Math 1B, Fall 2008, Wilkening

Midterm 2, version 1,3,5

0. (1 point) write your name, your GSI’s name, and your section number at the top
of your exam.

1. (3 points or 0 points) Suppose |cosz| # 1. Evaluate > (cosz)?".
a. cotx
b. csc?x
c. coshz
d x

CV1-a?
e. none of the above

. . . . az + 3

2. (3 points or 0 points) Describe the behavior of the sequence a; = 0, a,41 = 1
a. a, increases monotonically and converges to 1
b. a, increases monotonically and converges to 3
c. a, increases monotonically to oo
d. a, decreases monotonically to —oo
e. a, is not monotonic

3. (3 points or 0 points) Supppose 0 < a, < 1, a, < b,, and )b, is convergent.
Circle all the statements that are necessarily true:

a. Y. b2 converges and > b2 < > b,
b. S" /b, converges and Y v/b, < > b,
c. > a? converges and Y a2 < > a,

d. > \/a, converges and ) \/a, < > an

. if p > 0 then > (—1)"a® is convergent

@

4a. (3 points) Let f(z) =e .
Write down the Maclaurin series for f(x) and evaluate f©?(0) and f(1°(0).

= 1
4b. (4 points) Find all z that satisfy the equation Zm:” =5

n=1



5. (2 points each) For each of the following series, determine whether the series is
absolutely convergent (AC), conditionally convergent (CC), or divergent (D). Show
some work, but do not spend excessive time justifying all your steps.

> (=1)"[sin(L/n*)]**

6a. (2 pts) Is the following statement True or False? Justify your answer with a proof
or counterexample. (Obviously it’s true if a, > 0 and b, > 0, so don’t assume this).

If > a, is divergent and > b, is divergent, then > (a, + b,) is also divergent.

6b. (3 points) Suppose Y ¢,z™ has radius of convergence 2 while ) d,z™ has radius
of convergence 5. What is the radius of convergence of the series > (¢, + d,)x™?
Explain.

2

1\ *
7a. (3 points) Prove that e > (1 + E) for k > 1. (Hmt In(l+z)=2—-%+-- )

7b. (3 points) Use part (a) and mathematical induction to prove the following crude
version of Stirling’s approximation:

e"nl >n" for all n > 1.



Math 1B, Fall 2008, Wilkening

Midterm 2, version 2,4,6

0. (1 point) write your name, your GSI’s name, and your section number at the top
of your exam.

(3 points or 0 points) Suppose [sinz| # 1. Evaluate Y oo (sinz)?™.
tan x
. sec® x

sinh z
Xz
V1—z2
none of the above

>0 T

az +3
4

\)

. (3 points or 0 points) Describe the behavior of the sequence a1 = 2, a,41 =

. a, increases monotonically and converges to 3

. a, decreases monotonically and converges to 1
a, increases monotonically to oo

. a, decreases monotonically to —oo

© A0 T

a, is not monotonic

3. (3 points or 0 points) Supppose 0 < a, < 1, a, < b,, and )b, is convergent.
Circle all the statements that are necessarily true:

a. y_a? converges and > a2 < > a,
b. > +/a, converges and ) \/a, < Y an
c. > b% converges and Y b2 < > b,
d. >= /b, converges and >_ /b, < >_b,

. if p > 0 then > (—1)"a® is convergent

@

4a. (3 points) Let f(z) =e .
Write down the Maclaurin series for f(x) and evaluate f©?(0) and f(%(0).

4b. (4 points) Find all z that satisfy the equation Zm:” = 1.

n=1



5. (2 points each) For each of the following series, determine whether the series is
absolutely convergent (AC), conditionally convergent (CC), or divergent (D). Show
some work, but do not spend excessive time justifying all your steps.

S sin(1/n?)]1

Z(—l)" In cos -
~_(2n)!
; 57(nl)?

6a. (2 pts) Is the following statement True or False? Justify your answer with a proof
or counterexample. (Obviously it’s true if a, > 0 and b, > 0, so don’t assume this).

If > a, is divergent and > b, is divergent, then Y (a, + b,) is also divergent.

6b. (3 points) Suppose Y ¢,z™ has radius of convergence 2 while ) d,z™ has radius
of convergence 1. What is the radius of convergence of the series > (¢, + d,)x™?
Explain.

