BOUNCING-BALL MODES IN ERGODIC BILLIARDS

ZHENHAO LI AND MACIEJ ZWORSKI

ABSTRACT. We show that for a horizontally stretched Bunimovich billiard, for almost
every stretching parameter, there exists a sequence of eigenfunctions concentrating in
the rectangular part. Thanks to the work of Markarian—Oliffson Kamphorst-Pinto de
Carvalho, we know that for an open set of parameters such billiards are ergodic.

The proof is a result of interaction with ChatGPT 6: we were curious if it could
establish the existence of bouncing ball modes for Bunimovich or Sinai billiards. That
was not successful until we suggested varying the wings. That produced an essentially
complete argument for the existence of quasimodes. We then suggested using Hassell’s
parameter-variation argument which led to the result about eigenfunctions. The
argument was then significantly simplified and clarified by the authors.

1. INTRODUCTION

The celebrated theorem of Shnirelman [Sh74] states that classical ergodicity forces
most high energy eigenfunctions to become uniformly distributed. For billiards, this
means that an orthonormal basis of Dirichlet eigenfunctions contains a density-one
subsequence whose probability densities converge to normalized area measure. That case
was proved by Gérard—Leichtnam [G1.93] for domains including Bunimovich billiards and
by Zelditch—-Zworski [Z796] for manifolds with arbitrary piecewise smooth boundaries.

The theorem allows however the possibility of exceptional sequences concentrating on
sets of zero phase space volume. That was established by Hassell [Hal0] who showed
that for almost every length of the rectangle (¢ in Figure 1 with a = 1) such a sequence
exists for the Bunimovich stadium.

-

-

FIGURE 1. The elliptical stadium S,, a = ¢~'/? and two bouncing-ball
trajectories. Right: gg from (1.7), zero in the wings; Theorem 2 shows
that it produces accurate quasimodes.
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That sequence was not specified in [Hal(] and a natural candidate comes from the
bouncing-ball trajectories perpendicular to the parallel sides of its rectangle. We prove
the existence of such sequences for almost every member of the family with elliptical
wings shown in Figure 1.

We state a rough version of the main result as follows:

Theorem 1. Fizt > 0 and consider the billiard S, shown in Figure 1:

S, = {(x,y) Dyl < 1, ]z) < at + ay/1 —y2}, R, = S, N {]z| < at}.

For almost every a > 0 there exists integers my — oo and normalised Dirichlet eigen-
functions

—Awk = )\kwka )\k = (mkﬂ')2 —+ 7T2/a2t2 -+ O(l), HwkHLQ(Sa) = 1, (11)
such that for every fized ¢ > 0,

/ [2ddy — 0. (1.2)
San{|z|>at+e}

In other words, the mass of 1y, goes to 0 outside any neighbourhood of the rectangle R,.

A more precise version justifying the bouncing ball title is presented in §7. The
remark after Theorem 2 gives a statement valid for a family of fixed internal rectangles.

The limit (1.2) in Theorem 1 should be compared to a result of Burq—Zworski [BZ05]
which states that for any sequence of normalised eigenfunctions and any € > 0 there
exists C, > 0 such that

1
lim inf/ [ Pddy > —. (1.3)
San{|z|>at—e} C

k—o0 <

Markarian—Oliffson Kamphorst-Pinto de Carvalho [MKC96, Theorem 2] proved
ergodicity of the billiard flow for S, under the condition that

l<a<\4-2V2,  at>2d’Va2—1. (1.4)

The range of a’s and t’s is shown in Figure 2.

The theorem is a consequence of estimates needed to establish existence of good
quasimodes obtained from bouncing ball modes. For that it is convenient to work in a
fixed domain and consider a quarter billiard, which we will do from now on. Thus we
fix t > 0 and define  to be the interior of R U C, where

R=(-t,0)x(0,1), T={0} x (0,1), C={x>0, y>0, 22 +¢><1}. (1.5)
For real ¢ > 0, let H. be the self-adjoint Dirichlet realization of
H,=—cd; — 0. (1.6)

This is unitarily equivalent to the Euclidean Dirichlet Laplacian on the horizontally
stretched quarter-stadium obtained from S, by choosing a = 1/4/c.
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FIGURE 2. An illustration of the condition (1.4) from [MKC96] on (a,t)
guaranteeing ergodicity of the billiard flow for S, in Figure 1.

