™ ™
d d d 1 -1 _ 1 snle=y < siny=2 and —=<y< -
Sat—nath Sef—ef Cfa = @ = w5 =y 2 2
z dx coslz=y & cosy=x and 0<y<m
™ ™
gf' — fq' d tanlz=y < tany=z and —- <y<
(f9) =rfg+df  (flg) = T S 9(@) = f'(9())g'(x) 2 2
1
in2 2= 1+ cos 2z s 2 B R
sin“x + cos®z =1 2o — sinz = cosx — tanx = sec’ x sin —
sin2x = 2sinx cosx o 1 2 9 dx dx e 11_ @
. — cos2x a — dina a _ I
cos 22 — cos? 2 — sin2 x sinZx = — . cosx = —sinx dr secr = secr tanx e tan™ " x = 1122
—sec lz= !
d Va2 —1

/tanuduzln‘secu‘+0 /secuduzln’secu+tanu‘+c

1 d *1‘5 T
/tanhudu:ln(coshu)+0 /sechudu:tan’1|sinhu‘+0 2 a2 T g

d 1
_ . inh~ !¢ = 2 —~gnh tr=——
T _ - h sinh xfln(.r+ T +1) reR S T
sinhz = % tanh z= % d V1+a?
P cosl v cosh 'z =1In (1: +Vaz2 — 1) x>1 d cosh— z — 1
coshz = 5 sechx = o 1 142 dx 2 —1
coshx tanh™'z = = In -l<z<1 1 1
2 1—x —tanh™ "z = ——
dx 1— 22
2 ) h 2 1 d d
cosh” z —sinh”z =1 cosh?z = coshr 1 — sinhx = coshx — tanhz = sech?z
cosh 2z = cosh® z + sinh? 2 dr du
sh 2z = cosh” z + sinh” z 5 cosh2r—1 . d -
sinh 22 = 2sinh  cosh = sinh“z = — s T coshx = sinhx e sechx = —sech x tanh x
f(zn) d [*
Newton’s method for solving f(z) =0: @41 = T — (@) ir f@)dt = f(z) udv=wuwv — [ vdu
n a

MVT: if f is continuous on [a,b] and differentiable on (a,b), there is a ¢ € (a,b) such that f'(c) = W

n—1 n

Ly=) f@)Az,  Ry=) f(x)Az Su = [£(@0) + 4 (@1) + 2f(22) +4f (w3) + -+ 2f (2n-2) + 4f (2n-1) + flan)] %

=0 i=1
= b— i— i
My = f@)As, A= g =TLET Ty = [5/(20) + f(@1) + [ (@2) + -+ + [(@n-1) + 1/ ()| Aa
n
i=1
—a)? 17(12 27113 27(13 47(15 _ J
Br = [} f(@)dz T, |B| <SGl gy < Jaloal ) < Bo0onh By < B2Rmnl By < BEneE K = max|fO(2)]

COMPARISON THEOREM: Suppose f(z) > g(z) > 0 for x € (a,b).

o0
1
b ) b ) / — dz is convergent if p > 1 and divergent if p < 1.
(1) if [ f(x)da is convergent, then [ g(z)dx is convergent. 1 P

2) if bg x) dx is divergent, then bf x) dx is divergent. 11
@) if J, 9(@) Ju 1(@) / — dx is convergent if p < 1 and divergent if p > 1.
(a = —o0 and/or b = oo are allowed.) o P
PARTIAL FRACTIONS:
- by (l _3)
3, (0,1) 3012072 325 + 2z 4+ 7 Az +B Ce+D B _F G _H
/ s (ﬁ ﬁ) (22 +x+1)223(x—2)  22+a2x+1 (@2+2+1)2 2z 22 23 22
' 2