2

1\ *
7a. (3 points) Prove that e > (1 + E) for k > 1. (Hmt In(l+z)=2—-%+-- )

7b. (3 points) Use part (a) and mathematical induction to prove the following crude
version of Stirling’s approximation:

e"nl >n" for all n > 1.
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results of second mdterm

# students: 345

total possible: 36 points

nmax score: 32 points
aver age: 14. 09
standard dev: 5.93

rough grading scale (worry about +/- later)

raw score grade # of students

19-32 A 88
14-18 B 88
10-13 C 81
6-9 D 71
1-5 F 17

curve for conparison to other mdterm and final

curved score = 35 + 2. 75 * raw score

hi st ogram

raw score # students running tota

1 1 1 #

2 0 1

3 5 6 HHH#H

4 5 11 HHHHAH

5 6 17 HHHAHH

6 19 36 HHABHBHHBHHBHBHHBHH

7 18 54 HHABHBHHBHHBHBHHRH

8 16 70 RHHBHBHHBHHBHBHH

9 18 88 RHHBHAHHBHHBH B TR

10 14 102 HHABHAHHRHHHHHT

11 21 123 HHABHBHHBHBHHBHHHHBHH
12 27 150 HHABHBHABHBHHBH AR HBHHBH BT
13 19 169 HHHBHBHHBHHBHBHHBHH
14 21 190 RHHBHBHHBHHHHBHHBHBHH
15 17 207 RHHBHBHHBHHBH B

16 15 222 HHABHBHARHHHHRH

17 18 240 HHABHBHHBHARHBHHRH

18 17 257 HHABHBHHBH AR HBHHH

19 18 275 HHABHBHHBHHBHBHHRH

20 21 296 RHHBHBHHBHHHHBHHBHBHH
21 13 309 RHHBHBHHBHBHH

22 5 314  ###HAH

23 9 323 HHHABHBHHH

24 9 332 HHHABHBHHH

25 5 337 HHHAH

26 1 338 #

27 1 339 #

28 2 341 ##

29 2 343 ##

30 0 343

31 1 344 #

32 1 345 #

the answers bel ow were witten up by Peter Mannisto and Janes Tener
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Name:
GSI's Name: !Sé /[/7"-,‘34}
Section:
Midterm 2
Math 1B, Fall 2008
Wilkening
0 1
1 3
2 3
3 3
4 7
5 8
6| 5
7 6
tot_al 36

0. (1 point) write your name, your GSI’s name, and your section number at the top
of your exam.




1. (3 points or 0 pomts) Suppose Icos z| # 1. Evaluate Y o (cosz)?".
a

a. cobx - : ’ _
CSCZ:E L Z (Cag' \
. A X) -
c. coshz = l._, (oS x
d. \_/1 72 l
e. none of the above ‘ —_ —_—
S X
= (S
. . . . ' a2 +3
2. (3 points or 0 points) Describe the behavior of the sequence a; = 0, @p4q = —2 1
a,, increases monotonically and converges to 1
b. a, increases monotonically and converges to 3 An < Ang < |
C. ap increases monotonically to co v 5
. < <
d. a, decreases monotonically to —oo = 4 a \
€. an_is not monotonic | = a%+2e O&HJ\_EQ o
. 'z "
— < < |
“ 5
(1acreasing )
2 (bounded aloove ‘0\4 \)
L+ 3
L= —
KL = 5% 3 (- 4L +32=0 L=\ X
(l,-’g)(LE'—‘ D=o0

3. (3 points or 0 points) Supppose 0 < a, < 1, a, < by, and 3. b, is convergent.
Circle all the statements that are necessarily true: :
a. ) b2 converges and Y b2 < > b,
b. 3 v/b, converges and 3 v/b, < S b,
@Z a2 converges and ) a2 < > an
d. 3°y/a, converges and 3 .\/a, < Y. a,

e. if p > 0 then Y (—1)"a? is convergent \/ v " n even |
Coundesexanple fr (e ) Ay % ’b
Q’) ' /Y\ e Q&A Yo noeon
. S . ‘ ) b_-
P - Yo (/ﬂr\q = i,_ az n odd




4a. (3 points) Let f(z) = e*".
Write down the Maclaurin series for f(z) and evaluate f9(0) and f(199(0).