The bouncing ball modes in R extended by 0 to all of §2 is given by

Gm(T,y) = \/gsinwem(y) 1r, en(y) :=V2sin(mny), g =1 (1.7)

Theorem 2. For almost every real ¢ > 0, there are integers my — oo and uy €

H?(Q) N H () such that
luk — Gm, || = 0, |(H, — (mmr)2 — cv)ugl| — 0, V= 7r2/t2. (1.8)

We stress that in Theorem 1 (and Theorem 3) we do not assert ||¢r — g, || — 0 for
individual eigenfunctions.

Remark. One can also keep the physical rectangle fixed. Put L = at and write

Sra={(z,y) 1y <1, |z|]<L+ay1—y?}.
For almost every L > 0, the existence and concentration conclusions of Theorems 1
and 2 (and of Theorem 3) hold on S;, for almost every a > 0. Thus the rectangle
(=L,L) x (—1,1) is fixed and only the elliptical wings vary. The spectral centres are
now E,, = (mm)?+ 7?/L?, independent of a, and the eigenvalues in Theorems 1 and 3
satisfy A\ = E,,, + 0(1). The subsequences may depend on a. Indeed, for every fixed
t > 0 the exceptional set of ¢ > 0 has measure zero. After identifying the domains, the
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norm and spectral conditions in the proofs are measurable in (¢, t), so Fubini’s theorem
gives a null exceptional set of pairs.

Outline of the proof. The functions ¢, solve the eigenvalue equation except for a
jump of normal derivatives at I'. To remove it, we solve

(H, — (mn)? — 2)U,, = emdr, gm(c, 2) = (Unlr, em) L2(r).-

For real ¢ > 0 and z = cv + i, the energy identity gives Im g, = ||U,||*>. The correction
U = @m + YU (c, cv + 1) with 4, := v/2wt~3/2 then satisfies (H, — (mm)? — cv)vy, =
i(Um — ¢m). Thus the smallness of g, is the key to obtaining a quasimode from g,,. The
bounded errors sufficient for [Hal0] would not give the concentration obtained here;
making them tend to zero is the main additional difficulty.

To achieving this smallness we complexify ¢. At ¢ = 1—17 and z = 4, the energy identity
also controls the unscaled horizontal derivative 0,U,,. With this additional control, a
semiclassical propagation argument, in the spirit of Burq—Zworski [BZ05, BZ04] used
to obtain (1.3), forces the mass in the cap to vanish. A trace estimate then gives
gm(1 —1,7) — 0. Positivity and “harmonic measure magic” transfer this decay to

/Im gm(c,cv +1i)de — 0, I € (0,00).
I

Related uses of harmonic measure in spectral theory go back to Pearson [Pe94]. This
averaged estimate gives the required quasimodes after selecting a subsequence, for
almost every c.

Finally, Hassell’s parameter-variation argument [Hal0], applied in shrinking spectral

windows, selects exact eigenfunctions satisfying )\,;1||8x90k||2 — 0. Propagation results
for semiclassical defect measures from Burq [Bu97] then show the concentration on the
closed bouncing-ball family.
ACKNOWLEDGEMENTS. In addition to the interaction described in the abstract, we
also thank ChatGPT 6 for producing the figures. A partial support from the Simons
Foundation through Targeted Grant Award No. 896630, “Moiré Materials Magic” is
also gratefully acknowledged.

2. AN AUXILIARY BOUNDARY VALUE PROBLEM
If we consider ¢, in (1.7) as an element of H}(f2), the mismatch of normal derivatives
at ' gives
(Hc - (m7r)2 - cy)qm = —CVemlr, Y= \/571'75_3/27 (21)

where e,,dr is the boundary functional V' — (e, V|r) r2(r)- To remove this term, we
first solve the problem with the source given by e,,dr, a complex spectral parameter z,
and complexified ¢: Thus, for

Rec >0, Ime <0, 2€Cp:={z€C:Imz >0}, (2.2)
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we let U = U,,(c, z) € H} () satisfy
(H, — (mn)* — 2)U = e,,6r in Q. (2.3)

The restrictions Uy, ¢ = Upy|c and Uy, g = Uy, |g solve the homogeneous equation in
their interiors, vanish on the exterior boundary, and satisfy transmission conditions

Um,R|F - Um,C|Fa CaxUm,RlF - Caa:Um,C|F = €Em. (24>

The conormal derivatives are understood weakly. We define the following crucial object
which is the e,, component of the restriction to I':

gm(c, 2) = <Um|r7€m>L2(F)- (2.5)

To show that this transmission problem has a solution, we rephrase it weakly using a
quadratic form:

c(0.U,0,V) 4+ (0,U,0,V) — ((mm)* + 2)(U, V) = (em, VIr)r2(r), (2.6)

for all V € H}(2). Inner products are linear in the first factor; norms and inner products
without a specified domain are over €.

