A PRIORI BOUNDS AND WEAK SOLUTIONS
FOR THE NONLINEAR SCHRODINGER EQUATION
IN SOBOLEV SPACES OF NEGATIVE ORDER

MICHAEL CHRIST, JAMES COLLIANDER, AND TERENCE TAO

ABSTRACT. Solutions to the Cauchy problem for the one-dimensional cubic nonlinear
Schrédinger equation on the real line are studied in Sobolev spaces H?, for s negative but
close to 0. For smooth solutions there is an a priori upper bound for the H® norm of the
solution, in terms of the H® norm of the datum, for arbitrarily large data, for sufficiently
short time. Weak solutions are constructed for arbitrary initial data in H®.

1. INTRODUCTION
The Cauchy problem for the one-dimensional cubic nonlinear Schrédinger equation is

(NLS) { iy + gy + wluPu =0
u(0,x) = up(x).
Here u = u(t,x) with (¢,z) € [0,7] x R!, and w = +1. As is well known, this Cauchy
problem is globally wellposed in H° [13]. For all negative s it is illposed in H*, in the sense
that solutions (for smooth initial data) fail to depend wuniformly continuously on initial
data in the H*® norm [9],[5]. Moreover, for s < —3, there is a stronger form of illposedness:
the solution operator fails even to be continuous at 0; there exist smooth solutions with
arbitrarily small H® norms at time 0, yet arbitrarily large H® norms at time ¢, for arbitrarily
small € > 0.
Our first result, concerning smooth (or more precisely, H) solutions, implies continuity
of the solution map at ug = 0 in the C°(H*) norm for negative s sufficiently close to 0, in
1

contrast with the strong illposedness for s < —35. It asserts an a priori upper bound for

the H?® norm of an arbitrary smooth solution, in terms of the H*® norm of its datum.

Theorem 1.1 (A priori bound). Let s > —%. Then for all R < oo, there exist R < oo
and T > 0 such that for all ug € H® satisfying ||uo|gs < R, the standard solution u of

(NLS) with initial datum ug satisfies maxcpo 7y [|u(t, -)||gs < R

For large R, T scales like a certain negative power of R.

By the standard solution we mean the unique solution of (NLS) belonging to the function
space X*? for some b > 1, or equivalently to CO(H°) N L*([0, 7] x R). Koch and Tataru
[10] have obtained the same result in the larger range s > —%. It remains an open question
whether this type of result is valid over a yet larger range.
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Wellposedness of (NLS) has been established by earlier authors in various function spaces
which are wider than H° [14],[7],[4] and scale like negative order Sobolev spaces, but do
not contain H® for any s < 0. We emphasize that those results have a different character
than ours; uniformly continuous dependence on the initial datum in the norm in question
is established in those works, whereas it certainly fails to hold [9],[5] in H?® for s < 0.

Our second main result asserts the solvability of the Cauchy problem, in a weak sense,
for all initial data in H?® for a range of negative exponents s. The precise statement involves
certain function spaces Y**, which will be specified in Definition 6.1. These are variants of
the spaces X*® commonly employed in connection with this equation. For any u € Y5?,
|u|>u has a natural interpretation as a distribution for the range of parameters s, b covered
by our results, in the sense that when the space-time Fourier transform of |u|?u is written
as an integral expression directly in terms of the space-time Fourier transforms of the
factors u, u, u, the resulting integral is absolutely convergent almost everywhere and defines
a tempered locally integrable function; see (7.2). Thus there is a natural notion of a weak
solution in Y**: We say that u € Y*? is a weak solution of (NLS) if the equation holds in
the sense of distributions, when |u|?u is interpreted as the inverse Fourier transform of the
function defined by this absolutely convergent integral.

Theorem 1.2 (Existence of weak solutions). Let s > —3. Then there exists b > 3 such
that for each R < oo there exist R’ < oo and T > 0 such that for all ug € H® satisfying
|uol| s < R, there exists a weak solution u € C°([0,T], H*) NY*® of (NLS) with initial

datum ug which satisfies maxycpo 7y |u(t)||gs < R'.

Vb embeds continuously in CO(H®) for b > %, so the C°(H?) part of the conclusion is
redundant, and is included only for emphasis.

The solutions guaranteed by this theorem are weak limits of smooth solutions with
smooth initial data approximating given H® data. We do not know whether these solutions
are unique, that is, independent of the choice of approximating sequence, let alone whether
there exists any s < 0 for which the mapping from datum to solution is continuous.

Our analysis does not rely on the complete integrability [1] of (NLS). Our arguments
would apply, with essentially no changes, to nonintegrable vector-valued generalizations
of the one-dimensional cubic nonlinear Schrodinger equation, provided that those systems
obey H° norm conservation.

We are grateful to Justin Holmer for helpful comments.

2. STRATEGY OF THE ANALYSIS

The strategy is as follows. We begin by using the differential equation to (formally, at
least) rewrite the increment ||u(t)||%. — |luo||% as a multilinear expression in terms of the
space-time Fourier transform of u. Certain cancellations arise, which have no analogues in
the corresponding expression for u(t, ) — ug(z). This leads to an a priori inequality of the
form | [u(t)[|Fs — lluoll3ss | < Cllull%s, for certain 7, s,b with s < 0 and r < s. It is this
initial step which breaks down if u is replaced by the difference of two solutions, preventing
us from establishing any continuity of the map ug — wu.

Thus a bound is required for the X"’ norm, but a loss relative to the C(H?) norm is
permitted in the sense that r can be less than s. In §6 we introduce certain function spaces
Y#®b. Their main relevant properties are:

(1) For s < 0, Y*" embeds in X", provided that r < (1 + 4b)s.
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(2) Y** embeds in CP(H5~¢) for all' € > 0, provided that b > 1.

(3) If u,v,w € Y*P then uvw € Y*P~!, under certain restrictions on s, b.

(4) If u € CO(H?®) and (i0; — Az)u € Y50~ then u € Y*?.

(5) For solutions of (NLS), there is an a priori bound for the Y norm in terms of the
C°(H?) norm, of the form [Jullyss < C|lullcos) + Cllull3., ,, valid under certain
restrictions on s, b.

Thus one obtains a coupled system of two inequalities relating ||u[|co(gs) and ||ul[yss to
|uo||zrs. By restricting attention to a short time 7" and rescaling, one can reduce matters
(for s > —%) to the case where ug has small H® norm. Via a continuity argument, the
coupled system then yields a bound for ||u|co(gs) + [[ullyss in terms of [[ugl| s

Weak solutions are obtained as limits of smooth solutions. An a priori bound in H*® yields
compactness in H*~¢ on bounded spatial regions. It follows readily from the machinery
developed below that if smooth solutions u; with uniformly bounded Y5 norms converge
weakly to u, then |u;|?u; converges weakly to |u|?u for some subsequence.

An additional argument is needed to place these weak solutions in C°(H?), rather
than CO(H*=) N L>°(H*®). We refine the machinery by replacing the squared H® norm
Jlat, &P + |€2)* dE by [ |u(t,&)>¢(€) dE for weight functions ¢ adapted to individ-
ual initial data, so that ¢(&) > (1 + |£|)® for very large |¢], and show that control of
[ [16(€)|>¢ d€ extends to control of [ [0(t,€)|?¢ d€ for all solutions v of (NLS) with smooth
initial data sufficiently close in H® norm to ug. This extra control at high frequencies leads
to compactness in CO(H*).

3. BOUNDING THE NORM

In this section we begin to establish an a priori bound for the C°(H*) norm of any
sufficiently smooth solution of (NLS), in terms of certain other norms. For technical reasons
we work with the modified Cauchy problem
(NLS") { i 4 Uy + Co(t)w|ul*u = 0

U(O,JZ’) = UO(w)
where (y is a smooth real-valued function which is = 1 on [0,7], and is supported in
(—2T,2T). Standard proofs of wellposedness in HY (or in H! for ¢t > 0) apply to this
modified equation. One advantage is that u can be extended to a solution defined for all
teR.

