DYNAMICAL DEFINITION OF TRANSMISSION RATE

MACIEJ ZWORSKI

1. INTRODUCTION

In this note we justify the definition of the transmission rate given in [1] in the case of
no interaction, that is for the linear Schrodinger operator.

2. REVIEW OF ONE DIMENSIONAL SCATTERING

We follow lecture notes [2] covering scattering by compactly supported potentials but
make the exposition self-contained, referring to [2] for detailed proofs only. In our approach
to scattering we eventually focus on quantum resonances and hence the resolvent plays a
crucial role.

Thus let V € L (R) be real valued, and define

comp

def

Then the resolvent

Ry(\) ¥ (Hy — 227 ¢ I2(R) — L2(R),

is meromorphic in C\ R. If we consider

Ry(\) : L, (R) — L% (R), ImA>0,

comp

then it continues meromorphically to C and it is analytic in R\ {0}. Of course, for Im A < 0
this continuation does not coincide with the resolvent defined in C \ R. The poles in
Im A < 0 are called quantum resonances. We recalled the following important fact: for any
X € CX(R), there exists a constant C' > 0 such that

exp(—ImA/C)

A

Also, the pole of Ry (A\) at A = 0 has at most multiplicity one, that is, ARy () is always
analytic near 0.

, ImA > —log(l+|Re\|)/C.

21 IxBvMxlleery <C

We define special solutions, e4(x, ), to (Hy — A*)ex = 0, by requiring that

T +idx f +
ex(2,)) = { L(Ae or x>0

2.2 : ,
(22) e+ Ry(N)eTA for +2<0
1
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It is not obvious that such solutions have to exist and in fact for complex values of A they
do not, precisely at resonant energies. To see that ei exist when A € R we introduce the
important notion of quantum fluz of a (possibly time dependent) wave function u(z):

def 7

(2.3) Fu(z) = 2Im(0,uu(z)) .
We have the following simple but important

Lemma 1. Suppose that (Hy — M)u = 0 and \* € R. Then 9,F,(x) = 0, that is the
quantum flux is constant.

Proof. This is the standard calculation:
0pFu(z) = 2Im(7u(z)u() + [dpu(2)*) = 2Im((V — A*)|u(@)]*) = 0.
O

We can now conclude that the solutions ey(x,\) exist for A € R\ {0}. In fact, we
can always find a solution uy equal to et for +2 > 0. That solution has to equal to
a+eTM 4 by T for £ < 0, and we need to show that ay # 0. If not than

Fui (iL‘) rix>>0: 12\ 7& :Fz‘bi‘Z)\ = Fui (.’L’) riz<<0 )
contradicting Lemma 1.

The coefficient T'(\) in (2.2) is called the transmission coefficient and, Ry () the reflection
coefficients.

We can write down the expression for Ry (\) in terms of ey. For A € R\{0}, we have

1
2.4 = —— _ — )0 _ —y)°) .
( ) RV(A)(QS',?/) 2Z>\T<)\) <€+($,>\)€ (yv )\)(93' y>+ +€+(y, /\)6 (ZL‘, )\)(ZL‘ y)—)
In particular we have the following far field expression for the resolvent:
1 )
(2.5) Ry (A (£r,y) = Zin e e (y, \) for r>0.

The following two lemmas are special cases of more precise results allowing for very
general potentials and not requiring cut-offs. We present simple proofs in our special
setting.

Lemma 2. Suppose that x € CX(R). Then

Vg peey < Ctz, t>0.

Ixe
Proof. We first consider ¢ small. We then apply Duhamel’s formulae,

t
6—thV _ e—th() +Z/ 6—z(t—s)H0Ve—stvdS
0

t
_ e—tho . ’L/ e—z(t—s)Hv‘/'e—wHOdS7
0
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to write
t t ps
e*itHV —_ e*itHo +7// e*i(tfs)Hovef’isHodS + // e*i(tfs)Hovefi(sf’r')HVVef’iTHodS d,',,.
0 0J0
This gives,
t
Ixe™™ ™ xll £er,noy < e e e +/ le™ V]| 200 ooy |70 | 1, ooy s
0
t ps
+// HX@iZ(tiS)HOVHL(L{Loo)Heil(sir)HVH[:(LQ,LQ)HV@iZTHOXHE(L%Lz)dS d?’.
0J0
Hence, for t < C,

t t ps
e ™ Y x| 2w zoey < Cot ™2 —i—/ (t—s) 2s 2ds + // (t—s)"2r 2dsdr
0 0Jo

<Oyt e,
For large t we use the representation of the propagator using the resolvent:
) <\ )
(2.6) ety _ / A (B () = By(=2))e¥dx.
o T

Now, we can deform the contour and use (2.1). The contribution from large \’s gives
exponential decay in ¢, and the norm of the contribution from a neighbourhood of A = 0 is
bounded by

1
/ e M= 0t 2).
0

We note that we can insert Hy as A\? into the integrand and hence the bound holds between
any Sobolev spaces. In particular that shows a bounds between L! and L> completing the
proof. O

When the resolvent is analytic near 0 we easily obtain an improvement:

Lemma 3. Suppose that Ry (\) is reqular at A = 0, that is V' does not have a zero resonance.
Then

YN g ey < Ct™z, t>0.

