POWERS OF THE ETA-FUNCTION AND HECKE OPERATORS
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ABSTRACT. Half-integer weight Hecke operators and their distinct properties play a major
role in the theory surrounding partition numbers and Dedekind’s eta-function. General-
izing the work of Ono in [7], here we obtain closed formulas for the Hecke images of all
negative powers of the eta-function. These formulas are generated through the use of
Faber polynomials. In addition, congruences for a large class of powers of Ramanujan’s
Delta-function are obtained in a corollary. We further exhibit a fast calculation for many
large values of vector partition functions.

1. INTRODUCTION AND STATEMENT OF RESULTS

Congruences of partition numbers have been the subject of many works since the famous
congruences of Ramanujan from the early 1900s. In particular, Ramanujan [8] proved that

p(bn+4)=0 (mod 5),
p(Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11),

where p(n) is the number of partitions of an integer n. Later, Atkin [2], using half-integral
weight Hecke operators, showed that further congruences modulo some larger primes exist by
making use of explicit modular equations and identities which are relevant for these primes.
Ono [5] was able to build an overarching theory which explains all such congruences.

Much of the work of Ono and Atkin involves the action of the half-integer weight Hecke
operators on the partition generating function. Atkin proved his results because he was able
to derive explicit relations for small primes ¢. To obtain the general theory of congruences,
Ono had to work in the absence of a closed formula. Instead, he made use of the theory
of f-adic Galois representations, in the sense of Deligne and Serre, to conclude that certain
modular forms are eigenfunctions modulo £ of special Hecke operators.

Following the proof laid out by Ono in [7], we extend his result which solves the problem
of obtaining such closed formulas. In particular, we solve this problem for all positive powers
of the generating function for the partition numbers.

We first fix notation. For a prime ¢ recall the integer and half-integer weight Hecke
operators (for example, see [6]). Given a modular form of half-integer weight —s/2 € 1 Z\ Z
with Nebentypus character y, the normalized Hecke action with respect to £2 is defined on
its g-series (note ¢ := €2™* throughout) by

(1.1)
Satma®| 7(2) =3 (48+2x<1/42>a<nﬂ> s (HL") x(1/0)a(n) + a<n/f2>> .

n>—oo n>—oo
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Throughout we define a(z) := 0 if ¢ Z, (£) denotes the usual Jacobi symbol, and we
suppress the weight in the notation of the Hecke operator as it will be clear in context. For
a modular form of integer weight —s/2 € Z with Nebentypus character x, the normalized

Hecke action with respect to £ is defined on its g-series by

(1.2) S amet| ) = Y (es/2+1x(1/£)a(en)+a(n/e>)qn.

n>=>—oo n>—0o

Remark. The normalization in both definitions is nonstandard, and is tailored so that the
coefficient of the first power of ¢ in the g-series we considered here remains the same under
the Hecke action for modular forms with poles supported at co.

We begin by recalling Dedekind’s eta-function

o0
(1.3) n(z) =g/ [ - q™),
n=1
which generates the partition numbers as follows:
1 o0
1.4) = P(z) := p(n)g®n1.
For a nonnegative integer s, we consider reciprocals of the modular form 7°(4(s)z), where
i(s) == m. Notice that §(s) is chosen minimally so that the g-expansion has integer

exponents. In the special cases when s = 1 and s = 3, Euler and Jacobi showed that
n°(6(s)z) is a theta-function (see for example Theorem 1.60 in [6]). This allows us to say
that

(1.5) 1(24z) € 51(To(576), x12) and n°(8z) € S5 (Lo(64), xo),

where x12 = (£2) and xo is the trivial character modulo 2. Here Sj(I'g(N), x) denotes the

space of weight k cusp forms on I'g(N) with Nebentypus character x.
We obtain closed formulas for the action of the Hecke operator on 1/n°(d(s)z). In order
to state these results, it is useful to first recall the Eisenstein series

(1.6) Ey(z) :==1+4 240 Z o3(n)q" and Fg(z) :=1— 504 Z os(n)q",
n=1

n=1

where ox(n) := 3"y, d*, and Ramanujan’s weight 12 cusp form A(z) given by

(17) A(z) =P (z) = q [J (1 — )"
n=1

We also make extensive use of Klein’s modular function j(z), defined by
(1.8) §(2) == E3(2)/A(2) = ¢~ + 744 + 196884q + - - -

and Euler’s Pentagonal Number generating function (¢; ¢)eo

[e.e]

