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ABSTRACT. A classical Davies generator provides a Lindbladian for which the Gibbs
state is stationary. Its construction involves precise knowledge of the Bohr spectrum
or equivalently state evolution for all times. Recently Chen, Kastoryano and Gilyen
[CKG23] proposed a construction involving localisation in time and carried out in
the case of finite dimensional Hilbert spaces. The resulting generators are called
quantum Gibbs samplers as the corresponding Lindblad is expected to settle to the
Gibbs state. In this paper, we show that the construction also works for classes
of unbounded operators, including pseudodifferential operators used in the study of
classical/quantum correspondence in Lindblad evolution. We also show that the jump
operators in that construction are pseudodifferential and in particular, pseudo-local.
That involves a novel version of Egorov’s theorem.

1. INTRODUCTION

For a quantum system at a non-zero temperature 1/ the role of a ground state
of a self-adjoint Hamiltonian, P, is taken by the Gibbs state pg := e =¥ /tre P, A
quantum expectation value of an observable A (an operator on a Hilbert space) at
temperature 1/ is then defined as (A)s := trdps and its efficient evaluation is of
interest in different situations (see the references below). One possible approach for
this evaluation is designing an interaction with an open system. That can be modelled
by a Lindblad evolution generated by a super-operator £ — see (1.7) below for an
example and [GaZw25] for an introduction from a PDE perspective — for which the
Gibbs state is an equilibrium state. In that case,

(A)g = lim trAe B, trB=1.
t——4o00
A necessary condition for this to hold is
,Cpﬁ =0. (1.1)

If we have (1.1), one can expect that the dissipative term in £ produces convergence
to the Gibbs state. Here we only address finding £ so that (1.1) holds. Our setting is
that of differential and pseudo-differential operators as Hamiltonians.

In various works the importance of locality of the coherent part of the Lindbladian

see (1.8)) and of the jump operators (see D, in (1.7)) is stressed. From the PDE point
(see ( jump op f p
1
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of view strict locality of linear operators acting on smooth functions on R™ (supp Pu C
supp u) holds only for differential operators. Their generalisation, pseudodifferential
operators (see (1.19)), are pseudolocal in the sense that if

Au(z) = [ Ka(z,y)u(y)dy,

R

(an informal expression which should be understood in the sense of distributions — see
[H603, §5.2]) then K4 € C*(R" x R"\ A), A:={(z,z) : € R"}, and

YN3ICy [Kaz,y)| < Oxlz—y[™, |z —yl>1. (1.2)

This is one possible relevance of our showing pseudodifferential nature of jump oper-
ators. The proof of that involves a novel version of Egorov’s theorem on the classi-
cal/quantum correspondence — see Theorem 5 for the statement and [GaZw25] for an
introduction to the classical/quantum correspondence in the context of Lindbladians.

1.1. Localised generators. A now classical construction of £ satisfying (1.1) was
given by Davies [Da74],[Da76] and we review it in the case of matrices in §2.1 following
[BrPe02, §3.3]. It is constructed using an essentially arbitrary family of operators, A,
but it involves their evolution under e~ for all times — see §2.2.

Here we are motivated by a recent paper by Chen—Kastoryano—Gilyén [CKG23]
where a construction involving localisation in time was proposed and carried out in the
case of finite dimensional Hilbert spaces. (See also Ramkumar—Soleimanifar [RaSo24]
and Ding-Li-Lin [DLL25] for further developments and references). We show that
under certain conditions (natural in the case of differential and pseudo-differential
operators) the construction works in the case of unbounded operators. A different
approach to the infinite dimensional case has also been recently proposed by Becker—
Rouzé-Salzmann [BRS26]. We refer to that paper and to [CKG23] for references
and background in the context of quantum information. The motivating unbounded
example is given by,

P=—-A+V(x), VeC®R"R),

) (1.3)
OV(z) =0(1), laf=2, V(z)=|[z[?/C=C,
and (in the construction of the Lindbladian below)
A= <a1,8w) + <(12,(L’>, Qa; e C". (14)

To describe the construction in [CKG23, Theorem I.1], we recall the operator Fourier
transform: for a self-adjoint operator P and for A (in a class described below) we define

~

Apfw) = \/LQ_W /R Pt AeiPle=t £ (1)t (15)
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where, following [CKG23], we will (mostly) take
1 1 I
J@) = fo(t) = omie ™20 fo(r) = fiya(r). follie =1, (1.6)

where g(7) := (1/v/2m) [ g(t)e"""dt. For a self-adjoint Hamiltonian P and a set of
operators (with properties specified below), A, we define the following Lindbladian

LT :=—i[p7'P+ B,T| + D(T)

DAT) = [ 1) X (AT Arw) = 1 {Ase) ds(e). T}) o

AeA

(1.7)

The additional coherent term in Lindblad evolution is defined as

B = Z bl (t)e—iPt (/ eiPsA*e—ZiPsAeistz(s)ds) eiPtdt, (18)
R

AcA /R

where by, by satisfy
bl, b2 € LI(R, R) (19)

As we indicate in the case of matrices (see 2.2), the Davies generator is the delocal-
isation limit, ¢ — 0 (the Gaussian becomes flat) and hence we refer to the [CKG23]
generators as localised Davies generators. They are more commonly known as quantum
Gibbs samplers but that implicitly assumes convergence to the Gibbs state in Lindblad
evolution which is a question not addressed here.

1.2. Statements of the results. We now specify our assumptions on P and on A.
We first consider an abstract setting and then show how additional structure gives
results for pseudodifferential operators.

For H, a separable Hilbert space,
P :H — H is an unbounded, self-adjoint operator with P > 1. (1.10)

(Since adding a constant to P does not change any of the objects above, for our
purposes, this is equivalent to P being bounded from below, a natural condition for
considering e~*.) We can define (using the notation X’ for the dual of X, with duality
defined via the inner product on H)

9° :=D(P%), 2°=P"H, s>0, 2°=(2°), s<0. (1.11)

We now assume that there exists k& € R such that A : 2* — H and A* : 2F — H.
Here at first A* : H — 27 and we require this additional mapping property. More
precisely, we assume that

D ANk Ly + A5 < 00 (1.12)
AcA
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It is then immediate that for v € LY(R; [0, 00)), f,b; € L*(R), L defined in (1.7) has
the following mapping property:

Li:L(DF D% — L(DF,97F). (1.13)

When we specialise to Gaussian f’s and assume in addition that A is closed un-
der taking the adjoints we need a balance condition on v’s guaranteeing that we can
find B of the form (2.11) such that exp(—P) is stationary for (1.7). The standard
Kubo—Martin—Schwinger detailed balanced condition (see Benoist at al [B*25] for a re-
cent abstract investigation of balanced conditions) on 7, needed in the Davies generator
(2.5), is the limiting case as ¢ — 0, that is, when the Gaussian in the sampling (1.5)
becomes flat (see §2.2). The balance condition (1.14) appeared already in [RaS024,
Lemma 7.1] and the expressions for b;’s in B are essentially the same as in [CKG23].

Theorem 1. Assume (1.10), (1.12), f = f, in (1.6), A is closed under taking adjoints,
and

Y(w) = e /2 (w + %102) , p(—w) = p(w) € e"“WLl(R). (1.14)
If B is defined by (1.8) with

~ 1 .
bi(7) = 40ﬁz’6_T2/402 tanh(i) , bo(r) = e~ T/2 /R,ﬂw) o~ (wtT/2)%/0? dw, (1.15)

(see (2.16) for b;(t)’s) then, in the notation of (1.7), Li(e™F) = 0.

