiber is a smooth curve of genus g ≥ 2. Then there exist a non-
empty Zariski-open U0 ⊂ B, and integer N such that for every b ∈ U0(K),

|Xb(K)| ≤ N.

Proof. The Correlation theorem gives us a dominant rational map h from
Xn
B to a variety W of general type, all defined over K, when n is sufficiently

large, and the Bombieri–Lang Conjecture purports the existence of a non-
empty open set

W ′ ⊂W\W (K).

We can find a non-empty subset of Xn
B on which the map h is regular so

that rational points of Xn
B map to rational points of W , and within this we

may further restrict to the open set Un which maps into W ′. This must
also be non-empty by construction since W ′ is non-empty and open, and h
is dominant. Call the complement of this set Zn, which is a proper closed
subvariety of Xn

B in which all of Xn
B(K) is contained.

If we define maps by dropping the last coordinate,

πi : Xi
B → Xi−1

B ,

We may recursively define Zi−1 to be the largest closed subvariety whose
preimage under πi is contained in Zi. Here Zi may be empty if i < n. Let

Ui := Xi
B\Zi.

As the notation may suggest U0 ⊂ X0
B = B will be the non-empty open set

we want. Since Ui−1 is then the smallest open set containing πi(Ui), we can
conclude that

πi : π−1
i (Ui−1 ∩ Zi)→ Ui−1

is finite over its image. Splitting

Zi =
⋃
j

Zi,j

into irreducible components, we can bound the size of the fibers of Zi over
Ui−1 by

βi :=
∑
j

deg
(
πi : π−1

i (Ui−1 ∩ Zi,j → Ui−1

)
.

Consider what we have so far. All rational points of Xn
B are contained

in Zn, and as we follow the path of a rational point as we successively map
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Xi
B → Xi−1

B , once the path crosses from some Zi to some Ui−1, it will remain
in sets Uk down to U0. With this in mind, Pick a

b ∈ U0(K)

and let α(b) be the largest i such that there is a rational point u ∈ Ui−1 that
maps down to b. We have that 1 ≤ α(b) ≤ n since Un contains no rational
points.

consider the fiber Xu of πα(b) over the point u. We have that Xu(K) ⊂ Zi,
which means that

|Xu(K)| ≤ βi.
But Xu is isomorphic to the fiber of X → B over b, and so letting N be the
maximum over the βis, we’ve proven the lemma.

�

5.2. Global Families and Induction from Main Lemma. The above
lemma states exactly the uniform bound result we want, except only for the
curves given by fibers over the open subset U0 ⊂ B. To complete the proof
we will show that this can be made to apply to all curves. To do so, our
main tool will be the existence of global families of curves (which will be
taken without proof), and then an induction argument to carry us beyond
the subset U0.

Proposition 5.2 (Existence of Global Families). Fix a genus g ≥ 0 and a
number field K. Then there exists a family f : X → B of integral projective
varieties over K such that every curve of genus g is realized (up to isomor-
phism) as the fiber of f over some b ∈ B. Such a family is called a global
family.

The proof of this fact is based on the existence of what is called the Hilbert
Scheme, and can be found in [7]. Note that this is similar to the concept
of a tautological family defined earlier, but here we get a surjective map to
Mg not to Mg. A tautological family can be thought of as a global family
of stable curves with maximal variation of moduli.

Now take f : X → B to be such a global family for g ≥ 2 over K.
The previous lemma gives us the uniform bound N0 on the number of K-
rational points on any curve which can be found as a fiber of f over a point
b ∈ U0 ⊂ B. Recall that then

X0 = B\U0

is a proper closed subvariety of B. Since B is integral (so in particular
irreducible), X0 has strictly smaller dimension then B.

We would like to now apply the lemma repeatedly, inducting on dimen-
sion. First though, X0 may not be irreducible. Throw out any components
of X0 for which the fiber of the generic point is not a smooth curve, as these
don’t contribute fibers which matter to us. Let B1,i be one of the remain-
ing components, and X1,i the restriction of f to the preimage of B1,i, and
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now the lemma can be applied to get a uniform bound N1,i. Let N1 be the
maximum of the N1,is over all remaining components i.

