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Abstract

We give an algorithm that computes an absolutely normal Liouville number.

1 The main result

The set of Liouville numbers is
{reR\Q:VkeN, 3geN, ¢>1and ||¢gz|| < "}

where ||z|| = min{|z — m| : m € Z} is the distance of a real number x to the nearest integer
and other notation is as usual. Liouville’s constant, Zk>1 10~ is the standard example of
a Liouville number. Though uncountable, the set of Liouville numbers is small, in fact, it is
null, both in Lebesgue measure and in Hausdorff dimension (see [@]).

We say that a base is an integer s greater than or equal to 2. A real number z is normal to
base s if the sequence (s’x : j > 0) is uniformly distributed in the unit interval modulo one.
By Weyl’s Criterion [11], « is normal to base s if and only if certain harmonic sums associated
with (s/z : j = 0) grow slowly. Absolute normality is normality to every base.

Bugeaud [6] established the existence of absolutely normal Liouville numbers by means of
an almost-all argument for an appropriate measure due to Bluhm [3] [4]. The support of this
measure is a perfect subset of the Liouville numbers, Bluhm’s fractal. The Fourier transform
of this measure decays quickly enough to ensure that those harmonic sums grow slowly on a
set of measure one. Thus, Bugeaud’s proof exhibits a nonempty set but does not provide a
construction of an absolutely normal Liouville number.

A real number x is computable if there is a base s and an algorithm to output the digits
for the base-s expansion of x, one after the other. In this note we show the following:

Theorem. There is a computable absolutely normal Liouville number.

We regard this result as a step into the ancient problem posed by Emile Borel [5] on ex-
hibiting a natural instance of an absolutely normal number. Borel’s understanding of “natural”
may have been towards numbers that can be described geometrically (as 7), analytically (as
e), or algebraically (as \/5) To our mind, algorithmic descriptions are also explicit, immediate
and worthy of investigation.

We give an algorithm that determines a real number in the unit interval by recursively
constructing a nested sequence of dyadic intervals. At each step the algorithm obtains a
new subinterval containing sufficiently many points that satisfy, simultaneously, a better



approximation to the Liouville condition, and a better approximation to absolute normality.
The number obtained by the algorithm is the unique point in the intersection of these intervals.

The discrepancy of a finite sequence of real numbers is a quantitative indicator of whether
its elements are uniformly distributed modulo one in the unit interval. We translate between
bounds on harmonic sums and bounds on discrepancy using a discrete version of LeVeque’s
Inequality (Theorem 2.4 in [9]), proved in Lemma

Like Bugeaud, we use the ingredients of Bluhm’s measure. However, we combine those
ingredients differently so as to work within subintervals of the unit interval and make explicit
the Liouville exponent and the level in Bluhm’s fractal. By adapting an argument of Daven-
port, Erdos and LeVeque [8], we prove that the set of points in a given interval having small
harmonic sums has large measure. See Lemma [I0]

Our algorithm relies on the fact that the Fourier transform of Bluhm’s measure decays
not only quickly but also uniformly quickly over all intervals. For any given positive €
there is an extension length L with the following property. Consider any interval the form
[p27%, (p+1)2~%), for some non-negative integer p. So, the endpoints have a finite expansion in
base 2, requiring at most a digits. Let b be the counterpart number of digits in the expansion
of the left endpoint in base s (precisely, b = [a/logy s|). Then, there is a level in Bluhm’s
fractal such that for the corresponding measure and for every ¢ as large as L, the set of reals
x in this interval whose harmonic sum associated with (s’z : b < j < b + /) is below e, has
large measure. We prove this in Lemma [11}

In addition, we exploit another feature of discrepancy: as a function of finite sequences
(sfx :a < j < b), it is continuous in two ways. One is with respect to the real variable z. That
is, for any real numbers such that |z — y| is small, if (s’z : @ < j < b) has small discrepancy
then (s’y : a < j < b) also has small discrepancy. Lemma formalizes this idea giving
quantitative estimates. The second way is with respect to the length of the sequence, given
by the variables a and b. That is, for any ¢ such that ¢ — a is non-negative and ¢/(b — a)
is small, if (s’ : @ < j < b) has small discrepancy then both (s’z : a < j < b+ ¢) and
(s’ :a—c < j < b) also have small discrepancy. Lemma [13| formalizes this feature in a way
that is conveniently applicable.

