RESONANT RIGIDITY OF S^2

ANDREW HASSELL AND MACIEJ ZWORSKI

1. Introduction

In this note we show that in obstacle scattering in R^3, the sphere is uniquely determined by its resonances. The result is a simple consequence of the Poisson formula for resonances and of the extremal properties of the Willmore functional. It is somewhat disappointing that at the moment the argument works only for connected obstacles and in three dimensions. We discuss the connectedness assumption further at the end of Sect. 3.

The singularity at zero in the Poisson formula was first used for obstacle problems by Sjöstrand-Zworski [19]. Our argument is also related to Melrose’s proof of existence of resonances in three dimensional potential scattering [10] and to the subsequent generalization to all odd dimensions by Sá Barreto-Zworski [17]. One could say that those results showed resonant rigidity of the zero potential among real super-exponentially decaying potentials. The analogous result in even dimensional (n ≥ 4) potential scattering was recently proved by Sá Barreto-Tang [16].

Let O be a connected open precompact subset of R^n such that ∂O is smooth and R^n\O is connected. Let −Δ_Rn_{\O} be the Dirichlet Laplacian on R^n \ O and let R_O(λ) = (−Δ_Rn_{\O} − λ^2)^{−1} be its resolvent with the convention that R_O(λ) : L^2(R^n \ O) → H^2 ∩ H^1_0 (R^n \ O) for Im λ > 0. It is classical that R_O(λ) continues meromorphically when we restrict the domain and extend the range:

R_O(λ) : L^2_{comp}(R^n \ O) −→ H^2_{loc} ∩ H^1_{0,loc}(R^n \ O) , λ ∈ { C n odd Λ n even

, (1.1)

where Λ is the logarithmic plane.

The multiplicity of the pole at λ can be defined in many equivalent ways and we can for instance take

m_O(λ) = rank ∮ |ζ−λ|=ϵ R_O(ζ)dζ , 0 < ϵ ≪ 1 . (1.2)

The poles of R_O(λ) are called resonances or scattering poles and they constitute a natural replacement of discrete spectral data for problems on exterior domains. That point of view was emphasized by Lax-Phillips [5] – see the appendix to [5] as well as [10],[18] and [24] for an overview of recent results.

We denote by B (0, R) an open ball {x : |x| < R} and we prove the following simple

Theorem. If O ⊂ R^3 then ∀ λ ∈ C m_O (λ) = m_{B(0,R)}(λ) =⇒ O = B(0, R) .

Hence we can say that we showed the resonant rigidity of the sphere in three dimensional space. The poles of R_{B(0,1)} are well understood. They arise naturally in the study of diffraction by the sphere and are given by the zeros of the Hankel function, [20],[11]. They asymptotic location was given very precisely by Olver [12] and it is shown schematically in Fig.1. The spherical symmetry produces of course high multiplicities.

Another natural object in scattering theory, which is the exact analogue of the counting function of eigenvalues, is the scattering phase, σ_O(λ) – see for instance [10]. In a heuristic sense it measures the 1

ℓ ℓ + 1 −ℓ −ℓ − 1

−iγℓ

−iγ(ℓ + 1)

Figure 1. Resonances for the sphere

averaged phase shift of waves scattered by the obstacle. The asymptotics of σ_O(λ) are analogous to the asymptotics of the counting function of eigenvalues:

σ_O(λ) = c_nvol (O)λ^n + O(λ^{n−1}) ,

and when the measure of the set of closed transversally reflected trajectories of the broken geodesic flow is zero in T^∗R^n \ O then σ_O(λ) = c_nvol (O)λ^n + c^′_nvol (∂O)λ^{n−1} + o(λ^{n−1}) .

This was shown in odd dimensions by Melrose [9] and in greater generality which included all dimensions by Robert [14]. The proofs were based on the work of Ivrii [4] but had to resolve serious new difficulties due to non-compactness of the domain. Since the dynamical assumption is expected to hold for all obstacles in R^n it is clear from the isoperimetric inequality that

σ_O(λ) − σ_{B(0,R)}(λ) = o(λ^{n−1}) =⇒ O = B (0, R) . (1.3)

If we assume the equality of the scattering phases then the Krein-Birman formula (see for instance [1]) and the heat or wave asymptotics immediately give the same conclusion without any conditions.