Repeating the above on each component now, we get a sequence {Nj}
which terminates since at each step the dimension of the components is
made strictly smaller. Since f : X → B was a general family, we have
now addressed every curve of genus g, and conclude that there is a uniform
bound

|C(K)| ≤ B(K, g) ≤ max
j
Nj

such that every curve C of genus g ≥ 2 has at most B(K, g) rational points.

6. Pacelli’s Generalization

The uniform bound B(K, g) proven conditionally upon the Bombieri–
Lang Conjecture by Caporaso, Harris, and Mazur in [3] depends on the genus
as well as the individual number field over which a curve is defined. One can
hope to generalize this result even further by weakening the dependencies of
the bound B(K, g). We can see immediately that it is too optimistic to hope
that the dependence on K can be removed entirely, for given any curve C,
we know that C(Q) is infinite, so we may extend the field of definition of C
by adjoining as many Q points as we want to make a number field K such
that the number of K-rational points is arbitrarily large. It does however
turn out to be possible to weaken the dependence on K.

Abramovich proved in 1995 in [1] that there exists a bound B′(K, g) that
still holds if K is replaced with any quadratic extension of K.

Using similar methods to those of Abramovich, Pacelli proved the follow-
ing further generalization in [8] in 1996, which makes the uniform bound
result in [3] only dependent on the degree of the number field not the field
itself.

Theorem 6.1. Let d ≥ 1 g ≥ 2. There is a uniform bound B(d, g) such
that if C is any smooth curve of genus g defined over a number field K of
degree d, then B(d, g) bounds the number of K rational points on C, with

|C(K) ≤ B(d, g).

Here we only sketch the ideas behind proving this. Let f : X → B be a
family of curves. Instead of Xn

B, one of the main objects we will work with
in this generalization is

Symd(Xn
B) := (Xn

B)d/ ∼,
where two points in (Xn

B) are equivalent under the relation ∼ if one is a
permutation of the factors of the other. Suppose K is a degree d number
field, b ∈ B(K), and

P1, . . . , Pn ∈ Xb(K),

so that

(P1, . . . , Pn) ∈ Xn
B.
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Let σ1, . . . , σd be the d embeddings of K in C and consider the point

y(P1,...,Pn) := (σ1(P1, . . . , Pn), . . . , σd(P1, . . . , Pn)) ∈ Symd(Xn
B).

Since the Galois action ofK/Q will only permute the coordinates of y(P1,...,Pn),
it is Galois stable, and we can conclude that

y(P1,...,Pn) ∈ Symd(Xn
B)(Q).

We would like to show that this construction cannot actually be realized
for arbitrarily large n when we insist that the points P1, . . . , Pn ∈ Xb(K)
are all distinct. To this end, we make the following definition.

Definition 6.2. Fix an integer d ≥ 1. Let y ∈ Symd(Xn
B)(Q), and let m > n.

We say that y is m-prolongable provided that there exists a number field K
of degree d and distinct points Pi ∈ X for 1 ≤ i ≤ m each defined over K
and not over any subfield which produce a point

y(P1,...,Pm) ∈ Symd(Xm
B )(Q),

and such that

y(P1,...,Pn) = y ∈ Symd(Xn
B)(Q).

Define

F (m)
n ⊂ Symd(Xn

B)(Q)

to be the closure of the set of m-prolongable points.

Since anm-prolongation gives rise to an `-prolongation for any n ≤ ` ≤ m,
we have a decreasing sequence of closed sets

· · · ⊂ F (m+1)
n ⊂ F (m)

n ⊂ . . . ,

And since Symd(Xn
B)(Q) is Noetherian, this sequence must eventually sta-

bilize at some F
(m(n))
n , call this set simply Fn, the set of points which can

be prolonged arbitrarily.
If we have m distinct rational points on a curve Xb(K), these clearly

give rise to an m-prolongable point, so proving that there are no arbitrarily
prolongable points, i.e. that