The algorithm constructs a real number x as the point in the intersection of a nested
sequence of dyadic intervals. At each step, the algorithm determines one such dyadic interval,
ensuring that the set of real numbers in it has small discrepancy and meets a designated
Liouville exponent. However, at each step we do not consider the discrepancy of the entire
sequence but the discrepancy of the current extension. Using the mentioned continuity of
discrepancy, we conclude that the discrepancy of the limit point x output by the algorithm
converges to zero.

We do not provide bounds on the time complexity for our algorithm. Without the Liouville
condition, it is possible to compute absolutely normal numbers efficiently. Specifically, there
are algorithms that output the first n digits of an absolutely normal number in time polynomial
in n. The most efficient of these algorithms requires time just above quadratic [I], where speed
is achieved by controlling, at each step, the size of the subinterval and how much progress is
done towards absolute normality. The algorithm we present here is not consistent with such a
strategy because it does not control the size of the subinterval at each step. So, the estimations
of harmonic sums, which are inherently costly, are associated with necessarily long sequences.
Constructing Liouville numbers that are normal to a given base, but not necessarily absolutely
normal, as done in [I0], admits a much simpler approach and can be done in linear time.



2 Bluhm’s measure for computing Liouville numbers

We write e(z) to denote e*. We write the Fourier transform of a real function f as

f F(t)e(—2miat) dt.

Recall that the Fourier transform of a positive bounded measure v is defined, for x € R, by

P(z) J e(—2rizt) du(t).
R
We write log without subscript for the logarithm in base e, and add a subscript for other bases.

2.1 Continuous replacements for step functions

We make use of measures which are supported by subintervals I of [0,1] and have Fourier
transforms which decay quickly. Bluhm [3] gives examples of such and we employ them here.

Definition 1. Let R be a real number less than 1/2. Define the function Fr on [—1/2,1/2] by

Fr(z) = 16R ’(R* — 2%)? when |z| < R, and Fg(x) = 0 otherwise.

Let the Fourier series for Fr(x) be denoted by

Z Be(2rinz).

neZ

Notice that the definition is such that

JR Fr(z)ds —

As Bluhm points out, the Fourier coefficients

1/2
o) _ J Fa(t) e(—2rint) di
—1/2

, |l <1, and 1B < n~2R72,

Definition 2. For a subinterval I of [0, 1], let R; be such that 4R is equal to the length of I.
Let b be the center point of the interval I and let F7 be the translation of Fr, by b, defined as

1
Fr(z) = %RI*E’(RIQ — (z —b)?)? when |z — b| < Ry, and F(z) = 0, otherwise.

The support of F7 is contained in I and the analogous inequalities hold for the coefficients
of the Fourier series for F7y,

=1, V<1, and D] <n 2R



2.2 Bluhm-style measures

Bluhm [3} 4] showed that the set of Liouville numbers supports a Rajchman measure, that is,
a positive measure whose Fourier transform vanishes at infinity. Bluhm’s measure is the limit
of a sequence of measures pg, for k € N. The measure py is supported by a set of real numbers
x such that there is at least one rational number p/q such that 0 < |z — p/q| < 1/¢*. Here,
rather than taking a limit of measures, we perform a sequence of finite steps to compute a real
x in the limit and argue that for each step there is an appropriate action to take by appealing
to an appropriate Bluhm-style measure.

Definition 3 ([3]). For every pair of integers m and k such that k& > 1, let

BEmk = ) lecR:lgl<q ).
m< q<2m
prime q

As usual, we write C? for the class of functions whose first and second derivative both
exist and are continuous.