An important issue now is to see if £; generates a contraction on the trace class.
For that we make the following assumption: there is 6 > 0 such that

S (AP + NP ATP = g 4+ P[P AP B ) < o0, (L16)
AcA
where the operators are initially defined as operators 2% — 22, for sufficiently large
N. When the operators in A are bounded, it is enough to assume

> IA|P < oo (1.17)
AcA
The key now is that (1.16) implies that £ in (1.7) satisfies the Davies condition
[Da77]:
Y =i(B'P+B) - 3> [ v(w)As(w) Ay(w)dw (1.18)
AcA’R
is the infinitesimal generator of a strongly continuous one parameter contraction semi-
group on H. This may be of independent interest and it gives

Theorem 2. Suppose that A satisfies (1.16), P satisfies (1.10) and v € L'(R; [0, 0)).
Then for f € L', L is a well defined Lindbladian, in the sense that e'*! is a contraction
on the space of trace class operators Lq(H).
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1.3. Differential and pseudodifferential operators. When we assume more struc-
ture, an analogue of Theorem 2 is valid for pseudodifferential operators, even though
(1.16) may be violated. The operators we consider are in the class used in recent works
on classical/quantum correspondence in Lindblad evolution by Herndndez—Ranard-
Riedel [HRR25] and the authors [GaZw25] (see also Li [Li25] and Smith [Sm26] for
more recent progress on the PDE study of Lindblad evolution). For harmonic oscilla-
tors (which are a very special case of our operators) questions related to Lindbladians
with stationary Gibbs states were addressed by Cipriani-Fagnola-Lindsay [CEFMO0]
and, for localised generators, by Smid et al [S*25], where very precise results about
return to equilibrium were provided.

To state the result we recall the Weyl quantization. Let a € C*(R?*") (a classical
observable, that is, a function on phase space) satisfy [0%a| < (1 + |z| + |£])* for some
M and all a. For u € . (R"™) (the class of functions with rapidly decaying derivatives
[Zw12, §3.1]) the action of the Weyl quantisation of a on w is given by

a“(z,D)u = #/R%a(

We use the notation
p= (0,6 €R™, (o) = (1+[af* + [¢)7.
Theorem 3. Suppose that p € C°(R*") satisfies
0°p(p)] < Car ||l =2, p(p) > (p)?/Co— Co, (1.20)
P =p"“(z,D) and A= {a"(x,D) : a € Aq C C®(R*")} where,

>N P <0 Aa=Aa, (1.21)

acAq 1<]a|<No

(z+1),&) u(y)e™ 8 dyde. (1.19)

N =

where Ny is a (large) constant depending on the dimension. Then the assumptions of
Theorem 1 are satisfied and the conclusions of Theorem 2 hold.

In the case of P and A’s of Theorem 3, we have the following result about pseudo-
differential structure of the jump operators As(w) in (1.7). In view of (1.2) this shows
that they are pseudolocal.

Theorem 4. Suppose that P = p%¥(z, D), A= a"(x, D) where
()] < Cay o] 22, [0Pa(p)| < Cay la] 21, peR" xR,

and p is real valued. Then, for f satisfying |f(t)] < Cye ™™, for all N, and in the
notation of (1.5),
Ap(w) = ag(w)™(z, D),

where [0%as(w, p)| < Ca, |a| > 1, uniformly in w.
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Even with the choices of f as in Theorem 2, we cannot exclude the possibility that
B is not pseudodifferential if only (1.20) is assumed. That is due to the fact that by (t)
is not super-exponentially decaying in that case. It is possible that under stronger
assumptions, for instance (1.3), the exponential decay of b;(¢) is sufficient to guarantee
pseudodifferential structure of B.

We conclude this introduction with some examples.

1.3.1. Ezamples for Theorem 1. The assumptions in Theorem 1 are very weak and
apply to large classes of examples. Here is one formulated using order functions [Zw12,
§4.4,88.2] used for definitions and composition rules for pseudodifferential operators.
We say that m : R*™ — [0,00) is an order function if there exist C, N such that for
X, Y e R m(X) < (1+|X —=Y])¥m(Y). Then a classical observable a € C*(R*")
(a function on the phase space) is a symbol associated to m, a € S(m), if [0%a| < C,m
for all « € N” (here 0% = 99} --- 09", |a| = a1 + - - . For u € #(R") (the class of
functions with rapidly decaying derivatives [Zw12, §3.1]) a quantisation of a € S(m),
is given by (1.19).
Suppose now that m > 1 ,
P=p"(z,D), peSim), p>m/C—C, (1.22)

We assume that P is self-adjoint with the domain given by the generalised Sobolev
space H(m) (see [Zw12, 8.2]; we consider the case of h = 1). We also assume that P > 1
which implies that P~! € S(m™!) (see the Appendix). We then have 2° = H(m?®).
The condition (1.12) holds provided that

A={a"(z,D):a€ Aq}, Z Z sup |[m*0%al* < 0o, Aq = Aa, (1.23)
a€Aq la]<No K" '
where N is some (large) fixed constant depending only on 7.

We now list some concrete examples which fit into this framework: the condition

P > 1 can be obtained by a adding a constant to P. One was already given in Theorem

Q
J.

Example 1. Consider A, C C°°(R"; C"*1), and
P=-A+ V(l‘), |8QV([L’)| < Cou

A ={{a1(x),0,) + as(x) : (a1,az2) € Ag}, Z Z sﬂg}) 0%a|? < oo,

a€Ap |a|<No

and that, (to have the set closed under complex conjugation),
(al, CLQ) € .A() - (—C_Ll, —div a, + az) € Ao.

In this case, m = (1 + [£])? and H(m®*) = H*(R") (the usual Sobolev space) and
(1.23) holds with & = 1. Note that in this case e* is not of trace class.
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Example 2. Suppose (M, g) is a compact Riemannian manifold and P = —A,+V (z),
V € C*(M,R), and A a family of vector fields with coefficients bounded in C™o(M).
This could be generalised of P being any self-adjoint elliptic operator with a non-
negative principal symbol of order m and A a family of psedodifferential operators of
order k/2 with boundedness condition similar to (1.23) —see [Zw12, §14.2] for operators
on manifolds.

1.3.2. Ezamples for Theorem 2. The assumption (1.16) is not valid for operators in
Theorem 3. We can however consider some cases in which it is valid and to which
Theorem 3 does not apply.

The first example generalises (1.3) slightly:
Example 3. Consider P = —A + V(z) satisfying

C(1+|z|) la| =1

vl <{ SN 0Ss vz ke -c

(for instance V (z) = 22 + (1 4 22)20-2) cos z, z € R) with
A= {{a1,0,) + (az, ) : (a1,a2) € Ay C C*"}, Z la]* < co.

ac€Ap

Example 4. Consider the torus T" := R"/Z" and an elliptic self-adjoint (on L*(R"™, dz))
second order operator

= Y Oupij()0s, + V(x), py € C®(T"), V€ C™(T),

1<4,5<n

pij() = py(w) me 2)&i&; > [€17/C, € e R™

Then the following family works:
A={{a,0;) +b(x):a€ Ay CC", be BC C(T")},

Z la]* + Z Z sup |0%b| < 0.

ac€Ay B |a]<Np

We should note that the operators u +— bu do not satisfy (1.16) but they are bounded
operators and hence can be handled directly.
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2. THE MATRIX CASE REVISITED

We start by presenting a different perspective on the case of
P=P eL(H), ACL(H), dimH < oc. (2.1)

The functional equation which determines the properties of v and the functions b;
n (1.8) will be the same in the infinite dimensional case but it can be presented
in a straightforward way. We start with the description of the Davies generator
[Da74],[Da76] as presented in [BrPe02]. We then show how the Davies generator arises
as the limit of the localised generator. This is followed by analysis of the localised
version from [CKG23].