We will study (;(t)u(t,z), where (i is another real-valued smooth cutoff function sup-
ported in (—27,2T") which satisfies (1o = (o. Because the equation is simply the linear
Schrédinger equation outside the support of ¢y, a CO(H®) bound holds for ((t)u(t, =) for
one real-valued cutoff function in ¢ € C§°(—2T,2T) satisfying ((p = (o if and only if such
a bound holds for every such function.

Recall [2] the function space X*° which is defined to be the set of all space-time distri-
butions u whose spacetime Fourier transform w is such that

lulie = [ Jate T = €)% dgdr < o0
where (z) := (1 + |z|?)!/2.

1We find it convenient to work with Besov-like spaces Y*? rather than Sobolev-like versions. Their Besov
character accounts for the infinitesimal loss of derivatives in the embedding into C°(Y™*).
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One of the two principal inequalities underlying our theorems is as follows. The second
is formulated in Proposition 8.1.

Proposition 3.1. Let Ty < oo, T € [0,Tp], s € (—3,0), b € (3,1). There ezists C < 0o
such that for any sufficiently smooth solution® u of (NLS*) with initial datum uo,

(3.1) lullEoqar2zy sy = ol s | < C liGrullrs
provided that
(3.2) r>—1andb> 1.
For s > —%, the right-hand side involves a norm which is weaker, in terms of the number
of spatial derivatives involved, than the C°(H®) norm. The proof of this result is begun

below and completed in §5, using some of the inequalities established in §4.
We will work with both spatial Fourier coefficients

(3.3) u(t, €)= / ey, ) dx
R
and space-time Fourier coefficients?
(3.4) (g, ) = / e~ ey (t, ) da dt;
RQ

it will be clear from context and from the names of the variables which of these two is
meant in any particular instance. The differential equation (NLS*) is expressed in terms
of spatial Fourier coefficients as

d
1—62+E&3=¢

where )¢ is appropriately normalized Lebesgue measure on {(£1,&2,&3) € R3:¢& —&+& =
¢

Consider any sufficiently regular solution u of (NLS*). Let ¢ : R — [0,00) and define
the modified mass

(3.6) D(t) = Dt u) = /R it ) Pl€) de.

We will be primarily interested in ¢(¢) = (£)2*, but more general weights will be needed to
establish the full conclusion of Theorem 1.2.
A short calculation establishes the “almost conservation law”
dd

o T
7 Re (ewT)

for @, where c is an absolute constant, Z is the multilinear integral

(3.7) I(t) = Ty(u,t) := Go(t) / at, &1)alt, &)alt, &)alt, €0) ¥(E) dA(E),

£ = (&1, ,&) € R is a multi-frequency, = C R? is the hyperplane
(3.8) E={l:&-&+&—&=0}

2For instance, ug € H'° would suffice.
3The order of the variables is reversed in our space-time transform; u(t, z) is transformed to @(¢, ) where
&, 1 are dual to x,t respectively.
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A is appropriately normalized Lebesgue measure on =, and

(3.9) (&) = p(&1) — (&) + p(€3) — P(Ea)-
Thus* |®(¢) — (0)| < ]fo r)dr|.

Introduce also
(3.10) o(é, &)= -6+86 -4

o has the useful alternative expressions

—

(3.11) o(€) = 2(&1 — &)(E1 — &) = —2(&1 — &2)(E3 — &2) = —2(61 — £4) (&3 — &) VE € E.

We have the following basic cancellation bound (cf. [6]):

Lemma 3.2 (Double mean value theorem). Let £ = (€,--- ,&) € EC R Ifp € C? and
all & belong to a common interval I then | (€)| < |o(&)| maxyer |¢"(y)].

Proof. ¢(&2)—@(&1) = (£2—&1) fo ' (&1+t(£2—&1)) dt. Writing the corresponding expression
for p(&4) — ¢(&3), and noting that (& — &) = — (&4 — &3) since € € Z, gives

1
bE) = (62— &) / (€ + (€ — £1)) — (€4 + 1(E5 — £0))]
= (&L —-&)(& — &) // f1+t§2—§1)+8(§4—§1)d8dt

O

In order to control the contribution made by the region not close to the diagonal, express
each factor u(t, &) in the integral as the inverse Fourier transform of its Fourier transform
with respect to ¢, to obtain for all ¢t € [—2T, 27T

(3.12) |/ urdr\<c// H\ugﬂj W — 7o 4 75 — 74) " H(E)]| dF AN(E)

where C depends on T and 7 = (7’1, -++,74). The notation u denotes here the Fourier
transform with respect to both spatial and temporal variables.
Write

(3.13) A&, )| = (&) (5 — &) g;(&. 7).
Then [|gj r2r) = [[ul|xrs. The right-hand side of (3.12) becomes

4
1) [ LTI (90060 m 60 (0= €07 @A) = moot = ) 7
= n=1

In §5 we will complete the proof of Proposition 3.1 by showing that for (&) = (£)2%, the
integral (3.14) is majorized by C Hizl |gnllL2(r2) Provided that s, r, b satisfy the hypotheses
of the proposition.

4As usual, we use X <Y to denote an estimate of the form X < CY for some constant C, depending
only on the exponents r, s and b which will appear later in this paper.
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4. TRILINEAR INEQUALITIES OF STRICHARTZ TYPE

A prototypical inequality of Strichartz type says that for h € L?(R), the solution u of
the linear Schrédinger equation with initial datum h belongs to L6(R?). Therefore any
three such solutions satisfy uj@ipus € L?. Rewritten on the Fourier side by means of the
Plancherel identity, this becomes

3 3
CHORE / fer—&+&.68 =& +&) [ [ on€n) dénl < T lonllzellfllz2e)-
n=1 n=1
One version of the bilinear Strichartz inequality, expressed directly in terms of Fourier
variables, states that for any subset £ C R?,

(4.2) ‘ /]R2 F(& £ 6,8 &) (&)ha(&2)xr (61, &) dé d&‘

< ~ e -l2 ) ,
~ ((élf?g)neE‘fl &al) I £l 22y llPall 2@y |2l L2 w1y,

where the two =+ signs are either both +, or both —; this represents the pairing of f with
a bilinear operator applied to hy,hy. This is implicit in Carleson and Sjolin [3], and is a
direct consequence of Cauchy-Schwarz via the substitution (1, &) — (§1 + &, 2 ££€2). Tts
advantage, in practice, is that it provides a superior bound when | — & is large.

In this section we establish certain versions of the trilinear inequality (4.1) which incor-
porate improvements similar to the factor |€; — &|~%/2 in (4.2). These arise naturally in
the analysis of the Fourier transform of a threefold product uzw of functions in spaces X"
or Yb.

4.1. Statements of inequalities.

Proposition 4.1. Consider
4

T ) (T — 2\ —fn 3 o 3
an [ T - e DO RE

where each g, > 0, i,j € {1,2,3,4} are distinct, E C R! is any measurable set, and
L :R* = R is a linear transformation. Suppose that
e G, > % for all but at most one index n, and 3, > 0 for all n.
e i, j have opposite parity.
o L belongs neither to the linear span of {&,&;,&1 — & + & — &}, nor to the linear span of
{Skv §,6 — &+ & — 54}> where {ivjv k, l} = {1’ 2,3, 4}

Then there exists C' < oo depending on L such that (4.3) is majorized by

4
(4.4) CE[M? max (& — &1 ?) - max ((0(£)) ) T Ngnll2e2)
fes £es i

where = min, G,.