Fn = ∅

will prove Pacelli’s generalization.
The rest of Pacelli’s work is dedicated to proving that Fn is of general

type when n is large enough. This follows from many of the same methods
as used in [3], but we leave out the details here. If Fn is of general type, then
the Bombieri–Lang Conjecture says that the rational points of Fn can be
contained in a proper closed subset. But Fn was constructed as the closure of
a subset of Symd(Xn

B)(Q) so this is a direct contradiction. By construction
Fn surjects onto Fn−1, and so Fn = ∅ for all n, proving our result.
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7. Further Results

We’ve completed the proof of the Uniform Bound Theorem, including
Pacelli’s generalization to only depend on the degree of the number field,
and now turn to further directions this field can be taken. Perhaps the most
obvious is to look for a proof of the Bombieri–Lang Conjecture, so as to
prove these results unconditionally, but as of yet there seems to have been
little progress in this direction.

7.1. Curves with Many Rational Points. Assuming the Bombieri–Lang
Conjecture to be true so that our results here hold, one can ask about finding
the actual sizes of the bounds B(d, g) or B(K, g). In relatively small genus,
there are often updated records for curves with the most currently known
rational points, but there is no general way of constructing such curves.

Unlike in the case of Elliptic curves, if a curve of genus g > 1 is a candidate
for having many rational points, one can reasonably expect to find many of
them using a basic search algorithm. This is due to Vojta’s Conjecture.

Conjecture 7.1 (Vojta). Let f : X → B be a family of curves of genus
g ≥ 2 over a number field K, and let HX and HB be height functions on X
and B respectively. Then there exist constants a and ` such that

HX(P ) ≤ aHB(b)`

for all P ∈ Xb(K).

Besides being only conjectural, the constants a and ` are not known,
so this does not actually imply a finite search for rational points. It does
however heuristically suggest that by searching for rational points in a space
indexed by increasing height one is likely to find rational points (if they exist)
in relatively short time.

7.2. Correlation in Higher Dimensions. We can also ask about gener-
alizing our results here beyond curves. [3] asks about extending their Cor-
relation Theorem to families of higher-dimensional varieties, and conjecture
that the analogous statement will still hold.

Conjecture 7.2. Suppose f : X → B is a family of integral varieties over
a number field K, and that the fiber Xν of the generic point ν ∈ B is an
integral variety of general type. Then there exists a dominant rational map

h : Xn
B −→W

from the n-th fiber product Xn
B to a variety W of general type, where h and

W are defined over K. Further, h|Xν is generically finite.

Remark 7.3. The general fiber Xν being of general type is indeed the anal-
ogous statement, as in dimension one, a smooth curve is of general type
exactly when it has genus two or more. Hence we could have stated our
hypothesis this way in the Correlation Theorem as well.
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We can attempt to walk through our proof above in this more general
setting to see what holds and what doesn’t. Suppose that we’re given such
a family f : X → B, and following our earlier procedure, further suppose
that the family has maximal variation of moduli. The following should only
be taken a suggestion and not a statement of results, as we leave out the
specific details and hypotheses that may be required.

We still find that the relative dualizing sheaf ωf is big, and we can follow
the exact same procedure of Lemma 2.3 to build ωXn

B
out of ωf and conclude

that the positivity of ωf will eventually dominate, making ωXn
B

big, and
demonstrating this generalized correlation conjecture for families of maximal
variation of moduli.

Before looking at Section 3, we look at Section 4 to see what reductions
might need to be made by base changes or other means. Provided we can
reduce to the case of families where the discriminant locus ∆(X/B) is a
divisor with normal crossings, then [11] again tells us that the singularities
of X are canonical, and so Lemma 4.2 will again conclude that if a finite
group G acts on both X and B, the quotient Xn

B/G will be of general type
for sufficiently large n.

In Section 4 we were able to make the required reduction to when ∆(X/B)
is a divisor with normal crossings using the results of [5]. in the more
general setting, however, this doesn’t apply and our argument breaks down.
A version of Section 3 would have to include a base change or some other
method making this reduction in order to complete a proof.