2.1. The Davies generator. Following [BrPec02, §3.3] (see also [Tel3, equation (4)]),
we introduce the Davies generator. This generator provides a Lindbladian for which
the Gibbs state, p = e~F /tre™ " is stationary. It is constructed as follows. Define

Z Ip, (P)Alg, (P), [P,A)=vA,, ¢ A =¢"A,. (2.2)
—F1=v
The index v varies along the Bohr spectrum of P:
B(P) :={Ey — E, : Ej € Spec(P)}.

A version of the Davies generator is now defined for a family A C L(H) as

=Y Y () (ATA; - J(A;AT +TAA)) . (2.3)

A€ AveB(P)
We now have

Proposition 1. Suppose that D is given by (2.3), A is closed under taking adjoints,
and

> JA|P < oo (2.4)

AcA
If v satisfies the following balance condition

Y(—w) = (W) <= W) = e W), Pw) = p(—w), (2:5)
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then
D(e ") =0.
In particular e=* is stationary for the Lindbladian LT := —i[f~P,T] + D(T).

Proof. From (2.2) we obtain
Aje PAY =" A, Afe ™ e PANA, = A%A e 7,
which means that we need to check that
) (v(w)eA A — y(v)AsA,) = 0.
AcAveB(P)

We now observe that A_, = (A*)% so that the balance condition (2.5) shows that the
sum is equal to

DY A (AnAT, —AA) =D D A AY), — A*A,).
AcAveB(P) AcAveB(P)

Since A is assumed to be invariant under taking adjoints the sum vanishes. 0

2.2. Davies generator as a limit of localised generators. The following propo-
sition relates the Davies generator from §2.1 to the Lindbladian described in §1 under
the assumption that dimH < oo is fixed. Since we present this only to relate the
two generators we do not consider uniformity in the dimension. We make a somewhat
strong assumption on 7 — it is satisfied by Gaussians considered in [CKG23].

Proposition 2. Suppose that (2.4) holds and that
Y(w) € C*(R), e™y(w) € L'(R). (2.6)

For Ly and D defined in (1.7) (with f, and b;’s in (1.6) and (1.15)) and (2.3) respec-
tively,

lim (17, (T) = D(T) |00 =0, T€L(H), 1<p<oo, (2.7)

where L,(H) denotes the p—Schatten class (see [Ka80, Chapter 10, §1.3]).
Proof. In the case of matrices (since B(P) is finite), definitions (1.5) and (2.2) give

A, (w ZA folw =),

and hence

Dy (T)=D(T) = > > (ATA, — {A; A, T}) (Go(v, V) = 4(1)60).

AcA v/
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The formula (1.6) gives

Galtst/) = [ 1) ool =) ol =)
R
/102 VT / F(w)e e bw)?
g Jr

= dw — Y(V)0y,.
Since ||A, T AL ||z, < [JA|I?||T|z,, with similar estimates for other terms, the finiteness
of the sum over v and v’ shows that for T' € L, Dy, (T') — D(T') in L, as 0 — 0.

It remains to show that i[B,T] — 0 as ¢ — 0 and we do it by showing that || B|| — 0.
For that we go to the inverse Fourier transforms of the b;’s appearing in (1.8) and given
n (2.16). We write b; as follows

N[

bi(t) =

7

|

/oo 6—02(t+s)2 _ 6—02(15—3)2
- ds.
0 sinh(27s)

Since (t + s)? > (t — s)? for t > 0 with the opposite inequality for ¢ < 0,

N —02(t )2 _ e~ o2 (t+s)? 1
2 dsdt = = ——dud
™ / / sinh(27s) s an / / sinh(27s) uas

ds =

m\»—A

1ballzr =

4>I>—'

[SIE
=

<

N

™ 2.

|-

For by we use the assumption (2.6) noting that 4(¢—¢) in (2.16) is the Fourier transform
of e=“y(w). Hence, ||bo]|1 < vAoei” |3(e—i)|y = O(c), o — 0. This and (2.4) show
that ||B|| — 0 as 0 — 0, completing the proof. O

2.3. A localised version. We now consider (1.5) in the case of matrices. For that
we define

A(w) — 27_(_/ thAefth 7ztwdt

=21 Y Adv-w), AecS(RiLH)),

vEB(P)

where H is the finite dimensional Hilbert space on which the operators act.
The operator in (1.5) becomes (specifying the dependence on f in the notation)
A 1

Afw) = = flw), flw) = —= / F(t)e it

In view of (2.2),

e TAWw) =e“Aw)e™, Aw)* = A*(-w). (2.8)
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We now write Dy(e ") = - >_; 1j, where, assume that f is real valued, and that A is
invariant under taking adjoints,

11:=Z/

Aca /R

_ /R S A E (e ( /R Yw)e” flw — 1) flw — T')dw) drdr’

- /]R 2 > Ay A(r)e " ( /]R Y(w)e™ flw+7)f(w+ T')dw> drdr’,

3 Y(w)A(r)e PA (=) f(w — 7) f(w — 7')drdr dw

~

I = — Z 3 /R3 fy(w);l\*(—r)A(T’)e’Pf(w — ) fw — 7")dwdrdr’

AcA
= A(r)*A(r)e P [ -1 flw—7)flw—7 Tdr’
=3 [ A (<4 [ At it~ o ) ari
and
I3 = — Z %/ y(w)e_le\*(T)A(—T’)f(w + 1) f(w + 7 dwdrdr’
AeA R?
= A (DA(=e P [ =1 We” T flw 4+ 1) flw + dw | drdr’
S [LFOAT (4 [ A s s )
= ATV A()e P [ =1 W)eT ™ flw—7) flw — 7)dw | drdr.
S [ A e (<4 [ e o - )
If we define
Flr)i= [ 2(e) (7 fo+ )+ 7) = 20+ )0 =) fo = 7)) de
(2.9)
the formulas for /;’s show that
- 1 AW\ * A0\ — /
Dy(e ) = 5;4[&21?(7,7)14(7) A(r"e Pdrdr'. (2.10)

We now want to find a self-adjoint operator on H, B, such that, for w and b with
suitable properties,

Ds(e™P) = i[B, e, B:%Z / b(r, 7VA(T) A(r")drdr'. (2.11)
AcA R?

Since

* 1 Tl N\ A(\* A /
B* = ﬁlgél/n@? b(r, ") A(T)*A(T)drdr,
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we have B = B* (for any choice of A) if
b(r,7") = b(r', 7). (2.12)

We now compute the commutator using (2.8) and
e PA(T) = e PA* (—1) = " A*(—=1)e ¥ = " A(r)*e T,
to obtain

B,e =5 Z/ 7,7 121 A(T’)e*P—e*PA(T)*A(T/))deT'
n R2

AcA

= — Z / b(r, 7)1 — e YA(T) A(r)e Pdrdr.
7TAeA R

In the notation of (2.10) and (2.11) this leads to the following functional equation:
F(r, ') =i(1l— e )b(r, 7). (2.13)

It turns out that for f given by the Gaussian centred at 0, a condition on the function
~ is sufficient for obtaining a solution — see §2.4.

Before solving the functional equation, we relate the form of B in (2.11) with that
from [CKG23] presented in (1.8).