—

In our application, L will take the form L(£) = &, — &, for some p # v. If {p, v} equals
neither {i,j} nor {1,2,3,4} \ {4, 7} then L satisfies the hypothesis.
A variant of this inequality applies to other linear transformations L:

—

Proposition 4.2. Consider (4.3) with L(§) = & for some k ¢ {i,j}. Suppose again
that 3, > % for all but at most one index n, and (3, > 0 for all n. Suppose that |E| <
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ming g & — &), Let B := min, B,. Then there exists C' < oo such that (4.3) is majorized
by

4

(4.5) |B[Y* max (& — &™) -max ((0(£) %) T llgall 2.
£es ges n=1

Remark 4.1 (Trilinear Knapp example). (4.5) is (in practice) weaker than (4.4), because

|E|/ming | — ;| is raised only to the power %, rather than % as in Proposition 4.1. We

discuss here the simplified expression

(4.6) / G(é1+6&— 64,8 +65-¢63) H b (&n) X|§4|§1XS(€) d&y d€s déy,

R3 n#2
which arises in the proof of Proposition 4.2 (see the case v = 2). The example can be
adapted to the situation of the Proposition. The analogue of (4.5) for (4.6) is the bound
ming |€; — &| V4G 12 [ 1,42 [[hallL2, Which is established in the proof of (4.5) below. We
show now that the exponent + cannot be improved in this bound for (4.6).

Define hy4 to be the characteristic function of the interval [0, 1], k1 to be the characteristic
function of [N, N +N'/?], and hs to be the characteristic function of [N 4+ N'/2, N +2N1/2].
Define S to be the set of all € = (&1, &2, &, &4) for which Ay (&1)hs(€3)ha(E4) # 0; & is always
regarded as a function of (£1,&3,&4) via the relation & — & + &3 — &4 = 0. Define G(z,y) to
be the characteristic function of the set of all (z,y) € R? satisfying |z — 2N| < 3N'/2 and
|y+2N?—N—2Nz| < 4N. Then a short calculation shows that G(£;+&3—&4, E24+€2-€3) =1
for all E € S, and consequently the integral (4.6) is simply Hn7é2 Jg1 hn = NY2.N1/2.1 = N.

On the other hand, |G||;2 = CN3/*, while ||y 2 = N'/* forn =1,3 and = 1 for n = 4.
Thus the product of the four L? norms has order of magnitude N°/4, and consequently the
ratio of (4.6) to the product of norms has order of magnitude N/N°/4 = N~1/4  Since
& — & = &3 — &4 has order of magnitude N for all 5 € S, this is the ratio claimed. g

The analysis of (3.14) is a bit more complicated because the relation 71 — 75+ 73 —74 = 0
is replaced by the slowly decaying factor (1, — 7 + 73 — 74) L. It requires a third variant:

Proposition 4.3. Consider
4 — — —
40 [ [ Tl 6@ etE) e ar

where g, >0, ¢ >0, and B, > % for allm. Leti#j € {1,2,3,4} and let L : R* — R be a
linear functional satisfying the hypotheses of Proposition 4.1. Then (4.7) is majorized by

4
(48) Co TL lonllzn e 12 - [ma (o

n=1

))~") - max [¢ ]2
£es

Ml
S—
—
R)
—~
z/\r\rl

(16 = &17/2) - max (((€)) )]

1 nax
£es £es £es
for any B < min, G,.

While (4.7) is formally similar to (4.3), a significant contribution to (4.7) can arise from a
region in Fourier space which has no analogue in (4.3). This region contributes an additional
term in (4.8). In our application, ¢ will be [)].
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The factor |€|'/2 in (4.8) can be replaced by maxg g |L(€)]Y/2 for any linear functional
L such that {L, L, & — &+ &3 — &4} is linearly independent.

4.2. Proofs of inequalities. The essence of Propositions 4.1, 4.2, and 4.3 lies in the
following two simpler inequalities.

Lemma 4.4. Let i, j, k be the three elements of {1,2,3}, written in any order. Let { : R3
RY satisfy 00/0&, # 0. Then for any nonnegative measurable functions G, gy, of two and
one real variables respectively, and for any measurable sets E C R and S C B, the quantity

3
@9 [ TTone)66 -+ 06 - & + Gnas@xu(t(@)) dér dea déy
n=1

is majorized by

(4.10) S Gl e H ||gn||L2\E|1/2(2mn|£ — &)~

n=1

where the implied constant depends on £.

Proof. Consider the case where {i,j} = {1,2}. Apply Cauchy-Schwarz to majorize by
2 2 2 2,2 1/2
@ ([ Ga-arad -+ e i es)
€

([, stensieme@) e e e)

The left-hand factor is majorized by < ||G||2]lga]lz2(ming |& — &])~1/?; this is seen
by first fixing &3 and integrating with respect to (£1,&2), making the change of variables

(&1, &) = (&1 — &9, 67 — €3).
To analyze the right-hand factor, first integrate with respect to &3, obtaining a bound of

(4.12) < 1BV / P ()3 ) dy d) V2

since 0¢/0&s # 0. Then integrate with respect to (£1,&2). Multiplying these bounds for the
two factors yields < |G|z Hizl gl 2| E|"? (ming |& — &]) /2.

The same reasoning applies for other {i,j}; in all cases [§; — ;| arises, rather than
& + &l O

Lemma 4.5. For m = 1,2 let Ly, : R* — R be linear functionals such that {& — & + &3 —
€4, L1, Lo} is linearly independent. Then all nonnegative measurable functions g, € L*(R')
and all measurable sets E,, C R!,

2 4
(4.13) / H gn fn H XEm H ’E]771|1/2 H ||gn”L2'

Proof. Consider the multlinear form T'(g1, - - - , g6) := J= [T—1 9n(n)g5 (L1(€))g6(La(€)) dA(E).
By Cauchy-Schwarz,

(g1, 96)| < / H|gn P aN®) " ([ lasePlos(La€)Plan(LE) P ax))
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The first factor is a constant multiple of H?Zl llgjll2. The assumption that {&; — & + &3 —
&4, L1, Lo} is linearly independent implies that the second factor is likewise proportional to

6
Hj:4 19;1l2- 0

Proof of Proposition 4.1. Consider the quantity (4.3) given in the statement of the propo-

sition. Define A = minges(a(g» > 1. Introduce p, = 7, — &2. Since p; — p2 + p3 — ps =

€2 — €2 +¢2— €2 =0(€), we have (p,) = (o(£)) for some n.

Partition the region of integration into four subregions, according to the index n for
which |py| is largest. By symmetry, it suffices to prove the stated bound for one of these
subregions. Let v € {1,2,3,4} be arbitrary, and consider the subregion consisting of all
E satisfying | py(g )| = maxy, | pn(g )|. Partition further into subregions, in each of which
(p,) ~ 2% A for some nonnegative integer , and consider the contribution of any one of
these subregions.

Suppose first that v ¢ {i,5}. Denote by u the remaining index, so that {1,2,3,4} =
{i, 7, p,v}. The contribution of the subregion under examination is

(4.14) 3 / i (/ 9 (8 & & & &, 6, £ & £ & & pu £ pi & p5) [ 76 )
(pispj>pu) ER R n#v

(ov) P xs(E)xe(L(E)) d&; dg; dfu) LT (o) =5 d(pis pjs o)
n#v

where the £ sign preceding &2 agrees with the sign preceding &, for each n € {u,1,5},
and where the outer integral extends only over those (p;, pj, p,) satisfying |p,| < |p,| for
all n and (p,) ~ 2FA. Here h,(&n, pn) = 9n(Ens ™) = gn(&ny pn + €2), and consequently
[l = llgal 22 )

Fix (pi, pj, pu)- The linear transformation Z € & — (&;,£;,€,) € R? is invertible, so there
is a unique linear functional L : R? — R satisfying L(&;, £,8) = L(g) The hypothesis on
L ensures that dL /0&,, # 0. The inner integral thus takes the form discussed in Lemma 4.4,
and is consequently majorized by

(4.15) lgull2@2) T 9n (s o)l 2y | BT sup(|&i — &I72) 2 )
n#v

since (py) 2 2" A.
It remains to bound [, ., f(pn>§2ﬂA Hgn(',pn)HL2(R1)<Pn>_ﬂ" dpn. If B, > 5 then

(4.16) /R 19 (-, )l L2(1) (0n) ™% dpn S llgnl 12 (m2)

by Cauchy-Schwarz. If 3, > % for all n # v then, since A was defined to be ming(o), the
desired bound is obtained from (4.15) by summation over all integers x > 0.