(19) f(Z) e (q; Q)oo — H(l _ qn) _ Z(*l)kq(3k2+k)/2'

n=1 keZ

Remark. We use the notation f(z) in Section 2.3 rather than (¢; ¢)~ for convenience when
working with Mdbius transformations.
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Central to our formulas are the Faber polynomials J(m; z), which are the coefficients of the
following series:

. c2)g™ = B (2) o (2) . !
(1.10) ZJ(m, N RO

=1+ (z — 744)q + (2 — 1488z + 159768)¢> + - - -

Using these polynomials, we now define polynomials A(s, m;x) € Z[x| as the coefficients of
the series

(1.11) A(siq) = Y A(s,m;)q™ = (g:9)% - Y J(m;z)g™
m=0 m=0
Remark. Notice that if s = 1 or 3, then by classical identities of Euler and Jacobi, we have
i (=1)FqEF* 2 T (ms j(2)), ifs=1
Als,mij() =4 L
> (DF@E+ 1) T (m;j(2),  ifs=3.
k=0

In stating our main result it will be useful to define

%]

(1.12) By (s;x) := Z ps(m s , SUp —m€2;aj),

where vy := €24 , and

(1.13) By(s;x) == Z ps(m)A (s, spe — ml; x) ,
m=0
where iy := 6—41 and ps(m) is the number of vector partitions of length s. We also define

the quadratic character () by

(M> . ifse2z
(1.14) X =14 s, if s ¢ 27U 37
X0, if s € 3Z\ 2Z.

Remark. For positive integers n and s, a length s vector partition of n is an s dimensional
vector where each coordinate is a partition and the sum of these partitions is n. For s = 1,
p1(n) = p(n), the classical partition function. Furthermore, the generating function for
ps(n) follows analogously to the s = 1 case, so that we have
[o¢]

Il o= Zps
oot (1 —q")

The Hecke operators, for certain primes £ act as follows on the reciprocals of powers of
the Dedekind eta-function.

Theorem 1.1. Suppose s is a positive integer and £ is prime. Then the following are true.
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(1) If s is odd and ¢ =1 (mod 4(s)), then

L (=1) 5 200
n&)) T = M (5 (W) X0 + Be?(s;j(5(5)z))> |

(2) If s is even and £ =1 (mod 4(s)), then
1 ‘ 1 .
——— | T(f) = ——————= - By(s;j(0(s)z2)).
w00 | Ty e
Remark. In Theorem 1.1(1) note that /2 = 1 (mod §(s)) for all £ > 5. This condition never
holds for £ = 2. Also note that ps(0) = 1 and that if s < 24 the sum on the right hand side
in Theorem 1.1 is just a single term.

This gives us the following congruences for the Delta-function.

Corollary 1.2. If / is prime, then we have
(1) If s is odd and ¢*> =1 (mod 6(s)), then
y _ 1
A (z) = Bl () (mod ¢).
(2) If s is even and £ =1 (mod 6(s)), then
1
By(5:(0(s)2))
Theorem 1.1 also allows us to efficiently compute some ps(n) values. To this end, we
define ¢y(s,n) as the coefficients of

s-1 s6(s)
st ()T @ - v
(1.15) Z ce(s,n)g" " = b < ¢ ) X+ Bl j(0(s)z)), 1 s 16 odd

n>ng By(s;5(0(s)z2)), if s is even.

AFe(2) (mod /).

Then we have the following corollary which shows how certain vector partition function
values can be quickly computed.

Corollary 1.3. Let s > 0 and let £ be a prime. Then the following are true.
(1) If s is odd and £ =1 (mod d(s)), then for n > 0 we have

s+l s6(s

N C IR GO

ps(nl? — svp) = -z ) X () ps(n)
S €S+2 E S

- (” ;j”ﬁ) £ 3 el Bpa(n— k)

k=—svyp

(2) If s is even and £ =1 (mod 4(s)), then for n > 0 we have

ps(nl — pg) = x ()62 | —p, <";“’Z> + Y s, k)ps(n—k)

k=—spy

Remark. Note that performing this calculation only requires knowing the first n+ svy values
of ps(n) when s is odd and the first n + sp, values when s is even, and just the coefficients
up to ¢" in the g-expansion of j. In effect this allows us to calculate extremely large vector
partition function values only using a few initial values (see Examples 4.3 and 4.4).
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In Section 2 we recall results about the Faber Polynomials and describe properties of the
polynomials A(s,m;7). We then use the work of Atkin and Newman to create modular
functions on SLy(Z) from 1/n°(d(s)z) and its Hecke action. These results are used to prove
Theorem 1.1 and Corollaries 1.2 and 1.3 in Section 3. Finally, in Section 4 we give examples
of Theorem 1.1 for the cases s = 3 and s = 24 and of Corollary 1.3 for s =1 and s = 3.