Lemma 3. The operator B in (2.11) is given by the formula (1.8) if
b(r,7') = 27h, (7' — 7)62(7 + 7). (2.14)

Proof. Make the following change of variables in (2.11), w = s —t, v = —s — t, so that
the integral becomes

%/RQ bi(—3(v 4 w))be(2(w —v))e™ P A*e ™ e Ae "  dvdw.
To apply Plancherel’s theorem we calculate
1 / by(—L (0 + w)ba(L(w — 0))e T duodw = | by (£)ba(s)e DT gy

:i)( T—T)bg(T—T)
n (L.

\

Hence Plancherel’s theorem shows that B given in (1.8) can be written as

B= Z / —7 — \bo(1 — ) A% (—7) A(—7")drdr

= Z/ by (7' — 7)bo(7 + 7)A(T)* A(7)drdr,

A€eA
which gives (2.14). O
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2.4. Solving functional equation (2.13) in the Gaussian case. A necessary and
sufficient condition for the existence of a function b(7,7’) such that (2.13) holds is
F(r,7) =0 for all 7 € R. Equivalently,

0= /Rfy(w) (e’Tf(w +7)? — f(w — 7')2> dw
= /]Rf(n)2 (6*77(77 —7) =+ T)) dn (2.15)
= 0‘1\/%/R<e”vw —7) =+ T))e‘"Q/"Z dn,

where in the last equality we used f = f, from (1.6), so that f,(n)% = o~ t\/me /7"
If we define G, () := o~/ e */7" then condition (2.15) may be written as

(v * Go)(1) = 77 (7 * Go)(=T) = (e*[y * Gol(e))(—T).

Passing to the Fourier transform side, and assuming the required analyticity of 4,
we obtain

A(B)Go(t) = 4(—t +0)Go(—t + ).
Since
Cols) = 271214
this is equivalent to
q(t) = et Pe g (=t 4 4),
Equivalently, if we define
B(t) = et + i)
then
p(t) = ¢(—1).
Taking inverse Fourier transforms, we obtain the following description of all v for which

(2.15) holds:

w/2

Yw)=e w30, pw) = p(-w).

To obtain the expressions for b; and by in (2.14), it is convenient to introduce & :=
T—7,(:=7+7, and

A(C) ::/7(@)6_“’2/”2e_c“’/"2 dw.
R
A direct computation then gives
F(r,7") = o7 \Wm e CHET (o702 4(¢) — 11+ ) A(=C)) .
Under the divisibility condition F'(7,7) = 0, equivalently
A(=¢) = e 2A(Q),
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this becomes
F(r,7") = o7 'Wmi(l =€) Bi(€) B2(C),

where

Bi(€) = 1 -e2/102 tanh(%) . Ba(O) =2 / (W) e~ @I g,

29 R
In particular, we may write

b(r,7') = 21 bi(€)ba(Q),

bi(€) = 40% i

This gives Theorem 1 in the case of matrices. Here are the expressions b;’s after taking

¢ ¢/ tanh(%) : by(C) = e=/? / Y(w) e @D gy,
R

the inverse Fourier transform (less clean in the case of b;):
bi(t) = —ia 2 (e s sinh(2me) V) (1), by(t) = 2y/m o e i7" 5(2r — i), (2.16)

where sinh(27z) ™! is considered the distribution defined by taking the principal value
at 0: sinh(2me) ! (¢) = lim. o [5, ., sinh(2mt)"'p(t)dt, p € S (R).

3. UNBOUNDED OPERATORS

The assumptions for Theorem 1 are very general as illustrated in §1.3.1. The proof
is also straightforward since we assume that the operators A act on spaces defined
using P — see (1.11) and (1.12). We also note that for those spaces e ¥ : 27V — N
for any N.

Proof of Theorem 1. The strategy is to mimic the proof in §2.3 considering A(t) :=
e Ae™" as an operator-valued tempered distribution. Then A(w) can be considered
as the Fourier transform of A(¢) in the distributional sense (see [Zw12, §3.2] for a brief
introduction), and for f € .Z(R) Af(w) = A * f(w).
More precisely, using (1.12)
Alt) € L*(Ri; L(H, 771) € 7' (R L(H, 277)),

A

and, in the sense of the distributions A(g) := A(§), A(w) € . (Ry; L(H, 27F)). Here
A(g) and A(g) denotes distributional pairing, informally written as

A@) = [ AW = [ Awi)as = ). a0 = o= [ atw)edo @1

We also have the corresponding statements for A*.

The key fact now is the distributional analogue of (2.8):
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Lemma 4. Suppose that g € . (R), g is holomorphic in R+ i(—1 —¢,¢), ¢ > 0 and
9t — i) <O, e 0.1] (32)

Then A A
e "A(g) = A(e*g(e))e " € L(H) (3.3)

Proof. We proceed using the definition (3.1) and contour deformation, justified by the
holomorphy of § and the fact that e*” : 2° — 2° for Im{ > 0 (recall that P > 1):

~

e PA(g) =e" / e AP g(t)dt = / e Ae™ 0P g5 — i) dz,
I'r
and the contour is given by I'r = '}, + s + v + 75 + Ir, where Ig = [—R, R] with

the positive orientation, and I'y = +[R,00) + 4, 75 = R + i[0, 1], with matching
orientations. Condition (3.2) then shows that

+
R

[T A I g iy, [ Az itz 0, R0
rt ¥
implying that
G_PA(L(]) _ / eitPAe—itPg(t . i)dte_P.
R

Since g(e —i) = e~*g(e), this gives (3.3). O

With the lemma in place, the distributional point of view allows us to carry the
calculations in §2.3 in the case of f given by the Gaussians (1.6). OJ

To prove Theorem 2 via Proposition 5 below we start with some preliminaries about
mapping properties of A and A*. The assumption (1.16) shows that the following
operators are continuous:

A: 97 5 H, A H— Do (3.4)
We also not that the assumption that [P, A]P~2 : H — H gives
1A, 3y = 1A%,

= |P2A P Mpon < P2 A o + |1P3 [P, A |1
D _1 %1 y—
— | P 2 A" lgsm + | P2 [P, AP Y
1 1
< AP 2 ||y + [|[P AP 2 || g

(3.5)

since ||P7!|lg# < 1. Complex interpolation then implies that

1/2 1/2 _1 _1
AN, -3 < AN e oo N Al < CIHAPT2 | + I[P, AJP2 3.

We also have

_3 _1 _1
JAlLs_ 0 = IPAP 3 [l < AP 3l + [P AP Bl (36)
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and hence, using interpolation again A : 2 — H. Consequently, we also have the
following uniform continuity statement:

eitPA*ei(sft)PAefisP CH 971’ eitPA*ei(sft)PAefisP : @1 S H. (37)
To prove Theorem 2 we recall (1.18):
Yo=i(g P+B) -1y /y(w)Af(w)*Af@)dw (3.8)
AeA
where B is defined in (1.8). In view of the results of [Da77], Theorem 2 follows from

Proposition 5. Suppose that v, f,b; € L*(R), j = 1,2, v > 0, and that for some
0 >0,

> (AP 50 + 1P AP 2 |3 + I[P, [P AP ) < o0, (3.9)
AecA

Then'Y in (3.8) is the generator of a contraction semigroup on H.

Proof of Proposition 5. As in the proof of Lemma 3, we can write B and the last term
on the right hand side of (3.8) as

R := / eitPA*ei(s_t)PAe_ispF(t, s)dtds, (3.10)
]RQ

with
F(t,s) = %bl(—%(t + 8))b2(%(t —5)) € L'(R?),
and

Fit,s) = / (@) F (1) f(s)dw € LT (R2),

respectively (we assumed 7, f,b; € L'). From (3.7) we see that R : H — 27! is
continuous and hence so is Y.