If we go ahead and assume the generalized correlation conjecture, what
results might this imply? We first introduce a second conjecture of Lang,
related to the first.

Corollary 7.4 (Geometric Lang Conjecture). Let X be any variety of gen-
eral type, and let ΞX be the union of all irreducible subvarieties of X which
have positive dimension and are not of general type. Then ΞX ⊂ X is a
proper closed subvariety.

[3] proves the following.

Theorem 7.5. Suppose both the Generalized Correlation Conjecture and
the Geometric Lang Conjecture hold. Then there is a bound B(d, k) such
that

deg(ΞX) ≤ B(d, k)

whenever X is a projective variety with degree ≤ d and dimension ≤ k.

In particular, cases of this would have consequences such as bounding the
degree of a (geometric) genus zero or one curve lying on any surface in P3

of a fixed degree d, and similar consequences in higher dimensions.

7.3. Uniform Bounds in Higher Dimensions. Instead of working through
generalizing the Correlation Theorem and the results of this, Poonen looks
directly at the possibility of results like the Uniform Bound Theorem for
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higher dimensional varieties in [9]. There is no result like Falting’s theorem
for general varieties which guarantees a finite number of rational points, so
a boundedness result may seem hopeless at first, but Poonen avoids this
by asking a slightly different question, essentially ignoring varieties with
infinitely many points.

Question 7.6. Let f : X → B be a family of finite-type schemes over a
number field K. Is

{|Xb(K)| : b ∈ B(K)}
a finite set?

Note that if Xb(K) is infinite this only contributes the single value ℵ0

to this set so this is really a question of uniform boundedness on varieties
which have finitely many rational points. Poonen then proves that this is
equivalent to what is perhaps an even more basic or natural question.

Question 7.7. Let
Pn ⊂ Q[x1, . . . , xn]

be the subset consisting of polynomials of total degree 4, and let P ′n ⊂ Pn
consist of those polynomials with finitely many rational zeros. Is there a
bound Bn on the number of rational zeros for all f ∈ P ′n?

One can see how these are both related to uniform boundedness, and
these questions currently remain open.
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algébriques sur les extensions quadratiques et cubiques. C.R. Acad.
Sci. Paris, 321(6):755758, 1995.

[2] Enrico Bombieri. The mordell conjecture revisited. Ann. Scuola Norm.
Sup. Pisa Cl. Sci., 17(4):615–640, 1990.

[3] Lucia Caporaso, Joe Harris, and Barry Mazur. Uniformity of rational
points. Journal of the AMS, 10(1):1–35, January 1997.

[4] Robin Hartshorne. Algebraic Geometry. Springer-Verlag, New York,
1977.

[5] Heisuke Hironaka. Idealistic exponents of singularity. In Algebraic Ge-
ometry (J. J. Sylvester Sympos., Johns Hopkins Univ., Baltimore, Md.,
1976), pages 52–125. Johns Hopkins Univ. Press, Baltimore, Md., 1977.

[6] Serge Lang. Hyperbolic and diophantine analysis. Bull. Amer. Math.
Soc., 14(2):159–205, 1986.

[7] D. Mumford, J. Fogarty, and F. Kirwan. Geometric invariant theory,
volume 34 of Results in Mathematics and Related Areas (2). Springer-
Verlag, Berlin, 1994.

[8] Patricia L. Pacelli. Uniform boundedness for rational points. Duke
Math Journal, 88(1):77–102, 1997.

[9] Bjorn Poonen. Uniform boundedness of rational points and preperiodic
points. pre-print, 2012.



24 UNIFORM BOUNDEDNESS OF RATIONAL POINTS

[10] Eckart Viehweg. Canonical divisors and the additivity of the kodaira
dimension for morphism of relative dimension one. Compositio Math.,
35(2):197–223, 1977.

[11] Eckart Viehweg. Weak positivity and the additivity of the kodaira
dimension for certain fibre spaces. In Algebraic varieties and analytic
varieties, volume 1 of Adv. Stud. Pure Math., pages 329–353. North-
Holland, Amsterdam, 1983.