2. POWERS OF THE DEDEKIND ETA-FUNCTION AND MODULAR FUNCTIONS ON SLg(Z)

In this section we first give results about special polynomials in j, and then derive the
modularity relations for 1/7°(d(s)z). Next, we use this to create polynomials in j, which
give the Hecke action.

2.1. Special polynomials in j(z). For m > 0, define j(m;z) to be the unique modular
function on SLg(Z) such that
j(m;z) =q¢ ™+ O(q).

We have the following relation to the Faber polynomials J(m;z) defined in (1.10).
Theorem 2.1. The following are true.

(1) If m >0, then j(m;z) = J(m; j(z)).

(2) If m > 2, then

J(m; z) = J(1;j(2)) | To(m),

where To(m) is the normalized mth weight 0 Hecke operator.
(3) The polynomials J(m,z) are the coefficients of

S m:x)g™ = EZ(Z)EG(Z). 1
2 Jmia™ = =R S

For a proof of this theorem, see [1].

Remark. These are just a few of the properties that we will require for the Faber polynomials.
For example in [3], the authors make use of the polynomials J(m;x) to automatically
generate Fourier coefficients of modular forms.

Comparing the generating functions for J(m;z) and A(s,m;z) and plugging in j for x
we have that
(2.1) A(s,m; j) = J(m; j) (6 a)3e = 3 (m; 2)(@: 0% = ¢ ™ (4 0% + O(q).

2.2. Modularity properties of Dedekind’s eta-function. We begin by deriving the
level and character for the modularity relations for 1/7°(d(s)z). For the character, we refer
back to x*¥) defined in (1.14).

Lemma 2.2. Suppose that s is a nonzero integer. Then the following are true.
(1) If s > 0, then
°(6(s)z) € S3(To(6%(5)), x'*)).
(2) If s <0, then
n°(8(s)2) € ME(To(8%(s)), x™)).

Remark. Here M ,L denotes the space of weight k& weakly holomorphic modular forms, that
is, forms whose poles are supported at the cusps.
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Proof. We assume s > 0 because it is simple to read off the modularity property for the
reciprocal of a modular form, and the condition coming from the poles at the cusps is clear.
When s is even the result is immediate by Theorem 1.64 in [6], so let s be an odd positive
integer. Notice that 0(s) € {8,24} and that the level can be computed from the levels of
n(24z) and 73(82) in (1.5), so it remains to figure out the character. When §(s) = 8, the
character only takes the values 0 and 1, depending on the parity of the input, so (7]3(82))3/ 3
will have the same character. When §(s) = 24, we are considering 7°(24z), where s is odd,
so its character is (x12)° = x12. O

2.3. Producing modular forms on SLy(Z). Define Fy(s,d(s)z) for even s and primes
¢=1 (mod (s)), and G2(s,d(s)z) for odd s and primes £, with £2 =1 (mod 4(s)), by

(22) Rl 0(6)2) = 1002 o555 | 70))
and
(2.3) G (s,5(s)2) = 1°(8(s)2) (@ T(£2)> .

Theorem 2.3. Letting z — z/(s), we have that Fy(s,z) and Gy (s, z) are modular func-
tions on SLo(Z) with poles supported at ico. In particular, they are both polynomials in j
with integer coefficients.

Our main tool to prove this theorem will be a lemma of Atkin in [2]. For a prime ¢, recall
Atkin’s Uj-operator, which maps a g-series y - a(n)q" to >, ~,. a(fn)q". In particular,
Uef (Lz) = [f(2). ) B
Lemma 2.4. Suppose F' is a modular form on T'g(¢), where £ is prime. Then

UF(2)+ F <Z> is on SLy(Z).

Proof of Theorem 2.3. First suppose s is even and ¢ = 1 (mod §(s)) is prime. Define
¢(z) = n°(lz)/n°(2).