Otherwise there remains exactly one index m # v such that 5, < % Then 6 = B, and
By > Bm. Since 28 A ~ (p,) 2 (pm) throughout the region of integration, one has

(24 S (24P ()

This factor of (p,,, )%=~ multiplied by the factor of {p,,) " already present in the integral,
becomes (p,,) . Since 3, > %, the analysis can be completed as above, yielding a bound
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of
4
I lgnll 2y B2 Sup(!£ — &) (25 A)Fm

n=1

The desired bound again follows by summation over x, in the case where v ¢ {i,j}.
Suppose finally that v € {i,j}; by symmetry, we may suppose that v = i. If we write
{1,2,3,4} = {i,j,k,l}, then the equation for =, together with the hypothesis that i, j
have opposite parity, imply that |§; — &;| = |§ — &/ for all E € X. Thus ming|§ — | =
ming | — &, so {i,7} can be interchanged with {k,[}. Denote by p the remaining index,
so that {1,2,3,4} = {u, v, k,l}. The hypothesis on L is formulated so as to be unaffected
when {i, 5} is interchanged with {k,l}. Therefore the above reasoning again applies. O

Proof of Proposition 4.2. (3.14) is invariant under the permutations (1,2, 3,4) — (2,1,4, 3),
(1,2,3,4) — (3,2,1,4), (1,2,3,4) — (1,4, 3,2), and consequently also (1,2, 3,4) — (3,4,1,2)
of the indices. Therefore it is no loss of generality to assume that ¢ =1, j = 2, and k = 4.

We follow the proof of Proposition 4.1. In the case when v ¢ {1,2}, because L() = &
does not belong to the span of the three linear transformations &1, &2, and £ — &2 + &3 — &4,
that proof applies without alteration and yields the upper bound (4.4). Since |E|/ ming |£;—
&2| < 1 by hypothesis, (4.4) is majorized by a constant multiple of the desired bound (4.5).

Consider next the case where v = 2. Then because {; — & = — (&3 — &4), Lemma 4.4 can
be applied with the roles of the indices 2, 4 interchanged to obtain a bound

(4.17) swrlﬂ?a;caa &2 max(o (€ Hugnup R2).
c

Another bound is also available. Apply Proposition 4.1 with L replaced by i(,f ) =&1—E3; L

belongs to neither the span of {£1, &2, {1 —&a+&3—&4} nor the span of {€3,&4,&1—Ea+E3—E4a
so the hypotheses are satisfied. This yields an alternative bound

(4.18) max ¢ — &|'/? - max (|6 — &) ?) - max ( H ll9nl L2 (®2)-
£es £es £es

If maxg |1 — &3/ is comparable to ming |£; — &3], then taking the geometric mean of these
two upper bounds yields the desired bound (4.5). Decomposing S into subsets S, in which
|&1 — &3] is comparable to 2% for arbitrary x € Z, invoking whichever of (4.17), (4.18) is
more favorable for each k, and summing over k yields the same bound in the general case.

Finally, when v = 1, apply Lemma 4.4 with the roles of the indices 1,4 interchanged,
and repeat the above discussion for the case v = 2, replacing £; — &3 by & — €3 throughout.
The reasoning is otherwise unchanged. O

Proof of Proposition 4.3. Substitute 7, = p, + &2 and g, (&n, Tn) = Gn(€n, pn) for all n €
{1,2,3,4} to transform the integral into

(4.19) /R/S (o1 — p2+ps— pr+0(E 1Hgn (6 ) (o)~ ()X (L(E)) AN(E) d.

where §, has the same L? norm as g,,.
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Begin with the region where |p,| < %(a(f)) for all n € {1,2,3,4}, which has no counter-
part in Proposition 4.1. Its contribution is comparable to

am) [ [ 4Hgn s ) ()~ (0(€)) ()i (L(E)) (@),

Since all 3,, are assumed to be strictly > %, applying Cauchy-Schwarz to the integral with
respect to each variable p, gives an upper bound

(4.21) /S i Hh (6 (€)1 (€)X (L(E)) dNE)

where hn(£n) = [|Gn(&n, - )HL?(RI) = [1gn(&ns )l L2m1)-
According to Lemma 4.5, (4.21) is

(4.22) S 1B TT gallpa ey max (#(€)(o(€)) €12,

since the linear functional L does not vanish identically on =.

Consider next the region where maxy(p,) > %<a(§ )). By symmetry, it is no loss of

generality to restrict attention to the region where |p4| = max, |p,|. An upper bound for
the integral over this region is

_ _ &\~ —fBa
am [ [ ( /,,4>maxj<3pj|<pl 2+ s — o1+ 0 ©) ga(er, o) (p1) o)

3 3
¢ g XE H 9n énapn pn 6”) dA(g) Hdpn-

Consider the contribution made to (4.23) by the subreglon in which (p4) is comparable to
an arbitrary constant A > 2. Since (ps) = max, (p,) > (o(€)), necessarily A > ((£)), and
thus (p1—pa+p3—pato(E)) < A. Therefore the innermost integral in (4.23) is majorized by
the convolution of A= g(&y, ) with (pg)~! “X[=cA,cA](Ppa), evaluated at py — pa + p3 + o(€).

Since ||(p4)~! “X[—ca,cAl (Pl Lrmy S log A, the contribution of the region (ps) ~ A to
(4.23) is majorized by

(4.24) CA™ ﬂﬂogA/Rs/ < §)Gala,pr — p2+ p3+ 0 (£))
3 3
LT 926 p2)$(E)xm(L(€)) dNE) T] (on) " dpn
n=1 n=1

where [|Gal[2 < Cllga 2. Ga(€asp1 — p2 + p3 + o(€)) can be reexpressed as G4(&4, p1 —
p2 + p3 + & — €3 + £3) where ||G4||r2 = ||G4l/z2. Summing over dyadic values of A yields
for (4.23) the upper bound

(4.25) Cp /]R3 s Ga6a,p1 = p2+ p3 + 0 (£))

(Pn) ~Pn dpn

ml
"~y
—

3
H (€ns ) D (E)(o(€)) 7 xm(L(E)) dA(E)

3
I
—

for any (6 < (4.
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This is nearly identical to the expression (4.14) reached in the proof of Proposition 4.1,
with the factor (p,)™" in (4.14) now replaced by Cs(c(£))~#. Tt suffices to repeat the
analysis above of (4.14), with the simplification that here all (3, are > % d

5. CONCLUSION OF THE PROOF OF PROPOSITION 3.1

—

Lemma 5.1. Suppose that s < 0, r > —3, and b > 3. Let ¢(£) := Zizl(—l)”<fn>2s.
Then

4 . . 4
60 [ LTI (6 (= €)) W@I @) a7 < T lonlzaces
R4 =n=1 n=1

Proof. It is no loss of generality to assume throughout the proof that ||g,|/;2 = 1 for all n.
We analyze the integral (3.14) using Proposition 4.3, with ¢ = 1. Recall the symmetries
discussed in the proof of Proposition 4.2. These will be used to reduce the number of cases
that must be discussed in the proof.