To apply the Hille-Yosida theorem (see [Ka80, Chapter 9, §1.2]), we need to show
that Y with the domain

DY) ={ueH:YueH}

(in view of the the discussion above, we interpret Yu € 271 D H) is closed and prove
the estimate

Y =N Hese <AL A>0. (3.11)

To show that Y is closed we first consider Yy = Y| and show that Yo =Y. For

o—1
that, suppose u, € 2" with u, L u, Youy, * w. Since this implies that Yyu, 7, w,
and Y is continuous from H — 27!, we have w = Yu (where the right hand side is
understood to be in 27!, In particular, Y, C Y.
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To show equality, let v € D(Y'). We will show that
VueDY)Iu. € 2" u. —Su, You. -5 Yu, e—0. (3.12)
In other words, Y C Y, and hence Y =Y, is closed.
To prove this we need the following Lemma:
Lemma 6. Suppose that R : . — .7 satisfies
| P72 RIP % |l + [PHIP [P RIPT g < 00, (3.13)

for some 6 > 0. Then, for all xo,x1 € CZ(R) with x1|(-1,1) = 1 and supp(l — xo) N
supp x1 = 0, there is C' > 0 such that for 0 < e < 1 there A, and B. such that

[xo(eP), R] = A.(1 — x1(¢P)) + ¥ B., | Bellposm + | Al < C. (3.14)

Proof. We use the Helffer-Sjostrand formula (see [DiSj99, Theorem 8.1]):
x;(eP) =771 / 0.X;(2)(eP — 2)"tdm(2), (3.15)
c

where dm(z) is the Lebesgue measure on C ~ R? and x; € C>°(C) satisfies x|z = Xj,
0:Xn(2) = (| Im 2|>°). (That means that x; is an almost analytic extension of x;.) We
can assume that Yo = 1 on the support of x;. (See the construction in the beginning

of [DiSj99, Chapter 8].) We then have the decomposition in (3.14) with
A= [aleP) B = 7' [ 0%0()(P — 2) (R PP - 2) (),
o

B. =& *[xo(¢P), R]x1(eP).

To estimate ||A.|| we use the spectral theorem to see that for z ¢ R,
7190 |Z|1—6

eP —z)7tp? < s :
I( z) 3w < xe[lllgo) ez — 2| = 179 Im 2|

(3.16)

This with § = § and the first bound in (3.13) show that || A. |3 is uniformly bounded.
To estimate the norm of B, let x,, € C°(R) satisfy

supp(l — Xym) Nsupp x1 = 0,  supp xm Nsupp(l — xo) = 0.
Then,
B. = e ®[xo(eP), Rlx1(eP) = ==~ (1 = x0(¢P)) RXm (e P)x1(¢P)
=~ (1 = xo(eP))[[R, Xm(P)], xa(eP)].
Hence, using the Helffer Sjostrand formula,
B = w2 (1 = xo(eP) [ D)0 () Qe w)dm(z)dm(u),

Q:(z,w) := (eP —w) Y (eP — 2) Y[R, P], P)(eP — 2) ' (eP — w) .
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Using (3.16) with § = 0 to estimate (eP —w)™' : H — H, (3.16) as stated to estimate
P179(eP—2)71 : H — H, and the second hypothesis in (3.13), we see that || B.||»_n <
C. O

To apply the lemma we need the following:

Lemma 7. Suppose that (3.9) holds. Then for all F € L'(R?), (3.13) holds for
operators, R, of the form

R:Z/

et A el =OP Ae=P B (1 5)dtds
Aca /R

Proof. Since P'=°P~1+" . 34 — H is bounded when § < §, we may assume without
loss of generality that § > %

To prove the lemma, we compute
[P, R] = / " ([P, AP A 4 A% OP P, Al)e "PF(t,s)dtds.
RQ

Hence, the bounds
>R AP2P + | AP72]* < oo
AcA
together with the fact that P is self-adjoint imply the first estimate in (3.13).
Next,

[P, [P, R]] = /11@2 e"PQ(t, s)e P F(t, s)dtds

Q(t,s) := [P, [P, A*|]e’* ™D A 4 2[P, A*]e!DP [P, Al + A*e!=DP[P [P, A]].
Hence, the bounds

S TP, APE? + [APTE |2 + ||[P, [P, A PTH? < oo
AcA

imply the second estimate in (3.13). O

By Lemma 7, (3.13) holds for Y. Using the notation of Lemma 6, we put u. =
Xo(eP)u. Then, using (3.14) and the assumptions in (3.12),

Yu.=Yu+ (1 —xo(eP))Yu+ A (1l — x1(eP))Yu + e2®B.Yu

= Yu+o(1)y + O(*) 50, e=o0.

(For any v € H, (1 — x;(eP))v H0ase— 0.) This proves (3.12) and completes the
argument for the closedness of Y.
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We now need to prove (3.11). Observe that for u € 2', the estimate (3.5) shows
that A(w) € 22 C H and hence,

Re((Y = MNu, u) = =Aflullz; — 3 /V(w)HAf(W)UH%dw < = lull3

2
For uw € D(Y') and with u. as in (3.12). Then,
Re((Y — Au,u) = lim Re((Y — Mz, ue) < ~Aljus [, — ~Alul
Hence (using the same argument for Y* with its maximal domain), we have
Mullge <N = Nullg,u € DY), Mullge < [[(Y" = Mulls, uw € DY), (3.17)

Since (3.17) implies Y — A is injective, and provides the estimate (3.11) if the inverse
exists, it remains only to show that Y is surjective. For this, suppose that v € H such
that

(Y = Nu,v) =0,  YueP'CcDY).
Then, in 27!, (Y* — X\)v = 0, and hence v € D(Y*) and (3.17) implies that v = 0.

We conclude that the inverse exists and (3.17) shows that (3.11) holds, completing
the proof of the proposition. OJ

4. PROOF OF THEOREM 3

In this section we show how the proof of Proposition 5 can be modified to apply to
pseudodifferential operators quantising observables satisfying (1.20) and (1.21). That
will prove Theorem 3.

We define m = (1 + |z|® + |¢[2) (a slightly different convention than in §1.3.1 and

the Appendix) and recall the following definitions:
U(m") ={a"(z,D) :a € S(m")}, Yy ={a"(z,D):a€ Sp} k=12,
where
a€ S(m") < 0% =0(m"), |a| >0,
a€ Sk = 0%=0(1), |a| >k k=0,1,2.

We note that Sy C S(mF). Also all results are valid with only a finite (but large
depending on the dimension) number of derivatives needed.

We want to investigate the structure of x(eP) for x € C°(R), and
P:p(l',D), pGS(Q)a PZCWQ- (41)

One can show that P with the domain H(m?) (see [Zw12, §8.3] for definitions; in
this case it is particularly simple) is self-adjoint (see [GaZw25, Proposition A.2]). We
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assume in addition that P > 1 which can always be achieved by adding a constant to
P. We have mapping properties

P H(m") — Hm"™), A:H(m") = Hm"™"), Ac¥(m*), rsecR. (4.2)

The assumptions (4.1) and the fact that P is invertible implies that P~ € W(m~2)
(see the Appendix).

