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APPENDIX A. MORE EXAMPLES

BY JUNEHYUK JUNG AND SUG WOO SHIN

In this appendix we give more examples of families (%, ) to which the main results
of the paper apply. As in [27], the examples are constructed via the Langlands
functoriality (Hypothesis A.1).

A.1. Families to be considered. Let G be a split reductive group over Q such
that G(R) admits discrete series. We assume that the center Z(G) is anisotropic
over Q for simplicity.® For n € Z>1, define an open compact subgroup of G(A>)

U(n) := ker(G(Z) — G(Z/nZ)).

Let 7 : G — GL,,(C) be a faithful irreducible representation of the dual group of
G such that
ror,

Let £ be an irreducible algebraic representation of G®gC. Assume that the highest
weight of € is regular. Let II,(£) be the set of discrete series of G(R) whose
infinitesimal character and central character are the same as €Y. Then (&) is
an L-packet. For an automorphic representation m of G(A), define m() to be the
multiplicity in the discrete L%-spectrum of G(Q)\G(A), and N(7) to be the least
N € Zx>; such that aUN) =L 0. Let {nr} be an increasing sequence of positive
integers. Assume

e for each prime p, p 1 ng for k> 0.

Define F}, to be the multi-set of all discrete automorphic representations m of G(A)
such that 7o, € 1 (€) in which 7 appears with multiplicity

ar, (1) := m(r) dim(7>°)V (),
Hypothesis A.1. For each k > 1 and m € Fj, there is an isobaric automorphic
representation IT of GL,,(A) (the functorial lift of 7 under r) such that

(1) at all finite places v where G, r and 7 are unramified, the Satake parameter
for m, transfers to that of II, via r,

(2) the L-parameter for m,, transfers to that for Il., via r (where the L-
parameters are given by the local Langlands correspondence for real re-
ductive groups).

This is the same as the Hypothesis 10.1 of [27], to which we refer the reader for
more details on conditions (1) and (2). The functorial lift IT as above is denoted
rom. Put Fy = r,.Fi (as a multi-set) and F = {Fj }p>1.

Example A.2. Let G be a split symplectic group or a split orthogonal group in
n variables where n is either odd or divisible by 4. Then G(R) contains a compact
maximal torus so admits discrete series. Moreover Hypothesis A.1 is known in this
case by Arthur [1] conditionally on the stabilization of the twisted trace formula,
the weighted fundamental lemma (being written up by Chaudouard and Laumon),

3In fact [27] (in the level aspect) works with a reductive group over a totally real field which
admits discrete series at all infinite places without assuming that Z(G) is anisotropic or that G
is split. Though our results should extend to that setting without difficulty (in particular should
include the case of quasi-split unitary groups by using [19]), we chose to restrict ourselves to split
groups in favor of simplicity and clarity.
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and a technical result in harmonic analysis. (See [4, 1.18] for a detailed discussion
of these conditions.)

A.2. Satake transforms. Let p be a prime and G be a Chevalley reductive group
over Zy. Let T be a split maximal torus of G over QQ,, in a good relative position
to G(Z,) and B D T a Borel subgroup. Let X, (T) and X, (T)" be the cocharacter
group of T and its subset of B-dominant members, respectively. Denote by 2 the
associated Weyl group, which is equipped with sign character sgn : Q — {£1}.
Write p for the half sum of all B-positive roots of 7" in G. Choose a Put K, :=
G(Zyp). Write H"(G) for the unramified Hecke algebra of bi- Kp-invariant functions
on G(Qp) with values in C. Similarly H*(T') is the algebra of functions on 7'(Q,)
bi-invariant under 7'(Q,) N K. There is an obvious action of {2 on each of H,"(T)
and X, (7). For u € X.(T)", define TE € H,"(G) to be the characteristic function
on K,u(p)K,, and define y, € C[X.(T)]* by the formula

Xu Y sgn(w)wp =Y sgn(w)w(p + 1)
weN weN
in the group algebra C[X,(T)]. It is known (cf. [13, p.465]) that {x,.}x, 1)+
forms a C-basis of C[X,(T)]*. The Satake isomorphism is a canonical C-algebra
isomorphism

S HI(G) S XL (1)

We refer the reader to [6] or [8] for details. If we write G for the set of semisimple
clements of G, there is a canonical isomorphism between C[X, (T)]? and the sub
C-algebra in the space of functions on CA?SS generated by the finite dimensional
irreducible characters of G ([6, §6]). When r : G — GL,(C) be an irreducible
representation of complex Lie groups, write tr r for its character viewed as an
element of C[X,(T)].