By Theorem 1.64 in [6] this is a modular form on I'g(¢). Moreover by the transformation
law for the eta-function, n(—1/z) = v/—iz - n(z), it follows that ¢(—1/0z) = £=5/2¢71(2).
Recall the definitions f(z) := (¢;¢)oo and py = Z2_41. Then writing f*(2) = >, as(n)q",
we have that

Fi(s,2) = J'() | €F E afs(fn—sw)q“rz(zfs (n/é—sl/€_1>q"

24
In—spe>0 n>0

¢/ (er (f*(£2)) Ue ( J?(u:)) e m>

= (er <qu “9@) M q”%)

= P (U(2) + $(—1/12))

is on SL2(Z) by Lemma 2.4 (note that when ¢ =1 (mod 6(s)), the character <(_123/2> is
always 1). This proves the theorem for Fy(s, z)
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Now suppose s is odd and ¢ = 1 (mod §(s)) is prime. Define ¢(z) = n°(2)/n*({?2),

_ 1 0
vy = 62241, Ry = <—£k: 1) and

p—1
S(z) =) ¢ (Rnz).
n=0
Newman shows in [4] that S(z) and S(—1/¢z) are on I'g(¢), and that

) ., / 5( z)
R _ ES/Q mis(—1)/4_—misn’e/12 ( TV n :
Oz = R ¢) we—no
where n’ is the least positive inverse of n mod ¢, using the modularity law for eta. He then
uses the Gaussian summation formula on S(z) to show that

561 =)+ 05 120 T (S ) 3O 0a

n>0

and
UpS(—1/Lz) = 571 f5(2) Z a_s(nl? — svp)q™.

£2n—sv;>0
Since ¢(z) = f*(2) (q_s”‘Z + s a-s((n+ syg)/EQ)q”> , we can see that

Gp2(s,z) = f5(2) Z (€S+2a_s(n€2 — svp) + £S§1<(_1£)Sn>x(s) (D)a—s(n) + a—s((n + 3Vg)/£2)> q"

n>=>>—oo
= (U, S(—1/2) + S(z)

is on SL9(Z) by Lemma 2.4, completing the proof. O

3. PROOFS OF THEOREMS AND COROLLARIES
Here we prove Theorem 1.1 and Corollaries 1.2 and 1.3.

3.1. Proof of Theorem 1.1. By the discussion in Section 2, it follows that both Fy(s, z)
and G2 (s, z) are modular functions on SLy(Z) whose poles are supported at ico, and hence
are polynomials in j(z).

To prove Theorem 1.1 for odd s > 0 and prime ¢ such that 2 = 1 (mod §(s)), we find
that

1
— | T(?) =
e | T
By (2.1), we then have that

stl _s8(s LLJ )
s (H) - 2 )> OO+ S pam)g(TFEEEIO) o <q(‘“3(f)“)) |

a [ (—1)F =2
(1) [ X0 + Bas j5(5)2) — Geals, 2) = Oa)
The right hand side of the above equation is a modular function on SLy(Z), and since every
nonconstant modular function on SLg(Z) must have a pole, it must be 0.

Similarly, we have that when s > 0 is even and £ =1 (mod §(s)) is prime,
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(3.2) L ‘ T(0) = Z p5<m)q($z+m5(s)4) L0 <q(si§f)“)) .

By (2.1), it follows that

By(s;5(6(s)2)) — Fi(s, z) = O(q)-
Again the right hand side of the above equation is a modular function on SLg(Z) with no
pole. Therefore, Theorem 1.1 follows.

3.2. Proofs of Corollaries 1.2 and 1.3. We begin with the proof of Corollary 1.2.

Proof of Corollary 1.2. Theorem 1.1 implies that for s > 0 odd and ¢ prime, where 2 = 1
(mod 0(s)), we have that

m ‘ () = w - Bp(s;5(8(s)z))  (mod £).

Additionally, from the definition of the Hecke operator, we have that
1

B PR B
(3.3) 7°(3(s5)2) ‘ &) = n%(£26(s)z)

(mod /).