[Ixe
Proof. In (2.6) we now observe that analyticity of Ry (\) near 0 implies that A\(Ry(\) —
Ry(=))) = A2A(N\) where A()) is analytic near 0. The contour deformation argument in
the proof of Lemma 2 still produces exponential decay in ¢ for A large, but for A small we
now have the estimate )

/ e NN = O(t72),
0

which proves the lemma. 0]
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3. TRANSMISSION RATE USING TIME DEPENDENT SCHRODINGER EQUATION

Following [1] we consider the following scattering problem: at some point left to the
support of the potential we add a source term emitting waves and we consider the resulting
time evolution. The transmission rate is naturally defined as the ratio of fluxes left to the
source point with and without the potential. As we show, at least for potentials without
a zero resonance, that definition coincides with the standard stationary definition. This is
the content of the following

Theorem. Suppose that V € L (R) does not have a zero resonance and consider the

solution of o

(3.1) iy = —Ugy + Vu+e ™6, (2), u(z,0)=0.
Then for any x € R,

(3.2) u(t,z) = e " Ry (z, z0) + O(t_%) :

In particular, if xy < ming,,,v =, and uy denotes the solution of the problem with V = 0,
then for x > x,

(3.3) éﬁ%%zwuw+ow%.
We start with the following
Lemma 4. Let vy = vi(x,t) be the solutions of the following initial value problems,
(3.4) 10w = —0%vy, ve(x,0) = Ig, (z)e™, X>0.
Then, there exists C > 0 such that for any x € R, there exist to(x) > 0, so that

(3.5) oy (z,8)] S Ct2, t> to(x)

Proof. This is a direct computation based on the explicit formula for the solution. We
consinder the case of v, as the other case is identical. Thus,

. 1 X e—y®
vy(z,t) = lim ; / e e Yy |
=0+ (4mt)2 Jo
We will drop € in the subsequent computations noting that inserting it justifies the inte-
gration procedures. Completing the square and changing variables we obtain
U+(x,t) _ efi)\thri)\z 1 . / ei(yfac+2t)\)2/(4t)dy
(4rt)z Jo

= O((2xt2 —z/t2)71),
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/ et dr :/ e"dr = O(s71).
0 s

since

O

We note that the lemma is false if e*l is replaced by e=*l in (3.4), that is outgoing
initial condition is replaced by an incoming one.

Proof of Theorem: Let uy(z,t) o e "™ Ry (\)(z, o). Then u; solves (3.1) but violates the
boundary condition. Hence we need to show that the solution to
iwy = —Wee + Vw, w(z,0) = Ry(x,z),
satisfies w(z,t) = O(t~2) for every z, that is that for any x € C°(R),
(3.6) | X exp(—itHy) Ry (o, 0)|z~ = O(t"2).

We use Duhamel’s formula,
t .
€7ZtHV — eftho . Z/ efz(tfs)vaefstOdS )
0

Now, for some coefficients a,
Ry (z,70) = ay ey, (2) + a_e™N g (2) +r(z), re L2, (R),

comp

and hence, Lemmas 2 and 4 show that

o exp(—itHo) (Ry (8, 20)) || = O(t72), xo € C(R).
Taking xo such that xoV =V this shows that

¢
| x exp(—itHy )Ry (e, o) || g < Ct~ V2 + C/ | x exp(—i(t — s)Hy )xollc(L=,L=)s 2ds
0

Njw

t
§0t1/2+0/ min((t —s)~ ,(t—s)’%)sféds,
0

where we used Lemmas 2 and 3 to estimate the propagator exp(—i(t — s)Hy). The last
integral is bounded by

t—1 t
/ (t—s)_gs_éds%—/ (t—s)_%s_%ds <
0 t—1

1/t 1
t_l/ O'_%(l - 0)_%da + (t — 1)_% / o V2o = Ot Y?),
0 0

and this gives (3.6) completing the proof of (3.2).
To prove (3.2) we simply combine (2.2) with the far field asymptotics (2.5). O
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4. A RELEVANT ESTIMATE?

Here we establish some simple estimates needed for the non-linear propagation result.
Lemma 5. Suppose that iv,(z,t) + v (2, t) = u(x,t), v(x,0) = 0. Then, for any s € R,
||U(.’t)| Hs(R) + ||u(o,0)|

srew) < [lu(e, )] H*(R)

t
LoV ( [ e, + Hﬁtu<-,t/)llis(R))dt/)

1
2

Proof. This follows immediately from Duhamel’s formula applied on the Fourier transform
side:

t
D(Et) =1 / e~ (¢ ¢V dt!
0
which implies that

(o, t) -2y < OV (/Ot (o, )] zS(R)dt'y |
But we also have
o) = [ o () ot
" At
— (€, 1) + (€, 0)e 7 — / e, 00, 1)t
which completes the proof. O 0

For instance when u(z,t) = 0(t)0(z), 6,0’ € L®(R), then u(e,t) € H 2 (R) and
consequently

(4.1) oo, Dly5-egg, < el
We will now consider that case but with a potential:
Lemma 6. Suppose that V' € Lg5, (R) has no zero resonance, and that
iuy = —Uge + V(x)u+60(t)dp(x), u(x,0)=0,
where 0,0 € L>(R). Then for any € > 0,
oo, )l 5 ) < Cl).
Proof. We write
(4.2)

¢ t o
u(z,t) :/ e Ho (9 (11 8o (2))dt! +/ / ettt oy o=t Hy (91165 () dt" dt’ .
0 0 Jo
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By (4.1) the first term satisfies the conclusion of the lemma. We write the second term as

t t
/awwwmwav@w@/é%W“memWW
0 0

If we show that
(4.3) H@fv(o, t)HL?(]R) <C, k=0,1,

then Lemma 5 will conclude the proof by showing that the second term in (4.2) is bounded
in H? with norm O({t)).

Lemmas 2 and 3 and the regularity of the kernel (see [2]), show that
IVe = (0(8)30(x)) 12 < Clle™ (9(t)3o )|z < C'min(s™3,57%)
and this gives (4.3). O

3
2
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