Lemma 4 ([3, Lemma 3.2|). There is a family of C? functions 9m. i, parametrized by the pairs
of positive integers m and k, such that the support of gm j is included in E(m, k), gmr(0) =1,
and such that for every function U in C? of compact support, for every positive integer k and
for every positive real §, there is an integer M = M (W, k,d) such that for every m = M and
for every x e R,

|(Ugm ) (@) = ()] < 5(1 + [2]) "/ log(e + [a]) loglog(e + [a]).
Bluhm defines g,, . by taking the sum of functions Fy for appropriate subintervals of those
comprising E(m, k) and then normalizing so that g, ,(0) = 1.

Definition 5. We let v; be the measure on [0, 1] obtained by integrating F;. For m and k
positive integers, we let vy, ; be the measure on [0, 1] obtained by integrating Fi g, k-

Lemma 6. For every subinterval I of [0,1] and every positive integer k, there is a positive
integer M such that for allm = M, vy, k(1) = 1.

Proof. vim (1) is equal to F/I;];,k(o), which by Lemmacan be made equal to E(O) =1by
choosing m sufficiently large. O

Observe that the support of v7,, is included in the support of g, ,, which in turn is
included in E(m, k).

3 Lemmas

We say an interval is s-adic if it is of the form (ps™?, (p + 1)s~%) for non-negative integers a
and p. We use (a;s) to denote [a/logy s|. We write {x} to denote the non-integral part of a
real . The cardinality of a set S is denoted by #5.

The discrepancy of a finite sequence (z1,...,z,) of reals in the unit interval with respect
to a fixed interval [u,v] is

#Hil<j<nandu<z;,<wv
D([u,v], (x1,...,2p)) = {j J ] }_

(v—u).|

n

4



If we consider its discrepancy with respect to every subinterval in the unit interval, we have

D(zy,...,2,) = sup D([u,v],(z1,...,23))

O<u<wv<l1

Thus, a real number x is normal to base s exactly when the sequence ({s’z} : j = 0) is
uniformly distributed in the unit interval, that is,

hm D({s]:c} 0<j<n)=0.

Lemma 7 (|2, Lemma 3.8|). For any positive real € there is a finite set of positive integers T
and a positive real 6 such that for any sequence of reals in the unit interval (x1,...,2,),

n

/” ’()7 all t S j E t (5 th(z D P ’ €.

Furthermore, such T and § can be computed from e.

Proof. By LeVeque’s Inequality (see Theorem 2.4 [9])
6 1|1 ¢ 2\ 3
— j=1
Since
1 ¢ 2
= Mettay)| <1
}n j;e( ;)

we get for each positive integer h,

S A Yo« ¥ m< [ atoe
etx-‘< <J r dr < ——.
2 NS 2
Mt j=1 th ! h+1 h+1
1 2 ¢
Assume — Z e(t:z;])' < 5} for all positive integers ¢ less than or equal to h. Thus,
n
j=1
h n o0 n h 3.2
11 2 11 1€l em 1
Zﬁ‘% Ze(mﬁ)‘+ 2 aly L tx]‘ 275 h+1< 2 Thyt
t=1 j=1 t=h+1 j=1 t=1

1
We can computably choose h so that (6/72) (e372/12+1/(h+1))® < €. Then, D(z1,...,z,) < €.
This proves the lemma with 7' = {1,...,h} and § = €3/2. O

Lemma 8. Let I be a dyadic interval with length 2% and let k be a positive integer. Let s be
a base and let t be a positive integer. Then, there is an integer M such that for every m = M
and every positive integer £,

AR i 100
f 72 Z e(2mits"x)| dvpmi(x) < -
n={a;sy+1

Moreover, M is uniformly computable from I, k, s and t.



Proof. Let

Cazs)+t 2
7 = fﬁg Z e(2mits"y)| dvrmk(y).
n=_a;s)+1
Then,
1 l
Z = 72 Z e(27rits<a5s>+"y—27Tit5<a;s>+qy)dl/]7m7k(y)
n,g=1
1 l
= <J Z ldvim i (y) + f Z e(27rits<“;s>+"y - 27rits<a?s>+qy)du17m7k(y)) .
n=1 n#q

1 1 . .
:Z + ﬁ Z m(t8<a’s>+n o ts(a,s}-&-q).

n#q

We now give upper bounds for the values of 7, . Since R is one fourth of the length of I,
which is 27¢, by the above

- 2a+4
Fr(z) <z ?R72%= 2

2

According to Lemma [4] for sufficiently large m,
9o Fr(2) = Fi ()] < 661 (a),

where J is a constant and can be made arbitrarily small by choice of m, and
Ou(z) = (1 -+ |a)) /@) log(e + |a]) loglog(e + |a]).