Combining these,

1 _ 778(€26(8)Z) _ 21 Ssvy
Ba(si i) (s 1 DT AR med D)
and the corollary follows letting z +— z/J(s).
The proof of the second half of Corollary 1.2 follows in the same manner from Theorem
1.1 for when s is even and ¢/ = 1 (mod §(s)) is prime. O

Proof of Corollary 1.3. Fix a prime number £, with £2 = 1 (mod §(s)), and a nonnegative
odd integer s. We begin by writing 1/1°(d(s)z) as the generating function for ps(n), as
follows:

_s6(s)

1 o0
(3.4) =S ()
POE 2
With Theorem 1.1 in mind we consider

(3.5) Z ps(n)g®®m= = -ZCg(s, n)g®e".
n=0

n>—svy

Notice that the exponents of the above g-series are supported on the progression —sd(s)/24
(mod 6(s)), and so we can write the coefficient of ¢®(5)7=50(s)/24 g

> (s, k)ps(n — k).
k=—svp

By Theorem 1.1, this must equal the corresponding power of ¢®(s)7—s0(s)/24

1/n%6(s)z under the Hecke operator. This gives the desired result.
For s even the proof of the corollary follows in the same manner, so we omit it. O

in the image of
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4. EXAMPLES
Here we provide a few examples of Theorem 1.1 and Corollary 1.3.

Example 4.1. We demonstrate Theorem 1.1 for the half-integer weight case by computing

1
&) T(7%).
We have that s =3 and £ =7, and so
B (3;x) = A(3,6;2)=J(6,2) —3J(5,x) +5J(3,2) — 7J(0, z)
= 2% — 44672 + 71328962 — 48636703513 + 1310279865420
—97427798897598x + 458929136417417.

This implies that

3 , _ _ _
7 <7) Xo(7)+Br2(3;7(82)) = ¢~ % — 3¢ % + 5¢72" — 49

+ 20527064691126¢° + 49074352014131495104'6 + - - - |

giving

"73(182) <72 G) B3 (8z))> — g% — 4947

+ 20527064690979¢" + 4907496782607222447¢"° + - - - .

This illustrates Theorem 1.1 since we can compute directly that

1
(82 ’ T(7?) = ¢~% — 49¢™1 + 20527064690979¢" + 4907496782607222447¢"5 + - - - .
1n°(8z

Example 4.2. We also demonstrate Theorem 1.1 for the integer weight case by computing
1
—— | T(3
AQ(Z) ( )7

where s = 48 and ¢ = 3. In this case we have that
Bs(48;x) = A(48,4;x) +48A(48,1;x)
= g% — 302423 + 26418962% — 6144245762 + 10460922660 + 48 (z — 792)
zt — 302423 + 264189622 — 614424528 + 10460884644

and further that

1
ar(y) B48() = 0+ 48¢~3 + 1037081257959456 + 3098798798779197216q + - - - .
z
Computing directly, we find that
1 b
A2 T(3) = g% + 48¢ ™2 + 1037081257959456 + 3098798798779197216¢ + - - - ,
z

verifying the theorem.

Example 4.3. Here we use Corollary 1.3 to calculate p(237) = p1(237). This is obtained
with s =1, n =2 and £ = 11. We begin by computing

By2(1,z) = 2° — 37212t 4 455391523 — 203108264822 + 247243785602 — 1971682051559,
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which yields
Bii2(1,(242)) = ¢ 20— 79 — ¢~ +141582436878066¢%* +111218246888456192¢*8 + - - - .

These terms, along with the fact that (%) (}—%) = 1, is enough to give us ¢11(1,k) for
—5 < k < 2. Hence

mwn——£2(*ff”)(ﬁ)mm+jgmﬂ—m®—ma+mmm

+1582436878066p(1) + 111218246888456192p(0)]
— 83561103925871.

Computing directly, we get p(237) = 83561103925871, verifying the corollary.

Example 4.4. Finally we demonstrate Corollary 1.3 for a more general vector partition
number. In particular, we calculate p3(92). Here we use n = 2 and £ = 7. As we are in the
case when s = 3 and ¢ = 7, we obtain ¢7(3, —6) through c7(3,2) from Example 4.1. Then

we have that
1 8-4—-1 1
pa(92) = 75 (S ) wo M) + % [1a(8) — 301 + 59205
—49p5(2) + 20527064691126p5 (1) + 4907435201413149510p3(0)]
= 291991240709658.
Calculating directly, p3(92) will be the coefficient of ¢7°
which is 291991240709658, verifying the corollary.

in the g-expansion of 1/73(8z2),
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