ASYMPTOTIC BEHAVIOR OF SUPERCUSPIDAL
REPRESENTATIONS AND SATO-TATE EQUIDISTRIBUTION FOR
FAMILIES

JU-LEE KIM, SUG WOO SHIN, AND NICOLAS TEMPLIER

ABSTRACT. We establish properties of families of automorphic representations as we
vary prescribed supercuspidal representations at a given finite set of primes. For the tame
supercuspidals constructed by J.-K. Yu we prove the limit multiplicity property with
error terms. Thereby we obtain a Sato-Tate equidistribution for the Hecke eigenvalues of
these families. The main new ingredient is to show that the orbital integrals of matrix
coefficients of tame supercuspidal representations with increasing formal degree on a
connected reductive p-adic group tend to zero uniformly for every noncentral semisimple

element.
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1. INTRODUCTION

1.1. Limit multiplicity. We begin this introduction by explaining our results on counting
discrete automorphic representations. Let GG be a semisimple group over a totally real
field F'. Write F, := F ®g R. Consider a sequence of lattices {I';},>1 in G(F) whose
covolumes tend to infinity as 7 — oco. For an irreducible unitary representation 7., denote
by m(7e, ;) the multiplicity of 7 occurring in the discrete spectrum of L?(I';\G(Fy)).
DeGeorge-Wallach [dGWT8, DW79] in the compact case and Rohlfs-Speh [RS87] and
Savin [Sav89| in the arithmetic non-compact case proved that if {I';} is a normal series
whose intersection is the identity, then

. m(ﬂooa Fj)
(11) Jim vol(T,\G)

Here deg(m,) is the formal degree which by convention is non-zero if and only if 7, is
square-integrable. By different methods it is shown in [ABB™11] that (1.1)) holds if {I';}

= deg(Teo)-
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is Benjamini-Schramm convergent and uniformly discrete (which recovers the compact
case but not the non-compact case).

Our goal is to investigate refinements where instead of the lattice I'; we impose a
prescribed supercuspidal representation o;. Let u be a finite place, and consider a sequence
{o;};>1 of tame supercuspidal representations of G(F,) whose formal degrees tend to
infinity as j — oco. For an irreducible algebraic representation £ of G(F) with regular
highest weight, let T1(£) denote the L-packet of square-integrable representations of
G(Fx) whose infinitesimal and central characters are dual to those of €. Write m(¢, o)
for the number of discrete automorphic representations  in L*(G(F)\G(Ar)), counted
with automorphic multiplicity m(n), such that 7o, € I(£), T, >~ 0, and 7 is unramified
at all finite places away from w. By results of Harish-Chandra the cardinality |1 ()| is
equal to the order of the Weyl group of G(F,) divided by the order of the Weyl group of
a maximal compact subgroup of G(F). Informally one of our main results (Corollary
cf. below) states, provided that the residue characteristic of F, is sufficiently large,
that

: m(fa Uj) .
(1.2) Jlim des(o)) Mo (€)] dim &
for a positive constant ¢ independent of £&. We refer to for the determination of ¢
which is related to the Tamagawa number of G.

Note that the integer [IIo(¢)[dim & is equal to 30 ) deg(moo) up to a multiplicative
constant depending only on the Haar measure on G(F,,). Compared with , we are
averaging over 7., ranging in the L-packet II,(¢) for technical simplicity in the trace
formula; this simplification does not interfere with the new phenomena at the finite prime
u that we are concentrating on.

Example 1.1. For the group PGL(2) consider discrete automorphic representations that
ramify above a single prime ¢ and are unramified elsewhere. Let D, be the discrete
series representation of PGL(2,R) of weight £ > 2 (necessarily even). For each simple
supercuspidal representation o of PGL(2,Q,) with ¢ > 3, there is an ezact multiplicity
formula

1

(1.3) m(Dy, o) + m(Dy,0') = %(f —1),

where ¢’ is the other representation with the same affine generic character as o, see [Groll].
(The assumptions in |Groll] differ slightly, but one can verify that the same argument
applies, the key point being that PGL(2, Q) has no ¢-torsion.)

Simple supercuspidal representations for PGLy(Q,) coincide with the representations
of GL2(Q,) of conductor ¢* and trivial central character. There are 2(¢ — 1) distinct
simple supercuspidal ¢’s, partitioned into ¢ — 1 pairs {o,0’}, thus leads to the
observation [Groll] that for any even integer £ > 2 and any prime ¢ > 3, the dimension
of the space Si(q%)"" of newforms of weight & and level I'y(¢®) if]

k—1

m (D, To(¢*))™™ = dim Sy (¢ = T(q +1)(g — 1)

1This formula can also be established from
dim Sy (¢*)"*" = dim Sy (¢*) — 2 dim S (¢?) + dim Sk.(¢),

and the dimension formulas of S, (N) derived from Riemann-Roch [Mar05].



ASYMPTOTICS OF SUPERCUSPIDAL REPRESENTATIONS 3

k-1

“, this is a strong form of the limit multiplicity

Since the formal degree of Dy is
property as q — 0.

On the other hand, we establish by the same method of proof as (1.2)), see also [Wei09],
the following asymptotic

k—1
m(Dy, o) ~ 7(612 —1), ask,qg— oo,

because the formal degree of simple supercuspidals is deg(c) = deg(o’) = LQ_I. Thus, the
asymptotic ((1.2)) and the exact formula ((1.3) are consistent, although none implies the
other.

Depth aspect. Recall the notion of depth of an admissible representation [MP94]. As
a special case of Conjecture below, we conjecture that for a sequence (o;);>1 of
supercuspidal representations of a p-adic group, the condition deg(o;) — oo is equivalent
to depth(o;) — co. In our present context of tame supercuspidals, this is easy to verify
(see, e.g., the proof of Proposition [3.13)).

We may refer to the asymptotic% as a limit multiplicity result in the depth aspect.
Indeed we view it as an analogue at finite places of the limit multiplicity in the “weight
aspect” [Shil2, [ST16]. Indeed in the weight aspect, the roles of ¢; and £ are interchanged,
namely o, remains fixed and £ — oo (in the sense that the highest weight for £ gets
arbitrarily far from the walls), whereas the above families have fixed £ and deg(c;) — oo.
In fact, we also establish hybrid results in this paper, where both £ and o; tend to infinity.
For example our results below allow us to obtain an error bound for , saving powers
for both dim(¢) and deg(c;) (Corollary below).

1.2. Quantitative equidistribution for a family. In the same context as before, for
simplicity, let G be a split semisimple group over a totally real field F’ with trivial center.
(In the main text G need not be either split or semisimple with trivial center.) Let each
of Sy and S be a finite set of finite places of F' such that S # () (but Sy could be empty)
and Sy NS = (). Denote by S, the set of infinite places of F' and put & := S,c USyU S.
Set Fs, := [],cq, Fv and A% = H;¢S F,. Let Kg, be an open compact subgroup of
G(Fs,), and K© an open compact subgroup of G(A$) which is the product of hyperspecial
subgroups over v ¢ & (which arise from a global Chevalley group for G over Z). We will
consider

e irreducible algebraic representations ¢ of G(F,,) with regular highest weight,
e irreducible supercuspidal representations o of G(Fy).

For a technical reason we will impose the condition that & € Irri®(G(FL)) for a fixed

constant C' > 1 (see for details; the error bound in the theorem depends on C').

Let F(¢, 0, Kg,) be the multi-set of discrete automorphic representations m, counted
with multiplicity m(m) dim(7g,) 50 (a number occurring naturally in the limit multiplicity
problem), such that 7, € I1(&), 7s ~ o, and (7TG)K6 # 0. We let both ¢ and o vary,
which puts discrete series representations at infinite places (grouped in L-packets) and
supercuspidal representations at finite places on an equal footing. Write m(§, o, Kg,) :=
|F(&,0,Ks,)|- Fix a Haar measure on G(Ap).

Our main result in a simpler form is the following Sato-Tate equidistribution for the
family F. See Theorem [5.4) and Corollaries [5.8] and for precise statements. In the
special case where o is fixed, our result generalizes [ST16, Thm. 9.19].
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Theorem 1.2. Suppose that the residue characteristic of every v € S s sufficiently large
(in a way depending on G ). We have the limit multiplicity formula as dim(§), deg(o) — oo

(1.4) m(§, o, Kg,) ~ c¢-dim(¢) deg(o)

for an explicit constant ¢ > 0. Moreover there exist v, A > 0 depending only on G such
that for every & and o as above, and for every function ¢ : G(AS) — C which is the
characteristic function of a K€-double coset, we have the asymptotic formula

(1.5) Y wwS(9) = m(& o, Ks,)d(e) + O(m(&, o, Ks,)' [ 0]11).
m€F(§,0,Ks,)

The multiplicative constant depends on G, C, S, Kg, but is independent of £, o and ¢.

Example 1.3. Suppose G = PGL(2) and F' = Q. We take Sy = () and .S any non-empty
finite set of sufficiently large finite primes. We are counting, for even integer weights k > 2,
and irreducible supercuspidal representations o of PGL(2, Qg), the number m(Dy, o) of

cusp forms f € F(Dy, o) of weight k unramified outside of S and with local component o
at S. The limit multiplicity asymptotic (1.4)) recovers [Wei09] as in Example [1.1}

k—1
12

The second assertion ((1.5)) on Sato-Tate equidistribution is new already in this case of
PGL(2). For example, if the function ¢ is a Hecke operator T,, for some integer n > 1 not
divisible by any prime in S, then:

(1.6) 3 %\/g) — m(Dy, 0)6nss + O(n),

fef(Dkva)

m(Dy, o) ~ deg(o) as k,dim(0) — oo.

where §,,—g is one if n is a perfect square and zero otherwise. Note that we normalize
a,(f) in such a way that Deligne’s bound reads |a,(f)| < 2. The above precise error
term (corresponding to v = 1 and A = 0) is derived from the Sally-Shalika character
formula [KST16, App. A]. Similarly as in §1.1] the equidistribution is a refinement of
an earlier result. Namely, Serre [Ser97] considered the trace of the Hecke operator 7T;, on
the space Si(IV) of cusp forms f of weight k and level I'((/V), and established for n > 1
coprime with N,

> “"J@ = m(Dy, To(N))dppy + O(n).
fEF(Dy,T'o(N)) "

Remark. Interestingly, the depth aspect families studied in this paper are rather thin
compared to the families formed by varying a lattice subgroup. In favorable situations,
and assuming that Sy = (), the global root number of 7 € F(&, o, ) depends only on ¢ and
0. This almost never happens for thicker families arising from limit multiplicity problems
where the whole lattice subgroup I'; varies.

Conductor vs depth. We view the sets F(, 0, Kg,) with varying tame supercuspidal
representations o of G(Fys) as forming a harmonic family in the sense of [SST16]. Then
Theorem essentially gives us the Sato-Tate equidistribution for families stated as
Conjecture 1 in [SSTI16]. One difference is that the formulation of [SST16, Conj. 1]
involves analytic conductors whereas our results are expressed in terms of formal degrees.
The relation between formal degree and conductor is not yet established in general, this
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is a problem closely related to that of the depth preservation in the local Langlands
correspondence [Yu09).

1.3. Bounds towards Ramanujan. We can deduce from Theorem [1.2|an average bound
towards Ramanujan. For every place v ¢ & and every 6 > 0, there is o > 0 such that

(1.7) #{m € F(§,0,Ks,), log,|a(m,)| > 0} < m(§,0,Kg,)' "¢,

where a(m,) is the Satake parameter of the unramified representation m,. It is unitarily
normalized so that |a(7,)| = 1 if and only if 7, is tempered. The multiplicative constant
and the exponent ¢ are independent of £ and o (they depend only on G, C, S, Kg,, 6, v).
The proof proceeds in the same way as for [MT, Cor. 1.8]. Namely we first construct a
function ¢; which is a bi-K,-invariant function on G(F},) such that trm,(¢;) is uniformly
small for |a(m,)| < 1 and uniformly large for |a(m,)| > ¢%. Then we apply Theorem [1.2] for
¢ = (¢1 * ¢Y)™* with the integer & > 1 chosen proportional to logm(¢, o, Kg,), see [MT),
§3].

The estimate shows that exceptions to the Ramanujan bound are sparse. For quasi-
split classical groups the Ramanujan bound may be reduced to the self-dual or conjugate
self-dual case of general linear groups via work of Arthur [Art13] and Mok [Mok15]. The
latter case is settled when cuspidal automorphic representations are cohomological (over
totally real fields in the self-dual case; over CM fields in the conjugate self-dual case) by
[Clo91l, [Kot92] [Shilll, [Clo13) [Carl2]. In particular the Ramanujan conjecture is known for
the representations m € F(&, 0, Kg,) if G is a split classical groupﬂ For exceptional groups
G very little is known and even a formulation of the Ramanujan conjecture is delicate,
see [Sar05] and [Shall] for recent treatments.

1.4. Trace formula and tame supercuspidal coefficients. We find that the limit
multiplicity and quantitative equidistribution described above are related to asymptotic
properties of orbital integrals. The first step in the proof of Theorem is to express the
left-hand side of as the spectral side of the trace formula for a suitably chosen test
function. Since the weight ¢ is regular and o is supercuspidal we can use the simple trace
formula.

There exist test functions f, that single out the given supercuspidal representation o in
the trace formula, obtained by forming matrix coefficients | In our situation J.-K. Yu’s
construction gives o as compactly induced from a finite dimensional representation on a
compact open modulo center subgroup of G(Fs). (Every o arises in this way if the residue
characteristics of places in S are sufficiently large by the exhaustion theorem [Kim07].)
This provides an explicit f, which is essential for our purpose.

We can now explain in more details the geometric side in the application of the trace
formula. The geometric side is a sum over conjugacy classes of semisimple elements
v € G(F) of a volume term times a global orbital integral. The global orbital integral is
a product of orbital integrals at ramified places in S, for which the main contribution is
O,(f5), and orbital integrals at unramified places.

Here we are varying the supercuspidal coefficient f, which is unlike the usual applications
of the trace formula where it is fixed. A general approach to this situation appears in [ST106]

2Here we use the fact that & has regular highest weight. This forces the representation of Arthur’s SL(2)
in the global Arthur parameter to be trivial by examining the infinitesimal character at infinite places.

3n general f, is compactly supported only modulo center of G, but the center is finite as G is semisimple.
In the main text we work with reductive groups with compact center but see Remark
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in the weight aspect and we can use the results of [ST16] to estimate most of the terms in
the geometric side of the trace formula, except for O, (f,) which is new.

For the proof of we establish that |O,(f,)| = o(deg(o)) as deg(c) — oo, and for
any fixed 7. The proof of Theorem is much more difficult due to the uniformity in
¢. As in [STI16] the number of terms in the geometric side is unbounded, and uniform
estimates for orbital integrals are needed. Moreover the estimate for O, (f,) has to be
made quantitative and uniform in « which we discuss in the next subsection.

1.5. Asymptotic behavior of orbital integrals. We have seen in the previous subsec-
tion that our approach leads to the problem of establishing uniform bounds for orbital
integrals of supercuspidal coefficients. In general it would be desirable to develop a
quantitative theory of orbital integrals. This is for example advocated in the introduction
of [DS00]. Our present problem of establishing uniform bounds for O, (f,) goes in this
direction.

Theorem [3.11] below states that there exists a constant 7 < 1 depending only on the group
G(Fs) such that for all noncentral elements - and all tame supercuspidal representation o
of G(Fs), we have

(1.8) D()2 |04(f,)] < deg(0)",

where D(v) is the discriminant of . This result is the technical heart of the paper.

The properties of O,(f,) are related to the trace character ©,(y). In fact the two
quantities agree if v is regular elliptic, and we derive some consequences in §3.5] However
it should also be noted that for our application it is essential to include the case where ~
is non-regular elliptic (in which case ©,(v) is undefined). For explicit computations of
©,(7) for regular semisimple 7, we refer to [AS09, DS, Kall.