Let N > 1, and consider the contribution to the integral made by the subregion Sy
of integration in which all ({;) are comparable to N. Because of the symmetries listed
above, we may restrict attention to the region where |§ — &| < [§1 — &|. Let Sy a.p be
the subregion where |§; — &| ~ AN and [& — &4| ~ B, for arbitrary 0 < A < B < 1.
We majorize the contribution of Sy 4,5 = S via the bound given by Proposition 4.3, with
L) =& —& and E = [-CAN,CAN]. Since |[(€)| < N272|0(€)| < N25AB, this yields
the sum of the following two quantities:

CIEM? max [1)(€)| max((o(£)) ™) max |§]"/2
S_, (AN)1/2N25A3<ABN2>71N1/2 S A1/2N2871

and

C|E|'? max(|¢1 — £4|’1/2)mgxw(5)l mgX(<0(5)>’5)
< (AN)Y2(BN)"Y2(N*AB)(ABN?)~# < AN?s~1

since § > %

Summing over dyadic values of A < B < 1 gives a total bound of < N25~! for the
contribution of Sy. Taking the factors (£,)~" into account yields a net bound of < N25—4r—1
for the contribution of Sy to (3.14). Provided that —r < 3 — 15, this is < N9 for some
6 > 0 and hence we can sum over dyadic values of N > 1 to majorize the contribution of
the entire region on which all four quantities (§,,) are mutually comparable. Since s < 0,
this is a less stringent condition on r than the hypothesis —r < %. O

The relation & — & + &3 — &4 = 0 defining = implies that the largest two of the four
quantities |&,| must remain uniformly comparable. Consider next the contribution of a
region of integration in which some two variables £, with indices n of opposite parity
are large, and at least one of the other two variables is comparatively small. Because
of symmetries, it is then no loss of generality to restrict attention to the region where
|€1], |€2] ~ Na, (&3) ~ N, and (&) ~ Ny, where the parameters Ny, N1, No > 1 satisfy
No < N1 < Ns.

In the subcase in which Ny ~ Nj, consider the subregion Sa where [£4—&3] = |£1 —&2| has
some fixed order of magnitude A; necessarily A < Ny. There |o(E)| = &1 — &) - [€1 — & ~
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ANQ, and

(5.2) [B(E)] < lp(6s) = p(Ea) + (&) — p(2)] S NG*'A+ N TTA S N*T'A

since [§1 — &2 = €3 — &4l B B B
Apply Proposition 4.3 with L(§) = & — &3 and ¢(&) = [¢(§ )| to the contribution made
by the region of integration Sa to (3.14).

(5.3) rgiXIL(f)ll/QH;iX!w(g)lrgﬁX((U(f))*)H;gleP”
SAVZ NETIA (AN TIN,

1
S AVENETING Y2 = (A/Ng) VNG NG

)

while
(5:4)  max |L(E) M2 max €1 — &7/ max [9(€)| max(((€)) )

< AVZLNTY2UNZTIA L (ANS) Y2 < (A/N)NEN; L.

1
Since A < Ny S Na, the maximum of these two maxima is < (A/No)l/sts 2N2_1/2.
Incorporating the factors (£,)~" from (3.14) introduces an additional factor of Ny 2" Ny 2",
leaving a net bound

1/2 2575721" 7%727“
S (A/No) /=N, Ny

Summing over dyadic values of A < Ny yields a bound

1 1
2s—5—2r _—5—2r
SN 2N,
for the original region. This quantity is < Ny % for some & > 0 if (and only if) —r < %. We
may then sum over dyadic Ny < Na, then over all dyadic No. g
If on the other hand Ny < 5Ny then A ~ Ny and [1(€)] < Ny **, so

max | L(E)]/? max [¢(€)| max((o/(€)) ™) max |£1Y7 N2 NG* - (NLN2) TN,
11,

giving a net bound of Ngs_er_Q N, 2 ?

only if —r < %. Likewise

, which again is < Ny % for some § > 0 if and

(5.5) max |L(E)["* max|é — &/ max (€)| max((o(€)) )
SN NG RN - (NuN2) T S NS NP

leading once again to the less stringent requirement —r < i — %s. g

Because the roles of the four variables &, are not completely symmetric, it is necessary
to analyze separately the subcase in which again Ny < 1—10N1 < %NQ, but (&4) ~ N,

(&) ~ Ny, and |&1],|€5] ~ No. Thus |o(£)] is at least as large as in the above analysis.
Since it was raised to negative powers above, this new situation is more favorable. Therefore
the hypothesis —r < i again suffices. O

When the various symmetries between the indices {1, 2, 3,4} are taken into account, the
above discussion exhausts all possible cases, and the proof is complete. O
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Proof of Proposition 3.1. It suffices to bound ||u(¢,-)||gs for ¢ in the support of (y, since
Z(t) = 0 for other t. For such t, u(t,z) = (1(t)u(t,x) and hence u can be replaced by

-

¢1(t)u throughout the above discussion. Thus ||ul| x~» can be replaced by ||(iu|| x-» on the
right-hand side of the inequality. O

6. Y5° NORMS

The purpose of this section is to introduce certain function spaces Y5, variants of the
spaces X*? employed by Bourgain [2] and then Kenig, Ponce, and Vega [8] to establish
wellposedness of the nonlinear Schrodinger and Korteweg-de Vries equations. An a priori
bound for |u|?u in these spaces, in terms of u, will be proved in the following section.

Proposition 3.1 asserts an a priori upper bound for a solution in C°(H*®) in terms of
an X" bound. Rather than establishing an X" bound directly, we will work with Y,
Whereas the usual argument establishing an a priori X%® bound for a solution breaks
down for X*? for s strictly negative, it continues to apply for Y* when an upper bound
in CO(H*) is known. Y*? strictly contains X*°, but embeds in X" for certain r < s; see
Lemma 6.2.

Define the scaling operator

(6.1) Thu(t, ) := Mu(N’t, \z);

T acts on distributions u defined on R2?. It maps any solution of the cubic nonlinear
Schrodinger equation to another solution. We use the same notation for functions of x
alone: Ty f(x) :== Af(A\x).

Define also the (rough) Littlewood-Paley projections
6.2 Poyu(&,7) =
(62) <wul(€.7) {0 e

~

We say that a function f is M-band-limited if f(£,7) = 0 whenever || > M.
Fix an infinitely differentiable, compactly supported cutoff function n € C§°(R!) satisfy-

ing n(0) # 0.
Definition 6.1 (Y* norm). Let s,b € R with s € [~3,0]. For any tempered distribution
u defined on R? whose space-time Fourier transform @(¢, 7) belongs to L2 (R?),
(6.3) [ully := sup sup [|n(t — to) Ty2s (P<nu)|| xo. -
toeR N>1

It would be slightly more natural to form an ¢? norm over a dyadic sequence of values
of N, rather than a supremum, but the definition used here is a bit simpler to work with,
and is sufficient for our purpose. Observe that if f is N-band-limited, then Ty2s Pon f is
N'*25_band-limited.

For functions f supported in any fixed bounded interval with respect to time ¢,

©a) o [ fenP o (Ve - P dgdr S 17 R,
N Jie)~N Jrer

although the reverse inequality does not hold;? this inequality can be derived as in the proof
of Lemma 6.2 below. Because s is negative and b positive, the factor (N*¥(r — £2))2 is

SFor r = (1+4b)s and |¢| of some fixed order of magnitude N > 1, the left-hand side of (6.4) is equivalent
to the X™® norm squared in the region where |7 —£2| > N~ it becomes larger as |7 — £2| becomes smaller
than this threshold.
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weaker than the corresponding factor (1 — £2)?? that appears in the X norm. Thus X*°
embeds continuously in Y5°.
Our first lemma is a simple consequence of the definition; the proof is omitted.

Lemma 6.1 (Insensitivity to smooth cutoffs). (i) If h : R — C is compactly supported and
infinitely differentiable then ||hullyss < |[ullyse for all u € YP.

(ii) Changing the cutoff function 1 in the definition of Y*° leads to an equivalent norm,
provided that n € C™ is compactly supported, and not identically zero.

Remark 6.1. For s < 0, the spaces Y*? are natural from the point of view of the extant
HY theory. If an initial datum wug for (NLS) is N-band-limited in the sense that wug(¢)
is supported where [£| ~ N, and if ||Jug|/ys ~ 1, then ug € H°, but with large norm
|luollzro ~ N~%. Hence the Cauchy problem with initial datum ug has a solution belonging
to X%b. This does not follow from the usual fixed point argument, since uy may be quite
large in H°. Instead one can partition the interval [0,#] into sufficiently short subintervals
that a fixed point argument applies on each, and invoke H° norm conservation.