Lemma 1. For the parameters in (2.2), problem (2.6) has a unique solution. The
functions Uy, (c, z) and gn,(c, z) are holomorphic on

{(c,2) €C*:Rec>0, Imc <0, Imz > 0},

and extend holomorphically to a neighborhood of each (cy,zo) with c¢o > 0 real and
20 € C,. Moreover, for g, defined in (2.5),

Im g, (c, 2) = (= Ime)||0.Un(c, 2)||* + (Im 2)||Upn(c, 2)||* > 0. (2.7)

In particular, for fized real ¢ > 0, the function z «— g,,(c, z) is holomorphic on C, and
has nonnegative imaginary part there.

Remarks. 1. We stress that no uniformity in m is asserted in the conclusions of the
lemma. It is an abstract functional analysis argument.

2. The energy identity (2.7) explains the significance g, defined in (2.5). For ¢ > 0
(the physically interesting case of billiards) and z = cv + i, the identity Im g,,(c, z) =
|Upn(c, 2)||* shows that Tm g,, < 1 implies ||Uy(c,2)|| < 1. That means that the
correction to (2.1) 1y, := ¢ Upn(c, z) would be small and and g, + 7, would produce a
quasimode.

Proof of Lemma 1. The right hand side of (2.6), V + (em, V|r)r2(r), is a continuous
antilinear functional on H} ().

If the left hand side of (2.6) is denoted by B(U,V), then for a sufficiently large
positive M, depending on m, ¢, z,

Re (1 +iM)B(U,U)) = (Rec — M Im¢)||0,U|]*> + ||8,U >
+ (M Imz — (mm)? — Re 2)||U|?
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is coercive on H;} (). Consequently the Lax-Milgram theorem (see for instance [Ev10,
§6.2.1, Theorem 1)) gives existence and uniqueness. The form B defines a bounded
operator B(c,z) : Hy(Q) — H*(Q) by (B(c,2)U)(V) = B(U,V), where H~'(Q) is the
continuous antilinear dual of H}(2). It depends holomorphically, in operator norm, on
¢,z and so does the inverse guaranteed by the Lax—Milgram argument. Writing

Un(c,2) = Ble, 2) Hendr),
we see that (c,z) — Un(c,2) is holomorphic with values in HJ(f2). Applying the
continuous linear functional U + (Ulr, €,)r2(r) gives the same conclusion for g,.
The invertibility holds for ¢, z satisfying (2.2) and hence the holomorphy holds in a
neighbourhood of any such point.
Taking V = U in (2.6) gives B(U,U) = g, from which (2.7) follows. O

3. THE COMPLEX-PARAMETER ESTIMATE

We now prove that the boundary coefficient (2.5) tends to zero at one fixed pair of
complex parameters:
gm(1 —14,7) — 0, m — 0. (3.1)
This decay and “harmonic measure magic” will be used to obtain an average decay of
Im g, (c, cv + i) for the relevant positive values of ¢. The particular values 1 — 4 and 4
in (3.1) are inessential: any fixed pair with Rec > 0, Imc < 0, Im 2z > 0 works, with
constants depending on that pair.

3.1. Uniform bounds without a high-frequency loss. For u € H!(C) vanishing
on the circular arc, x = /1 — 2, integration in x over 0 < x < /1 — y? gives

||u|p||%2m = -2 Re/cé)xuﬂdxdy < 2||ull 2| O] L2(c)- (3.2)

In this section we write U, = U,,(1 —4,4) and g, = gm(1 —4,7). Using the definition
(2.5), formula (2.7), and the estimate (3.2) gives

gml* < 1UmclrliZow) < 1Uncllzze) + 10:Unclizz )

(3.3)
< UnllZ2(@) + 10:Unll72@) = Im gm < |gml,
We conclude that
9| <1, NUnllz2@) + 10:Unllz20) < 1. (3.4)
Taking the real part of (2.6), with V' = U,,, also gives
(mm) (10, Um.cl72(cy + 110y Unm.rllZ2(s)) (3.5)

= [UnllZ20) + (mm) > Re g — (mm) (105Ul [720) < 2.

where we used (3.4) to get the estimate. We note that the estimates on 9,U,,, unlike
those on 9,U,,, do not involve any loss when m — co. That is what we mean by the
title of this subsection.
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3.2. Cap compactness: a semiclassical argument. We use two integrations by
parts and weak limits of |u,,|?dzdy to pass from the estimates in §3.1 to decay in the
cap C. This gives the following lemma.