In some special cases O,(f,) can be computed exactly, especially if one allows an
additional average of o (over an L-packet). In fact one could allow o to be not only
supercuspidal but also discrete series representations. Notably if o is the Steinberg
representation, then Kottwitz [Kot88|] constructed an Euler-Poincaré function fEF which
is a pseudo-coefficient for o. In this case holds with f, = f*F in the horizontal aspect
as the residue characteristics of places in S grow to infinity, see Section [0}

Though exact formulas for orbital integrals and for trace characters are extremely difficult
to obtain beyond some special cases, we manage to prove the desired asymptotic (|1.8)).
We indicate an outline of our proof. It follows from Yu’s construction that the function
fo can be chosen as a matrix coefficient and is supported on an explicit open compact
subgroup J C G(Fg). We recall in Section [2l how J is constructed from a generic G-datum.
From this we reduce the estimate to the orbital integral of the characteristic function of a
larger compact open subgroup L, which is generated by a principal congruence subgroup
and a parahoric subgroup of a proper twisted Levi subgroup. We conclude the proof in
Section [4] based on a detailed analysis of Moy-Prasad subgroups.

1.6. Prescribed Steinberg representations. In a direction somewhat orthogonal to
our main results described above, we have developed the case of families with prescribed
Steinberg representations. We let the group GG and the finite sets S, Sy of finite places
be as before (§1.2). Let Stg be the Steinberg representation of G(Fs). We consider
the multi-set F (&, Stg, Kg,) of discrete automorphic representations 7w, counted with
multiplicity m(m) dim(7s, )" such that 7o € Iu(€), mg ~ Stg, and (7€)% £ 0. We
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let S vary and refer to F (&, Stg, Kg,) as an horizontal family. This is to be compared
with the previous vertical families F (&, 0, Kg,) where S was fixed and ¢ was a varying
supercuspidal representation of G(Fy).

In this case the needed estimates for orbital integrals can be deduced from results of
Kottwitz on Euler-Poincaré functions [Kot88]. We establish the Sato-Tate equidistribution
for these horizontal families. The main point is that our method [ST16] described above
for vertical families applies almost without change to these horizontal families, but with
the simplification that the rather subtle bound on orbital integrals from Sections [3 and
is replaced with easier bounds such as below. In the following example we explain
the significance of the result for classical modular forms and refer to Theorem for the
precise statement in general.

Example 1.4. Consider again the group PGL(2). The Steinberg representation St, and
the quadratic twist of the Steinberg representation St, ® x, are the two representations of
PGL(2,Q,) of level I'y(q), thus

m(Dg, Stq) + m(Dy, Stq ® x4) = dim Sk ()" = dim Sy (q) — 2 dim Sk(1).

We note that F(Dy, St,) (resp. F(Dy, St, ® X4)) is the set of cuspidal modular forms of
weight &, level T'y(g) with global root number 1 (resp. —1), see e.g. [CM04]. Twaniec—Luo—
Sarnak [ILS00, Cor. 2.14] proved that the following asymptotic holds:

k—1
m(Dg, Stq) ~ TR k,q — oo

and similarly for m(Dy, Sty ® x,). We shall discuss this in a more general context in
Section [6] and revisit the PGL(2) case in Example

1.7. Notation. Let F' be a number field, S (any) finite set of places of F', and S, the
set of all infinite places of F. Then set Fg := [] . Fo, Fiw := F @ R, A% = H;gs F,,
and A?’OO = H;¢ sus.. P, where [T denotes the restricted product over all places v under
the given constraint. Now let G be a connected reductive group over F. The center
of G is denoted Z(G), the maximal Q-split torus in the center of Resp/oG is Ag, and
Agoo = Ac(R)?. Write G for Resp,_ r(G X Fix).

Let H(G(A%)) = C>°(G(AZ)) denote the space of locally constant compactly supported
C-valued functions on G(A3%). Similarly H(G(Fs)) is defined. The unitary dual of G(Fy)

is denoted G(Fs)". Tts Plancherel measure is written as fi%. We typically write ¢g for an

element of H(G(Fs)) and os for the associated function mg — tr ms(ps) on G(Fgs)".
When 7 is an admissible representation of a p-adic group G, write O, for its Harish-
Chandra character. We write [g, b := ghg™*h~! for g,h € G.

1.8. Acknowledgment. We thank late Paul Sally for helpful discussions. We are grateful
to the referees for their numerous corrections and suggestions. S.W.S. is partially supported
by NSF grant DMS-1449558 /1501882 and a Sloan Fellowship. N.T. is partially supported
by NSF grant DMS-1200684 /1454893.

2. YU’S CONSTRUCTION OF SUPERCUSPIDAL REPRESENTATIONS

In this section we review the construction of supercuspidal representations of a p-
adic reductive group from the so-called generic data due to Jiu-Kang Yu and recall
from [Kim07] that his construction exhausts all supercuspidal representations provided
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the residue characteristic of the base field is sufficiently large. The construction yields a
supercuspidal representation concretely as a compactly induced representation, and this
will be an important input in the next section.

2.1. Notation and definitions. The following local notation will be in use until Section [4]
Let p be a prime. Let k£ be a finite extension of Q,. Denote by ¢ the cardinality of the
residue field of k. Let G be a connected reductive group over k, whose Lie algebra is
denoted g. Denote the center of G by Zg. Write G and g for G(k) and g(k), respectively.
For a tamely ramified extension E of k, denote by B(G, E) the extended building of G
over E. If T is a maximal E-split k-torus, let A(T, G, E') denote the apartment associated
to T in B(G, E). It is known that for any tamely ramified Galois extension E’ of E,
A(T, G, E) can be identified with the set of all Gal(E’/E)-fixed points in A(T, G, E').
Likewise, B(G, F) can be embedded into B(G, E’) and its image is equal to the set of the
Galois fixed points in B(G, E’) [Rou77, Pra01].

For (z,7) € B(G, E) x R, there is a filtration lattice g(F),, and a subgroup G(FE),,, if
r > 0 defined by Moy—Prasad [MP94]. We shall normalize the valuation of E to extend
the valuation of k, which is a different convention than in [MP94] (where the valued group
is normalized to be Z). Our convention is so that for a tamely ramified Galois extension
E' of E and z € B(G, E) C B(G, E’), we have [AdI98, Prop. 1.4.1]:

9(E)ar = 8(E)ar No(E).
If » > 0, we also have
G(E)x,r = G(El)w,r N G(E)
For simplicity, we put g, := g(k).., etc, and B(G) := B(G, k). For r € R and = € B(G)
we will also use the following notation:
® gyt = Us>rga:,57 and if r > O; Gz,r+ = Us>er,s'
°g,, = {X € g" | X(ga—n+) C pk}, where p is the maximal ideal of the ring of
integers of k.
® g, = UyGB(G)gy,r and O+ = Us>r 05
o G, = Uyep) Gy, and Gyt := Uy, Gy for r > 0.
Lastly, for z € B(G), we denote the stabilizer of x in G' by G|y).

2.2. Generic G-datum. Yu’s construction of supercuspidal representations starts with a
generic G-datum, which we recall. The reader is referred to [YuOl] for further details and
any notions undefined here.

Definition 2.1. A generic G-datum is a quintuple X = (é,x,ﬁ g;, p) satisfying the
following;:

D1. G = (GO, Gl,--. | G? = G) is a tamely ramified twisted Levi sequence such that
Zgo/Zg is anisotropic.

D2. z € B(G°) = B(G°, k).
D3. 7= (ro,r1,- - ,7q-1,74) 1S & sequence of positive real numbers with 0 < ry < -+ <

Tgo <Tqg_1 <rgifd>0,0<ryifd=0.

D4. (5 = (¢po, -+, Pq) is a sequence of quasi-characters, where ¢; is a generic quasi-character
of G* (see [YuOll, §9] for the definition of generic quasi-characters). When d = 0, ¢q is
trivial on ng, but, nontrivial on G ,,. When d > 1, ¢; is trivial on G; ,+» but non-trivial
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d
Z,Tq

on Giﬂ_ for0 <i<d—1. If rg_1 < ryq, ¢qis nontrivial on G% and trivial on G’i S

d
otherwise, ¢4 = 1.

D5. p is an irreducible representation of G([]r}’ the stabilizer in G® of the image [z] of z in
the reduced building of G°, such that p|G? . is isotrivial and c—IndgE p is irreducible and

supercuspidal.

In D5, note that G2 is compact while G([)x} is only compact mod center. Recall from
[YuO1l, p.585] that there is a canonical sequence of embeddings

B(G% E) — B(G',E) — --- — B(GY E).

Hence, x can be regarded as a point of each of B(G?) = B(G', k).

Also D5 implies that x is rational as a building point of B(G) because it is a vertex of
B(GP). This will become important in Hypothesis (£).(ii) below.

Given a generic G-datum ¥ = (é, x,T, gg, p), we introduce an open compact-mod-center
subgroup of G

Jy = G?x]Gi,so e Gi;;QGisdﬂ,

where we set s; := r;/2 for each i. Yu constructs a finite dimensional representation py of
Jy, from the datum. His key result is that

Theorem 2.2 (Yu). 7y = c—IndLC,’YE px. 15 irreductble and thus supercuspidal.

Fix a positive Haar measure volg on G and denote the formal degree of 7, by deg(my).
It is well-known (see for example [CMS90] or [KST16, Lem 2.9.(i)]) that we have
dim(ps)
VOlg/Z<JE/Z) .
The construction of py, is complicated, but in what follows we shall only need the inequality
dim(pyg) < ¢H™Y see [KST16, Lem 2.9.(ii)] for a proof. For later reference, we write

(2.1) deg(ms) =

Sy, ‘= Sq—1-

2.3. Supercuspidal representations via compact induction. Denote by Irr(G) the
set of (isomorphism classes of) irreducible smooth representations of G. Write Irr?(G)
(resp. Irr*(G)) for the subset of square-integrable (resp. supercuspidal) members. Define
It (G) C Irr*(G) to be the subset of all supercuspidal representations which are of the
form 7y, as above. Write Irr®™(G) C Irr®(G) for the set of m compactly induced from a
representation on an open compact-mod-center subgroup of G. We have that

Irr™(G) C Tir*™(@) C Irr*(@G),

where the first inclusion comes from Theorem [2.2] The second inclusion is expected to be
an equality but not known in general; see [KST16, §2.6] for references to partial results
by Bushnell, Kutzko, Stevens and others in this direction. The main result of [Kim07]
says that the above inclusions are equalities under a rather explicit set of four hypotheses
(namely (Hk), (HB), (HGT), and (HA) in [Kim07, §3.4]); in particular the equalities hold
when p is greater than some lower bound depending only on the absolute root datum of G
and the absolute ramification index of k[

4While this paper was under review, Fintzen [Fin18b] announced the proof that Irr¥*(G) = Irr**(G)
only assuming that p does not divide the order of the Weyl group of G.
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3. ORBITAL INTEGRALS OF PSEUDO-COEFFICIENTS

We keep the notation from the last section and assume that G = G(k) has compact
center throughout this section and the next section. (We will briefly explain how to carry
over the results of the current section to the non compact center case in Remark
below.) For 7 € Irr™(G) attached to a generic G-datum we will construct an explicit
coefficient f; of m and study the asymptotic behavior of the orbital integral of f, on
noncentral semisimple elements as deg(m) — oo (note that we use 7 instead of o to denote
a representation of ). The result admits an interpretation as an asymptotic formula for
character values, cf. below, and will be applied in §5|to obtain an equidistribution
theorem for families of automorphic representations.

3.1. Pseudo-coefficients. As before we have G = G(k) and write Z for the center of G.
Let us recall the definition of pseudo-coefficients, cf. [DKV84, A.4].

Definition 3.1. Let 7 € Iir*(G). A function f, € H(G) is said to be a pseudo-
coefficient of 7 if tr7'(f;) = 0, » for every tempered 7’ € Irr(G).

The existence of f,; follows from the trace Paley-Wiener theorem, cf. [Clo86l Prop
1]. (For real groups this is due to Clozel and Delorme [CD90, Cor, p.213].) To make f;
explicit, one can employ Bruhat-Tits buildings as in [SS97, §I11.4] for any 7 € Irr*(G) or
proceed as in Lemma [3.3| below for 7 € Trr®™(G).

Although f, is not unique, the orbital integrals of f, and the trace values of f, against
irreducible admissible representations of G are uniquely determined by the condition of
Definition [3.1] So, by [Kaz86, Thm. 0], its orbital integrals are uniquely determined. Note
that f, is a cuspidal function in the sense that the trace of every induced representation
from a proper parabolic subgroup is zero against f,. (This fact is built into the construction
of [Clo86, Prop 1].) Moreover the orbital integrals of f, are well known to encode the
elliptic character values of m (recall that v € G is said to be elliptic if the centralizer Zg(7)
is compact). When 7 is regular elliptic, we will use the Haar measure on the compact
group G assigning total volume 1 in the definition of the orbital integral below.

Proposition 3.2. If v € G is reqular semisimple, we have

] ©av(y), v elliptic,
(3.1) O,(fx) = { 0, v : non-elliptic.

Moreover O,(fr) =0 for every v that is (non-regular) non-elliptic semisimple.

Proof. The first assertion can be derived from [Art93, Thm 5.1] specialized to the M = G
case. The last assertion is Lemma I11.4.19 of [SS97] (noting that the Euler-Poincaré
function in that lemma is a pseudo-coefficient in view of Proposition I11.4.1 and Theorem
I11.4.6 of loc. cit.).

O

3.2. Explicit supercuspidal coefficients. In the following lemma, we construct an
explicit matrix coefficient (which is also a pseudo-coefficient) associated to a compactly
induced supercuspidal representation.
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Lemma 3.3. Let p be a finite dimensional admissible representation of an open compact
subgroup J of G. Suppose 7 := c—ind?p is irreducible (thus supercuspidal). Let

f=(9) = {vol;m@pV(g) ifgeJ

0 otherwise

where ©,v is the character of p¥. Then, we have
(1) tr 7' (fr) = On e for every n’ € Irr(G),
(i) £:(1) = S5t = S5 = des(m),
(iii) Supp(fr) C J.

In particular, f is a pseudo-coefficient and

| /]
deg(m)

Proof. Assertion (iii) is immediate, and (ii) is [KST16, Lem 2.9]. Assertion (i) follows
from the fact that f, is a matrix coefficient of 7V and from Frobenius reciprocity which
implies Hom(p, ') = 07 . O

We will need the following hypotheses on the group G for Theorem [3.11] Hypothesis (.7)
will be used in Lemma . Hypothesis (&) will be used in the proof of Proposition and
Lemma [£.7 Observe that the hypotheses are inherited by tame twisted Levi subgroups.

3.3. Hypotheses.

(7) For any tame maximal torus T, and r > 0, every nontrivial coset in 7. /T,+
contains a G-good element.
(&) There is a tamely ramified extension E of k such that
(i) every k-torus in G splits over E;
(ii) the k-order, in the sense of [RY14] §3.3], of every building point z € B(G),
which is a vertex in the building of some tamely ramified twisted Levi subgroup
of G divides the ramification index of F over k;
(iii) for every r > 1, the exponential map induces a homeomorphism

exp : §(E)wr = G(E) sy,
and an abelian group homomorphism G(E),, /G(E)z+ =~ ¢(E)zr /G(E)zr+.

< 1y, the characteristic function of J.

We recall the notion [ASO8] of G-good elements (we shall simply write good when there
is no risk of confusion). Define the depth dr(7) of a compact element v € Tj as the unique
r € Ry such that v € T, \ T,+. A compact element v € Tj of positive depth r > 0 is
G-good if for each a € @, either a(y) =1 or ord(a(y) — 1) = r. A compact semisimple
element v of depth 0 is G-good if it is absolutely semisimple.

Hypothesis (&) may appear complicated at first. In fact, it achieves different purposes
simultaneously:

e If the tame extension E of k satisfies (&).(i), (resp. (&).(ii)), and E'/E is a
larger tame extension, then E’ also satisfies (&).(i), (resp. (&).(ii)), because the
ramification index of £’ over k is divisible by the ramification index of E over k.

e On the other hand, the radius of convergence of the exponential map in (&).(iii)
decreases with the ramification index. In particular, Hypothesis (&).(iii) may be
satisfied for the extension E of k, and fail for larger extensions E'/E.