Lemma A.3. Assume that r be as above. Let u € X.(T)"
(1) Suppose that r has highest weight p. Then ™ (tr r) = x,.
(2) Suppose that pn # 0 (equivalently r is not the trivial representation). Then

there exists a constant C(u) > 0 depending only on p and the root datum
of G such that

Xu(D] < Clp)p™
(3) If u =0 then x,(1) = 1.

Remark A.4. The point of (2) is that C(u) is independent of p when one starts
with a Q-split group and considers it over Q, as p varies.

Proof. Parts (1) and (2) are the lemmas 2.1 and 2.9 in [27]. The last assertion is
obvious since o is the identity in the group algebra C[X,(T")], which corresponds
to the characteristic function on K. O

A.3. Sparsity of positive definite members. Going back to the setup of §A.1,
we aim to show that almost all members of %}, are not positive definite as k — oc.
For any function F' on the set of automorphic representations of GL,,(A), let us
define

def
Egz(F(m)) = 7 ﬂ;k F(m
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which will play the role of Bz 4 (F(m)) of §2.1.* Note that properties @ and
of Definition 2.2 still make sense. Also, for the family given in §A.1, we have 11 = 1,
hence almost all members in %, are cuspidal as k goes to +o00 [25]. Therefore from
Remark 4.4 we have an analogue of Lemma 1.1 in our setting using exactly the
same argument presented in §2; 3, and 4.

Lemma A.5. Let % be a family as in §A.1 satisfying @ and . Then almost all
members in F are not positive definite (as k — oo ) in the following sense: Let By, C
F, be the sub multi-set of positive-definite members. Then limy_ o | Bg|/|Fk| = 0.

Our final task is to verify properties @ and for the family {%}. Actually
we prove stronger assertions as can be easily seen from the proofs.

Lemma A.6. The family % satisfies @

Proof. Take p, in @ to be the Plancherel measure on the unramified unitary dual of
G(Qp). For each prime p, note that p doesn’t divide level for k > 0 by assumption.
So the lemma is exactly the level aspect in the corollary 9.22 of [27]. O

Lemma A.7. The family F satisfies .
Proof. The corollary 9.22 of [27] (+ Lemma A.3.(i)) gives us
(A.1) Ez(\p)) = 5 (xy),

(AQ) E?(A(p)Q) = ﬁgl(Xr@)r)'

Here xrgr := D, Gr Xy Where r@r = @,va,.7" is the decomposition into irreducible
representations with multiplicity a,» € Z>¢. The Plancherel formula satisfied by the
Plancherel measure tells us that ﬁgl(x,«) = xr(1) and ﬁgl(xr(@r) = arxr(1).
From (A.1) and Lemma A.3.(2)

Ez(A(p)) =0(p™").
Since r is self-dual, a,» = 1 when 7’ is the trivial representation. (To see this, observe
that Homg(r,r") is one-dimensional if nonzero, provided that r is irreducible.)
From (A.2) and Lemma A.3.(2)(3),

Ez(\(p)*)=1+0(p™")
where the implicit constant is dependent only on the decomposition r@r = &, a,.r’

and the constants C(u) as p ranges over the highest weights corresponding to r’
with a,» > 0. The latter two are clearly independent of p. (]

Theorem A.8. Let {Z} be a family of §A.1. Under Hypothesis A.1, almost all
members of F are not positive definite.

Proof. Apply Lemma A.5 along with Lemmas A.6 and A.7. (]

In particular the conclusion of the theorem is true for Example A.2, conditional
on the expected results as described in that example. This provides a large number
of examples in addition to Theorem 1.2, 1.4, and 1.5.

4The only difference in the setting is that we have S(X) C S(Y) whenever X <Y, where there
is no such relation among .#;. Note that we do not make use of this fact in the proof of Lemma
1.1.



22

1

11.