On the other hand it was pointed out in [22] that in odd dimensions σ_O is determined by {m_O (λ)}_{λ∈C} up to an odd polynomial of degree n, that is up to (n+1)/2 numbers. In fact, the behaviour of the scattering matrix at zero (see [23] and references given there) shows that only two highest order coefficients are nonzero [15]. Hence the theorem above says that we do not need these two numbers to determine the sphere in three dimensions. However, the resonances are more natural to measure than the scattering phase, as they describe the long time behaviour of solutions of the wave equation and that makes the inverse problem for them quite reasonable. Indeed, Lax-Phillips [5] showed that if O is non-trapping and n is odd then

(∂^2_t − Δ_Rn_{\O})u(t, x) = 0

u↾_{t=0}= f ∈ C^∞_c (R^n \ O) 1 i ∂_tu↾_{t=0}= g ∈ C^∞_c (R^n \ O) =⇒ u(t, x) ∼_{t→∞} ∑ λ∈C m_O (λ) m_O (λ)∑

j=1 w_{λ,j}(x)e^{−itλ}t^{j−1} , x ∈ K , (1.4)

K ⊂ R^n \ O compact.

RESONANT RIGIDITY 3

2. Preliminaries

One of the basic tools for proving the existence of resonances is the Poisson formula. In odd dimensions it is the exact analogue of the trace formula for eigenvalues which is immediate from the spectral theorem:

tr (U_O (t) − U_0(t)) = ∑ λ∈C m_O (λ)e^{−iλ|t|} , t ≠ 0 , O ⊂ R^n , n odd , (2.1) where the equality is meant in the sense of distributions on R\ {0}. Here U_O (t) denotes the wave group: U_O (t)^t(f, g) =^t(u(t), −i∂_tu(t)), where u(t) is given by (1.4) and U_0(t) is the free wave group (O = ∅). The finite speed of propagation implies that U_O (t) − U_0(t) is of trace class as a distribution on R. Formula (2.1) was proved by Melrose [6],[7] – see [1] for earlier work and [19],[18],[22] and [23] for further developments.

From the work of Ivrii [4] we know the behaviour of the trace at t = 0:

tr (U_O (t) − U_0(t)) =a_0(O)|D_t|^{n−1}δ_0(t) + a_1(O)|D_t|^{n−2}δ_0(t) + · · · + a_{n−1}(O)δ_0(t) + a_n(O) + a_{n+1}(O)|t| + · · · .

(2.2)

The coefficients a_j(O) are given by non-zero multiples of the heat coefficients and can be found in [2]. Specializing to dimension three we obtain a_0(O) = α_0vol (O) a_1(O) = α_1vol (∂O)

a_2(O) = α_2 ∫ ∂O H_O a_3(O) = α_3 ∫ ∂O ( −3H^2_O + 20K_O ) (2.3)

where H_O is the mean curvature of ∂O, K_O the Gaussian curvature and α_j ≠ 0.

3. Proof of Theorem

Assume that O has the same resonances as the ball of radius R, that is, m_O(λ) = m_{B(0,R)}(λ) for all λ ∈ C . The Poisson formula (2.1) immediately implies that

tr (U_O (t) − U_0(t)) = tr (U_{B(0,R)}(t) − U_0(t)) , t ≠ 0 . (3.1)

If we knew this for all t then the result would follow trivially from the comparison of the first two coefficients in (2.2). We can detect the coefficients of |D_t|^{2k+1}δ_0(t) since they have the whole real line as supports, so their coefficients are determined by the asymptotics of the wave trace as t → 0. However, we cannot see the coefficients of derivatives of δ_0 which are supported at zero. Thus we can only conclude that

vol (∂O) = vol (B (0, R)) , ∫ ∂O (−3H^2_O + 20K_O) = ∫ ∂B(0,R) (−3H^2_{B(0,R)} + 20K_{B(0,R)}) , (3.2)

Using the Gauss-Bonnet formula and the fact that O is assumed to have the same number of connected components as B(0, R), we conclude that ∫ ∂O H^2_O = ∫ ∂B(0,R) H^2_{B(0,R)} − 80π 3 g , g = genus of ∂O .

It is well known however that the Willmore functional, ∫ S H^2, is uniquely minimized by spheres with the standard metric – see [21]. The result is now immediate as we can use a_1 or a scaling argument to determine the radius.

Remark. The following heuristic argument, based on (3.1), strongly suggests that an obstacle with more than one component cannot have the resonances of the sphere. Since R^3 \ B (0, R) has no trapped rays there are no singularities in the wave trace for t > 0. However every disconnected obstacle has trapped rays, for example the shortest line segment between two components, which ‘should’ produce wave-trace singularities.