To show that Hypotheses (7) and (&) hold true for sufficiently large p, we begin with
a few general group-theoretic lemmas.
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Lemma 3.4. Fiz a root datum R. Then there exists a constant dr > 0 such that for
every field Ky and every connected reductive group G over Ky with absolute root datum R,
the group G splits over an extension of Ky with degree at most dr. In fact every mazimal
torus of G defined over Ky splits over an extension with degree at most dg.

Proof. Let T be a maximal torus of G defined over Ky. Then T splits over a finite
separable extension K /K, such that Gal(K/Kj) acts faithfully on X*(T). Choose a
Z-basis for X*(T) to identify X*(T) ~ Z" so as to obtain a group embedding

Gal(K/Ky) — GL(r, Z).

By Minkowski’s lemma (see e.g. [Ser07]), GL(r, Z) has only finitely many finite subgroups
up to conjugacy (for a fixed r), hence [K : Ko| admits a bound d, € Z~( only in terms of
r. The lemma is proved with dr := d,, as r depends only on the root datum R. [l

When Kj is a local field, we have an explicit and relatively tight bound on dz assuming
that the residual characteristic is not too small.

Lemma 3.5. Fiz a root datum R. Let Mg be the largest integer m such that p(m) <
rank(R), and pr = rank(R). Then for every local field Ky of residual characteristic
p > pr, every Ky-torus T in a connected reductive group G over Ky with absolute root
datum R, splits over a tamely ramified extension of Ky of degree < M.

Proof. We will deduce this from the argument for Lemma In the proof of that lemma,
retaining the same notation, it suffices that the order of the finite subgroup Gal(K/Kj) —
GL(r,Z) be coprime to p for K/Kj to be tame. By Minkowski’s lemma [Ser07], this holds
if p > r + 1. Moreover, the exponent m of every finite subgroup of GL(r,Z) satisfies
¢(m) < r, because the eigenvalues of an element of order m inside GL(r,Z) consist of all
m-th roots of unity (see [Wald08, App. B, claim (1) p.256] for a similar argument). So
K/Kj is a finite tamely ramified extension of exponent m with m < Mg. If K’ denotes the
maximal unramified subextension of K /Ky then K/K’ and K'/K, are cyclic so [K : K'|
and [K' : K| divide m. Therefore [K : K, < m?. O

Lemma 3.6. Fix a root datum R. Then there exists a constant Nz > 0 such that for
every field Ky of characteristic zero and every connected reductive group G over Ky with
absolute root datum R, there exists a Ky-embedding G — GL(n) with n < Ng.

Proof. Denote by Gg the Chevalley group over kg := Q determined by R. Fix a ko-
embedding Gy — GLy, (Vp) with 1 a finite dimensional space over ky once and for all.
We will prove the lemma with Ng := dg dimy, V with dg as in Lemma [3.4]

Let G and Kj be as in the current lemma. By Lemma [3.4] there exists K/K, with
[K : Ky < dg such that G ®g, K is a split group, so that Go ®x, K ~ G ®k, K.
By base change, we have a K-embedding Gg ®;, K — GLk(Vp ®k, K). Let Resk/x,
denote the Weil restriction of scalars with respect to K/Kj. Using the obvious embedding
G — Resg/k,(G ®x, K), we obtain a chain of Ky-embeddings

G — RGSK/KO(G@KOK) ~ ReSK/KO(GO®kOK> — ReSK/KOGLKG/E)@kOK) — GLk(‘/O@)kOK)

The last embedding follows from viewing Vo ®y, K as a Kg-vector space. Since dim g, (Vo ®y,
K) = [K : Ky dimg, Vy < dg dimg, Vo = Ng, the proof is complete. O

Remark 3.7. For certain kinds of groups G, one can proceed more directly as follows:
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e If G is semisimple, then we have Aut(G) ~ Inn(G) x Aut(R), and the action of
Gal(Ko/Kp) on T factors through W x Aut(R). Thus it is sufficient that pr be
larger than every prime factor of the Weyl group W and the automorphism group
Aut(R).

e If G is already split over a tamely ramified extension of Ky, then pick one tame
Ko-torus T. To ensure that all the other Ky-tori are tame, it suffices that the
image of H'(Ky, Ng(T)) — Hom(Gal(Ky/Ko), W) consists of elements of order
coprime to p, which happens if pg is larger than every prime factor of W.

Proposition 3.8. Hypotheses (&) and (7)) are satisfied if p is sufficiently large, depending
only on the absolute root datum of G and the absolute ramification index of k over Q.

Proof. Let R be the absolute root datum of G. Assuming p > pg, choose a tamely
ramified extension K/k with [K : k] < M3 as in Lemma[3.5l We shall construct E as an
extension of K, thus (&).(i) will be automatically satisfied.

Concerning Hypothesis (&).(ii), the key is to observe that every = € B(G, k) contained
in a generic datum is a vertez of the sub-building B(G?, k) attached to a tamely ramified
twisted Levi subgroup G° Cc G. Let T° be a maximal k-torus in G° so that z €
B(G% k)N A(G, T K). In particular z is a Gal(K/k)-fixed point of A(G,T°, K). Let
SY ¢ TY be the maximal k-split subtorus of T?.

Similarly as in [RY14], §2.6], if we fix an alcove and consider the finitely many affine
roots ; whose zero loci bound an alcove and which are positive valued on the alcove,
then there is a linear relation ), b;¢; = 1 with b; € Z-o. Let ¢, be defined as in
IMP94, 3.1]. Put bg := l.c.m(£y,b;). Since z is a vertex of B(G?, k), we have ¢(x) € %Z
for every affine k-root ¢ € W(G?,S° k). We view U(GY,S° k), resp. ¥(G,T? K), as
affine linear functions on X,(SY k) ®z R, resp. X.(T% K) ®z R. We need to recall
the details of how B(G?, k) injects in B(G, k), see p.585, Rem.2.11, Rem.3.4 of [Yu(1].
The affine isomorphism A(G° T K) ~ A(G, T K) is canonically defined only up to
translation by X,(Zgo, K)®zR. The choice in [Yu01] is made essentially in such a way that
the isomorphism be Gal(K/k)-equivariant. Recall that Zgo is anisotropic because Zg is
anisotropic. Hence the origin is the only Gal(K/k)-fixed point in X,(Zgo, K)®zR, and the
isomorphism is uniquely determined. To rigidify the situation, we identify the apartments
A(GY;S°% k) and A(G, T, K) with X,(S° k) ®z R and X,(T° K) ®z R, respectively.
Since the center Zgo is anisotropic, we have that the Q-span of ¥(G°,S% k) is equal to
the space of all affine linear functions on X,(S° k) ®z Q. There is a positive integer e
such that the Z-span of 2W(GP°,S°, k) contains the image of ¥(G, T?, K) under restriction
to X.(S% k) ®z Q. We have ¢(z) € bGLeZ for every affine root ¢ € ¥(G,T? K). Since
the integers bg and e depend only on the relative root system attached to (G°,S° k),
the absolute root system R attached to (G, T), and the action of Gal(K/k), and since
there are finitely many root systems of given rank (possibly non-reduced, and possibly
reducible), we have bge|er for some positive integer constant ex depending only on R. If
p1er, then a totally tamely ramified extension E/K of degree ex will satisfy (&).(ii).

For (&).(iii), one needs to show that for X,Y € g(£).,.,

(%) log(exp(X)exp(Y)) =X +Y (mod g(E),,+).
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The Campbell-Hausdorff formula in the form given by Dynkin is

= (-1 = (1
]' — _— —
oglexp(X)exp(Y)) =Y —F—Za=X+Y + ) — 7,
d=1 d=2
with
7 Z ad(X)*tad(Y) - - -ad(X)%-tad(Y)'4-1 (V) (XY )
d = b
siHti>1 S (si+ i) - TIE, milsi!
Sqgt+tqa=1

where the convention is that X®Y" is equal to X if s; = 1,4 = 0, and is equal to Y if
Sqa = 0, td =1.

Since [§(E)z.a; 8(F)zp) C 8(E)z atb, cach summand in Z, is in g(F),,,» where

7“, = TZ'(Si + tz) - OI‘dE<d) - Ol"dE <Z(Sz + t2)> - Z Ol"dE(Si!) - Z OI‘dE(tZ'!).

By Legendre formula

ord ord S;
&(p) (5 — 0) < £(p)
p—1 p—1

where o is the sum of the base-p expansion digits of s;, we have

r > rzi(si +t;) —ordg(p) (logp(d) + log,, (Z (i + tz)> + M) '

ordp(s;!) = ;

i p—1
d
If r > 2 E(f), then we have 1’ — oo as d — oo, because 3¢ (s; + t;) > d. Hence the
p —
infinite sum converges. Since log, (z) < for every x > 2,
P 2logp
ordg(p) 1
! > — — i tl .
r (r T R— ZZ(S +t;)
d 1 1
Thus £(p) + <-< r implies " > 7, and that (x) is satisfied.
logp p—1—272

Consider again a totally tamely ramified extension /K of degree ex. Then ordg(p) =
erordg (p) < eg Mrordy(p). The conclusion is that if

er Mrordg(p) 1 < 1

logp p—1—2
then the extension E satisfies the second statement of Hypothesis (&).(iii). We observe
that the above calculation shows that exp(g(E),,) is a group when p satisfies (k).

We finally need to verify the first statement of Hypothesis (&°).(iii). Under the condition
that p > dim(G)ordg(p) + 1, the map exp : g(E)g+ — G(E)g+ is a homeomorphism by
[Wald08, App.B] (An alternative approach would be to consider a faithful representation
G — GL, for some n, see also [DR, App.B]. Note that g(E)o+ (resp. G(E)y+) are
the set of topologically nilpotent (resp. unipotent) elements since p > dim(G).) Hence,
exp, = €xp |g(p),., 18 injective. We also need to show that exp, maps onto G(E),,. To see
this, write g(E) = t°(E) @ (®y8,(E)) where g, is the root space of ¢ € (T°, G, E). Upon
fixing a pinning, g(F),, is the Op-span of g,(p%) with ¢(z) +n/eg/ > r where eg; is
the ramification index of F over k. Likewise, G(E),,, is generated by T°(E), and Uy(p%)
where Uy is the root subgroup of ¢. Then, exp, takes g4(p%) onto Uy (p%), and the proof

(xx) p>pr, pter, and
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of assertion (4) on p.258 of [Wald08, App.B] shows that t°(E), is exponentiated onto
TY(E),. Now, if p satisfies (xx), then exp(g(E), ) is a group and hence equals G(E),,.
In sum, Hypothesis (&) holds when p satisfies (xx) and p > dim(G)eg Mrord,(p) + 1.
The assertion that (.77) holds for p sufficiently large goes back to [AROO, §5], which
treated the Lie algebra version. A recent treatment of the existence of good elements for
the group case is [Finl8a, Thm 3.6], with the sharp result that Hypothesis (.77) holds
when G splits over a tamely ramified extension and p does not divide the order of the
Weyl group of G. O

Remark 3.9.

e By definition, a finite extension F of k is tame if the residue characteristic p is
coprime to the ramification index of E over k. Thus, Hypothesis (&).(iz) implies
p is coprime to the order of every x contained in a generic datum. As we have
seen in the proof, this is satisfied if p > h, the Coxeter number of G, and G splits
over a tamely ramified extension of k.

e In Hypothesis (&).(éi7), if G is a classical group and p # 2, one can use a Cayley
map instead of the exponential map. When p is very good ([BKV], (8.9)]), and G
is semisimple and simply connected, a quasi-logarithmic map satisfying (&).(i4) is
constructed in [BKV] Lem C.4]. In general the mock exponential map introduced
by Adler could be used, compare also with [DeB02, Hyp. 3.2.1].

For convenience, we shall work under Hypotheses (.7) and (&) in Section [4| below,
which is devoted to prove Proposition [3.13] However, inspecting the recursive argument in
Proposition [4.4] it is sufficient to have Hypothesis (&).(ii4) for large enough r, and this
is always satisfied by the same argument. Also we shall need in Lemma below that
the isomorphisms in (&).(iii) be G-equivariant, which is also satisfied for large enough
r. Hypothesis (&).(i7) is automatically satisfied for an extension of large enough degree.
Hence a natural assumption for our setting is:

(") Every k-torus T in G is tame, and for every large enough r, every nontrivial coset in
T./T,. contains a G-good element.

More precisely, the preceding paragraph explains that the arguments in Section 4| prove
Proposition under Hypothesis (.7), instead of Hypotheses (7)) and (&). This in
turn implies Theorems and under Hypothesis (7).

Remark 3.10. To reach an optimal assumption, one could also factor out the center Zg,
which shouldn’t play a role in estimating orbital integrals, and therefore it shouldn’t be
necessary to assume that Zg is tame.

3.4. A uniform bound on orbital integrals of supercuspidal coefficients. For a
semisimple element v € G let g, denote the Lie algebra of the connected centralizer of v
in GG. Define

D(y) = D7) = |det(1 — Ad(7)lg/q,)| € Rso-
Note that it is unnecessary to assume v to be regular. Given a generic G-datum X,

Lemma [3.3| provides us with the pseudocoefficient f,, € H(G) coming from Jx, and ps.
The following is a key local result of this paper.
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Theorem 3.11. Assume Hypothesis (). There exist constants C,v > 0 depending only
on G such that for every generic G-datum X,

DY) 2|04 (fry)| < C - deg(ms)' ™, Vv € G\ Z.
In fact we can take any v < (dim G)~!.

In particular the theorem implies that if v ¢ Z then
O(fx) _ o Oy

im ———== ——= =0,

deg(m)—o0 Ol(fﬂ) deg(m)—o0 deg(ﬂ)
where m = 7y, varies in IrrY*(G). If, on the contrary v € Z then clearly O, (fx)/O1(fx) =
w. (), where w, is the central character of 7. So the above limit is never zero.

Remark 3.12. An interesting question is whether the above Theorem [3.11] remains valid if
7 is allowed more generally to run over Irr*(G). We are inclined to believe that it is at
least true for every sequence in Irr*(G), possibly with a different value of v € R+.

Proof of Theorem|3.11] The orbital integral vanishes unless 7 is elliptic, so we assume
that v is noncentral and elliptic semisimple from now on. Let G., := Z(v) and () the
G-orbit of v in G.

For ¥ = (é,x, T gg, p) as in Definition , we let

G =G G :=G"" and L,:=G,.G, for s € Rs.

Since L, is an open compact subgroup of G containing Jy,, where we recall that sy, =
rq—1/2, it follows from Lemma that we have the inequalities

|O’Y(f7fz)|
deg(ms)

Our strategy is to study a power-saving upper bound for O,(1;,) as v runs over
semisimple elements of G and as s — oco. Indeed as ¥ moves along a sequence of generic
G-data such that deg(ms) — oo, up to conjugacy, there are only a finite number of choices
for (G', z) appearing in ¥ with x € B(G?). The crucial estimate is the following, whose
proof is postponed to Section . (Regarding the hypothesis, see the discussion above

Remark [3.10})

Proposition 3.13. Assume Hypothesis (7). There ezists a constant C; > 0 depending
only on G such that for all generic G-datum X, s € R-q and all noncentral semisimple
v €QG,

(3:2) < oy (Js 1 6(3)) < Volooy(Luy, N 6(7)) = O5(11,,).

Oy(11.) < Ci-(s+1) g D)7

To relate deg(7ms) and sy, we deduce the following from (2.1)) and the fact that Jsx D
Gy sy
deg(ms) < ¢ Ovol(Js) ™t < g Oyl (Gony)
Since G, /Gy r41 is in bijection with g, /g, +1 for r > 0 by hypothesis (&) and wg,,, =
G211, We have [G,, 1 Gy pyq] = ¢, Thus for s € Ry,
vol(Gys) > i A Gyol(Gyn ).

Hence vol(G, 1) deg(ms) < =+ dim G,
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We deduce from this, the inequality (3.2)), and Proposition above that

% < @*Cy - (sx +1) - (vol(G,1) deg(wz))*ﬁ D(y)~V2,

The proof of Theorem |3.11|is complete. 0

Remark 3.14. Let us explain what can be done when the center Z is not compact. Theorem
and Proposition [3.13| remain valid as stated. The only modification to the proof in
Section 4| is that we need to use the subgroups L, := Gw,SGEm] which are only compact-
mod-center, in place of G, ;G.