Lemma 2. Suppose u,, € H'(C) vanishes on the arc and on y = 0, satisfies
(—(1=4)02 — 82 — (mm)* = i)un,, =0 in C, (3.6)
and, for a constant K independent of m,
lwmllz2o) + 10ztmll 2y + [(mm) " Oyumllrzey < K, Nlwmlrllzze) < K.

Then

||U’m||L2(C) — O

Proof. Odd reflection of u,, across y = 0 extends it to H'(D), where

D=A{(z,y):2>0, 2 +y* < 1}. (3.7)

The extension solves (3.6) in D and vanishes on the circular arc.We put h = (mm)™!

and u = u(h) = u,, for the extension. The norms in this proof are over D and the
restrictions to = 0 are measured in L?*((—1,1),). The equation is

—hPuyy —u = (1= )hPuy +ihu, [l + [Jug]| + [[huy[| < C. (3.8)

We first show that every weak limit of |u(h)|*dzdy is constant along vertical segments.
This uses two integrations by parts, in the spirit of the control argument of [BZ05]; see
also [BZ04, §6.1].

We will use the local bound ||httzy||r2(x) < Ck, K € D. This follows from the interior
elliptic regularity applied to u,, which satisfies the same equation as u — see for instance
[Zw12, Theorem 7.1].

For real ¢ € C2°(D), multiplying (3.8) by ¢u, integrating by parts, and taking real
parts gives

/ V(R |uy|* = uf?)dzdy = %hQ/ Vyy|ulPdzdy — hz/ Vlug|Pdzdy
D D D
(3.9)
— h? Re/ (1 — i) Yuadrdy = Oy(h?).
D

For real ¢ € C2°(D), we next multiply (3.8) by 2¢u,, so that integration in y on the
left and in = on the right yields

/ oy (W |uy|” + |ul?)dady = —2h? Re/ (1 = 4) (attally + pu iy, )dady
b b (3.10)
+ 2h? Re/ iput,drdy = Oy (h).
D
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The last estimate uses (3.8) and the local bound on hu,,. Subtracting (3.9), with
1 = p,, from (3.10) gives

/Dgpy|u(h)|2dxdy = O,(h).

After passage to a subsequence, the bounded measures |u(h)|?dzdy converge weakly
on compact subsets of D to a nonnegative measure p. The preceding estimate gives
Oyp = 0, in the sense of distributions. Thus

dp(z,y) = do(z)dy, —L(z) <y < L(z), L(z) = V1 — a2, (3.11)

where o is a nonnegative, locally finite measure on (0, 1). Indeed, 9,p = 0 gives this
product form on interior rectangles — see [H090, Theorem 3.1.4’]

We next exclude mass in a shrinking boundary layer. Set s(y) = /1 — y? and denote
the horizontal collar of the arc by

A. ={(z,y) € D:0< s(y) —x < e}.

For fixed y, apply the fundamental theorem of calculus to u,, itself, using u(s(y),y) = 0,
and then Cauchy—Schwarz:

s(y)
/ Opu(r,y)dr

Integrating x from max(0, s(y) — ) to s(y) gives

s(y) 2 [s)
/ ]u(x,y)|2dx < E/ |0, u(r, y)|2d7“.
0

max(0,s(y)—¢)

2

s(y)
u(z, y)* = < (s(y) — ) / |0,u(r, y)|dr.

Thus the factor 2 comes from the x integration; y still ranges over (—1,1). Integrating

in y proves
2

£
/A lu|2dzdy < EHGxU”%%D) < Ce (3.12)

Similarly, u(x,y) = u(0,y) + [ Oyu(r, y)dr gives
/ lu|?dxdy < 2€||u|x:0\|%2(_1,1) + €2H8qu%2(D) < Ce. (3.13)
{0<z<e}nD

Together these bounds exclude loss of L? mass at 0D.

Fix 0 < d < 1/2, put K5 = [6,1 -], and take 0 < ¢ < §/2. For x € Kj, the condition
0 < s(y) —x < e is equivalent to L(x + ¢) < |y| < L(z) (these are the upper and lower
segments in Figure 3). Moreover,

Lo —tare) = [
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Horizontal slice Vertical slice

FIGURE 3. The same collar A, (shaded) in the half-disk D. Its horizontal
width is at most €. At a fixed x away from the endpoints, its vertical slice
consists of the two thick segments, of total length 2(L(x) — L(z + ¢)).