Let ¢ be such that
0 (z) < c(1 + |z|) "V

Notice ¢ is uniformly computable from k. Thus,

[T (2859 F — pslairta)) =\ng\F[(t3<a;s>+" — tslamta)]

<E(ts<a;s>+n o ts(a;s}+q> + (56(1 + |t8<a;s>+n o t8<a;s>+q|)71/k

22a+4 1
+

<
Sfistamin — gstamrap O glamn — ggas ik

- 24 N dc 1
\tZ‘Sn _ Sq|2 t1/k gla;s)/k (Sn _ Sq)l/k'

From which it follows,

14
1 16 dc 1
Z < Z * 02 Z <t2‘3” — 3‘1’2 + t1/k g{a;s)/k (3” — sq)l/k> ’



Now, for positive p, analyze the sum

)4
Z _ sq (en _ oq\l/p Z Z Sn/2 l/p

n=q+ qg=1n=q+1
l

4
<ol/p S sl
n=q+1

-1

4,

|
—

q=1
—1 np

<2'/p js_x/pdzr
q=1"4
-1

<ol/p P —ap
= log(s)

I
£
s

ISH
8

4
<21/p pJ s
(s) Jo

2
<o (L)
log(s)
Hence,

1 216 12 \* 2 éc ko2
7 <>+ == 922 L% ok '
(TEE <log(s)) TR TR log(s)

By noting that t is a positive integer and choosing M so that for every m > M, ¢ is sufficiently
small,

._.
Qo
O]

[

z<ly 32 n 1 - 100
T4 2log(s)? 42 2

By, 3l page 314], M is uniformly computable from the other parameters of the construction.
O

Definition 9. Let s be a base. Let I be a dyadic interval of length 27, Let ¢ and t be
positive integers, and € be a positive real. We define

{a;s)+L
A(l, 0, s,t,e) =< xzel: 7 <Z>+1 e(2mits"x)| = €

The following is an adaptation of an argument due to Davenport, Erdés and LeVeque in [§]
reproduced as Lemma 1.8 in [7]).

Lemma 10. Let s be a base, I be a dyadic interval of length 2= and k a positive integer.
Let t be a positive integer. Let € and 0 be positive reals with € less than 1/2. Then there are
positive integers M and L such that for all m greater than or equal to M

VIm (U A(I, 0, s,t, e)) <.

(=L

Furthermore, L is uniformly computable from k, €, §, s and t, and does not depend upon I.
On the other hand, M is uniformly computable from I, k, s and t.



Proof. By the definition of A(I,/,s,t,7),

{a;sy+L 2

2 1 oM

P s AL s, b)) < | | 3 elemits™s)| dvpma(a).
n={a;s)+1

By Lemma [§] there is an M such that for all m > M and all positive integers ¢,

AN i 100
JEQ Z e(2mits"x)| dvrmi(x) < -
n={a;sy+1

We fix this value of M and let m be greater than or equal to it. Then,

100
Vl,m,k‘(A(I> ga S, ta 7)) < W
Note that the above inequality holds for any real number . For the rest of the proof we fix
parameters I,s,t, v = €/7 and abbreviate A(I,¢,s,t,e/7) by writing Ay, for varying values
of €. Set £1 =1 and €41 = [¢;/(1 —€/T)] + 1 for j > 1 such that
gj-‘rl - fj € 2

fj.,_l - Ej €
s B B 2¢ 4 2
G 7 ™ . STt

For each j, let h; be the integer in [¢;,¢;11) that minimizes vy, x(Ap,)/h;. Hence,

lit1—-1

m k(A Vimk(Any
Z W = (£j+1 —gj)[’;z(‘h]) = ; I,m,k(Ahj)'
i=t; !
Thus,
73 £jy1—1
100673 KZK 672 > V],m,k(Ah]‘)a
={;

and so for every j,

o1 &
10057@ 1 > ijVLmJC(Ahp)'