To follow the same strategy as in §3 it suffices the prove the following analogue of
Lemmas 6 and 7:

Proposition 8. Suppose that Ri, Ry € V), t € R. Then, for
X Xo € CZ°(R),  supp xo Nsupp(l — x) =0,
[X(eP), Rie"™ Ry] = A.(1 — xo(eP)) +eB., ||B.||r2r2 + || Ac| 202 < O, (4.3)
where C' is independent of €.
The proof is based on the following

Lemma 9. Suppose that x € C°(R) and P satisfies the assumptions above. Then
x(ep"(z, D)) = (ep)"x" (x, D) + e¢?' (2, D), . € S(m™?), (4.4)

2

uniformly in €, that with |0%q.| < Com™2, with constants independent of .

Remark. We obtain a stronger result about ¢. but we do not stress it as (4.4) is
sufficient for our purposes.

Proof. In what follows we assume that |z| < C. We first show that for for all M > 0
there is N > 0 such that for {¢;}}7, linear,

€ M >2
dew adpy ... adpw (eP — 2)71 < Cy|Imz|™M 7 - 4.5
| adey adey . .. adey (¢ 2)"[zesre < Oyl Im 2| {521\4 0<M<1, (4.5)
Hence for Im z # 0, Beals’s Lemma, or rather [Zw12, Theorem 8.1],
(eP — 2t =a%(z,2,D), |0%| < C|Im z|~Nogmin@lal/2), (4.6)

(Here and elsewhere N, denotes a constant depending on « which may be different in
different estimates.)

To prove (4.5), we first observe that adew P € W(y. Since
adpw(eP — 2) ' = —e(eP — 2) *(adpw P)P_%P%(gP —2)7 4

and
[(adew P)YP~2|12. 12 = [[(adpw PYP ™ (adp P)*||2sp2 < C,
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(since P~ € U(m~?) and adpw P € U3y C U(m)) and ||(eP—2)"'P~3|| < Cez|Im 2|7,
we have
1
| adp (6P — 2) 7|22 < Ce2|Im 2|2, (4.7)

For M > 2 we argue as in the proof of [DiSj99, Proposition 8.6] but for our class of
operators. For that we note that
adgy ... adpy (eP — z)!
is a sum of terms of the form

el(eP —2) "(adgy ... adp P)(eP — 2)7h (adgy .. .adey, P)(eP — 2L,

1+l
where ] < L < M andand 1 < j; < Jo--- < jr_1 < M. The bound is then seen from
considering the two extreme cases:
eM(eP — z) ! (adey P)(eP — z) '(adgy P)(eP — z) 7" (adgy P)(eP —2)"
and
e(eP —z) '(adgy - - - adgy, P)(eP —2)".
In the first case we proceed as in the proof of (4.7) to obtain the bound e™/2| Im 2|~ =

O(e)|Im z|~™~". In the second we use the fact that for M > 2, adgpy - - - adgy, P € ¥(q),
so the bound becomes O(g)|Im z| 2.

We write
[(ep — 2)'|"(eP — 2) = [ + cE(2),
where E(z) = e%(z,x, D) with

1
e(z,7,8) = /0 (1= 1)e™ PV GAD))* (e (ep(p1) — 2)(ep(p2) = 2) )l pi=pa=()
and A(D) := —10(D,,,D,,). The terms to which e?4”) is applied are, schematically,

of the form ) )
2 eD?’p(p2)  €°Dp(p2) Dp(p2)
Dp(p1) 5 -
(ep(p2) — 2) (ep(p2) — 2)
Using that p > ¢m?, for |2| < 1 and € > 0 small enough, we have

[(ep(p2) — 2)| 7" < [Im 2| " min (1,2e " ¢ 'm(p2) ?) .

Thus, for |Im z| > 0, we have

Opy o GA(D))? (67" (ep(p1) = 2)(ep(p2) — 2)71) = O(| Tm 2|~V m(p2) 7).

Since in the estimates e®A(P) = S(my(p1)ma(p2)) — S(mi(p1)ma(p2)) only finitely

many derivatives are used, we conclude that
0%(z,x,&) < C|Im 2| Nem(z, €)%
Combing this with (4.6) we obtain
(eP —2)7" =[(ep(z,€) — 2)7']" +R(2),
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where R(z) = E(2)(eP — 2)~' = r¥(z,2, D) and
0%r(z,2,&) = O(|Im 2| Nem(z, £)72).
We now apply the Helffer-Sjostrand formula (3.15) (see the proof of Lemma 6) which
gives (4.4). O
Proof of Proposition 8. We put
A, = [x(eP), Rie"" Ry, B.=¢c"'[x(eP), Rie"" Ry|xo(P),
so that
A. = [x(eP), Ri]e"" Ry + Rie""[x(eP), Ro]

= [x(eP), R\ P3¢ P~2 Ry + R P~ 3¢ P3[x(cP), Ry
In view of (4.2) and (4.4), to show that A, : L? — L? is uniformly bounded, it is
enough to show that

Il(ep)"x™, R*]P[(ep)"x™, Bl 22 < C, R € ¥p (4.8)

with C independent of . Since md*(x(ep)) = O(ep)(0“x)(ep)O(1) for |a| = 1, this
follows from the composition formula as in [GaZw25, Proposition A.1].

To analyse B., let x; € C®°(R) with supp xo N supp(l — x1) = 0 and supp x; N
supp(1 — x) = (). Then,

B. =& '[x(eP), Ri]e"" Rox1(eP)xo(eP) + £ ' Rie"[x (e P), Ro]x0(cP)
= e ! x(eP), Ri]e™[Ry, x1(e P)]x0(eP)
+ (), Ralxa(eP)P2e" P73 Ryxo(eP) (4.9)
+ e 'Ry P26 P3[x(eP), Ro)xo(eP)
=1+ 1+ 1II.
To prove the lemma, we show that I, II, and III are O(1)p2_,2.
We start by estimating I. To do this, we claim that
I[x(eP), R]|z2s 12 = O(e?). (4.10)

The form of I then implies I = O(1)2_,72. To prove (4.10), we use (4.2) and (4.4) to
replace the the cut-off operator with ((5p)*x)w(x, D) so that it is enough to show

I[(ep)"x™, Rl re—12 = O(e2). (4.11)
This follows by arguing as in the proof of (4.8).

Next, to estimate II, we claim that
le™ X(eP). Rixa (eP) P2 | 2 p2 = O(1). (4.12)
Since |P72Ry||2 = |R3P'Ry| = O(1) 2, 12, this implies II = O(1) 2, 2.
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To prove (4.12) we put x1(z) := zx1(x) € C(R) and observe that
_ 1
le™ [x(eP), Ralx1(eP) P2[72, 2
= [le7*[x(eP), Ri]x1 (e P)Px1(eP)[x(eP), Ra] || 1212
= [le7*[x(eP), Rilx1(eP)x1 (e P)[x(eP), Ra] || 2 2
< e |X(eP), Ralxi (eP) [ z2s 2 l[x (e P), Ralxa (eP) |22
Now, we claim that for ¢ € C'%° with supp ¢ Nsupp(l — x) = 0,
IIx(eP), RiJto(eP)| 1212 = O(%?). (4.14)
The estimate (4.12) then follows by using (4.15) with ¢ = y; and ¥ = x; in (4.13).

Tp prove (4.15) we again use (4.2) and (4.4) to replace the the cut-off operator with
((5p)*x)w(x, D). That is, we need to show

(4.13)

I(zp)*x™, Ral(ep) 9™ [l1212 = O(¥?). (4.15)
The symbolic calculus (see [GaZw25, Proposition A.1]) gives
[(ep)*Xx™, Ra] = &2 (2 {p, ri}x/(ep)) ™ + b}, (4.16)

where by € S). Since {p,r1} € S(m), and p > m?,

e'?{p,r1}pxX'(ep) € S0)-

Therefore, using [GaZw25, Proposition A.1] again and the fact that supp x’Nsupp ) =
() in the first equality

e 2 (V2 {p,r1}x/(ep)) " (ep) ™ = /%Dy, b (ep) ™ = 320y, (4.17)

where by, b3 € S). Putting (4.16) and (4.17) together implies (4.15) and hence com-
pletes the proof of the bound on II.