Lemma [3.3]is still true in this case, if vol(.J) is replaced with the volume of J/Z in G/Z,
and verified by the same argument. It may be troubling at first that the support of f is
compact only modulo center but equality remains valid.ﬂ

Conjecture below remains the same, even when the center Z is not compact. One
only needs to remember that in our convention Irr*(G) consist of unitary supercuspidal
representations, so the central character of 7 is also unitary.

Finally, in the global application we appeal to the simple trace formula with fixed
character on a closed central subgroup so as to allow f, as the local component of a test
function. Alternatively one could work with a truncated (pseudo-)coefficient (cf. [HLO4,
1.9]), which is compactly supported, in place of f.

3.5. Asymptotic behavior of supercuspidal characters. The main result, Theo-
rem [3.16] of this section may be rephrased as a uniform upper bound for the characters of
supercuspidal representations constructed by Yu on elliptic regular elements via Proposi-
tion 3.2

Let us recall the context of the problem. Even though the precise character formulas
for supercuspidal (and discrete series) representations of a p-adic group remain largely
mysterious, we conjectured in [KST16, Conjecture 4.1] that the character values behave in
a controlled manner as the formal degree tends to infinity. Recall that Ir1°(G) denote the
set of isomorphism classes of supercuspidal representations. Write Gy (resp. Gis) for the
set of elliptic (resp. regular semisimple) elements in G.

Conjecture 3.15. (i) For every v € G,s,
0-(7)

li =0
nelrlrrsrcl(c) deg(ﬂ')

deg(m)—o00

In other words, for every v € Gy and every e > 0 there exists d,. > 0 such that
|Ox(7)| < edeg(m) for every m € Ir®(G) with deg(m) > d.,..

(11) Let B C G be a bounded subset. Then there exist constants v > 0 depending only on
G and Cg > 0 depending only on G and B such that

D(V)Y2|0,(7)| < Cg - deg(m)'™, Vr e Iir™(G), Yy € G N B.
(iii) There exist constants v > 0 and Coy > 0 depending only on G such that
D(Y)2|0,(7)] < Can - deg(n)'™",  Vr € Iir™(G), Yy € Gy N Gay.

SWe recall that (3.1) follows from [Art93, Thm 5.1], based on Arthur’s local trace formula [Art93, Thm
4.2]. In the case Z is not compact, [Art03, Prop 6.1] gives the local trace formula with fixed central
character and similarly implies the analogue of (3.1)).
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Note that (ii) implies (i). Since G has finitely many (elliptic) maximal tori up to
conjugacy ([PR94, p.320, Cor 3]), (ii) also implies (iii). In [KST16, Thm 4.2], we have
proved a result for (ii), provided that the residue characteristic of k is sufficiently large and
that v runs over the set Go+ of topologically unipotent elements (which are not necessarily
elliptic). The argument of that paper is based on an estimate of the number of fixed points
of v acting on certain coset spaces (without estimating orbital integrals).

Theorem [3.11] restricted to regular elements may be interpreted in terms of character
values to establish (iii) of the conjecture provided that the residue characteristic of k is
large enough. Note that the proof of Theorem [3.11] is independent of what is done in
[KST16] and relies on quite a different method.

Theorem 3.16. Under Hypothesis ('), part (iii) of Conjecture holds true if T €
Irr™(G). In particular, part (iii) of the conjecture is true if the hypotheses of [Kim07, 3.4]

are also met (cf. the last paragraph of .
Proof. The first assertion follows from equality (3.1)) and Theorem [3.11} The second is

deduced from the first assertion and the exhaustion theorem of [Kim07]. 0J

It is natural to wonder whether the method of this paper may be pushed further to cover
non-elliptic elements. Proposition is only a special case of Arthur’s formula [Art87]
relating supercuspidal character values on non-elliptic regular elements to weighted orbital
integrals of supercuspidal coefficients. (This extends to cover general discrete series via the
local trace formula [Art93].) So the problem is to bound such weighted orbital integrals.

A different question concerning trace characters is whether the constant v > 0 can
be found independent of the field & and the residue characteristic p. In this direction
we observe that there exist analogues for finite groups, notably a general estimate by
Gluck [GIu95].

It is natural to ask for a common generalization of the families in the depth aspect
and in the “level aspect”. Here, level aspect means that ¢¢ — oo. We would consider
the multi-set F(&, 0, Kg,) where both the finite set of places S and the discrete series
representation o of G(Fs) are varying. In any non-trivial sequence, the formal degree
deg(o) with respect to the canonical measure (see [Gro97] or [ST16| §6.6] for definition)
goes to infinity, either because the depth of ¢ goes to infinity or because the residue
characteristic qg goes to infinity. Theorem above corresponds to families in the depth
aspect for which S is fixed. Theorem below corresponds to a refinement of the families
in the level aspect where o = Stg. To establish such a common generalization one would
need to address the above question of uniformity of the constant v > 0, and one also would
need to keep track of the polynomial dependence in the constants Cg; in Conjecture [3.15]

4. PROOF OF PROPOSITION [3.13]

In this section we work with a pair (G,G’) where G’ is a tamely ramified twisted
Levi subgroup with G’ # G. We shall also fix z € B(G') = B(G', k) and recall that
Ly =G, G

We start by recalling some basic definitions. For a maximal k-torus T and v € T'\ Z,
the singular depth of v is defined as

sd(7) = max{ord(a(y) — 1) [ @ € ©, a(y) # 1},
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where @ is the set of T-roots (see [AKQOT7]). We also define the minimal depth of - as

md(7y) := min{ord(a(y) — 1) | « € ®, a(y) # 1}.

Both sd(vy) and md(vy) are independent of the choice of T containing ~y, thus are well-
defined for every semisimple v € G \ Z. Moreover, we have md(v) = md(gyg~"') and
sd(vy) = sd(gyg™') for any g € G.

The following is a special case of the decomposition theorem in [AS08|]. Compared to
[ASO8], our situation is simpler and hypothesis (C) in [ASO§| is not needed because we do
not keep track of centralizers of good elements here. We include a proof for completeness.

Lemma 4.1. Suppose Hypothesis (7)) holds. Let T be a tame mazximal k-torus, v € Ty \ Zo
a compact element, and r = md(vy). There exist elements z, ', v+, such that v = zv'v,,
and

(i) either z € Zy\ Z,, or z = 1;

(i) v € T, \ Z, T+ is G-good of depth r;
(i1i) vy € Ty+.

Proof. We first consider the case r > 0. Let by = dr(y) so that v € Tj, \ Ty+. By
Hypothesis (.7), there is a good element ~,, € T;, with v, Tb1+ = 7Tb1+, thus v = 3,74 for
some vy € Tyt I by = md(y), take z =1, v/ = ,.

Otherwise ,, € Z, and we then let by = dT(W%_ll) so that by > b; and 'y'ylil € Ty, \ T
By Hypothesis (.7), there is a good element ~, such that v, 1%;1 € Tb;, thus v = v, Y6, 7+
for some v, € Tb2+. Repeating the process, one can write v = v, b, - - 1,7+ Where
by < by < -+ < by =mdy),w € Z,i=1,---,k—1and v, € Tb;r. Then, set
2= Vo Voo Vo V= b

Now suppose r = 0. By [Sp08|, Prop 2.36], there is an absolutely semisimple element

Yas € Ty such that v = Y457V Where vy, € To+. If 745 € Z, take z = 1, v/ = v, and
Yo = Y- Uf Yas € Z, one proceeds as in the first case for 74, to reach the conclusion. [

Corollary 4.2. Suppose Hypothesis () holds. Let T be a tame mazimal k-torus and
v €Ty \ Zy. Then there exists z € Zy and v, € Ty \ Zoy such that v = zy; and

dr(y1) = md(v).

Proof. If md(y) = 0, then we can choose z = 1 and 7; = 7. Suppose md(vy) > 0. The
assertion follows from Lemma by setting 71 = v'y,: Indeed v/ € T'\ Z is G-good of
positive depth dr(v") = md(y') = md(~y). Moreover dt(v') = dr(71), which concludes the
proof. O

We will prove Proposition [3.13| at the end of this section by induction based on the
following two propositions. The first, Proposition [£.3] which is at the base of the induction,
is concerned with orbital integrals of a fixed test function and proved by means of Shalika
germ expansions. The second, Proposition [.4] allows us to proceed inductively in the
parameter s € Rx>q.

Proposition 4.3. For each test function f € H(G) there exists a constant c¢(f) > 0 such
that for every semisimple v € G, |O,(f)| < c(f)D(y)~ 2.

Proof. [ST16, Thm A.1]. O
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Recall that L, = G, ;G’,. The following power-saving bounds are essential ingredients
in the proof of Proposition [3.13] Proposition .4] can be understood in comparison with its
analogue Corollary below, which is easier to grasp and gives a bound for the function
1g,, in place of 1.

Proposition 4.4. Suppose Hypotheses (7)) and (&) hold. Let v € G\ Z be semisimple,
and s € Z>s.

(i) If md(v) < s =2, then O,(1r,) < ; O,(1r, ).
(ii) If md(vy) > s+ 1, then Ov(lLs) < %Ovuqu) + 07(16’;‘5720“)

The proof of Proposition [4.4] is postponed until we establish a handful of technical
lemmas. Lemma [£.5]is used in the proof of Lemma [4.7]

Lemma 4.5. Let G be a connected reductive group over a perfect field F. Suppose M 1is a
twisted Levi subgroup of G. Let g and m be the Lie algebras of G(F) and M(F) respectively.

(i) For X e m, letgx :={Y eg| [X,Y]| =0}. If X & Z,, then m + gx is a proper
F-subspace of g.

(i1) For 0 € M, let gs :=={Y € g | Ad(0)(Y) =Y}. If 0 & Zg, then m + g5 is a proper
F-subspace of g.

Proof. (i) Let X = X, + X,, be the Jordan decomposition of X with [X, X,,] = 0 and
X, (resp. X,,) semisimple (resp. X, nilpotent). Since the lemma may be proved after
taking a finite extension of F, we may assume that M (thus also G) and X split over F
and that M is a maximal proper Levi subgroup of G. Thus m is a maximal proper Levi
subalgebra of g. Without loss of generality, we may assume that the Dynkin diagram of G
is connected.

Let T be a maximal F-split torus in M whose Lie algebra contains X,,. Let ® be the
set of T-roots. Let A (resp. ®) be the set of simple roots (resp. the set of positive
roots) associated with T such that X,, € Y .+ 8, Where g, is the root space of o in g.
Let Ay (resp. ®;;) be the subset of A (resp. 1) associated with M. Let U and U~ be
the unipotent and the opposite unipotent subgroup respectively. Let 8 € A such that
A=Ay U{5}.

We will prove assertion (i) by showing its contrapositive that g = m + gy implies that
X € Zg. Assuming g = m + gx, we have that gg C u C gx. We proceed in two steps, first
showing that X, is central, and then that X,, = 0.

We have u C gx.. since [ Xy, X,,] = 0 and X, is nilpotent. In particular, 5(Xss) = 0.
Let ay € Ay adjacent to 3 in the Dynkin diagram. Then, 8+ a; € &+ \ &}, by [HumT8|
Prop 8.4] (this follows from the results about root strings) and 0 # g,,+s C u. Then,
(B + a1)(Xss) = 0, hence a1 (X)) = 0 and g,, C gx,.. Similarly if ap # 3 is adjacent
to aq, B+ a; +ag € dT\ @), and g,, C gx,,. Since the Dynkin diagram is connected,
inductively, we conclude g, C gx,, for all @ € A. Thus, m C gx,, and gx,, = g, therefore
X, 1s central.

Without loss of generality, we may assume that X, = 0, thus X = X,,. Write
X =3 jcor Xa With X, € g,. Fix o/ € . Let A be a simple root system with o/ € A.
Let Ay, B, U and U™ be as in the previous case.

Let ay,---,a; = o be distinct simple roots in Ay such that 5 and oy (resp. a; and
a;y1) are adjacent to each other in the Dynkin diagram. Then, we have the following:
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(a) B+ar+ -+ a; € DT\ @), for i < j. This follows from 8 ¢ Ay and by inductively
applying [Hum78| Prop 8.4] to the root string.

(b) [88+a1++ass X] = 0 for ¢ < j. This follows from ggi a4 ta; C U C gx.

(¢) [88+ar++aii» X] = 0 implies that [gs1a,++a; 15 Xa;] = 0. Then, X,, = 0 since
B+aq+---+a; #0. Note that we are using the assumption that p is large enough (e.g. p
is large enough so that it does not divide any structural constants of g, which is necessary
for (&)-(iii)).

By (a), (b) and (c), X, = 0 since the Dynkin diagram is connected. As o/ runs over ®,
we have X = 0, which is what we wanted, completing the proof of (i).

Assertion (ii) can be proved similarly as in (i) using the Jordan decomposition & = ds0,,
in M. U

We recall the notation [g, h] := ghg=*h™! for g,h € G. We will frequently use the fact
[MP94, (2.6)] that for a,b € R,

(41) if g € Gm,ap h € Gm,b then [ga h] S GiE,CH-b'

It is also useful for us to introduce functions ¥, : G0\ {1} = Rsp and 87 : G,0\ Zo — Rxg
as follows:

0,(9) == max{r € Ry | g € Gy},
Z(g) :=max{r € Rsq | g € ZG,,}.

T

Clearly 0,(g) < 04(g). For s € Rsg and § € L, define
d s(0) == max{t € [0,s] | § € ZG, G, s}

Clearly 0,(g9) = 0.(97"), 9Z(g) = 0Z(g "), and d, 4(6) = d,4(671). It is also clear that
des(0) <07(0), since G, C Gy

Lemma 4.6. Suppose Hypotheses (7)) and (&) hold. For every s € Ryy and semisimple
element 6 € Ly N Go \ Zy,

xT

min(0Z(8), s) < du.s(8) < md(9).
In particular, for a semisimple element 6 € Ly N Gy \ ZoGyp s+, we have 0Z(8) = d, 4(9).

Proof. Let r < s. Since G, N G, = G, (see e.g., [AS08, §4]), we have G/,G, s NGy, =
G, ,Ges. The condition § € G, thus implies § € G, G, . Then § € ZG,, implies
6 € 2@, Gy s In other words min(d7(6), s) < dg4(0), which is the first inequality.

By Hypothesis (&), there exists a tame maximal k-torus T containing §. It follows from
Corollary [4.2] that

max{r € Ry | v € ZT,} = md(9).

The second inequality then follows from the definitions since G, ;G s C Gy, and G, ;NT C
T;.

The last assertion is a corollary of the first inequality because § ¢ ZyG, s+ is equivalent
to 0Z(9) < s. O

Lemma 4.7. Suppose Hypotheses (F) and (&) hold. Let s € Z>y and 6 € Ly be such that
d:=d,s(6) < s—1. Define the map

Cé : G:p,s—d—l /Gm,s—d — Gm,s—l /(G/ Gm,s)

r,s—1
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by Cs(g) :=[6"1, 9] (mod G’
q.

Proof. The last assertion of Lemma implies that 97(§) = d. Thus the map Cj is
well-defined in view of . Since Cy is unchanged if ¢ is multiplied by a central element,
we may assume without loss of generality that 6 € G 4.