TRIG SUBSTITUTION

a? — x2 z =asinf
va? + 22 r=atanf or x =asinhf

22 — a? z=asecld or x=tacoshf



oo n 2 3 > 2n+1 3 5
e " T x B 1 n T B T T B
e —gm—1+x+2+6+---, (R = 0) tan a:—nz%(—l) 1 —:U—E—f—g—"', (R=1)
gk
. Squeeze theorem: if a, < b, < ¢, for n > N and a,, — L and ¢, — L then b, — L. Hs
) If limy, o0 |ay| = 0 then lim, .o a, = 0. If > >, a, is convergent, then lim, .o an = 0. s g
[ Integral test: if a, = f(n) for n > N and f(x) is continuous, positive and decreasing for t
= x > N, then (> ay, is convergent) < (there is an o such that f;; f(z)dz is convergent) —
- Comparison test: Suppose 0 < a,, < b, for n > N. Then l
: (1) > by, convergent = Y a, convergent. (2) > a, divergent = b, divergent.
. '__ Limit comparison test: Consider the series > a, and > b,. Suppose b, > 0 for n > N. _
LB If lim,, oo Z—: = ¢, where 0 < ¢ < 00, then either both series converge or both diverge. =
. +___ Alt. series: if 0 < bpy1 < b, for n > 1 and b, — 0 as n — oo, then Y (—1)"b, converges. 8
k[ estimation: |s — s, < bpy1, where s = > 0% (=1)"b, and s, = Yo, (—1)"b;. . I
z|~3 Ratio test: Suppose lim,, azzl = L. Root test: Suppose lim,, . ¥/|an| = L. %ng
3

2 2t
:1_54_1_..

1,271

(2n)!

> ="
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if L < 1: absolutely convergent. if L > 1 divergent. if L =1 test is inconclusive.
Radius of convergence: Y >°  cp(x — a)™ converges for |z — a| < R, diverges for |z —a| > R

(n)
If f(z) =720 cn(z —a)” has a positive radius of convergence, then ¢, = fT,(a)

Taylor’s formula: f(z) = [f(a) + f(a)(x—a)+ -+ %(aﬁ - a)"} + R, (z),

where R, (x) = f((:::i)(,z) (z — a)™! for some z between a and z.

arclength: L = f; VI+ fl(@)2de,  s@)=[T\/1+ f'(t)?dt, ds=/dz?+ dy?.

work: W= [Fdx or W= [dW, dW = (distance moved)x (force on slice or segment)

spring: F' = k(z — x0), xp = natural length, k& = spring constant

hydrostatic pressure: P = pgd, hydro. force: F = [ PdA, dA = area of horizontal slice
p = density (kg/m?), g = gravitational acceleration (m/s?), d = depth (m)

oM, -
moments: M, =), m;x;, My =), miy;, center of mass: z = Y, 7= %, (m=7>_,m;)

_ b d

7= [, 2lf (@) —g(@)ldz = % [ 5[F(y)* - G(y)?
_ b d

7= % Ju 5lf(@)? = g(x)?lde = 5 [Ty[F(y) - G(y)
separation of variables: v’ = f(z)g(y), [ % = [ f(z)dx.
mixing problems: % = (rate in) — (rate out), y = amount in container (e.g. kg of salt)
2nd order homogeneous: ay” + by’ +cy =0. (spring: a = m,b—c,c =k, y —>z, x —t)

c1€"* + c9e™T b2 —4dac >0

)

: Jdy ,
centroid: . Pappus: V =277A
Jdy

aux. eqn: ar? +br+c=0. y(x) = c1e"™ + coxe’™, b? —4ac=0
e“®(cy cos B + casin Bx), b2 —4dac <0, r=a+if

nonhomogeneous problem: ay” + by’ + cy = G(x). Method of undetermined coefficients:
if G(z) = P(z)e* cos(mz) or G(z) = P(x)ek® sin(maz), try yp(z) = Q(z)e* cos(mx) +
R(x)e sin(ma) with Q(z), R(z) of the same degree as P(z). If (k + 4m) is a root of the
auxiliary equation, multiply by x. If m = 0 and k is a double root, multiply by 22.

yruf + youhy =0,

vy + yauy = G/a

Series solutions: substitute y = > 7 c,z™ into equation. Relabel indices to get ™. Peel off
leading terms so sums start in same place. Match terms, set coefficients of 2%, z!, ... to
zero. Change indices to express recurrence as ¢, = ..., where ... involves earlier coeflicients.
If y(0) or 4/ (0) are given, compute ¢y and ¢;. Make table of first several coefficients. Try to
recognize general formula. Assemble the solution using e.g. y = ZZOZO[CQTL:L’Z” + cong 122
or y =30 [e3n23" + c3p 123 + cgpq02® .

variation of parameters: y = ui1y1 + usy2,

2! n!

n=0
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