Finally, to estimate III we observe that

IPA0(EP). Ralxa(eP)l[Fe 52 = [no(P)X(eP). Ba] PI(EP). oo P

and
Xo(eP)[x(eP), Ro] P[x(eP), Ra]xo(eP)
= Xo(eP)[x(eP), Ra[x(eP), Ra] Pxo(eP) + [x0(eP), Ra][P, [x(eP), Ralx0(eP)
= Xo(eP)[x(eP), Ra][x(eP), Ra] Pxo(eP) — [xo(eP), Ra][x(eP), R3]xo(eP),

where Rz := [Ry, P] € ¥(;y. Arguing as in the proof of the estimate on II, we obtain
X (eP), Ra)Pxo(eP)ll 122 = O(e?),  [Ixo(eP)[X(eP), Ral[[ 1212 = O(*?),
IIx(eP), Re]xo(eP) 1202 = O(*?).

Therefore, using (4.10) (or more precisely its analog with x replaced by xo) completes
the proof that III = O(1)z2_,72 and hence of the lemma. d
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5. A NEwW EGOROV THEOREM AND THE PROOF OF THEOREM 4

In this section, we give a version of Egorov’s theorem which holds in our context. For
standard versions and references see [Zw12, Chapter 11] and for some recent advances
[Gu24] and [Pr24].

Recalling that a € Sy if 0%a = O(1) for |a| > k, we assume that p € Sy is real
valued and define P := p¥. We will show that for b € S(), and ¢ € R, e"FbpVe " ig
a pseudodifferential operator and obtain quantitative control on the derivatives of its
symbol. More precisely, we prove the following:

Theorem 5. Suppose that b € S1y. Then for all k > 0 there are Cy > 0 such that for
all t € R there is ry € S(o) satisfying

6ithwe—itP — (b o SDt)w + TZV

and
Irellcr < C’kec’“|t|.

Remark 1. It is possible to prove a version of Theorem 5 for b € Sy for any £ > 0,
using the calculus in W, to reduce to the case of Sy. However, since we do not need
it here, we do not pursue this generalisation.

Theorem 5 allows us to conclude that the jump operators A #(w) iare pseudodifferen-
tial when f is super-exponentially decaying and A = a" with a € S(;). The structure
of the coherent term is more complicated as by () is not super-exponentially decreasing,.

To prove Theorem 5, we start with an estimate on the flow for p € S,). For this,
we follow [Zw12, Lemma 11.1].

Lemma 10. Let p € Sy be real valued and ¢, = exp(tH,). There exist A > 0 and
Co >0, such that for all b € Sy and all t € R,

0%(bo@r)] < Coe N " |0%b 1, |a| =1, a €N

1<]8|<]al

Proof. The lemma follows from showing that

0%, )] < Coetelll ] > 1. (5.1)
The flow p(t) = p:((x0, o)) is defined by
pt) = Hy(p(t),  p(0) = (0, &0). (5:2)

Differentiating (5.2) once, we obtain for |a| = 1,

(0% = O, (1)1
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Therefore, since 0H, € L*, we obtain
10%p,| < ellﬁlelooltI7 la| =1,
which gives (5.1) with A > ||0H, |-

Let ¢ > 2 and suppose by induction that (5.1) holds for all 1 < |a| < ¢ — 1. Then
for |a| = ¢, differentiating the equation (5.2), we obtain

000 = O, (1) + (1), (5.3)

where ~(t) is a sum of terms of the form
gaal@t c. 80%%0“

where a3 + -+ 4+, = @ and 0 < || < |o| = ¢ and g is bounded. The induction
hypothesis implies
()] < CeMell,

and using this in (5.3) gives

d
E|6“¢t|2 < 0% PO H,||oo + CeM0% .

This implies (5.1) after taking A > ||0H, || and an application of Grénwall’s inequality.
U

Next, we give a preliminary decomposition of the conjugated operator.

Lemma 11. There is N > 0 such that for all a € Sy with
Ay = ePge (5.4)

and all t € R, there is ¢ € So) satisfying

t
A= (aog)” —Qat),  Qat):=i / FEIPDP s (55
0

and
|0%,| < Coe™IHENI N 9% . (5.6)
1<IBI<| e +N

Proof. Observe that

Dt(e—itP(a o @t)weitp) — e—z‘tP( _ [P, (CL o QOt)W] _ i(Hp(a o SOt))w)eitP

—. efitpqz;veitp.

This definition of ¢, [GaZw25, Lemma A.1] and Lemma 10 show that there is N > 0
such that for all o,

|aaC]t| <C, Z ||aﬁ(a o SDt)Hoo < anl\(\ocH-N)\ﬂ Z ||85al|oo.

2<|BI< e+ N 1<|BI<al+N

(5.7)
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In particular, ¢ € S(g). Integrating (5.7) in t gives

t
eitPawe—itP . (a o Spt)w _ —Z/ Ds (ei(t—s)P<a o SOs)wei(s—t)P)dS
0

t
:—Z/ i(t— s)PqZV i(s— thS
0
which is (5.5). O
Before proceeding to the full case of S(1), we prove the Egorov theorem for S(g)

Lemma 12. Let p € S(g) be real valued. Then, for k > 0, there are Cy, Ny, > 0 such
that for allt € R and a € Sy, there is a; € S(o) satisfying

Ay i=eave™ =y, ladllcr < Cre® M |lal| o, -

Proof. For this, we employ Beals’s characterisation of pseudodifferential operators [Zw12,
Theorem 8.12]. In particular, it is enough to show that for any M > 0 there is Ny > 0
such that for any fixed linear functions L;(z,§), j = 1,... M, with ||[VL,|| < 1, there
are Cy; > 0 such that

|adzy ... adpy A¢llp2or2 < Care® | a| vy - (5.8)

Step 1: Boundedness of commutators with operators of linear growth.
In the notation of (5.5), and with B, := e p¥e ™ b € S,
e 0", Alde™ = [Boy,a"] = [(bo )" = Q(b; —t),a"], (5.9)
where

—1
0

and ¢, satisfies (5.6) with a replaced by b. Then unitarity of " and [Zw12, Theorem
4.23] show that there is N > 0 such that

max(0,—t)

QW —t) e <C S / 10°G4 00 < ClIN ST (0P|

0<]aj<n /min(0,~1) 1<|B|<2N

and hence (absorbing the [¢| into the exponential factor) we conclude that for Ny large
enough,
1Q(b; —t) |22 < CeMPI " 10%) . (5.10)
1<IBI<No
Lemma 10, [GaZw25, Lemma A.1], and [Zw12, Theorem 4.23|, combined with (5.9)
and (5.10) then imply that there are My, Ny > 0 such that for b € S,

0%, Al < CM ST 00 ST PPall. (501)

1<|BI<No 0<|B|<No
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Step 2: Commutators with error terms.
In the inductive process, we also require the estimate: for by, b € S),

(b1 0 o)™, Qb5 =)l 2sr2 < CEMMOITN T 070l Y 070l (5.12)

1<[8|<No 1<|8|<No

To prove (5.12), observe that for by, € S,

0
Q b7 —1), PV = —i ei(—15—3)quvei(s—l—t)P7 b ds.
1 s 1

-t
Now, by (5.6) and (5.11) (with a replaced by ¢s and t by t + s)

e gy e O B oy e

e D DI E T N S A

L<|BI<No 0<]a|<No
< CeMMolt+s|+(No+N)ls|) Z 110%D1 || Z 110°b]| oo
1<[B|<No 1<|B|<No+N
<CMI N 0l D 1078l
1<|81<No 1<|B|<No+N
where the last line follows if M, is large enough.