To pass (3.12) to p, first test with compactly supported nonnegative functions in A,
and then increase them to its indicator. Using (3.11), we obtain

—L(z+e) L(x)
Ce? > p(A.) > / / dy + / dy | do(z)
Ks —L(x) L(z+¢)

= Z/K (L(z) — L(z + €))do(x) > 26e o(K).

Letting € — 0+ gives o(Ks) = 0. Since 0 is arbitrary, p = 0. The bounds (3.12)—(3.13)
then give |[u(h)| r2(py — 0, h — 0: outside these two collars one has a compact subset
of D, where the limiting mass is zero. Every subsequence with a nonzero limiting norm
would give the same contradiction. O

Apply Lemma 2 to U, (1 —4,17). Its equation in the cap follows from (2.6), and its
bounds from (3.3)—(3.5). Hence

[Um,c(1 =4, 1) ||l L2y = 0.
The trace inequality (3.2) now gives
(gm(1 = 1,0)* < 2| Unm,c(1 = 4, 9) 2 10:Unm,c (1 = 1, 8) |2y — 0.
Finally, (2.7) yields
1Um (1 =4, )]1 720 + 10U (1 — 4, 0) || 721y = Im g (1 — 4, 7) — 0.

This last identity includes both the cap and the rectangle components.
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4. HARMONIC MEASURE AND REAL PARAMETERS

The positivity of Im g,, (see (2.7)) lets us convert ¢ — g,,(c,7) to a bounded holomor-
phic function using the map g +— (g —4)/(g + 4) from the upper half-plane to the unit
disk. Thus for Rec > 0, Im ¢ < 0 we put

—i 2(|gm(c,D)]? + Tm gy (e, 7))

hm(c) :==14+ Re gm(c,7)

gm(c, 1) + i a lgm (c, 1) + i , (4.1)
0<hnlc)<2, hy(l—1i)—0, m— oo,
where the last statement follows from (3.1).
The Poisson formula for the lower half-plane Imw < 0 evaluated at w = —2i is given

by

2 *
where F' is a bounded harmonic function on Imw < 0, and where F™* is its almost-
everywhere defined boundary value — see for instance [HK76, Chapter 1]. The map
w = ¢? sends Rec > 0, Imec < 0 onto Imw < 0 and sends 1 — i to —2i. Hence, the
change of variables gives

hon(1 — 1) = /Ooo P($)hon(s)ds + /OOO P(s)h% (—is)ds.

where
2 4s

P(S) = m28 = m, s > 0. (42)
We should stress that the second term uses boundary limits, not solutions of (2.6) at
Rec=0.
Since the boundary values, h} (s) = hp(s) (gm is defined for Rec > 0, Imec = 0 — see
Lemma 1) and h} (—is), s > 0, are nonnegative, dropping the second integral gives

/00 P(s)hy(s)ds < hy,(1 —1i) — 0. (4.3)

For a compact interval I € (0, 00), the continuous function P has a positive minimum
on /. Hence

/hm(c)dc — 0. (4.4)

I
We upgrade this estimate slightly with a modified spectral parameter:

Lemma 3. For every compact interval I € (0,00) there is a constant Cr, independent
of m, such that for,
H(g) :zl—i—Reg_Z,, v >0, (4.5)
g

+1

/IH(gm(c, cv+1))de < Oy /I”H(gm(c, i))de < CrH(gm(1 —1i,4)) — 0. (4.6)
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Proof. For each real ¢ > 0, the function z — H(gm(c, z)) is nonnegative and harmonic
on C,. The points i and cv +1, for ¢ € I, lie in a fixed compact subset of C,. Harnack’s
inequality [HK76, Theorem 1.18], applied along a finite chain of disks in C,, gives

H(gm(c,cv+1)) < CrH(gm(c, 1)), cel.

The constant is independent of m and c. Integrating in ¢ proves the first inequality.
The second one was already established in (4.3) using min; P > 0. O

5. EXISTENCE OF STRONG QUASIMODES

5.1. Correction of the interface defect. For ¢ > 0 we put E,,(c) = (mn)? + cv, and
define the following candidate for a quasimode (see Remark 2 after Lemma 1):

Um = qm + cUn(c,cv +14), (He — Epn(C)vm = i(Um — Gm), (5.1)

where the last identity follows from (2.1) and (2.3). Since v,, € H}(Q) and (H. —
En(€))vym = (v — gpm) belongs to L*(Q), v, € D(H,.) = H*(Q) N H(Q).
The quality of the quasimode is measured by

Ap(e) = oy, — qu2 = czfyt2 Im gy, (¢, cv + 1), (5.2)

where the last equality comes from (2.7). We also note that (5.1) gives (using the
resolvent identity (H —2)™' — (H —2)' = -2 Im 2 (H — 2)"Y(H — 2)™!)