This is known to be true generically (see [3] for the singularities of the wave trace and [13], Chapter 3 for generic properties of reflected rays) but no proof is known which holds in general. Remark. For the Neumann boundary condition, the coefficient a_3 is given by the integral of 15H^2 − 4K over the boundary [2] and the same argument goes through.

Acknowledgments. We would like to thank Steve Zelditch for proposing this problem and Ben Andrews for pointing out the relevance of the Willmore functional. Thanks go also to Leonid Friedlander and Peter Gilkey for their help with the understanding of heat coefficients. The first-named author thanks the Australian Research Council for its support. The second author is grateful for partial support by the National Science and Engineering Research Council of Canada and by the Erwin Schrödinger Institute.

References

[1] C. Bardos, J.-C. Guillot and J.V. Ralston. La relation de Poisson pour l’équation des ondes dans un ouvert non borné, Commun. Partial Differ. Equations 7 (1982), 905–958.

[2] T. Branson and P. Gilkey. The asymptotics of the Laplacian on a manifold with boundary, Comm. P.D.E. 15 (1990), 245-272.

[3] V. Guillemin and R.B. Melrose, Poisson formula for manifolds with boundary. Adv. in Math. 32 (1979), 204-232. [4] V. Ivrii. The asymptotics of a spectral problem associated to the Laplace Beltrami operator on a manifold with boundary.

(Russian) Funktsional. Anal. i Prilozhen. 17 (1983), 71–72.

[5] P. Lax and R. Phillips. Scattering theory. Second edition. Pure and Applied Mathematics, 26, Academic Press, Inc., Boston, MA, 1989.

[6] R.B. Melrose. Scattering theory and the trace of the wave group, J. Func. Anal. 45 (1982), 429–440. [7] R.B. Melrose. Polynomial bounds on the number of scattering poles, J. Funct. Anal. 53 (1983), 287–303. [8] R.B. Melrose. Polynomial bounds on the distribution of poles in scattering by an obstacle, Journées “Équations aux Dérivées partielles”, Saint-Jean de Monts, 1984.

[9] R. B. Melrose. Weyl asymptotics for the phase in obstacle scattering. Comm. Partial Differential Equations 13 (1988), 1431–1439.

[10] R.B. Melrose. Geometric scattering theory, Cambridge University Press, Cambridge, New York, Melbourne, 1995. [11] H.M. Nussenzweig, High frequency scattering by an impenetrable sphere, Ann. Phys. 34(1965), 23-95. [12] F.W.J. Olver, The asymptotic expansion of Bessel functions of large order, Philos. Trans. Roy. Soc. (London) Ser.A 47(1954), 328-368.

[13] V. Petkov and L. Stoyanov, Geometry of reflecting rays and inverse spectral problems. John Wiley & Sons, 1992. [14] D. Robert On the Weyl formula for obstacles. in Partial differential equations and mathematical physics (Copenhagen, 1995; Lund, 1995), 264–285, Progr. Nonlinear Differential Equations Appl., 21, Birkhuser Boston, Boston, MA.

[15] A. Sá Barreto. private communication, 1998.

[16] A. Sá Barreto and S.-H. Tang. Existence of resonances in even dimensional potential scattering, preprint, 1998. [17] A. Sá Barreto and M. Zworski. Existence of resonances in potential scattering, Comm. Pure Appl. Math. 49(1996), 1271- 1280.

[18] J.Sjöstrand. A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Kluwer Acad. Publ., Dordrecht, 1997.

[19] J. Sjöstrand and M. Zworski. Lower bounds on the number of scattering poles II, J. Funct. Anal. 123 (1994), 336–367. [20] G.N. Watson, The diffraction of electric waves by the earth, Proc. Roy. Soc. (London) Ser.A 95(1918), 83-99. [21] T.J. Willmore. Total curvature in Riemannian geometry. Ellis Horwood Series: Mathematics and its Applications. Ellis Horwood Ltd., Chichester; Halsted Press [John Wiley & Sons, Inc.], New York, 1982.

[22] M. Zworski. Poisson formulæ for resonances, Séminaire E.D.P. 1996-1997, École Polytechnique, XIII-1-XIII-12. [23] M. Zworski. Poisson formula for resonances in even dimensions. Asian J. Math. 2 (1998), 615-624. [24] M. Zworski. Resonances in physics and geometry. Notices Amer. Math. Soc. 46 (1999), 319–328.

Australian National University, Canberra

University of California, Berkeley