Now, setting by = by o w_4, using Lemma 10, enlarging Ny, choosing M, sufficiently
large, and absorbing the factor |t| into the exponential, we obtain (5.12).

Step 3: Iterated commutators.

We claim that for all L > 1, there are C, > 0, N, such that for all {b;}}, C Sq),
and b€ Sy, all1 <j < L,and all a € Sy (A := eitP gV e=ith),

J
ladpy .. adpy Adllremre < CLe®™ Y= 0%l [T D 107l  (5.13)

0<|a|<Np, =11<|BI<NL
and fort e R, and 0 < 57 < L,
|| ad(bjowft)w . ad(blowft)w Q(b, —t) HLQHLQ

J
<O S ol [T Y 10

1<|a|<NL (=11<||<Ny

(5.14)

Since (5.13) implies (5.8) the proof of the lemma will be complete once that inequality
is established.

For L = 1 we have proved (5.13) and (5.14) in steps 1 and 2 respectively. Therefore,
we suppose by induction that (5.13) and (5.14) hold for some L > 1. Let {b;}/ ' € S,
set

Bi,l = (bi o SO—t)W7 Bi,O = —Q(bi; —t)7
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and consider

—1itP itP w
e (advavH e ade At)e = adBL+1’1+BL+LO Ce adBLH_BLO a

w d
= Z adBLH’&LH Ce adBwl a -, (5 5)

Fe{0,1}L+1
where we used (5.9) to obtain the first equality. The second equality follows from
expanding adg; 1+ B;, = adp,, +adp, .

The Jacobi identity, ads, ads, = ads, ads, +ada, 4,), allows us to rewrite this so
that all the terms with o; = 1 are on the right:

wo_ - - w
adp,,,;,  ---adp,, a" = E cyadg .. adQ%R7 adp, .. adp a“, (5.16)

]‘ry”],y,l
v€lz

where for a fixed & € {0, 1}2%1, T's is the set of terms obtained after this reordering,
with ~ labelling its elements, ¢, € {1, -1}, and

Q%j = adeijJ a“dB/.aY

G2t adB‘fv,j,M 1 Q(bim; _t)'

Y>3

Here 0 < M, ; (with the convention that when M, ; =0, @w‘ = Q(bs, ;; —t) and
R'Y
R+ M ;j+J,=L+1.
j=1

Each b; appears exactly once in each summand in (5.16).

To estimate the terms in (5.16), we first see that [GaZw25, Lemma A.1], [Zw12,
Theorem 4.23], and Lemma 10 imply there is Ny such that

Jy
PREEE adBj%JW,l a“|lp2sze < Z 107l H Z Haﬁbjw 0Pt

H adBj
’ 181< 2+ No (21 1<|81<No+1,
JW
< CelvMotI)Alt] Z 10| o H Z ||(9ﬁbjw||oo.
[BI<Jy+No £=11<|B|<No+Jy

Then, the inductive hypothesis (5.14) implies that

lads  Allere < 2)|Qnillz2— 2| All 22

M,
S 2Ci/eCYth'||14||I12ﬁL2 Z ||aabi'y,j ||OO H Z ||8Bb£'y,]’,rn||oo'

1<|a|<Ng, m=11<|8|<Np,
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Hence using the unitarity of e*”, there are C~’L+1, N r+1 > 0 such that

H advav+1 e adbiv At”LQaLQ

9 Crlt| B T 8 (5.17)
< Cpne® 37 0%l [T Y0 10l
IBISNL41 (=1 1<|B|<Np 11

In particular (5.13) holds with L replaced by L + 1.
To prove (5.14) with L replaced by L + 1, we write

|| ad(bLwat)w R ad(blo%t)w Q(b, —t)”LzﬁLz
max(—t,0) . '
S / || ad(bLHO%t)w . ad(blwft)w 61(_t_S)Pq;N67’(s+t)P||L2%L2d8
min(0,—t)
where ¢ satisfies (5.6). Hence, applying (5.17) with a = ¢, and b; replaced by b;op_4,

we have

I ad(p, .00 v - - - ad(pr0p_ 4w Qb; —t)|lL2— 12

max(—t,0 5 L+1
§/ ( )C’L+160L+1|S+t| Z ”aaquooH Z 10%bg 0 04| oo
min(0,~%) 0<|al<Np 41 =1 1<|8|<Np 1
L+1
< Crae®a N 0% [T YD 1070
1<|a|<Np41+N =1 1<|B|<Np41

which completes the proof of (5.14) with L replaced by L + 1.

Taking Ny, > max(Npyy + N, Ny, Ng + L + 1) and taking Cpyq > Cpryq, (5.17)
implies (5.13) with L replaced by L + 1. Thus we have shown that (5.13) and (5.14)
hold for all L > 1. O

We now complete the proof of the Egorov theorem by reducing the proof for symbols
in S(l) to that of S(O).

Proof of theorem 5. Observe that by Lemma 11
t

eithwefitP _ (b o @t)w . 'l/ ei(1‘,*3)Pq;vei(sft)PdS7
0

where ¢ satisfies (5.6). By Lemma 12, there is ¢ , such that

6i(t—s)PqZV62'(5—15)P _ C]ZVS,
and
lgusller < Cre™ gyl om, < Cpe@HtmsHFANENIL % = 5o
1<|a|<Ng+N

< C’keék(|t—5|+\5\).
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Hence we get
t

t
—i/ ei(t’s)Pq;”ei(S’t)Pds =71y, 1= —2’/ Qi sds
0 0

ék|t|.

where ||ry||cr < |t|Che This completes the proof. O

Proof of Theorem 4 is now immediate: we apply Theorem 5 and Lemma 10.

APPENDIX

We first consider the general assumptions in §1.3.1. We first use the results of [Zw12,
§8.2] to see that there exists

G=e"®D) G = 9" @D) — V(g D), e, € S(m®), seR. (A.1)

From this we conclude that PG™! = r(z, D) , r € S(1), and that r(z, D)~ = GP™':
L? — L? exists (since the domain of P was assumed to be H(m), P~! : L* — H(m) and
G : H(m) — L?). Beals’s Lemma (see [Zw12, Theorem 8.3]) shows that r(z, D)~! =
7(z, D), 7 € S(1), and hence,

P ' =G (2, D) =q(x,D), q€Sm™M). (A.2)
Then the assumptions in Theorem 1 follow from [Zw12, Theorems 4.23 and 8.12].

In Example 4, we can compute ¢¥(x, D) := [P, A], ¢Y(z, D) := [P, [P, A]] explicitly,
and show that ¢ € S(m2) and ¢; € S(m'™°), m := (1 + |z| + |¢])2.

Finally we comment on the condition under which e=" is of trace class. In the
general case of a self-adjoint P satisfying (1.22) (with the domain H(m)), P > 1, we
use (A.2) to conclude that P~* = ¢J'(z, D), ¢, € S(m™*). We then recall from [Zw12,
(C.3.6)] that if m=* € L2(R?*",dxd€) then P~ and consequently, exp(—P) is of trace
class.
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