Let E be a tamely ramified finite extension of k that satisfies Hypothesis (&), and fix a
uniformizer wg of E. Let m be the ramification index of E over k. Hence ord(wg) = 1/m,
in view of our normalization of valuation and filtration index in §2.1] Since the order of
divides m by (&).(ii), we have §(E)y/m = wi@(E)so for t € Z and there is no break for
non-integral values of . Moreover, d € %Z. Let @ € Z~o be such that

G.s). Then the cardinality of the image of Cs is at least

r,s—1

Los—d-1.
m

We now divide the proof into the following four steps (1-4):
(1) Write

G(E),im = G(E)aipm [G(E)aitvyms  8(E)yipm = 8(E)uijm /(B iv1)/m

Similarly, we define G, ;/m, Gaifms G'(E),i/m» 9/(E)
we have abelian group isomorphisms

G(E)x,z/m = g(E)x,z/m and G/(E)x,z/m = g/<E)x,'L/m

(2) @m Jm and mm /m ATe Vector spaces over the residue field E of the maximal
unramified extension E* of k in E. Let F =F, be the residue field of k. Let G (resp. G')
be a reductive group defined over ' which is the reductive quotient at the building point
x of G (resp. G') given by Bruhat-Tits theory. Write g and g’ for the Lie algebras of G(IF)
and G'(F) respectively. We have g(E), , ~ g(E). We claim dimg g(£) = dimg g(E). This
equality can be established from [DeBl §4.2]. More precisely, we have the isomorphisms of
[E-vector spaces

“/m and g“/m Since ¢ > 0,

z,5/m’

g(b), = @TER/iZg(E)IE,T/g(E)LT*' = Q(E)x,m

where the first equality is a definition given in [oc. cit. Note that the range r € R/%Z
comes from our normalization which is such that ord(wg) = 1/m, and hence wrg(E),, =
a(E), sl oas recalled above, so the second equality is clear since all breaks occur when

r e —Z Then, by the result in loc.cit., we have dimp g(F) = dimg g(£),, which
establishes the clalrn
(3) If d =0, then £ = s — 1, and the map g — [0, g] induces G(E),i/m = G(E),i/m

thus a linear map g(E) — g(E). Moreover, it maps G ;/m C G(E), i/, into itself since 6!
lies in G, (rather than G(FE),). Its composition with the projection g(E) — g(E) /g'(E)
is seen to be equal to the map

Cs : g(E) = g(E) /g'(E) =~ 8(E)wifm/(8'(E) 4 i + 8(E), 111)jm)
induced by the map Y + Ad(6~)(Y) — Y from g(E),i/m t0 §(E)si/m. Equivalently, Cs
is induced by the map Y + Ad(3)(Y) — Y from g(E) to itself, where

8 € Gap/Gror C G(E), o0~ G(E)
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is the image of 4.

(4) If d > 0, then = < s — 1. Write X € g,q for the element whose exponential is d.
Then the map g — 0~ 'gdg~" induces a map G(E),,,, — G(E),, , and thus a linear
map g(E) — g(E) via (2). Composed with the projection g(E) — g(E) /g'(E), this map is
equal to the map

Cs : g(E) — g(E) /g/(E) ~ g(E)ai/m /(9’(E)x,371 +8(E), . 1)

induced by the map Y — [V, X] from g(E)i/m to §(E)ss—1 (a proof of this assertion is
similar to that of Proposition . Let X denote the image of X under the isomorphism
@%d ~ g(E) in (2). Then X € g(E). We see that Cs is given by Cs5(Y) = [Y, X]
modulo g'(E) for each Y € g(E).

In summary, we have a series of maps such that the following diagram commutes:

(1) G'(E), . —g'(E), . —¢'(E)

1] ad(X)—1

G(E)x,s—l —N> g(E):c7s—l —N> g(]E’)

Here the three horizontal isomorphisms on the right are chosen to make the diagram
commute.

Consider the map C; : g(E) — g(E)/g/(E). Since § ¢ ZG, 4+ (because 9Z(8) = d), we
see that 0 is not in the center of G(E) when d = 0 and similarly X is not in the center
of g(E) when d > 0. (Indeed 6 ¢ Z(E)G(E), 4+, hence X & 3(F) + g(E), a4+ in view
of Hypothesis (&).(iii), therefore the image of X in @x’d is noncentral). We apply
Lemma [4.5{ with M = G’, which yields dimg (Im(Cs)) > 1.

In both cases (either d = 0 or d > 0), the map C; sends the rational subspace g into
the rational subspace g/g’. Via identification given in the diagram (f), after taking Galois
invariants of E-vector spaces, we see that the dimension of Im(C5)Ng (mod g'(E)) over I is

at least one. Indeed for each component in the above diagram, we have H(k), . — H(E),
where H = G, G’ and r = niw s — 1, and observe also that the horizontal isomorphisms
on the right can be also chosen such that H(k),, — H(E), . induces h — h(E) where

h = g, g’. Lifting this fact to Cs, we have £ (Im(Cs)) > q. O

Proof of Proposition[4.4. Without loss of generality, we may assume that v € L. Let
¥y : G = G be given by 1,(g) := gyg~". Then, ¢, (G) = O(v). Moreover g € ¥;'(L,)

(vesp. g € 15! (Ls-1)) if and only if [y, g] € Ly (vesp. [y, g] € Ls1).
We consider the disjoint decomposition

L.nOn) =||6G,, 1GesnNO(7)
i=1

for some 8y, ,6, € Ly N O(7). Set d; == d,o(0;) = do(6; ).
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Case (i). md(y) < s —2. Then d; < s — 2 by the Second inequality of Lemma [4.6]
Furthermore, by the ﬁrst inequality of Lemma “ 4.6], 0;,0; ' € ZGoq
Put Vi, := ¢7'(6,;G, . Gas). We have that Vi, C o' (L) C 1/1;1(Ls_1). We claim
that for any v € G 5_q,-1,
u‘/i,s - 2/};1([/371),

Indeed for v € V; ; we have
0 =1, (v) = vyv~ Les, Gms 1Gass

so in particular ¥ € Ly N ZG, q,. Hence [0, u] € G, 1 by (#.1]), and therefore

U (w) = vy 'ut =00 U] € Ly,

verifying the claim.
Next we want to show that the sets G, s_q,-1Vis are disjoint for 1 < ¢ < n. Indeed
suppose that there exist u € Gy 4_q,—1, v € Gype_a,-1, v € Vis and v' € Vi, such

that uv = u/v'. As before v := vyv™! € §;G . G, sO we may write v = §;g for
g€ G, 1Gys CGysq1. Then

uvy(uw) ™ = (udu ") (ugu™) = (8,10, ul)(glg ™, ul).
Again [6; ", u],[g7!, u] € Gy s 1. Hence

)

r,s—1

z,s—1

¢7(UU> - UU’Y(U’T»_I S 62'Gm,s—1-
The same reasoning shows that u/v/y(u'v')™! € ;G 1. Since uv = v'v’, it implies that
9; = 0y (mod G, 4_1). This is promoted to §; = dy (mod G, G, ) thanks to the fact
that &;, 0y € L, thus ¢ = ¢/, verifying the disjointness.
Define a map Cj, as follows:

z,s—1

051-:G$5 d—l/std _>st 1/ z,5— 1G:c,s)
given by Cj,(g) == [6; ", 9] (mod G, ,_,G,). By Lemma , for each ¢ there exist ¢
elements u;1, Uja, - - - , Uig € Gy s—a,—1 such that Cjs,(u;;) are distinct, j =1,--- ,q.

As consequence of the above claim we have

n q
@/}y_l(Ls—l) ) U U Ui Vi s

i=1j=1

To finish the proof of (i) it is enough to prove that the terms on the right hand side are
mutually disjoint. Indeed, if for each open compact subset U C G we write volgq., (U) to
denote the volume of the image of U in G/G., then we will have

O’Y(]‘Lsfl) _VOIG/G ( _1 Ly 1 > ZZVOI(;/G u” zs)

=1 j=1

—qZ:Volg/G7 is) = qO05(11,).

Since the sets G, s_q,-1V; s are dlSJOlIlt, it only remains to show that w;;V; s and w;;V;
are disjoint for j # j" and 1 < i < n. Suppose u;;V; s Nu;j Vi s # 0 for some i, j, j'. There
are v,v" € V4 such that u;;v = w;;v'. As before, vyv~! = §;g for some g € G/ Gys.
Hence,

z,s—1

-1

wivy (uigv) = (ugdiug') (uiggug;t) = (66, uig)) (glg ™", wig)-
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Since d; < s — 2, we apply (4.1)) to obtain [¢7', u;j] € Graos—a,—2 C Gis. Thus the
term wu;juy(u;;v) "t above belongs to 6;Cs, (ui;) G, o1 Gy s. Since ujv = u;pv', we deduce

z,5—1
similarly that it also belongs to 6;Cs, (uij )G, , |Gas. This implies Cs,(ui;) = Cs, (ugy),
hence j = j'.

Case (it). md(y) > s+ 1.

Observe that 0(y) N ZG, s # 0. This follows from combining Corollary 4.2 and the fact
that for any torus T, there exists g € G with ZT,,; C ZG,4, s. Hence, one can assume
v € ZG, 5. Without loss of generality, we assume that v € G ;.

Write v = zy; with z € Z and v, € Tp \ Zy with dp(71) = md(y) as in Corollary [4.2]
Then, since

min(dr(z), md(y1)) = de(y) 2 0:(7) = s,

we have dr(z) > s, hence z € Z; C G 5.

If d; = dps(i) > s — 2, we have §; € ZG, | ,G,,. We claim that §; € G}, , ,G,,. To
prove this claim, write §; = 2™y, for some h € G. Since z € G, , it is enough to show
that "y € G, ,Gos. Suppose "y & G, ,Gas, that is, 9,("1) < s — 2. Then, since
dos(™y1) > s — 2, there is 2’ € Z of depth 0,("y1) such that 2’y € G, ,_,G, . However,
dip(2' 1) = dip(2') = 0.(M1) < s — 2, hence 2’ ™y € G, o, which is a contradiction.
Hence, the claim follows.

Now we can arrange the decomposition such that d; < s —2 for 1 < i < n’ and
0, € G, ,Gysforn'+1<i<n:

x,5—2

L.nO(y) =] |(6:G, . 1Ges N OM))|J (Gl sGas N O(7)) .
=1

For 1 <i <n’, choose u; and define Vj ; as in Case (i). Then, 1> *(Ls_1) contains

n/

q
U U UijVi,s

i=1j=1

and the summands are mutually disjoint by a similar argument to Case (i). Arguing as
in Case (i) but keeping in mind that G, , ,G, N O(7) accounts for O,(1a: . ,.), we

z,5—2
complete the proof of Case (ii) as follows.

/

0y(1L,,) = q Y _volga, (Vis) = g (Ow(lLs) - Ow(lc;’s,zax,s» :
i=1 |

In preparation for the end of the proof of Proposition [3.13| we shall need a final bound
from Corollary below.

Lemma 4.8. Assume that the isomorphisms of Hypothesis (&).(iii) are G-equivariant.
Let s € Rsy, and v € Gy 5. Write X :=exp~!(7). Then

O’?(lcz,s) = Og((]‘gz,s>'

Proof. We are going to follow the idea as in the proof of Theorem 3.2.3 of [Fer(7]. Let G,
(resp. Gx) denote the connected centralizer of vy (resp. X) in G. Write K := G, 5 and
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£ := g, . By the definition of orbital integrals,
Of(1x)= > vol(G\G,gK)1k(g "),

gEG\G/K
O% (L) = Y vol(Gx\GxgK)L(g ' Xg).
gEGx\G/K
Since G, = Gx and 1k (9 'vg) = 1e(¢~ ' Xg), the equality in the lemma holds. O

Corollary 4.9. Assume that the isomorphisms of Hypothesis (&).(iii) are G-equivariant.
There is a constant C > 0 depending only on G such that the following holds: for every
s € Rxg, and every semisimple v € G\ Z,

10,(1g,.)| < C-q*-D(y)"V2

Proof. In view of Proposition we may assume without loss of generality that s € Rso.
It is enough to prove the bound for s € Z>,. Indeed, if the corollary is known for s € Z>s
then the corollary holds for s <t < s+ 1 at the expense of increasing the constant:

0,(1c,,)| < |05(1g, )| < C-q*D(7)" > < (C-q)q ' D(y) /.
For the rest of this proof, s € Zss and v = exp(X) € G;5. Then
O’§(1Gz,s) = O%(<1gz,s) = ngl—SX(]'gx,l) = in(w175X)<1Gx,l)'

Here the first and third equalities are from Lemma and the second follows from a direct
computation. Applying Proposition f.3/to f = 1¢, , we obtain

—1

O+ (16,.,) < C-Dlexp(w' X)) /? = C-q

exp

(dimwadimG)D(,}/)f% < C.qlst(,y)—%

where the constant C' = ¢(1¢, ;) € R depends only on G and x which had been fixed
since the beginning of this section.

We can arrange that c(1g,,) depend only on the G-orbit of the facet containing x:
If / = go with g € G then Gy = gG,197" so 1¢,, and 1g ,, have the same orbital
integral on each conjugacy class. There are only finitely many G-orbits of facets, so the
lemma holds true for a constant C' > 0 depending only on G. 0

Proof of Proposition[3.13. As in the proof of Corollary [4.9] once we prove the proposition
for a fixed x, the proposition also holds when z varies by a similar finiteness argument. So
we may and will keep x fixed in this proof.

Let a, := D(V)%Oy(lLs); which is a decreasing function of s € R>,. We want to show
that a; < Cy - ¢7°. It is sufficient to verify the inequality for s € Z>( at the expense of
replacing C; by ¢qC;. Applying Proposition to f =1, we have that a; < ag < ¢(1g,).

Set m to be the largest integer such that m < md(y). Proposition [£.4](ii) combined
with Corollary provides us with the recursive inequality (replacing C' by ¢*C)

1
as < —a,_ 1 +Cq°, 2<s<m-—1.
q

This implies that for any 2 < s <m — 1,

1-—s -1

q —s —s
+~-+qs_1)§q1 c(1r,)+ Csq™*.

q

as < q fa; +C (qs +
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We have in particular
i1 < m < Aoy < (c(1p)g+Cm) ¢ ™™

Next, Proposition (1) shows that for s > m 4+ 2, we have the inequality a, < éas_l.
Hence
as < q" g < (e(1,)q + Cm) ¢*

Proposition is verified with C} := (c¢(1r,)¢ + C)q¢?, which is indeed a constant
depending only on G. O

5. AUTOMORPHIC PLANCHEREL EQUIDISTRIBUTION WITH ERROR TERMS

In this section our asymptotic formula for supercuspidal characters and orbital integrals is
applied to produce an equidistribution theorem for a family of automorphic representations.
The theorem can be informally summarized as follows: Consider the set of L2-discrete
automorphic representations with supercuspidals at a fixed finite place (suitably weighted).
As the formal degree of the supercuspidal at the fixed place moves toward infinity, the
local components (away from the fixed place) of the automorphic representations are
equidistributed with respect to the Plancherel measure. We prove the theorem in the case
where a suitable condition at infinite places simplifies the trace formula so that the technical
difficulties with general terms in the trace formula do not blur the close relationship between
the asymptotic formula for supercuspidal characters and the equidistribution.

5.1. Preliminaries. In the rest of the article the following global setup will be in effect.
Let G be a connected reductive group over a totally real number field F'. (We used the
symbol G differently in the preceding sections.) Put F., := F ®g R. Write Agis.(G) for
the set of discrete automorphic representations of G(Ag) up to isomorphism (i.e. without
multiplicity). The automorphic multiplicity of m € Agisc(G) is denoted mgse(m). Let S be
a nonempty finite set of finite places of F'. Fix a Haar measure g on G(Fs). Recall that
the unitary dual G(Fs)" is equipped with a positive Borel measure ﬁgl, the Plancherel
measure.

Write Ram(G) for the set of finite places v of F' such that G is ramified over F,. For
each finite place v ¢ Ram(G) let K be a hyperspecial subgroup of G(F,). We choose K
such that at all but finitely many v ¢ Ram(G), the group K consists of the Op,-points
of some reductive integral model of G over Op[1/N] for a sufficiently large integer N.

Let v be a place of F. Write uf*" for the canonical measure on G(F,) (denoted by
L(MVY(1)) - |Jwg| in [Gro97]), and if G(F,) has compact center, denote by uEf the Euler-
Poincaré measure on G(F,), cf. [Gr097 85, §7] Assummg G( ~) has compact center,
put pEF = [Tojoe pe® . Similarly g8 = ], cq pb’ and peom> = [Togs #5™. When G is
unramlﬁed over F, it is known that p$*" assigns volume 1 to hyperspecial subgroups. From
on we will fix a finite set of places S and consider the (possibly negative) measure

can EP ( H Mcan) MEPMEOP
v€SUSoo

n

(This is different from the convention of [ST16]; there we used p at all finite places.
Also note that p@EP depends on the set S.) Define the volume of the adelic quotient

(G, 8) = ™ (G(F)\G(Ar)),
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relative to the counting measure on the discrete subgroup G(F'). This volume is finite if
G(F) has compact center, which will always be the case by part (iii) of the assumptions
made in the next subsection | The Tamagawa volume of G(F)\G(AF) is denoted by 7(G).