Let jo be minimal such that

1 3
1007 4

2
li—1>= — <
I j e Ui

|

Note that j, does not depend on I. Then, by the first inequality,

0
o> Z V],m,k(Ah]-)'

Jj=jo



Now, consider an x € I such that for all j > jo, x ¢ Ap;, or equivalently,

1 {a;s)+h; .
A Z e(2mits‘z)| < =
0={a;s)+1

and let £ be a positive integer greater than or equal to £;,. Let j be such that £; < £ < £j41.
Note that,

1 {a;s)+L ass)+h;
7 Z e(2mits"z) — oy Z e(2mits"x) =
n={a;s)+1 I n=(a;s)+1
1 {a;s)+L {a;s)+h; 1 1 {a;s)+h;
7 Z e(2mits"x) — Z e(2mits"z) | + (E - hj> Z e(2mits"x).
n={a;s)+1 n={a;s)+1 n={a;s)+1
It follows that for such x,
{a;s)+L Cass)+h; . .
% Z e(2mits"xz) — hi Z e(2mits"z)| < (W) + (W)
n={a;s)+1 J n={a;s)+1 J J

€ 2 € 2
2- 4+ = 2- 4 =
<( 7+€j>+< 7+€j)

€
<6-.
7
and by the triangle inequality, for this x,
{a;s)+L {a;s)+h;
1 1
- Z e(27rit5€x) < |— Z e(27ritszgc) +6E < € +6E — ¢
h; T T 7
0={a;s)+1 {={a;s)+1

Then, = ¢ A(I,/, s,t,€). So, Ue?fio A(1,¢,s,t,€) is contained in | Ap,; and thereby

J=jo
VIm.k U@ém A(I, ¢, s,t, e)) < 0. This proves the lemma for M as above and L equal to £j,
with the observation that since jo did not depend on I neither does L. O

Lemma 11. Let S be a set of bases, I be a dyadic interval of length 2= and k a positive
integer. Let € be a positive real number. Then, there are positive integers M and L such that
for every m = M,

vimpi(l) =1, and
Vimg ({y€1:Vse S,V0 = L, D({s7y} : {a;s) < j <{a+{;s)) <€}) > 1.

Furthermore, L is uniformly computable from k, S and €, and does not depend on I; M is
uniformly computable from I, k, S and €.

Proof. Let T and -y be, respectively, the set of positive integers and the real number determined
by Lemma [7] with input e.



For each s € S and t € T apply Lemmawith e equal to v, and with § equal to 1/(2#T#S).
Let My and L be, respectively, the maximum of the values of M and L output by Lemma [10]
in each case. Then, for every m = M,

1 1
Z Z VI,m.k ( U A(I,E,s,t,y)) < Z Z 5HTiS — 3

teT seS =L teT seS

The proof is completed by taking L to be the minimum integer such that for every s € S,
{a + L;s) = {a;s) + Lo, and by taking M to be the maximum between M, and the value M
determined by Lemma [6] O

Lemma 12. For every base s and for every positive real € there is an integer L with the
following property. Let [u,v] be any subinterval of [0,1] such that

2e <v—u, 2¢e<uincaseu+0, and2e <1 —v in case v F 1.

For all £ = L and for all real numbers x and y satisfying |z — y| < 27¢, if for each interval
J < [0,1] with endpoints in {0,u £ e,v £ ¢, 1}, D(J, ({s'x} : j < {;5))) <, then

D([u, 0], ({s7y} : j < {l:5))) < 8e.
Proof. Let s, [u,v] and € be fixed as above. Let L be an integer such that [|log,(€)|] is less
than e(L; s). Suppose that ¢ is greater than or equal to L and that x and y are real numbers
such that |z —y| < 1/2¢ and for each interval J with endpoints contained in {0,u +¢,v +¢,1}
D, ({92} § < :))) < e

We first show that #{j : {s7y} € [u,v] and 0 < j < (£; s)} is greater than (|v—u|—8€){¥; s).