An equivalent way to do the first time step is to solve the Cauchy problem for unit time
with rescaled initial datum T),up, where Ay = N 25 then to reverse the scaling. The
exponent is chosen so that ||T, uo||go S 1 uniformly in N > 1. Successive time steps are
done in the same way.

The next simple lemma makes possible the conversion of bounds in Y5? to the more
standard spaces X"P.

Lemma 6.2 (Y controls X). Let s <0 and b > 0. For any A < oo and any r < (14 4b)s
and all Schwartz class functions f(t,x) supported where |t| < A, we have

(6.5) 1 Lxre S A fllyss -

The converse inequality is not true; in the region where |7 — £2| < (¢€)~%*, the Y*® norm
is stronger than the X™ norm even for r = (1 + 4b)s. We make this conversion both for
the sake of conceptual simplicity, and because it simplifies certain calculations later on.

While Lemma 6.2 is needed to control d®/dt, a variant will be used in establishing the

Y*? norm bound. For any real number M > 1 define the X;’f and X;}[b norms by

HfH?XX’fb - //RQ |f(€’7)|2<€/M>2r<T — )% drde.
?{X;}’ - //}1{2 l9 (&, T)‘2<§/M>2r<7 - 52>2b dr d€.

g

Likewise define

ol = [ lote IR = 622 e

Lemma 6.3 (Y controls X, refined). Let s < 0, b € (3,1), and suppose that n € C*(R)
has compact support. Let r < (1 + 4b)s. Then there exists C < oo such that for any
feYst any N > 1, and any to € R, the function g(t,z) = n(t — to)Ty2s f(t, ) belongs to

X;’[ILFQS with bound

. ” < s,b -
(6.6) lolra,,. < C 1 fly-s

The constant C can be taken to depend only on s,b,r,n.
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Choose any smooth, compactly supported function 7 such that > jez n(t—7) =1 for all
teR.

Lemma 6.4 (Almost-orthogonality). Let b € R. Let g be any Schwartz function, and

define g; = n(t — j)g so that g = ZjeZ gj. Then the summands g; are almost orthogonal
in X% norm, in the sense that

1/2
6.7) 9l or < (2 losleos )

J
where C' < oo depends only on b, 7.

Proof. Introduce the spatial Fourier transform Fg(t,&) = [; g(t,z)e "¢ dz. Let J(t) be

the distribution in &'(R') whose Fourier transform is (7)*. Then J may be decomposed as
J = Jyp + Js where Jy is compactly supported and J, belongs to the Schwartz class.
Now

(6.8) lgllxon = ||Fg * (21 (2))

where * denotes convolution, taken with respect to the ¢ variable alone for each fixed value
of £. Since J, is a Schwartz function,

(6.9) H]:g x (eifztjoo(t))‘

L2

2 \1/2
o S gl
J

and since b > 0, [lg;ll2 S 19l oo

There exists a finite constant C, depending only on n and on the support of Jy, such
that no point (¢,z) belongs to the support of g; for more than Cj integers j. Because the
cutoff functions n(t — j) are independent of x, the same bounded overlap property holds
for their spatial Fourier transforms Fg;(t,&). Because Jy has compact support, it follows
that likewise no point (¢,&) belongs to the support of Fg; * (e‘fztjo(t)) for more than Cj
integers j.

Therefore

|79« < nm)||, 2

L2
S [ BRI - P ards
J
S gl
J
since |Jo| = | = Joo| < |J| +C < (r)? + C < (r)? since b > 0. O

Proof of Lemma 6.2. Let f be given. Let r := (1 4 4b)s. It suffices to show that for all
N >1,

<Y | (o)

(6:10 [ [ ifenpl - e dsar 171
(&)~N JreR
since summing over all N = 1,2,4,8,... then yields the required bound for all r strictly

less than (1 4 4b)s.
Define g; :=n(t — j) - Tn2s P<n f, and g := ZjeZ gj, as in Lemma 6.4. All but at most

C N~ terms in this decomposition vanish identically, because of the hypothesis restricting
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the support of f with respect to . Moreover f(ﬁ ,7) = N*¥g(N?*¢, N*1). Consequently a
trivial majorization of the #2 outer norm in (6.7) gives

(6.11) gl x00 S N7 max 191l x00 S N2 (| fllyre -

~

Now (since 1+ 2s > 0)

2\ 2b )\ 2r
/ Wlﬂ (€. 7)2(r — €2)2(6)" de dr
__ n8s ~( N\2s 45 N2/ _ ¢2\2b/e\2r
—N'/NMLQwNaN7wv €220(6)2" de dr

—ne [ e P - N dg ar
(&)~N1+2s JreR

e [ | FE DR N dear
~ sJre

sy [ e - )P dgar
TER

()N
< N25—8bs+2r Hg”_2X0 .

S NI R
by (6.11). This is < Hf”%/sb under the hypothesis that r < (1 4 4b)s. O

Proof of Lemma 6.3. This argument is nearly identical to the proof of Lemma 6.2, except
that additional parameters are involved.

Let f € Y*? be arbitrary. Let g(t,2) = n(t — to)T2s f(t,2) and M = N1+25. Consider
f|§/M|~A Jrer 19(8, 7)[2(€/M)? (1 — €2)2b dr d€ for arbitrary A > 1. The contribution of the
region || < N2 to this integral is controlled directly by | f[|3.,,, and hence requires no
further discussion. R

Since TNzéf(f, 7) = f(N72%¢, N~%%7), the above integral can be reexpressed in terms of
F(€,7) with |€] ~ AMN~25 = AN, thus in terms of F = n(t — to)Ty2s (P<can f). This
function F' can be naturally decomposed as F' = Zj F; where each function Fj(t,z) is
supported where ¢ € I;, each I; C R is an interval of length A% no point of R belongs to
more than 2 intervals I;, the sum extends over at most CA~* indices j, and F} satisfies

(612 [[1Fenpase—eyra i i < oo}

This decomposition is obtained by a smooth partition of unity in the t variable, which
decomposes the portion of f(¢,2) with Fourier transform (with respect to x) supported
where |{| < CAN into summands which (as functions of ¢) are supported on intervals of
lengths (AN)*. The Y% norm directly gives a bound for each summand, and substitution
via the dilations Ty2s yields (6.12).
By dilating time by a factor of |A
we conclude that F' = Z - I satisfies

|=4%, invoking Lemma 6.4, and reversing the dilation,

(6.13) l/ F(E,7)2(A (7 — €2)A% dr dE < A2 - A f |20

whereas an application of the triangle inequality would yield a factor of A=8% on the right-
hand side, the orthogonality expressed by Lemma 6.4 saves a factor of A%*. Since (A*(7 —
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€2)) > A% (1 — £2), it follows that

(6.14) / F(g,7)2{r — % drde S A0 )2,

Since —2s(1 + 4b) < —2r, this yields the desired bound for the contribution made by F to
g, that is, the contribution of the region where |£/M| ~ A. Since —2s(1+4b) is strictly less
than —2r, summation over dyadic values of A > 1 completes the proof. O

Proposition 3.1 together with the embedding of Y*? in X" established in Lemma 6.2
yield
Proposition 6.5. Let Ty < oo, T € [0,Tp], s € (—3,0), b € (3,1). For any sufficiently
smooth solution u of (NLS*) with initial datum g,
2 4
(6.15) ullGo—ar oy asy < luollzs + C lGrullys
provided that s < 0, b > 1, and —s < T(1+4b)~L.

To use this bound we of course need to control the Y norm of w. This will be accom-
plished in the next two sections.

7. BOUND FOR |u|?u
The objective of this section is to prove the following nonlinear estimate.
Proposition 7.1 (Trilinear estimate in Y'*%). Suppose that s > —1% and b € (%, 1) satisfy
(7.1) —s < (1 +4b) "' min <%+§(1—b),5+§(1—b)).
Then for any u,v,w € Y5?,
(7.2) [uvwllysp-1 S lullysellvllysellwllyss.