5.2. The simple trace formula. As the trace formula is going to play a central role
in the proof, we recall some basic facts. Let Toy, Thise : H(G(Ar)) — C designate the
invariant distributions consisting of contributions from the elliptic conjugacy classes and
the discrete automorphic spectrum, respectively. Arthur’s trace formula is the equality
of the two invariant distributions Igeom and Ig,e. on the geometric and spectral sides.
In general Ipeom (resp. Ispec) is the sum of Ty (resp. Taisc) and other very complicated
terms, but we will always be in the situation where the simple trace formula applies, i.e.
Ty = ]geom = [spec = TQisc-

Suppose that ¢ € H(G(Ar)) admits a decomposition ¢ = ¢° = ¢, according to
G(Ar) = G(A37°=)G(Fs)G(Fy) such that ¢, is an Euler-Poincaré function on G(Fj,)
as in [CD90, Thm 3.(ii)] up to a nonzero scalar. For the rest of the paper we make the
following overarching assumptions.

(i) G(Fs) has compact center,
(ii) the function ¢g is cuspidal in the sense that orbital integrals vanish on non-elliptic
regular semisimple conjugacy classes of G(Fs), and
(iii) G(F) contains a compact maximal torus.

By (iii), the real group G(F.) admits discrete series spectrum and the function ¢ is
nonzero. Condition (ii) is equivalent to the condition that the trace of any (fully) induced
representation from any proper parabolic subgroups vanishes against ¢g. Typical examples
of such ¢g are matrix coefficients of supercuspidal representations ( and Kottwitz’s
Euler-Poincaré functions, cf. §6| below.

For a semisimple v € G(F) write G for its centralizer and I, for the neutral component
of G,. Put u(y) := [Gy(F) : I,(F)] € Z>1. Let puga,) (resp. fir (a,)) denote a Haar
measure on G(Ap) and I,(Ap), respectively. The elliptic part of the trace formula is the
expansion

(5.1) Ten(9, ponr)) = Z (V) e, (1) 05 (& a1, 4 )

YEG(F)/~
elliptic

where the sum runs over the set of F-elliptic conjugacy classes in G(F'), and ju, (1) is
the volume of I, (F)\I,(Ar) for the quotient measure of iz (a,). (Note that I,(F) has
compact center by ellipticity of v and assumption (iii) above.) The discrete part of the
trace formula is

(52) Tdisc(gba MG(AF)) = Z mdisc(ﬂ—)tr 7T(¢, NG(AF))a
WEAdiSC(G)

where mgis.(7) denotes the multiplicity of 7 in the discrete automorphic spectrum. Under
the above hypotheses Arthur [Art88, Cor 7.3, Cor 7.4] provides us with the simple trace
formula

(5.3) Ten(¢, pear)) = Taise(9s baar))-

6To have finite volume in general, one has to take a further quotient of G(F)\G(Ar) by the R-split
part of the center of G(Fx).
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Indeed the assumption at v; (resp. at vy and wvy) in Corollary 7.3 (resp. 7.4) of that paper
is satisfied by any v; € S (resp. any vy € S and any v € Sy) by (ii) and (iii) above. Here
we use the property of Euler-Poincaré functions |[Art89 p.270, p.281] that their orbital
integrals vanish outside elliptic conjugacy classes.

5.3. Counting measures for automorphic representations. Let G be a connected
reductive group over a totally real field F' as in the preceding subsection. Let Sy, S, G, &,
[ (¢), Ks,, and K® be as in the introduction. (We allow Sy to be empty.) Throughout
this section G is assumed to be unramified away from the finite set of places &. This is
always ensured by increasing the set Sy if necessary. We make the following additional
hypothesis, which is technically helpful as it was in [ST16].

e The highest weight of ¢ is regular.

Write Trr¥"(G(Fs)) for the set of 05 = ®,e50, such that o, € Irr™(G(F,)). Given
o5 € Irr™(G(Fs)), define
F=F(& 05, Ks,)

S

to be the multi-set of m € Agis.(G) whose multiplicity is zero unless 7© is unramified,

g ~ 0g, and T € 1 (§), in which case the multiplicity of 7 is
ar () := Maise () dim(mg, )50,

By Harish-Chandra’s finiteness theorem, az(7) # 0 only for finitely many 7. We may
replace mgis.(7) by the multiplicity in the cuspidal spectrum since every automorphic
representation with a supercuspidal component (or with 7., in discrete series) is cuspidal.
For each 0., € l1(§) let f,_ be a pseudo-coefficient for o.,. Set

f{ = Z faoo-
&

Ooo€lleo

Then tr 7o (fe) # 0 if and only if 7o, € I1(€), in which case the trace equals 1. (The only
if part follows from the results of Vogan—Zuckerman on Lie algebra cohomology.) Moreover
fe is an Euler-Poincaré function up to a nonzero constant, cf. [Kot92, Lem 3.2]. Write
fos € C°(G(Fs)) for the product of explicit supercuspidal coefficients f,, (see §3.2)).

Lemma 5.1. Let ¢° € H"(G(AR)). Put ¢ := ¢° foslig fe. Then

Z tr 7_{_6 (qu’ Iucan,G) — M%’%n(KSO)_ITell<¢7 ’ucan,EP).

WE?(E,US,KSO)

Proof. 1t follows from the definition that the left hand side equals

s tI’ﬂ'S (]-K )
Z mdisc(ﬂ_)trWC(QSG)trWS(fUS)ﬁtr 7T00(f§)7
7Te-Adisc(Gv) 'LLSO SO

which is none other than pg"(Kg,) ' Tuisc(¢). We conclude by (B.3)).
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5.4. Bounds on the geometric side. Here we recollect various bounds on the terms
appearing on the geometric side, mostly from [ST16]. Given each semisimple element
v € G(F), fix a maximal torus T, in G over F containing v and write ®., for the set of
roots of T, in G outside I, namely the set of roots a in G such that a(y) # 1. Thus @,
is nonempty if and only if v ¢ Z(F). Define S, for the following set of finite places of F:

Sy ={v : |1 —a(y)| # 1 for some a € ¢, }.

Evidently S, is independent of the choice of 7. In the same way we defined Ram(G),
we have the set Ram(7,). For each v ¢ Ram(G), we have a maximal split torus A, in
G ®r F, such that K is in a good relative position to A,,.

Let ¥ D Ram(G) U Sy be a finite set of places of F'. Choose £ = (Ky)vgs With k, € Z>g
such that k, # 0 for only finitely many v. Define

Q:=[Jarm,  @==1]ar

where v runs over places of F outside ¥. For simplicity we will write Q"% to mean
QY(Q%)’. Put USF := U rj<p, K2 (w,) KIS, where v ¢ 3 and A € X, (A,). Here || - || is
an {)g-invariant norm on X,(A,), which depends on the choice of an R-basis of X, (A,)r.

Write d(Gy) for the cardinality of 11, (&), which is independent of €. Let ¢(G) denote
the real dimension of G(F.) modulo (any) maximal compact subgroup. Given a constant
C > 1 and * € {alg,reg}, we define a set

I (G(Fw)) :={€ € Ir*(G(F)) : max(§)/ min(§) < C},

where max(¢§) and min(&) are given as follows. Let T be a maximal torus in G' over C and
choose a Borel subgroup B containing 7. Let s € X*(T") denote the B-dominant weight
of £ Write @7 for the set of B-positive roots of T'in G, and p for the half sum of roots in
®*. Then max(§) (resp. min(¢)) is the maximum (resp. minimum) value of the natural
pairing (o, A¢ + p) as o runs over ®*. The value is independent of the choice of T" and B.
(We introduce Irry, (G(F)) so that we can vary £ in a controlled manner in that set.)

Proposition 5.2. (i) There exists Ay > 0 depending only on G such that the follow-
ing holds for any ¥ and k = (k,) as above: Choose Us, to be a compact subset of
G(Fx). Write Y(k) for the set of G(Ap)-conjugacy classes of v € G(F)ss which
meet [ [,45 Usr x Us. Then |Y(k)] = O(QME).

(ii) Let &€ € Tit™8(G(Fl)). If v & G(Fso)en then Og(F”)(fg) = 0. Moreover,
OFE) (fe, 15l) = (~1)1we(2)d(Goo) dim€,  if 2 € Z(Fi).
For every C' > 1, £ € Ir%8(G(Fx)) and v € G(Fy)ss with v & Z(Fy,), we have
Deo(y)' 1O (fe, u)] = Oc(dim(€)' ),

where vy, € Ryg depends only on G(Fy) and the implicit constant is indepen-
dent of v and . One can choose vy to be the minimum of 1 — (dimg I, —
tkgrl,)/(dimg Go — 1krGoo) as v runs over noncentral elements in G(Fu)ss.

(111) Let v ¢ S, URam(G). Suppose that v € G(F,)ss is conjugate to an element of
K}®. Then I, is unramified over F,, and Oy (L, puS™) = 1.
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(iv) There exists a lower bound py > 0 and Az, B3 > 0 depending only on G such that
for every finite place v whose residue characteristic is greater than pg, for every
v € G(F,)ss, and for every X € X, (Ay) with ||\|| < Ky,

D(7)1/2O (1Khs)\(wv)Khs7 /l’f;an) S q;‘lerleiv.

Proof. Part (i) follows from [ST16, Prop 8.7]. (Take Sy and S; there to be our ¥\ S and
{v ¢ X : K, # 0}, respectively. The proposition there assumes that the nonzero values of
Kk, are all equal, but the same proof works when k, are different. Finally observe that As
can be absorbed into Bj in that proposition.)

Let us prove (ii). It is a standard fact ([Kot92l, p.659]) for a discrete series representation
Too that O,(fr. ) vanishes unless + is elliptic semisimple, in which case

Oy (fr) = (=1)"Etr€(7)

if the Euler-Poincaré measures are used on G(F,) and I,(F.). This implies everything
but the last bound in (ii) as f¢ is the sum of f,  over oo € (). It remains to bound
DS (7)V2)tr ()| = O(dim(€)'~¥>=) with v, described as in the proposition. We get the
bound from [ST16, Lem 6.10.(ii)], observing that m({) there is equal to min(§) and that
dim(¢)/min(¢)®"! is bounded both above and below (in terms of C').
We get (iii) from [Kot86), Prop 7.1, Cor 7.3]. Finally (iv) is proved by motivic integration
in [ST16, Thm 14.1].
U

Write Mot for the Artin-Tate motive associated to I, by Gross [Gro97]. We have
the decomposition Mot = @gez., Mot Imd(l — d), where Mot I,.d s an Artin motive, and
(1 — d) denotes the Tate twist. For any Artin-Tate motive M over F, denote by L(Moty,)
(resp. L,(Moty, )) the global (resp. local) L-function evaluated at s = 0. Write €27, for the
absolute Weyl group of I,. There is a certain local cohomological invariant ¢,(I,) € Qs
defined in |[Gro97, (8.1)]. We do not need the definition but only the property that

(5.4) o(l,) = |H (F,, I)| > Lifvioo, c(I,) > ||, if v|oo.
Let v € G(F')en so that I, has F-anisotropic center. (This ensures that /ﬁan EP(IV) is finite,
cf. [Gro97, Prop 9.4].) We have the identity [Gro97, Thm 9.9]
|L(Moty, )| (L) - [
[Toes [Lo(Moty, )| HUGSUSOO co(ly)

Lemma 5.3. Let v vary over the set G(F)o and retain the above notation. Let S,
denote the set of finite places v of F such that Z contains a nontrivial F,-split torus. (So
SN Sise=0.)

(i) There exist constants 0 < ¢; < ¢o such that for all v € G(F ),

(5.5) ™ (L)) =

L(dim I,—r
|Lv(MOtLY)|_1 S 02(]5 (cim b =kl Yo ¢ Siso U 5007

LdimI,—r . :
|LU(MOt[7)|_1 > g8 (dim by =xky) ¢ Siso U Sao such that I, is unramified at v.

(ii) There exist constants co, cs, Ay > 0 depending only on G such that the following
holds: for all S such that G is unramified at all places in S, we have

can,EP
| ( )| S| 3(dimIy—rkI,)—2(dim G—1kG)

WMS 0cs " 43 i IT «° veGi).

vERam(I)
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Proof. (i) Observe that

LMot )| ™" = [J1Zo(Moty, q(1 — )| =TT T 11 = aadl.

d>1 d>1i€ly

where I; is a finite index set, and aq; € C has absolute value ¢%~! for all 7. (Since
v ¢ Siso we always have ay; # 1.) For each d and i we have the obvious bounds
¢ =1 < |1 —aq| <q¢¥t+ 1. Part (i) is now easily deduced from the following facts
[Gro97, §1], cf. [ST16, Prop 6.3]:

e |I;| < dim Mot 4 with equality when I, is unramified at v,

° Zd21 |[d’ < dim MOt[W = I‘kf,y,

e > poi(d—1)dimMoty 4 = 3(dim I, — rkI,).
(ii) From (5.5)) (applied one more time with v = 1) we have the bound

| can, (I >| —0 <|L (Mo tIW |HCU )| Ly (Motc)|>‘

&G LT TE (Mot )
Using (i) we bound
dim I, —rkI,)— 1 (dim G—1kG
| L, (Motg)| /| Lv(Moty, )| = (CQ%( )—4( )) |

Note that the implicit constants in both O(:) depend only on G, not on v or S. (This
is obvious in the latter. For the former, it is enough to observe that |2 | and 7(/,)
are uniformly bounded as « varies. The Weyl group is bounded by |27 | < |Qq|. The

Tamagawa measure formula [Kot88] tells us that 7(I,) < |Z (I, L )GAE/E)| “and the latter is
uniformly bounded by [ST16, Cor 8.12].) From (/5.4) and [Kot86 Thm 1.2], we have

(@) = [H'(F,, Q)| = [mo(Z(G) /M), vt oo

Since Gal(F/F) acts on Z(G) through a finite quotient, say Gal(F'/F), if we take ¢, € Z>,
be the maximum of |m(Z(G))| as H runs over all subgroups of Gal(F’/F), then clearly
c(G) < ¢,. Note that ¢ is independent of v. Finally we have

LMot )| =0 [ &

veRam(I,)

for a uniform constant Ay > 0, with an implicit constant of O(-) which is uniform for all
7, by [ST16, Cor 6.16]. Now the bound of (ii) follows by putting ¢z := cac). O

5.5. Equidistribution results. Fix S, Sy, and Kg,. We keep the notation from the
previous subsection with & = S, U Sy U S. Throughout this subsection we suppose that

e the residue characteristic of every v € S is sufficiently large such that Theorem
applies to G(F,) at each v € S,

e S U Sy contains the places of F' with small residue characteristics such that the
result by Cluckers—Gordon—Halupczok on uniform bound on orbital integrals
[STT16, Thm 14.1] applies to places outside S U S.

Note that the lower bound on the residue characteristic for Theorem B.11] can be made
effective, whereas the lower bound for [ST16, Thm 14.1] to hold is ineffective by the nature
of its proof.
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Our interest lies in statistics of the family F = F(&, 05, Kg,) as £ and og vary. Write
K® = [Toge KPs. Since we are assuming Z(Fg) and Z(F,,) are compact, the intersection
Z(F)N Kg,K® (taken in G(Af)) is finite. (The same is true with any compact K°-
bi-invariant subset of G(A$) in place of K€.) As in [STT16, §2.3], define the truncated
Hecke algebra H"=£(G(A$)) as the space of locally constant bi-K®-invariant functions
on G(A$) whose support is inside the compact subset [ U

Theorem 5.4. There exist constants vs,vo > 0 and A > 0 such that for every £ €
It #(G(Fy)), for every og € IrrYu(G(FS)), for every £ = (Ky)uvgs, and for every =
HYSE(G(AS)) which is the characteristic function of a bi-K®-invariant compact subset,

(o) = (-G dim(e) deglow) i 2 Y ey

TEF S (Kso) 2€Z(F)NKs, Wos (2)
(5.6) + O(dim(€) = deg(ag) "5 Q™).