12.
13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

JUNEHYUK JUNG, WITH APPENDIX A BY JUNEHYUK JUNG AND SUG WOO SHIN

REFERENCES

. J. Arthur, The endoscopic classification of representations: orthogonal and symplectic groups,
Preprint, http://www.claymath.org/cw/arthur/.

. E. Bachmat, Topics in performance analysis, www.cs.bgu.ac.il/ ebachmat/book-26-11-11.pdf,
2011.

. R. C. Baker and H. L. Montgomery, Oscillations of quadratic l-functions, Progr. Math. 84,
Birkhauser (Boston) (1990), 23-40.

. N. Bergeron, J. Millson, and C. Moeglin, Hodge type theorems for arithmetic manifolds asso-
ciated to orthogonal groups, arXiv:1110.3049v2 [math.NT].

. B. J. Birch, How the number of points of an elliptic curve over a fixed prime field varies, J.
London Math. Soc. 43 (1968), 57-60.

. A. Borel, Automorphic L-functions, Automorphic forms, representations and L-functions
(Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sym-
pos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 27-61. MR 546608
(81m:10056)

. Christophe Breuil, Brian Conrad, Fred Diamond, and Richard Taylor, On the modularity of
elliptic curves over Q: Wild 3-adic exercises, J. Amer. Math. Soc. 14 (2001), 843-939.

. P. Cartier, Representations of p-adic groups: a survey, Automorphic forms, representations
and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part
1, Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 111-155.
MR 546593 (81e:22029)

. S. Chowla, Note on Dirichlet’s L-functions, Acta. Arith. 1 (1936), 113-114.

. B. Conrey, A. Granville, B. Poonen, and K. Soundararajan, Zeros of Fekete polynomials,

Ann. Inst. Fourier (Grenoble) 50 (2000), no. 3, 865-889. MR 1779897 (2001h:11108)

C. Hamer, A formula for the traces of the hecke operators on certain spaces of newforms,

Archiv der Mathematik 70 (1998), 204-210.

H. Heilbronn, On real characters, Acta. Arith. 2 (1937), 212-213.

Shin-Ichi Kato, Spherical functions and a g-analogue of Kostant’s weight multiplicity formula,

Invent. Math. 66 (1982), no. 3, 461-468. MR 662602 (84b:22030)

N. M. Katz, Ezxponential sums over finite fields and differential equations over the complex

numbers: Some interactions, Bull. Amer. Math. Soc. 23 (1990), 269-309.

M. A. Kenku, On the number of Q-isomorphism classes of elliptic curves in each Q-isogeny

class, Journal of Number Theory 15 (1982), 199-202.

Henry H. Kim and Freydoon Shahidi, Functorial products for gla X gls and the symmetric

cube for gla, C. R. Acad. Sci. Paris Sr. I Math 331 (2000), 599-604.

N. N. Lebedev, Special functions and their applications, Prentice-Hall, INC., 1965.

G. Martin, Dimensions of the spaces of cusp forms and newforms on vo(n) and v1(n), Journal

of Number Theory 112 (2005), 298-331.

C. P. Mok, Endoscopic classification of representations of quasi-split unitary groups, preprint,

http://www.math.mcmaster.ca/"~cpmok/unitary.pdf.

H. L. Montgomery and R. C. Vaughan, Multiplicative number theory. i. classical theory,

volume 97 of cambridge studies in advanced mathematics., Cambridge University Press, 2007.

G. Polya, Verschiedene bemerkung zur zahlentheorie, Jber. Deutsch. Math. Verein 28 (1919),

31-40.

P. Sarnak, Class numbers of indefinite binary quadratic forms ii, Journal of Number Theory

21 (1985), 333-346.

, Notes on the generalized ramanujan conjectures, Clay Mathematics Proceedings 4

(2005), 659-695.

s Letter to eitan bachmat on positive definite l-functions,

http://publications.ias.edu/sarnak/paper/511 (2011).

P. Sarnak, S:W. Shin, and N. Templier, Families of L-functions and their symmetry, preprint

(2013), 1-30.

J-P. Serre, Répartition asymptotique des valeurs propres de l'opérateur de hecke tp, Amer.

Math. Soc. 10(1) (1997), 75-102.

S. W. Shin and N. Templier, Sato-Tate theorem for families and low-lying zeros of automor-

phic L-functions, arXiv:1208.1945 [math.NT].