Ap(c) =1 —Im{(H. — Epn(c) — 1) G, @m), (5.3)

and that

|vml]? = 1 — An(c), Re(Um, gm) = 1 — An(c). (5.4)
In particular, 0 < A,,(¢) < 1, since (5.1) rules out v, = 0.
5.2. The averaged estimate. We now fix I € (0, c0), and consider write g = g,,(c, cv+
i), c € I. For Img > 0, the definition (4.5) gives

2Img 24,,(c)
> = .
Hlo) 2 77 Img 7+ Anlc)

Since A,,(c) < 1, it follows that
An(e) < 3(P77 + DH(g) < CrH(g),  cel (5.5)

Integrating (5.5) and applying Lemma 3 gives

/[Am(c)dc < Cy /IH(gm(c, cv +1))dc
< CrH(gm(l —1i,i)) — 0.

(5.6)

Thus the intermediate integral is precisely the one in (4.6).
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5.3. Normalization and selection of a subsequence. Writing A,, = A,,(c) and
U, = Uy /1 — Ay, we obtain from (5.4)
e TN
U, < :
1— A, e =1_4, (5.7)
[tm = @mll* =2 = 24/1 — A,

[(He = Em(c))umll =

The cap estimate uses ¢,,|c = 0 and ||v,, — @n||> = Apm. The last equality follows from
Re(Vm, gm) =1 — A, and ||uy|| = ||gm|| = 1. Also u,, € D(H.).
To choose a common subsequence, use (5.6) to select my > my_1, for k > 2, such

that

k

/ A, (c)de < 275,

1/k
For each fixed j > 2, Tonelli’s theorem gives >, . Ay, (c) < oo for almost every
c € [1/4,5]. Hence A, (c) — 0 for almost every ¢ > 0. Equations (5.7) prove
Theorem 2. The change of parameter @ = ¢~ /2
intervals, giving the geometric formulation.

preserves null sets on compact positive

6. EXACT EIGENFUNCTIONS

Now we begin to work toward a more precise version of Theorem 1. We will show in
Theorem 3 that there exists a sequence of eigenfunctions that localize to the bouncing-
ball modes in the closed rectangle. To do so, we first construct a sequence of high-energy
eigenfunctions whose L? mass of the semiclassical z-derivative tend to zero (see Lemma 5).
This means that the sequence must concentrate on the vertical modes.

The strategy is a variation of Hassell’'s argument in [Hal0, §§2-4]. Using the averaged
estimate (5.6), we find that for almost every ¢ > 0, there exists nonempty spectral
windows centered at

E,(c) == (mn)* + cv
in which we have control over over the eigenvalue derivative A;(c). This in turn controls
the z derivative of the corresponding eigenfunction.

6.1. Eigenvalue derivatives and counting. Let \;(c) denote the eigenvalues of H.,
repeated with multiplicity and arranged in increasing order. One can view H, as a
family of Laplacians with respect to an analytic family of metrics on €2 and find that
off crossing parameters, \;(c) can be followed analytically; compare [Hal0, §2]. For a
normalized eigenfunction belonging to an analytic branch, differentiation of the form
gives

Nj(e) = 19a5(c)l|* > 0. (6.1)
At a crossing one diagonalizes the form (0,u, d,v) in the eigenspace. Isolated crossings
form a null set. If a multiple eigenvalue persists on an interval, this form restricted to
the eigenspace is \)(c) times the identity. Consequently the estimates below apply to
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all eigenfunctions in a given eigenspace, outside a null set. No simplicity hypothesis is
used.

Fix a compact parameter interval I = [c_,c.]| € (0,00). Write

Nim(e,n) = #45 - 1Xi(0) = Em(c) <n}, 0<n <1
The Weyl law reads

NA(L) = JWLJ/EL Lo(L), NuL) = 447 \(e) < L),

where the o(L) remainder is uniform over ¢ € I. Therefore, it follows that

1
Tm i= ) /INm(c, 1)de — 0. (6.2)

We have the following lemma which controls the average number eigenvalues in a size n
window of E,,(c) with poorly behaved derivative in c.