The implicit constant in O(-) depends on G, S, Sy, Ks,, and C' (but is independent of &,
o, 5, and ¢°).

Remark 5.5. The proof shows that v, can be chosen to be as in Proposition 5.2l We have
restricted to the set & € Iir(*(G(Fx)) to underline the analogy between the finite places
S and the infinite places S,,. Without the restriction the error bound could be stated in

terms of min(¢) as in [ST16, Thm 9.19]. The same remark applies to Theorem [6.4] below.

Remark 5.6. If we fix x and ¢® (while allowing ¢ and og to vary) then the same proof
shows the asymptotic formula with error bound O(dim(§)*~"> deg(og)'™"s). This holds
under a weaker assumption on S, namely that the residue characteristic of each v € S has
to be large enough so that only Theorem , but not [ST16, Thm 14.1], applies. Hence
the lower bound for the residue characteristic can be explicitly given. Thus an explicit

lower bound is possible for Corollaries [5.8] and
Proof. By Lemma [5.1] the left hand side is equal to

psy (Ks) ™ Y ) M (1) 0T (68 fo ke, fo)-

YEG(F)/~
elliptic

For each v € S, write U, for the (finite) union of a set of representatives for G(F,)-
conjugacy classes of elliptic maximal tori in G(F,). Take U, to be an elliptic maximal
torus in G(F,) for infinite places v € Ss. Thus U, is compact in both cases. Clearly
the summand in the preceding formula vanishes unless v € Y(k), where YV(k) is as in
Proposition [5.2 taking ¥ = & and Us, = K, X [[,csug.. Uv-

The contribution from central elements z € Z(F') is computed as in the first line on
the right hand side of (5.6). For this it is enough to observe that u&™™ (G) = (G, S)
by definition, f,4(2) = w,!(z)deg(os) by Harish-Chandra’s Plancherel theorem, and
fe(2) = (=1)1C=)w,(2) dim € by Proposition . This implies that the contribution of
v € Z(F) in the above sum equals the main term in the right hand side of (5.6). Hence it
suffices to show that for some uniform constants vg, vy, A > 0,

BT Y T E)OFE (G0 fr L, fe)| = O(dim €™ deg(os)' Q™).

YEYV(£)
s.t. v¢Z(F)
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We will bound the summand for each v € Y (k). Without loss of generality we assume
that v belongs to [],4e Us"™ X Ks, x [[,cqu5., Us- Define @, and S, as in the last
subsection (with & = Sy USUS,,). Write S! for the set of v € S, with v ¢ 3. The subset
of v € 87 with , = 0 is written by S ;.

According to Lemma (i), the group I, is unramified at v if v ¢ Ram(G), v ¢ S5,
and k, = 0. (The last condition ensures that the v-component of ¢© is supported on K
so that v is conjugate to K.) Hence

Ram(/,) C Ram(G) U S, U{v ¢ ¥ :k, #0} CSUSUS U{v ¢ X:k, #0}

Now Lemma, [5.3], Proposition [5.2] Theorem and Proposition tell us that there
exist positive constants co, cg, ¢y, Coo, A2, A3, B, Vg, Vs such that

(5.8) ™ (L) < cocy) I1 0% < codd*a5ar Q™
veERam(G)US,U{vg Xk, #0}
DS()'?|04(6%)] < qf (@,
(5.9 Ds(0)Y?0,(foy)] < csdeg(ogs) s,
Ds, ()"0, (1ks)| < csy
)

Dec()0,(fe)] < eoo dim(§)' .
At this point, the main remaining task is to bound gs; and as: , independently of ~.

We introduce some invariants of the group G over F'. Write dg for the dimension of G,
wg for the order of the absolute Weyl group, and s¢ for the minimal degree over F' of an
extension field over which G splits.

Define d,, to be the supremum of [[ cg |1 — (Voo )|v 88 Yoo Tuns over [[ g U, and as
a Tuns over the set of absolute roots for the compact maximal torus [],.q U, in G(Fi).
(It makes no difference if we impose @ (7y) # 1.) Then do, < 0o as the supremum of a
continuous function on a compact set is finite. Likewise define

(5.10) dp :=sup |1 — a(7)/o, veSUSy,

Vv, &

as 7, runs over the v-component of Kg, if v € Sy, and as 7, runs over elliptic semisimple
elements of G(F,) if v € S, and « runs over the set of absolute roots of a maximal torus
containing v, in G. By deﬁn1t1on 0, with v € S U Sy depends only on G, S, Sy, and
Kg,. We see that 6, < oo for v € S U S, by continuity and compactness as for d,. (For
instance when v € Sy, there are only finitely many G(F,)-conjugacy classes of elhptlc
maxial tori, which are compact as G(F,) has compact center. For each compact maximal
torus, the value |1 — a(v)|, is bounded as a varies over the set of absolute roots and v on
the maximal torus.) For our purpose below, we may and will arrange that d,,d. > 1 by
redefining each of them to be 1 if smaller than 1.

Noting that |1 — a(v)|, =1 at v ¢ S, U Sx with a € ®,, we deduce from the product
formula that

(511) 1=TIh - ol <o [T -0l Vac®,

vESy
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By [ST16l Lem 2.18], for some B; > 0 which is independent of v and &,
(5.12) [ t-a()h <™= vaceo,
veSs[\S!

For each v € 57 ;, we have [1 —a(y)|, < 1 for every a € .. By the definition of S , there
exists @ € @, such that |1 — a(y)], < 1. The argument as in the proof of [ST16, Prop
1

8.7] (also see the proof of Theorem 9.19 there) shows that a fortiori |1 — a(v)], < gu 97 .
Hence

(5.13) Il 1t—at)h < g, ves,

Taking the product of (5.11)) over a € @, and applying the estimates (5.10)) at v € S,\.S,
(which is contained in SU Sp), (5.12) at v € SI\S! , and (5.13) at v € S ,, we see that

@]

dg
1 1
1§qS;wOGSG QBlﬁ(Soo H 5y qulwcsc (QBm(SOO H 51}) )

~,0
vESH\S), veESUS)H

Therefore as,, = O(QvescileBis) implying that

gs; < Q- qsi 0= O(QTwesadabir)

To summarize so far, the absolute value of each summand in ([5.7)) is bounded by, if we set
C = ‘S‘ A2 3 .
1= CoCy ' C5C8,Coo(qsqs, )2, the following:

Cagrqst (@4 deg (o) '™ dim (€)'~

Applying the above bounds on gs; and gg o, the summand admits a bound of the form

O(QA1+BiE deg(og) s dim (€)' 7=). The number of nonzero summands is bounded as
O(Q*1%) by Proposition . All in all, the absolute value of the left hand side of (5.7) is

O<QA4+(A1+B4)ﬁ deg(as)lfys dim(f)lﬂl‘”).
The proof is complete by taking A = Ay + A; + By. (Observe that @ < Q%) O

Remark 5.7. An affirmative answer to the question in Remark would immediately
improve Theorem with the hypotheses relaxed accordingly, by exactly the same
argument.

Consider the set of pairs (&, 05) € Iirs®(G(Fy)) x It (G(Fs)). We partition the set
into P— and P, according as whether wg = w,, or not on Z(F) N Kg,K©. Recall that
Z(F) N Kg,K® is finite.

Corollary 5.8. We have the limit multiplicity formulas
m(§7 gs, KSO)

lim 0
o d(G) di d ’
dim(éi dfg)i;?ﬁ—»oo (Geo) dim(£) deg(s)
: m(§70-S7KSO) G T/(G, S)
1 = (=1)9Ce) 2 7 (YN Ko K.
(€rmrer d(G ) dim(&) deg(os) ) M%%H<Kso>‘ (F) 5ol |

dim(§)| deg(o’s)|~>oo



36 JU-LEE KIM, SUG WOO SHIN, AND NICOLAS TEMPLIER

Remark 5.9. It is clear from the definition that m(&, og, Kg,) > 0. This is consistent with
the signs in the second formula above. Indeed the sign of the measure uEPuEF is the same
as that of 7/(G, S) since the canonical measure p*" is a positive measure for v ¢ S U S...

The signs of uEF and pEF are the same as those of (—1)%¢=) and deg(os), respectively.

Proof. We start by claiming that dim(&) deg(og) — oo if and only if dim(§)"> deg(og)"s
tends to infinity. To see this, we partition the set of all o5 into two sets where | deg(og)| > 1
and | deg(og)| < 1. The claim is obvious in the first set. (Recall that v., vg > 0 and note
that dim(¢) > 1.) In the second set, the claim follows from the fact [HC99, Thm 7] that
deg(og) is bounded below by a positive constant. (More precisely deg(cs) is an integral
multiple of a constant depending only on a Haar measure on G(Fs).)

Now the corollary readily follows from the preceding theorem by plugging in x, = 0 for
all v ¢ & and ¢° = 1ge. O

We can restate Theorem in terms of m(&, o, Kg,), assuming G is split and
semisimple for simplicity. The L'-norm of ¢ € HYW(G(A$)) is given by [|¢®|; =
fG(AG) ‘(be (g)‘ dpS.

F

Corollary 5.10. Suppose that G is a split semisimple group over F'. There exist constants

e, A > 0 such that for every (§,05) € P— and for every ¢° = 1ye, e € H™(G(AF)) with
some g € G(AS),

Ks,)
tr 1S (68 = m(§, os, Ks, S K 7116814,
71'6]:(5,0'5,}(50) ZEZ(F)OKSO

The implicit constant in O(-) depends on G, S, Sy, Kg,, and C' (but is independent of &,
og, and ¢%).

Proof. Since G has finite center, the center is contained in every maximal compact subgroup.
So Z(F)N Kgy, = Z(F) N Ks, K® and w,, = we on Z(F) N Kg, for (¢,05) € P-. Our
task is to turn the right hand side of to the right hand side as in the corollary. Let
K = (Ky)uge be chosen such that ¢© € H™=5(G(AR)). We know that

G, 9)|Z(F)N K, K®|
psy' (Kso)

(€, 05, Ks,) — (—1)1O=d(Ge) dim(€) deg(os) .

= O(dim(§)' ™" deg(0s)' ™)
from Theorem cf. the proof of Corollary 5.8 So it is enough to show that for some
constants A’, B" > 0 (whose independence is as in the corollary),
(i) ZzeZ(F)ﬂKSO ¢9(z) = O(Q"™),
(i) Q™ < [[¢°[I"

Part (i) is equivalent to |Z(F) N Kg,(K®gK®) K| = O(Q"*®) for any maximal compact
subgroup K., C G(Fy). This immediately follows from [ST16|, Prop 8.7].

It remains to check (ii). We adopt the notation about truncated Hecke algebras
from [STT6, §2.3]. By Cartan decomposition we may write g = (g,)o¢s € G(AR) with
gy = Hy(w,) for the cocharacter T, of a maximal F,-split torus 7, of G and a uniformizer
@, of F,. We take £ = (ky)ugs such that x, = |||/ for a suitable R-basis B = {31, €}
of X.(T) ®z R, where X,(T) is the cocharacter group of a maximal torus 7" over F'. (Thus
r =dim7T =rkG.) Of course k, = 0 for all but finitely many v. Choose a Borel subgroup
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containing T so that we have a set of positive coroots ®"-* for T. We take B to consist
of simple coroots in ®¥:*. Similarly we choose a Borel subgroup B, D T, and a set of
positive coroots @ for T,,. Without loss of generality we assume that p, is B,-dominant.
Set p; == Y veqv+ @', The equality k, = [|u,|[s means that k, = (u,,ia") for some
a¥ € VT where i is an inner automorphism of G sending 7" to T,,. Hence for each v ¢ &,
we see that (u,, 8)) = k, for some coroot 3, € /.

We claim that there exists a constant ¢ > 1 such that for every v ¢ & we have

H 1k, g,k || 1> c_lq@tu,pv).

Indeed [Gro98, Prop 7.4] tells us that |15, 4, x, || /q"*") is equal to | (G /P, ) (Fy, )| /go ™/ P!
for a suitable parabolic subgroup P,, of G. Of course there are finitely many parabolic
subgroups (up to conjugation). We see that the quotient (which is a quotient of two
polynomials in ¢,) tends to one as g, — co. The claim follows.

For each v such that s, # 0 (so K,g,K, # K,) we have |1k, .k, |1 > 2 = cos2/lose,
Setting ¢ :=logc/log2 € R.(, we have (whether p, = 0 or not)

||1KUWKU||1Jrc > gl W ¢ .

Since p, is B,-dominant, it is clear that (u,, p) > (i, B)) = Ky. In conclusion

6%+ > @~
The proof of (ii) is complete. O

Let us record a sample application to the existence of certain automorphic representations.
For simplicity we assume that G is split over F. We fix a reductive model over the ring of
integers O, giving rise to hyperspecial subgroups K" at each finite place v.

Corollary 5.11. Suppose that G is a split reductive group over F. Fiz & € Irr™*(G(F))
and S a nonempty finite set of finite places. Suppose that the residue characteristic of each
v € S is sufficiently large in the sense at the start of §5.5. Then there exists dy > 0 with
the following property: For every 7% € Irr¥"(G(Fs)) with |deg(n%)| > dy and Wy = We 0N
Z(F)N Ks,K®, there exists a cuspidal automorphic representation m of G(Ar) such that
® g =~ ng,
o T € (),

o 5% is unramified.

Proof. In the preceding corollary, it is enough to take Sy to be sufficiently large and contain
all places of small residue characteristics, and set K, := [],cq, K, bs Then fix ¢ and let
deg(os) go to infinity. O

According to Corollary , it is reasonable to restrict our attention to (£, 05) € P— when
studying equidistribution problems on the following counting measure for the multi-set
F = F(& 05, Kg,), where §,s denotes the Dirac delta measure supported at 7° on the
unramified unitary dual G(AS)M" = [Tes G(F )u

Acount = |F| Z 571-(?

TeF

Of course this makes sense if |F| # 0. To obtain a clean formula we will further assume
that Z(F) N Kg, = Z(F) N Kg, K®. (Alternatively we may instead restrict to the pairs
(€,05) € P— such that we = wy, on Z(F) N Kg,.)
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Given z € Z(F) let w, denote the function on G(A$)™ whose value on each represen-
tation is its central character evaluated at z. Define a measure 7iP"™® on G(A$)M™ to be
w, - PSS wwhere iPhunS = [L¢s [Phur is the product of the Plancherel measure Ph" on
the unramified unitary dual of G(F,) ﬂ Recall that gbG defines a function ¢ : 7 — tr (%)

on [[,4e G(F,)™"". Note that we can integrate ¢° against the (possibly infinite) sum

~pl,ur,& L
MeASUTe iy oy =
many z € Z(F)N Kg, since Z(F) intersects an open compact subset of Z(Ap) at only
finitely many points.

Corollary 5.12. Assume that Z(F)NKs, = Z(F)NKg,K®. For every ¢© € HY(G(A$)),

Y ez(F)nKs, S Tndeed fiPS (%) is nonzero for only finitely

li ~count (AG _ //II; urng (¢6)
dim(&) dlg}js)%w ,LL]-"(é' GS’KSO) o |Z< ) m KSOK6| ’
(§,05)EP=
(The counting measure is defined when dim(§)| deg(05)| > 1 by Corollary[5.8)
Proof. Choose k > 0 such that ¢© € H'"=5(G(A$)). By (5.6), ﬁcf"%ngs Ks, X 5 ) equals
: 1—v, 1—voo
(—1)q(G°°)T/(GCaf)d(GOO) dim(§) deg(os) Z 8(2)+0 (deg(as) s dim & QA“) '
luSO (KSO)|‘F(€70-57KSO)| 2€Z(F)NKs, |f(€aUSaKSo)|
By Plancherel theorem, >_ ;) Ks, ¢°(2) = ﬁ%l(ur)g[(so (¢°). We apply Corollary to
finish the proof. O
Remark 5.13. In particular if Z(F)N Kg, = {1} (e.g. if Z(F) is trivial) then we have
. ~count NG ~plur,& (&
dim(§)+1d1£(105)%0 HF(Eos,Ksy) (¢ ) uP (¢ )
(§,05)EP=

This confirms Conjecture 1 in [SST16], or more precisely its analogue as explained in
the remark below it. In our case the limiting measure is the product of the unramified
Plancherel measures so (i) and (ii) of the conjecture are true. Part (iii) is essentially [ST16],
Prop 5.3], from which (iv) follows immediately.