Consider the interval [u + €,v — €]. By assumption,

#{j:{s'r} e [u+ev—e€ and 0 <j < {;5)} > (=€) = (u+e€) —€) ;s

> ((v—u) — 3e){¥; s).

If $727¢ is less than € and = € [u + €,v — €] then y € [u,v]. Further, s727¢ > ¢ only when
j > {; sy — |log,(e)| and, by choice of L, there are at most e{{; s) many such integers j less
than or equal to {{;s). Then,

4 {57} € [u,0] and 0 < j < (G)} > (v — u) — 366 5) — b )
> ((v—u) — 4e){¥; s).
Similarly, regarding only the fully non-trivial case in which 0 <« and v < 1,
#{j: {s'y} € [0,u] and 0 < j < {£;8)} > (u — 4e){¥; s)
#{j:{s'y} e [v,1] and 0 < j < £;8)} > ((1 —v) — 4€){l; )
and so
(0= u) + 8e)(65) > #(j : {57y} € [, 0] and 0 < j < (&5} > (v — u) — 8e)(ti ),
as required. O

Lemma 13. Let € be a positive real. Let any sequence of reals in the unit interval (1, ..., xy)
of length n. Let (y1,...,ye) is a sequence of reals of length £ such that D(y1,...,ye) < €. If
n < el then for all k < €, D(x1,...,Zn,Y1,---,Yk) < 2€ and D(Y1, ..., Yg, T1 ..., Tpn) < 2€.

Proof. Immediate from the definition. O

10



4 Proof of the Theorem

For n an integer greater than or equal to 2 and € a positive real number, let Igq(n,€) and
L(n, €) be the supremum of the output numbers L in Lemmas |11 and respectively, for
inputs s, a base less than or equal to n, Liouville exponent k equal to n, and €, a positive real
number. Without loss of generality, we assume that Iy and Iy increase as the first argument
increases and as the second argument decreases.

Definition 14. An interval I < [0, 1] meets the Liouville condition for exponent k if for any

real x € I there is an integer ¢ > 1 such that ||gz|| < ¢*.

Then, a real number is Liouville when for each exponent k there is an interval that
contains x and meets the Liouville for exponent k.

4.1 Algorithm

We proceed by recursion to define a sequence of dyadic intervals [z, x, +27%), that is to say
that a, is a non-negative integer and x,, is of the form p/2% with 0 < p < 2%*. To simplify
notation, let €, = 1/8".

Let zp = 0 and ag = 0. Given [z, x,+27 %) from the previous step, let [y 41, Tpp1+27%+1)
be the dyadic interval minimizing a,; and breaking ties by minimizing x,,, with the following
conditions:

o [Zni1, Tpyr +279F0) C [y, Ty 4+ 2797).
o [zp41,Tpt1 + 279+ ] meets the Liouville condition for exponent n + 1.

® ant1 > Lp(n + 1, €n41/16).

e For every base s less than or equal to n + 1,
(an+1; $)en+1/16 > {Lrm(n + 2, €,42/16); s).

e For every base s less than or equal to n, for all nontrivial intervals J < [0, 1] with
rational endpoints of the form [p; /8”72, po/8"~2] and for all integers £ € [ay,, ani1),

D(J, ({8 xni1} : 5 < U 8))) < 128¢,.

e For every base s less than or equal to n + 1, for all nontrivial intervals J < [0, 1] with
rational endpoints of the form [p; /8" "1, py /871,

D(J, ({s‘jxn+1} 1] <{ant158))) < €n+1.

4.2 Verification

We first check by induction that the sequence (x, : n = 0) is well defined. We have specified
o and ag explicitly. It is immediate that for step n = 1 there is a suitable choice for 1 and ay.
Assume that the sequence is defined up to and including [y, z, +27%), where n > 1. Let I
be the interval [x,, z, +27% ] and let S be the set of bases less than or equal to n+ 1. Apply
Lemma [1] for € = €,41/16,k = n+1,1,a = a,, and S. Obtaining Igy(n + 1, €,41/16) = L
and m = M.