Lemma 4. For0 <n <1 and 8 > 0, let
Faule;n, B) = #{7 - [\i(¢) = En(0)] <n, Nj(c) —v > B(mm)*}.

There is Cy independent of m,n, B such that

/ (e, B)de < ST VT, (6.3)

I B

Proof. Put f;(c) := \j(c) — Ep(c) = Aj(c) — (mm)? — cv. Note that fj > —v where the
derivative exists. Let

Ty(s) == =01 (—co,—n) + Sy + 1L(y.00)-
d
Then —-T,(fj(c)) = Lygi<n fi(c), so
[ Lsienside =T(fies)) = To(fie-)) < 20,
Using f; > —v, we therefore obtain

/1{|fj|<n}(f})+dc <2n+ V/l{lfj|<77}dc'
I I

Chebyshev’s inequality then gives us control over the size of the set of parameters for
which f; = \)(c) — v is poorly controlled:

e L1501 <o 500> s < 5 (204 [1gp1ande)
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By the Weyl law, there exists C; > 0 depending only on I such that if |\;(¢) — En,(c)] <7
for some ¢ € I, then j < Cym?2. Therefore, we can bound

/ FuenB)de< 3 Heel: |50 <n £i(0) > Bmm))

1

j<Crm?2 (64)
< Cm+ VI'm
B
Here, C; > 0 may change from line to line but remains independent of m,n, 5. This
recovers (6.3). O

6.2. Selection in shrinking windows. From (6.1), we see that controlling 0,¢;(c)
amounts to controlling \’(c). Lemma 4 tells us that on average in the parameter c, we
have good control in a spectral window as long as the size of the window 7 is small. In
the following lemma, we will pick a good sequence of shrinking spectral windows so that
we have the desired control with probability 1.

Lemma 5. For almost every ¢ > 0 there are integers my — oo and normalized real

eigenfunctions gy, € H*(Q) N Hy () such that
H.or = Mgy A = (mym)? + cv + o(1), (65)
>‘I;1||8190k|’%2(9) — 0. .

On each compact parameter interval the integers my may be chosen independently of c,
outside a null set.

Proof. Recall the quantity A,,(c) from (5.3). Set a,,(I) = [; Am(c)de, which tends to
zero by (5.6). The spectral theorem gives

_ (s = Em(c))?
An(c) = /]R T4 (o Em(c))Qduqm’C(s)’ 0<A,() <1 (6.6)

Let Hm(c, 77) = ]_[Em(c),n’Em(c)er(Hc). Then
2

10 = Mot mhanll < 5 o) (6.7)

In particular, it follows from Chebyshev’s inequality that
en = {c € I : (e, n)gm = 0} < {c € I+ (L+7*)Au(c) = 0}
1 2 6.8
<o D). (68)
Ui
In other words, the measure of parameters for which the spectral window is empty is at
most (1 + n?)au,(1)/n?.
For large m, choose

_1\1/4
Nm = (am(I) +m 1) / > Bm = (nm + 7am)1/2'
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Both tend to zero. Moreover, choosing €, with 7,, in the spectral projector I, (¢, n,),
we from (6.8) that €,, — 0. By Lemma 4, the measure of parameters with any eigenvalue
in the window satisfying \; — v > f,,(mm)? also tends to zero, that is

Pm = ]{c cl: Fm(CS Umaﬁm) > 1}‘ — 0.

We can choose a sequence mj; — oo so that

Z (€my + Pmy) < 00.

k
Then by the Borel-Cantelli lemma, we see that for almost every ¢ € I, all sufficiently

large k£ then have a nonempty window and every eigenvalue in its interior satisfies
Ni(e) < v A By, (maem)?. (6.9)
An endpoint equality causes no difficulty: unless the analytic function \;(c) — E,,(c) is
constant, it occurs on a null set; if it persists then )\;- = .
Choose any normalized real eigenfunction in the window. Equations (6.1) and (6.9)
give
Hepr = Mo, M= (mym)’ +ev+o(1), N 10apr? = 0 (6.10)
as desired. 0

Observe that (6.7) also shows that the projections of ¢,,, onto these windows approach
¢m, in norm for almost every c. This does not assert that a single eigenfunction
approaches ¢, . Finally take a countable cover of (0, 00) by compact intervals.