Remark 5.14. The results above should carry over to the case where neither G(Fs) nor
G(F) has compact center, at least if G is a cuspidal group in the sense that the center of
Resp/@G has the same split Q-rank and split R-rank. This requires some modification in
the statements (e.g. pseudo-coefficients of a supercuspidal representation have compact
support only modulo center) but would not lead to any significant change in the proof.
Alternatively one could work with the trace formula with fixed central character (one
could use [Dall9, §6] for instance), in which case representations and test functions also
have fixed central characters which are inverses of each other.

5.6. Possible generalizations. It is sensible to ask whether the method of this paper
applies to non-supercuspidal discrete series representations 7 but there are difficulties. In
that case we still have a somewhat explicit construction of pseudo-coefficients for , cf.
[SS97, §3.4] but they are not as simple as in to be useful. In the trace formula, if
we impose a pseudo-coefficient of 7w at a local place v then one still has the simple trace

"Since we consider only those ¢© coming from HY(G(AS)), the formulas remain valid if we use the
Plancherel measure on the whole unitary dual.



ASYMPTOTICS OF SUPERCUSPIDAL REPRESENTATIONS 39

formula, but the spectral side picks up automorphic representations whose v-components
are not only 7 but possibly nontempered representations in a finite list. This means that
one has to control these spectral error terms. Alternatively one could allow more general
test functions at v but then the trace formula will have more terms to be dealt with (unless
the global reductive group is anisotropic modulo center).

6. STEINBERG REPRESENTATIONS AND HORIZONTAL FAMILIES

The results in this section do not rely on Sections [2] through [4l However the reader will
see a strong analogy both in the statements and proofs between the vertical families in
the last section and the horizontal families in this one.

Let &, S, Sy, So, and & be as in cf. §1.2] In particular the finite sets S, Sy, and
S are mutually disjoint, and G is unramified outside &. We will fix Sy and assume that

e SNRam(G) =0 (so that Ram(G) C Sp),
e the residue characteristic of every v € S is sufficiently large.

Throughout this section we keep a large residue characteristic assumption as in §5.5

e S U Sy contains the places of F' with small residue characteristics such that the
result by Cluckers—Gordon—Halupczok on uniform bound on orbital integrals
[ST16, Thm 14.1] applies to places outside S U Sp.

We also assume that (to use Lemma relying on strong approximation)

e the simply connected cover of G has no F-simple factor that is F,-anisotropic
for every v € S.

Let F(&,Sts, Ks,) denote the multi-set of 7 € Agiso(G), with mgis.(m) dim(mg, )50 as
the multiplicity of 7, which satisfies the following conditions: first, 7., € I1..(£); second,
m, is isomorphic to the Steinberg representation for all v € S; third, =, is unramified for
all finite places v € S U Sp. In this section we study F (&, Stg, Kg,) as we vary the set S.
The situation is somewhat complementary to that in the previous section. We refer to
F(&,Sts, Ks,) as a horizontal familyﬁ

Kottwitz [Kot88] constructed Euler-Poincaré functions for p-adic groups. For any place
v € S, we denote it by ¢FF € C2°(G(F,)). We have that [Kot88, Thm 2]

epy )L, 7 € G(F)a,
<6'1) O’Y(@} ) a {07 v E G(FU)SS\G(FU>GH-

We will assume that

e Gisa simpleﬂ algebraic group, i.e. every proper normal subgroup of G over an
algebraic closure of F' is finite.

In that case Casselman’s theorem, cf. [Cas, Thm 2] and [Kot88, Thm 2], tells us that an

irreducible unitary representation m, with tr m,(¢E") # 0 can occur only in the following
two cases (which may not be mutually exclusive):

(i) m, is the trivial representation and tr m,(¢E") = 1, or
(ii) 7, =~ St, and tr 7, (o) = (—1)%%) where ¢(G,) is the semisimple rank of G,. In
particular fg;, := (—1)7)@EF is a pseudo-coefficient for St,.

8Even though ¢ is allowed to vary “vertically” (as in the last section), the main novel feature is to allow
S to vary, so the family deserves the name.
9Such a group is often said to be absolutely almost simple, e.g. in [Grol1].
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Set fStS = H’UES fStuv qs ‘= HUES Qv and Q(GS) = Z’UES Q(Gv)

Remark 6.1. The formal degree of St, is equal to (—1)4(“) for the Euler-Poincaré measure
by the Plancherel theorem, (ii) above, and ¢=F(1) = 1 recalled above. See also [Bor76].

We will state the analogue of Lemma [5.1] for F(&, Stg, Kg,) after recalling the following
well-known result on one-dimensional automorphic representations.

Lemma 6.2. Let H be a connected reductive group over a number field E. Let v be a
place of E, and assume that the simply connected cover of H" has no E-simple factor
that is E,-anisotropic (in particular, H(FE,) is not compact modulo center). If m is an
automorphic representation of H(Ag) with dimm, =1 then 7 is one-dimensional.

Proof. Using a z-extension of H ([Kot82, §1]) we can reduce to the case when the derived
subgroup HY" of H is simply connected. Now the groups HY*(E) and HY(E,) are
subgroups of H(Ag) so they act on 7 viewed as a subspace of the regular representation
of H(Ag) on automorphic forms of H(Ag) (with a fixed central character). The one-
dimensionality of 7, implies that H*(E,) acts trivially on 7. Then any smooth vector of
7, as a function ¢ : H(Ag) — C, has the property that ¢(hohh,) = ¢(h) for hg € HI(E),
h € H(Ag), and h, € H¥(E,). Hence ¢(hh') = ¢(h) for ' € h"*HY(E)hHY* (E,) =
h=1HY (EYH (E,)h. By the strong approximation theorem, i’ runs over a dense subset
of H4'(Ag). Therefore ¢ is constant on left H9"(Ag)-cosets, i.e. H(Ag) acts through an
abelian quotient. Hence 7 is one-dimensional. O

Lemma 6.3. Let & := S, US,US and ¢° € H™(G(AR)). Put ¢ := ¢ fsis 1k fe. Then

Z tr 7-(6 (¢G,yjcan,6) _ M%%H(KSO)_ITen(@ Iucan,EP)'
71'6.7'—(5,81:5,]{50)

Proof. We have the simple trace formula (5.3)) for ¢. Indeed fs;, enjoys property (ii) in
. It suffices to show that the left hand side equals u&"(Ks,) ™ Taisc(¢, p™FF), which

expands as

S/ .6 tr 71'50(1[(5.0)
(6.2) ng@ Maise () tr 7 (6% )t 74 fSts)mtr oo fe)-

Suppose that the summand for 7 is nonzero. Then 7, cannot be one-dimensional by
regularity of £. Let v € S so that tr m,(fs,) # 0. If G(F,) is compact modulo center then
St, is the trivial representation, so m, ~ St, by Casselman’s theorem above. If G(F,) is
not compact modulo center then Lemma tells us that m, cannot be one-dimensional so
Ty = St, by the same theorem. In either case trm,(fsi,) = 1. We see that equals the
left hand side of the lemma. OJ

Theorem 6.4. There exist real constants v, A > 0 and an integer B € Z>y such that for
every £ € IrrZ8(G(F)), for every & = (Ky)ugs, and for every ¢ € H'"=5(G(AF)) which
is the characteristic function of a bi-K®-invariant compact subset,

. —1)9(Gs)+4(Goo) im
DI I S L SIS

! can
(G, 5) TEF(E,Sts, Ksy) 1S (Kso) 2€Z(F)NKs,

+ O(gg” dim(§)' ™= Q).




ASYMPTOTICS OF SUPERCUSPIDAL REPRESENTATIONS 41

The implicit constant in O(-) depends on G, Sy, Ks,, and C (but is independent of £, S,
K, and ¢°).

Proof. The proof proceeds exactly as for Theorem [5.4, The main term coming from
v € Z(F) is computed similarly. (Note that fg,(2) = (—1)%%s) = deg(Sts) for z € Z(Fy).
So deg(og) in is replaced by (—1)9(s) here.) The issue is to bound the contribution
from noncentral elements. To explain the mild modifications in the argument we freely
use the notation from the proof there. It suffices to show the following analogue of
for uniform constants v, A > 0 and B € Z>;:

03) gy O T IIONI6 L, J0)] = Ol dim(©) Q™)

YEV (1)
VEZ(F)

The only nontrivial change is to replace (5.8]) and (5.9) with the following inequalities for
noncentral elements v € ) (k) for suitable uniform constants ¢y, A5 > 0:

| (1) Bt
(6.4) W < cogsP QM
(6.5) Ds(1)'?|05(fsis)] < 1.

The bounds for orbital integrals away from S as well as the rest of the proof are exactly
the same as in the proof of Theorem So we content ourselves with justifying the two
inequalities, beginning with . (Along the way we obtain a bound on ¢g . Evidently
the same bound works for qs: - Together with , this is used to bound the orbital
integral away from 6 )

As we recalled in ), 1O, (fsts)| is bounded by 1 and nonzero only on v that is elliptic
in G(F,) for all v E S Then v is contained in an F,-anisotropic maximal torus 7, of
G(F,) so |a(y)], = 1 for all absolute roots « of T}, in G by compactness, implying that
|1 — a(y)|y < 1. Therefore Dg(v) < 1 and (6.5)) holds.

It remains to check the uniform bound (/6.4)) for noncentral elements ~y. If -y is not in
the center of G, we have that §(dim I, — rkl;) — 3(dim G — rkG) is a negative integer.
Take B to be the maximum of such integers as v varies. Our initial assumption tells us
that Ram(G) C Sp. At each v € Sy we define 0, < oo as in or 9, = 1, whichever is
bigger. We define dg, sq, wg € Z~¢ as in the proof of Theorem [5.4}

From Lemma [5.3 and the fact that

Ram(Z,) C Ram(G)U S, U{v ¢ & : K, #0} C SoUS,U{v ¢ & :k, # 0},

it follows that

can,EP
| ( )| < ¢ 1(dim Iy —rkI,)— 1 (dim G—1kG) H Ay
ras) =0 o
vERam(I,)
(6.6) < cogsPqsiasiQ™ = O(g5 452 Q™).

We will bound gg. independently of v, by considering the partition

Sy = (8, n8) ]S, nSo) [T\ o) [T 9%
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When v € S, NS, we have |1 — a(7)], <1 as explained above, and the inequality is strict
for some o € @, thus as in (9.13)), we have

1
IIr-ath<q e,  ves,ns.

acdy

At v € S, NSy we have [1 —a(y)], < d,. Forv € SI\S. j and v € S/ ; the bounds of (5.12)
and (5.13)) remain valid without change. Applying these bounds to the product formula

for 1 — a(y) with a € ®,, (compare with ([5.11)))

1= JTIIn-eql < & I IT 1t = el

agdy v acd, veES,

__1 _1
< O [T o asree | 1] e | @tme

vESy veSINS,

Increasing B if necessary, we can disregard the second bracketed term (the product
over v € S/\S! ). We deduce that gs, = O(Q"e*¢51%). Using this bound in we
conclude:
n,EP
”(;j (I’Y)| —-0 -B AQQAQ _ O( —BQ(dGWGSGA2B1+A2)ﬁ)
(G, S) 4s ds, = Y4 -

0J

Denote by Z; (resp. ) the subset of & € Irr3¥(G(Fy)) whose central character is

trivial (resp. non-trivial).

Corollary 6.5. We have the limit multiplicity formulas
m(gv Sts, KSO)

1i
ag iin{_(rgl)ﬁoo d(Goo) dlm(f)T’(G, S) 07
6:751
(6 7) lim (_1)q(GS)m(£a StS? KSO) _ <_1>q(GOO)‘Z<F) N KSOKG’
' wain© d(Goo) dim()7(G,S) HE" (Ks,) |

More precisely, for each € > 0, there exists 0. > 0 with the following property: for every
finite set of finite places S such that S N Ram(G) = 0 and for every & € Z4 such that
qs dim(&) > d. (while Sy is fized), we have |m(&,Sts, Kg,)| < € - d(Gs) dim(&)7'(G, S).
The second limit formula is interpreted in a similar way.

Proof. This follows from the preceding theorem exactly as Corollary [5.8|does from Theorem
B4 O

Example 6.6. Consider the case when G = PGL(2) over a totally real field F' and Sy = 0.
Then d(Gs) = 1, ¢(Gso) = (1)@ and the right hand side of is (—1)FQ. (When
F = Q, corresponding to classical holomorphic modular forms of even weight k € Z>

with trivial Nebentypus character is the representation &, = Sym*~2 of PGL(2) so that

0T he regularity condition on & excludes k = 2 but we can easily work out the case k = 2. The simple
trace formula is still valid for the same test function ¢. The only extra work is to bound the extra spectral
terms from one-dimensional automorphic representations, cf. Lemma [6.2] which do not show up when
k> 2.
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dim(&) = k — 1. Similarly dim(§) is computed for general F.) Gross’s motive for PGL(2)
is Q(—1). We can easily compute 7(G) = 2 and

(G, 8) = (p(—1)2'"1FQ ﬂ,
©.8) = G- P T
where (r is the Dedekind zeta function (in particular (g(—1) = —1/12). Since dim G —
rkG = 2, we can take B = 1 in Theorem [6.4] by its proof and v, = 1 by Remark So
we have the asymptotic formula

(6.8) m(€.Sts.0) = [Cr(~1)2" " T (g, — 1) + 0(1),
veS

Here the bound O(1) comes from g5' [],cs(qw — 1) = O(1). In the special case when
F = Q and &, = Sym"? is fixed, we have

(k —1)o(gs)
G St 0) ~ gy
where ¢(-) is Euler’s phi-function. The difference from [ILS00, Cor 2.14] by the factor 2/
is explained as follows. At each v € S there is another square-integrable representation
St/ such that St, and St] differ as representations of GLy(Q,) by the unique nontrivial
unramified quadratic character of Q). The result in loc. cit. can be interpreted as
> o M(&k; 05, 0), where the sum runs over og such that o, € {St,, St; }. Thus their count

is 211 times ours. In this special case, observe that our O(1) in improves on the error
bound O((kgs)??) obtained in loc. cit.

as qg — 09,

Corollary 6.7. Suppose that G is a split simple reductive group over F. There exist
reg

constants €, A, B > 0 such that for every & € Irt;¥(G(Fx)) and for every ¢° = 1ge, ge €
H=E(G(AD)) with some g € G(AY),

Z trﬂ-G((ﬁG) = m<§7 StSvKSo) Z ¢6(z)+0(m(§7 StSaKSo)lingB”(bGHf)'
WEf(f,Sts,KSO) ZGZ(F)PIKSO
The implicit constant in O(-) depends on G, S, Sy, Ks,, and C' (but is independent of &
and ¢°).

Proof. This is proved in the same way as Corollary [5.10} O

As an immediate consequence of Theorem [6.4] we deduce the existence of representations
with very mild ramification (e.g. one can take S to be a singleton) and fixed weight.

Corollary 6.8. Let G be a split simple reductive group over F. Fix & € Int™®(G(Fx)).
There exists a constant qo > 0 with the following property: for every finite set of places S
such that G is unramified away from S, if qs > qo then there exists a cuspidal automorphic
representation w such that

o T € I1(§) (in particular it is a discrete series representation),
o T, is the Steinberg representation at each v € S,
o 7 is unramified at every finite place v ¢ S.

Proof. We take Sy = (). Theorem implies that F(&,Stg, D) is nonempty if gg is
sufficiently large since the main term in the right hand side of the theorem is nonzero. Any
7 € F(& Stg, 0) is (not only discrete but) cuspidal since it has a Steinberg component, cf.
[Lab99l Prop 4.5.4]. O
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