The product uvw, by virtue of having a locally integrable space-time Fourier transform,
consequently has a natural interpretation as a distribution.

(7.2) is a variant of a well-known inequality in which Y*€ is replaced by X%¢ throughout.
Here there is a tradeoff: Once the parameter N in the definition of Y%~ is fixed, no bound
is asserted for uvw(&, 7) for |€] > N, but u, v, w are allowed to lie in spaces of mildly negative
order.

The right-hand side of (7.1) equals & when b = §. Thus for any s > —2Z there does
exist b € (3, 1) satisfying (7.1).

Proof. The definition of the Y*® norm involves a supremum over N > 1; fix N. Set
M := N'*25_ Choose r very slightly less than (1 + 4b)s, and recall the X]T\}?Hs bound
formulated in Lemma 6.3.

Pair the space-time Fourier transform of utvw with (7 —£2)*~1g,(¢, 7) where g4 € L%(R?).
Substitute for the Fourier transforms of u, v, w as in (3.13). Matters then reduce to showing
that

4 4
/g [ TT (o a0y = €055 x5y € AP ANE) 5 TT ol o
ez Jre= n=1

uniformly for all M > 1, where 3, :=bforn <3 and 84 :=1—b, and Sy := {E D&y S MY
Assume with no loss of generality that |gn|/z2®2) = 1 for all indices n.
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An important special case arises when all |¢,| are < M = N'*25, For this subregion, the
desired inequality is nothing more than the well-known X%~ bound for |u|?u in terms of
[0, (see e.g. [11]).

Consider next the contribution to the integral of the region where |£,| ~ AM for all
n # 4 for some single A > 1. For all such &, |o(&)| ~ (AM)?, so since min(h, 1 —b) = 1 —b,
an application of Proposition 4.2 with L(§) = &4 yields an upper bound of the form

ML/A 1
73 AM —2(1—b)A—37” — M—Q(l—b)A—4—2(l—b)—3T
and we need both exponents to be negative. The exponent —2(1 — b) on M is certainly
negative since b < 1. Thus we need

(7.4) —r < 15+ 2(1-b).

Y*b embeds in XX’; for all r < (1 4 4b)s uniformly in M > 1, in the sense expressed by
Lemma 6.3, so this expression is appropriately controlled by the product of Y** norms
provided that (7.1) is satisfied.

A more delicate case arises when || ~ AM with A > 1 for two values of j € {1,2,3},
but |€,| ~ BM where B < A/10 for the third index. If n = 2, then o(£) ~ (AM)2, and
the above analysis applies; the sole change is that one factor of A™" is now merely < B™",
which is a more favorable bound since B < A and r < 0. Thus it remains only to discuss
the case where n is odd; by virtue of the symmetries of the problem, it is then no loss of
generality to suppose that n = 3.

In the subcase where B 2 1, we have |o| 2 AMBM and Proposition 4.2, again with

—

L(&) = &4, yields the upper bound

MU b b) 4—t—2r—(1-b b
(75) AR O AT < a0 g0 g,

Provided that —r < 1 — b, the exponent on B is negative, so when B 2> AY? this is

1 5 3
< M—20-5)A=7727"20-8) 1y the case 1 < B < A2 we invoke instead Proposition 4.1
with L = &4 — &3 to obtain an upper bound
1/2
(BM)"/ (ABM2)~(0-0) g=2rg—r _ 1f-20-b) g3 —(1-b)—r g~ —(1-b)~2r
(7.6) (AM)/2
< 200 g~1-30-b)-3r

since the exponent & — (1 — b) — r is positive for b > 3 and r < 0, and B < A2, This

is the same bound as obtained above for B > A'/2. The exponent on M is negative since
b < 1, while the exponent on A is negative if

(7.7) —r < 15+ 2(1 - b).
Under those conditions, this bound is summable over dyadic values of M, A, B.

1—b> 4% >min({5 + 2(1 —b), 15 + 2(1 — b)) for all b € (3,1), so the condition that
—r < 1 — b does not appear in the hypotheses of the Proposition.

If ABM? < 1 then we use the upper bound < 1 for () in place of (ABM?)~(1=% and
obtain the upper bound

(78) (BM)1/2(AM)71/2A72T — Bl/QA—%—Qr S; (A71M72)1/2A—%—2r _ A71727‘M71'
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Both exponents are negative for all —r < %, so this is a less stringent requirement than
(7.7).

Choosing r to be sufficiently close to (1+ 4b)s reduces all these restrictions to the stated
hypothesis on s. O

8. A priori BOUND IN Y5

The next result is the second main inequality underlying our theorems.

Proposition 8.1. For any s > —1% and b € (%, 1) satisfying

(8.1) —s < (1 +4b) "  min (%Jr%(l—b),%—%%(l—b))

any sufficiently smooth solution u of (NLS*) with initial datum wgy satisfies
(8.2) lullyeo S llullcoggrsy + lullye

where ”'HCO(HS) = H'HCO([fQT,QT},HS)'

Proof. Choose r < (1 + 4b)s sufficiently close to (1 + 4b)s. Let N > 1, let  be a smooth,
compactly supported function, and let {7 € R. Recall that « may be considered to be
defined, and to satisfy the modified equation (NLS*), for all ¢ € R.

Consider w(t, z) := n(t — tg)Tn2s(u), which satisfies the equation

(8.3) iwy + Wy = 1 (t — to)Tvastw + n(t — to)Co(N¥(t — to))|Tiyzstt|* Tiyzs .
It suffices to bound @(&, 7) in the region where |7 —&2| > 1, for the contribution of the region
|7 — €2] < 1 to the X% norm of w is majorized by < 1wl 12(at x> hence by < [lwllcogoy
because as a function of ¢, w(¢, z) is supported in an interval of uniformly bounded length;
hence this contribution is majorized by < [|lullco(gs)-

We may express (&, 7) as a constant times (7 — ¢2)~! times the Fourier transform of
the right-hand side of (8.3). The contribution of the first term on the right is then easily
handled, for ||n'(t — to)Tnesull 12 (gr ary < C 1 Tnzsttllgo(groy < C'llull o). After dividing by
(1 — €2)~! we therefore have a quantity whose norm in X%! is majorized by < lull co(as)-

The function n(t — to)Co(N**(t — tp)) may be expressed as 77°(t — to) where 7j € C™ is
real-valued, is supported in a bounded interval independent of N, and is bounded in any
C* norm uniformly in N. The second term on the right-hand side of (8.3) thus becomes
|[77(t — to) T2sul?7i(t — to) Tiy2su.

By Lemma 6.3, the norm of 7(t — to)Ty2su in X};}Lzs is < ||ully-sp. Proposition 7.1
says that the X%% norm of the function whose Fourier transform is (7 — £2)~! times the
characteristic function of the region |¢| < N1*2% times the space-time Fourier transform of
|7(t—t0) Ty2s |27 (t—to) Ty2su is majorized by < ||ul[3+., provided that —242b < 1—-2b. O

Proof of Theorem 1.1. For any finite T" and ¢’ > 0, there exists § > 0 such that the bounds
of Propositions 8.1 and 6.5 together imply an a priori upper bound |ullco(o.1],ms) < 0’
provided that [ug|lzs < 0 and ||lullco(o,r,ms) < 20"

To prove the theorem, it suffices to show that given any R < oo, there exists g9 > 0
such that for any uy € HY satisfying ||ug||zs < R, if u denotes the solution of (NLS) with
initial datum wug, then Ty, u satisfies an a priori CY(]0, 1], H*) bound. Because s > —%, the
equation is subcritical in H*; there exists £g so that ||eug(ex)| gs < 0 whenever ||ug||gs < R
and 0 < € < g9. We know that u € CO(H?), hence u € C°(H?#). For very small ¢, depending
on |luol| go, we have || T.ullco(oy,ms) < 0
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Now a continuity argument can be applied. If & > 0 has the property that || 7. u||co(o,1),75) <
o', then there exists &’ > ¢ such that ||Trullco(oy,ms) < 20, and provided that &' < gg
and € is chosen to be sufficiently small but depending only on R, this implies that
| Torul|copo,1), ) < ¢'. Standard reasoning shows that this must then hold for ¢’ = go. [

9. EXISTENCE OF WEAK SOLUTIONS

We now prove a weakened variant of Theorem 1.2 on the existence of weak solutions,
showing merely that weak solutions exist in L®(H*) N CO(H*)NY*? for all s < s. The
last detail, existence in CO(H#), will be addressed in §10.