00 M
X X
= 2 =7
5 N
2
-K?‘ 5_ ('n"x”
= 8 = i
o n,
‘ I3
2 L'kt § £700)
$ Z VL-! - ! ) X
o o <

\(\Aa\k-(/(/\ UP COQLC\Y.\"QV\J'—Q ﬁq) {DD

(A9)
(no 0dd coeffnve s o upv) <o & (b> = O)

Qlloo)(o) (/”50 [‘W)/O) ~ 1_0_\_7_/
o= ol = f = Zol
4b. (4 points) Find’ all z that satisfy the equation Zna:"’ = %
’ l o2 n=1
— N
= X
=X o
. iy n- | X g "l
2 Nx = T 5 _ snx
(-x3 = 3 (1-x)* = %
< X
S
o set (-x)* = 2
4 2. I xZ
X:Z(/-x) =2 -Xx+3
2
X | 1
7 - Ix * 2 = O
21t 3 94
- 2'/2 = - 3




5. (2 points each) For each of the following series, determine whether the series is

absolutely convergent (AC), conditionally convergent (CC), or divergent
some work, but do not spend excessive time justifying all your steps.

D (=1)[sin(1/n?)]*
Clheclt bor absslole convergmn o

(D). Show

| |
596'” 7:1)% Sin ;\LZ = N e large (Sinnll )
| s, e Gl
hw comparion 4o (/‘"7’) . e oo (‘/nz)z/s 1

\ oD
Sivie Z\ /h“”3 Chn Y OLES) %

= 1
E Incos —
n.
n=1

i Ceos () ~ b (1= Fn>)
N o— ’/V\,Z (astxmpéo%\‘m(%t)
toe precizely;  lwe Wlos(Ved) g

. ~ |
co S\nee S -y tonvesge s abgo Ludelty L
\ " : (ZVH;&J(ZWH)

=\ (2n)! Qn
. ;3"(71')? QCLHO test . ’&:Lﬂ = _5(”_{,()2

(D)

: (2)3“'_‘(\\046; (R)=0 Qf nZB
= hona bl sows (G

M8

Il
=)

(chece oy l'HvSpﬂu\’s)
N-> o0 =/ i\méo&l/%) 2

— T3> |




6a. (2 pts) Is the following statement True or False? Justify your answer with a proof
or counterexample. (Obviously it’s true if a,, > 0 and b, > 0, so don’t assume this).

If 3 ay is divergent and )b, is divergent, then > (a, + b,) is also divergent.

Talse
Coundoex : f% \‘ (A all W)

(!

6b. (3 points) Suppose - ¢,z" has radius of convergence 2 while > d,z™ has radius
of convergence 5. What is the radius of convergence of the series Do(cn + dp)2™?
Explain.

Th must ke Q.. R \;((42/ Z@ﬂ“dn)x“
\\i o sum O/Q‘ C;Z COY\VC%L/IJ\‘ Qer\\cg‘ W o
Comrcrgcvd-'

Rr 2<(v(<B, T(Catda)x™ 3
(’M Suva O’Q a Cmv*o—au& Seriel awd o c(\\lﬁ’gem#
Sert@&‘) hon o d\\m'%(,\-\-;

vﬂ/\k 1% C(A.d\,sk
‘L‘O Qru szofz,‘




k
7a. (3 points) Prove that e > <1 + %) for k> 1. (Hint: In(1 +z) =z — ”2—2 +--)

k
ez ([++)
<=> |nle)= | = Kln(\ﬁi)

0\ 1
= K\j'\\i' 262% 33 ‘~—~]

1 1
2k T T -
~\/\,\\\ T aw OLl‘L((M‘H(/S Serne 3 w'\JM f‘eueasl%
absolote Ualue o~ dermes Nence
L 1
| > |- 26 ¥ 32 — S Comp\d’wi e pm;gz

7b. (3 points) Use part (a) and mathematical induction to prove the following crude
version of Stirling’s approximation:

= | _

e"nl > n" for alln > 1.
RN
Base case =1+ 2R

C(Q/Z,\‘\

" K
\nduckion SX&?\, wppose @} Kz T
@KH(RH)‘. = G- C\LL(\O“N

(\9% A ducon V\L&Q‘) ' Z e k! (K'H l.