7. LOCALIZATION OF THE EIGENFUNCTIONS

We work on the full physical domain S, to avoid the artificial corners of a quarter-
domain. Let 15 be the normalized odd reflections of the quarter-domain eigenfunctions
¢ satisfying (6.5). Recall that such eigenfunctions were selected in Section 6. Set
hy = )\;1/2. In particular, put

(X, Y) = (2va) top(X/a—t,Y), X, Y >0
in the first quadrant and extend oddly across both axes. The change of variables gives

0ok |2
||hk8X¢kH%2(Sa) = ¢ H SD;C\HLQ(Q)
k
We work in the full stadium coordinates from now on, and by a slight abuse of notation,
we write (z,y) to mean the full stadium (X, Y')-coordinates from now on.

Extend 1)y, by zero to R?. The extensions belong to H'(R?) and satisfy |[1]|z2 = 1 and
|heVbg|| L2 = 1. The Dirichlet semiclassical measure construction for C*! boundaries
[GL93] gives, after passage to a subsequence, a probability measure p with support on
the unit cosphere bundle of S,. Moreover, by (7.1), we further see that

supp o C {(z,4;€) : (2,y) € Sa, €= (0,£1)}. (7.2)

— 0. (7.1)
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The support of i propagates along generalized billiard trajectories at smooth boundary
points: see [Bu97, Théoreme 15 and (iv'), pp. 180-181], applied to the time-harmonic
wave solutions. A vertical trajectory in an open wing meets the elliptical arc transversally
and its reflected direction is no longer vertical. At a tip the vertical trajectory is gliding,
and the tangent to the ellipse immediately ceases to be vertical. Both possibilities
contradict (7.2). Hence p vanishes over the open wings. We have used propagation only
at smooth points of the boundary, not at the joins.

Interior propagation now shows that the spatial marginal of i is constant along
vertical intervals in |y| < 1. It gives no mass to the straight boundary, including the
joins.

Combining this with Lemma 5, we have the following strengthening of Theorem 1:

Theorem 3. For almost every c > 0 there are integers my — oo and normalized real
eigenfunctions ¥y, € H*(S,) N Hy(S,) such that

— Ay, = My, = (mkﬂ)2 + cv + o(1),

and every semiclassical measure of this sequence has total mass one, gives zero mass to
0S,, and is supported on

B, = {(z,y;0,£1) : |z| < at, |y| <1}

In particular, (1.2) holds. Moreover, on each compact parameter interval the integers
my may be chosen independently of ¢, outside a null set.

Proof. Interior propagation shows that the spatial marginal of u is constant along the
vertical lines {(zo,y) : |y| < 1} for all |x¢| < at. It remains to check that there is no
mass on the straight boundary. Away from the joins |y| = 1 and |z| = at, the result
follows from [Bu97] and at the joints we could use the C*! analysis for [GL93]. Instead,
we present an elementary argument based on the Rellich identities.

So, we write u = 1, h = hy, let n be the outward unit normal, and define b(y) =
y(1 —y?). Using that (—h?A —1)u = 0 and the boundary condition u|gg, = 0, it follows
from Green’s formula that

/ bn,|ho,ul* ds = Re/ [—Rh*A, b0, Jut dxdy
S Sa

h2
:2/ b’|h8yu|2dxdy——/ V' luf? dedy.
Sa 2 Js.

Here we used [—h*A, b0, = —2h*0'0; — h*V"0, and integrated by parts. Testing the
eigenfunction equation against b'w also gives

h2
/ V' (|hVul* — |u]?) dedy = 5/ V" |u|? dxdy.
Sa

a
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Combining these identities and using ||u|| = 1, we obtain
2/ b/|u|2dxdy:/ by |hdul? ds + O(||hdsull” + 1), (7.3)
Sa 9Sa

On 95, we have 0 < bn, < an,. The same Green identity with 0., for which
[—h?A, 20,] = —2h20?, gives Rellich’s identity:

/ enalhdul? ds — —21°Re / &Pt dxdy = 2| hd,ull? — 0.
0S8, Sa

Therefore, the right-hand-side of (7.3) tends to zero as h — 0. This means that
J V' (y)dp = 0, where p is the spatial marginal of the semiclassical measure p. The
semiclassical measure restricted to the interior of the rectangle has the form do(x) dy,
so the interior contributes zero since f_ll b'(y)dy = 0. Since V/(£1) = —2, the mass on
the rectangular boundary y = 41 is zero. 0

Note that for each fixed € > 0, vanishing mass on {|z| > at+¢} follows by a continuous
cutoff and compactness, so Theorem 1 indeed follows from Theorem 3. Again, we stress
that this does not imply that ||¢x — gm, || — 0 for individual eigenfunctions.
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