Lemma 9.1. Let s > —%. Let ug € H®, € > 0, and M < oo be given. There exist T' > 0
and & > 0 such that for any initial datum vy € H satisfying ||vo — uo|| s < 9, the standard
solution v of (NLS) with initial datum vo satisfies

(9.1) / [5(t1,€) — Dlte, €)2(€)%° dE < € for all ty,ts € [0,T'] satisfying |t1 — ta| < 6.
le|<m

Proof. Fix any b > 1. For any & > 0 there exists ¢’ > 0 such that any w € X*? satisfies
Jw(ty, ) —wlte, )2 S [t —ta|? Jw] xos for all v < b— 5 whenever [t; —t5| < 1, as follows
from a standard Cauchy-Schwarz calculation. By rescaling we conclude that

(9.2) | P<arv(ty,-) — P<aro(ta, )|l gs < Cults —to]” [|vllyop

whenever [t; — to| < M4,
We have already established an a priori upper bound for [|v|ly.. in terms of ||vgl g,
hence in terms of ||up||gs so long as 6 < 1. Consequently

(9.3) / [B(t1,€) — Blta, O)2(€) dE < Chye”
|€|<M

provided that |t; — t3| < &’ M**. The claim follows. O

Proof of Theorem 1.2. Let s € (—%,O), and then let s’ € (—1—12,5) be arbitrary. Consider
any initial datum up € H®. Let (vp;) be any sequence of functions in H°(R) such that
vo,; — o in H® norm as j — oo. Let v e X0b be the unique standard solution of the
Cauchy problem (NLS) with initial datum v ;.

There exist b > 1 and 7' such that the sequence v is uniformly bounded in CO((—2T', 2T"), H*)N
Y*? norm. Moreover, the mappings (—27T,2T) 3 t — v (t,.) € H* are equicontinuous,
by virtue of Lemma 9.1 and the inequality

(9.4) / FOPE) de < CM =2 |2,
|€|>M

For any large N, decompose v) as

) — () )
) = UN'high T UN: low
where v%_)low(t, €)== vl (t,€) when [¢] < N and := 0 otherwise. The equicontinuity of the
mapping ¢ — v (t,.) € H* implies precompactness of {vj(\],) low} 10 CP(C) for z in every
bounded region, for every N. A diagonal argument produces a subsequence, denoted again

by v, such that for every N, U](\j,?low converges in the C°(C™) topology in every bounded
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region. Since v\9) is uniformly bounded in C°(H?*), there exists a distribution « € D’ such
that v¥) — u in the topology of D'.

Equicontinuity, the uniform upper bound on v in CO(H*) N Y ", and (9.4) together
ensure (possibly after passage to the limit of some subsubsequence) that u € CO(H 5') N
L®(H*) NY*P. Tt follows likewise that u(0,-) = ug(-). The proof that the limit of some
subsequence actually belongs to C°(H®) will be completed in §10.

It remains to show that u is a weak solution of the equation. To simplify notation,
denote the nonlinearity by N (v) := |v|?v. Tt follows directly from the above convergence

that N(v%?low) converges to N (un,low) in CO(CL2) for every N.
For any € > 0 there exists N such that

(9.5) IV @D) = N R o)y < & for all .
()

This follows from the basic trilinear estimate, Proposition 7.1, since v]\;_high is arbitrarily

small in V¥ provided N is sufficiently large, while the low part is bounded uniformly in
N. Likewise N (1) — N (un.1on) is < ¢ in Y50~ for all j.

These conclusions together imply that A (v\)) — A (u) in the topology of D’. Since v/)
is a solution of (NLS), it follows that w is likewise a solution. O

10. CONTINUITY IN TIME

Since weak limits cannot be taken directly in spaces C°(H?®), some additional argument
is needed to ensure that the weak limits constructed above do belong to these spaces. In
this section we bridge that gap by establishing a certain limited equicontinuity with respect
to time.

Recall the expressions @, (¢, u) = [; |U(t,&)[*¢(€) d€. Additional control on the solution
u can obtained by analyzing ®(t,u) for weights ¢ which are more general than (€)2%, and
are specifically adapted to the initial datum wug (cf. the “frequency envelopes” used for
instance in [12]). We have actually proved the following statement more general than that
announced earlier.

Lemma 10.1. Let s > —% and s € (s,0). For any nonnegative C? weight function ¢
satisfying

(10.1) P <O, YO<E@*TL PO <@
for any initial datum ug € H°, the standard solution u(t,z) of (NLS) satisfies

(10.2) Dy (t,u) — Pyp(0,u)| < Cllu§es -

From this can be extracted a high-frequency continuity result.

Lemma 10.2. Let s > —%. Let ug € H® and € > 0 be given. There exist § > 0 and
N < oo such that for all vg € H® satisfying ||vo — Ul s < 0, the standard solution v of

(NLS) with initial datum vy satisfies
(103) [ P a <
l€1>N

for all t € [0,T].

Here the timespan 7" € (0, 00) is fixed, and it is assumed that ||ug|| s is sufficiently small
that the proof of Theorem 1.1 applies to all smooth solutions with initial data satisfying
|lvo — wol| s < o, where §p depends on 7.
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Proof. Fix any exponent s’ € (s,0). Let ¢ > 0 be given. Choose M < oo so that
fléle [uo(€)[2(€)% d¢ < 2. Then there exist a large parameter M’ > M and a weight
function ¢ satisfying the three inequalities hypothesized in Lemma 10.1, with exponent s’,
such that

(10.4) eTHE* > (&) > (&% forall &,
(10.5) p(&) =e1(6)* for all |¢] > M,
(10.6) p(&) = (£)* for all |¢] < M.

M’ ¢ depend on € and on s’. The conclusion (10.2) of Lemma 10.1 holds with a constant
C independent of M,e.
Thus by (10.2),
(10.7)
/ [50(&) P (€) d€ < 2/ a0 (&) P (€) dé + 2/ [50(€) — w0 ()*(€) dé
§|= M |§|> 17

[€[>M"
< 26+ Cyllvg — uo |3

where C,, depends on ¢, hence ultimately on . Therefore there exists > 0 such that
(108) [ iR & < 5
|&|>M"

for every vy € H satisfying |lvo — uol| s < 9.

For such initial data vg, the associated solutions v have uniformly bounded Y*® norms,
with a bound independent of €, provided that ¢ is sufficiently small. Therefore by Lemma 10.1,
Py (t,v) = [ |0t €)|*p(€) d€ is bounded by a finite constant independent of &, M, M" uni-
formly for all ¢ € [0, T]. Therefore since (£)?° < ep(¢) for all [¢] > M,

(10.9) [, Feorerdse [ e d s

|§1>M"

provided that ¢ € [0,T] and |jvg — uo|| = < 6. O

Thus if uo,v[()j) are initial data with ug € H® and v(()j) € HY, and if o) — up in the
H? norm, then the corresponding standard solutions v form an equicontinuous family in
CY(H?®). Therefore passage to the limit through an appropriate subsequence produces a
solution in CY(H?), satisfying the other conclusions of Theorem 1.2.

Remark 10.1. Lemma 10.2 has the following direct consequence. Let s > —%. If there
exists r > —oo for which the solution mapping from datum to solution of (NLS) is con-
tinuous from H* to C°([0,7], H"), then the solution mapping is continuous from H* to
CcO([o, T), H*).
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