' ( oy () )




4,6

Name: :
GSI’s Name: _

Section:

Midterm 2
Math 1B, Fall 2008
Wilkening

Sk W o= o

S O[O0 [N |w |w |w | =

N
D

total

- 0. (1 point) write your name, your GSI’s na,me,' and your section number at the top
of your exam. . : '




1. (3 points or 0 points) Suppose |sin | # 1. Evaluate Y oo, (sinz)*".

a. tanx o9 )
@seezw : 2N —_—

c. sinhz X > )-x* w"'”‘ 795,4 ]4 'A/})M
d 7= nzo |

e. none of the above ;
15axt #l, we ﬂf’v’% lave |5 x 1¢ [, so

%0 an e
i';('ﬁ/\x) - — -—,—- c

To1=8in% F ok T oSk x

2
3
2. (3 points or 0 points) Describe the behavior of the sequence a; =2, an+1 a":

a. a, increases monotomcally and converges to 3
@an decreases monotonically and converges to 1

c. a, increases monotonically to oo

d. a, decreases monotonically to —co

e. a, is not monotonic

3. (3 points or 0 points) Supppose 0 < a, < 1, an. < by, and ) b, is convergent.
Circle all the statements that are necessarily true:

Y- a2 converges and > a2 < Y a,

b. >7\/ay converges and 3 /@, < . a,

c. > b2 converges and Y02 < 3 b,

d. > /b, converges and 3. v/b, < 3 b,

e. if p > 0 then >_(=1)"a? is convergent




4a. (3 points) Let f(z) =e ™.

Write down the Maclaurin series for f(z) and evaluate f°9(0) and £(199)(0).

o0 o
X X
€ = 2; nd
n_3n
%3 OZO 1) X
e = < n!
o) n . _3n D (!4)/
-0 X" 0)
6 ) (@) k_/

hmaleh (ke coe QCR,LKCJ\H A

Qm:{lo) (- )>2 1Qnoo)/ )
a1l = "33 — =

P (o0 |

oo}
4b. (4 points) Find all z that satisfy the equation ann =1.

=0 n __\_ n=1
X T -x
6

[

“od - Ve
SN XY\ = _ )2 = ‘5\‘—- nNx =
\

X

.

="




5. (2 points each) For each of the following series, determine whether the series is
absolutely convergent (AC), conditionally convergent (CC), or divergent (D). Show
some work, but do not spend excessive time justifying all your steps.

o0

2_lmU/mI? e e e Yt L loge
" (e ee) 2
L
= 26-5)" (D
—_— S\ n? S
Swee = h dweges, SV
> 1 )
1;( 1) lncos— , IV\ oS '\{L " ly\((( - /V\.b)
v - l/1/\/2 ) So
\
e S Ay 1
n ' o
*h\\m t l>M0%|/h’l = Swe i\ \/V‘Z Con vesges,
-0 nwe o0 1
(2n)L . .. N -
Z5n(nl)2
Qu CZV! 2 )2n +t) “
(A - —_— =
%{no’ test- G = S — 7 <

SO (2)6 6 ow=5
he Som C:(/\I/<Q)




6a. (2 pts) Is the following statement True or False? Justify your answer with a proof
or counterexample. (Obviously it’s true if a,, > 0 and bﬂ > 0, so don’t assume this).

If > ay is divergent and ) b, is divergent, then > (a, +b,) is also divergent.

False, I+ a,: ;'; Cad b - Fhea  hot

1,

f' i’a/’ A i‘b,, d/vv;c/ bw} 44'&3 :0 s, Z7fd,,+

k) ®, Verger,

6b. (3 points) Suppose ) c,z™ has radius of convergence 2 while 3" d,z" has radius

of convergence 1. What is the radius of convergence of the series > (cn + dy)z™?
BExplain.

i{ 141, Hhen gfnf‘m ank 4%/} x" Grvege, v
f 47 7LJA)X,\

A,

1:7Q 1< IX7<9?/ ‘7L/7m ﬁ Cax ™ &/)Vﬁfféf P f é(.,a\'m pl/(/@?,@; S»
5T teathy o diveger |

oNVerves .

pf(dlﬁr/‘ f[(},, 7"0’,;))('/, "_f a fd‘\/@’ .Y?ﬂlcf/ ard ) F J‘AV’&( 78},_
KA iF mok dvege B 1in),

So R=].




k
7a. (3 points) Prove that e > (1 + %) for k > 1. (Hint: In(1 +2) =z — 22_2 +ee0)

Swce [ - \/7/1; + \/%\%— S aw atw&\\'} Sre viNes
w e ACC‘\C&S\'\") abs valoe o Yerm s,

V2 - e Vo - ;o complefy fue pnot,

7b. (3 points) Use part (a) and mathematical induction to prove the following crude
version-of Stirling’s approximation:

e"n! >n" for alln > 1.
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f
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