Let a be a positive integer with the following properties:

11



a > (n+ 3)logy, m,

e a> Im(n+1,€e,41/16),

For every base s less than or equal to n + 1,

{a; $)en+1/16 > {Lm(n + 2, €n4+2/16); s).

For every base s less than or equal to n + 1,
(Ca; s) — {an; $)) €n41/16 > {an; s).
Let Y be the set of reals y € I such that
Vse SVl = Imm(n + 1, €n11/16), D({sy} : an; s) < j < {an + £;5)) < €n41/16.

By definition, Y satisfies

Vimn+1(Y) = 5

Fix a real number y € Y, which implies y € E(m,n + 1) n I and for every s € S and every
L= Lﬂj](n + 17 6n+1/16)7

D({s7y} : {an; 8) < j < {an + £;8)) < €n11/16.

By inductive hypothesis, a,, > Lg(n, €,/16) = Lg(n,€,) and for every base s < n and all
nontrivial intervals J < [0, 1] with rational endpoints of the form [p;1/8", p2/8"],

D(J,({s7zn} : § < {an;5))) < €n.

Let J* be a subinterval of [0, 1] of the form [p;/8" !, pa/8"71]. Then, Lemma |12 applies to
the pair z,, and y and the interval J* to conclude that

D(J*, ({s7y} : j < {an;5))) < 8ep.

By inductive hypothesis again, for all s < n, we have {a,; s)e,/16 > {Igq(n + 1, €,41/16); s),
and so by Lemma [13] for all £ < Iyq(n + 1, €,41/16) and all s < n,

D(J*, ({s7y} : j < {an + £;5))) < 16¢p,.

If ¢ is such that Igq(n + 1,€,41/16) < £ < a — ap, then ({s’y} : j < {an + ¥;s)) is the
concatenation of the two sequences ({s7y} : j < {an;s)) and ({s7y} : {an; ) < j < {an + £;5)),
both of which have discrepancy, with respect to interval J*, less than 8¢,, and so it has
discrepancy less than 8¢,. Thus, for every £ between a, and a,

D(J*, ({s7y} : j < {l;5))) < 16¢p.

Let [7,7 +27%) be a dyadic interval such that y — 7 < 27%. As above for z,, and y, Lemma
applies to the pair y and ¥ to conclude that for every £ between a,, and a and every subinterval
J of [0, 1] of the form [p;/8"2, pa/8" 2],

D(J,({s'7} : j < s 5))) < 8- 16€, = 128¢,.
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Further, for every s < n + 1, since D({s7y} : {an;s) < j < {a;s)) < €,41/16 (obtained above)
and ({a; s) — {an; $))€n+1/16 = {ay; s), for any interval J < [0, 1],

D(J, ({s7y} : j < {a;9))) <2 €,11/16 = €,11/8,

and so, by Lemma

D(J,({s'7} : j < {a;5))) <8 €n11/8 = €ny1.

Lastly, since y € E(m,n + 1), let ¢ be a positive prime such that m < ¢ and ||qy|| < ¢~ 2.

Let y* € [7,7 + 27%). We verify that ||qy*|| < ¢ " L.
Since y — 7 < 279, then, y — y* < 27%
Since a > (n + 3)logy m, then, 27% < m™"3 < ¢ " 3(q - 1).
Thus,

27" <q " (g1

q—n—2 + q 9—a q—n—l
layll + lay — qy*| < ¢!
n—1

llgy™|| < ¢ ", as required.

Hence, [7,7 + 27?) satisfies all requirements to be a dyadic interval for step n + 1.

Now, let z be the limit of the sequence (x, : n = 0). By virtue of the second condition
in the specification of x,q from x,, = is a Liouville number. To check that x is absolutely
normal, let s be a base, € a real number and J an interval. By a continuity argument, we may
fix positive integer m and assume that the endpoints of J are dyadic rational numbers of the
form p/8™. Consider N so large that s < N, m < N — 3 and € > 8¢y. Let £ be a positive
integer greater than or equal to ay. Let n be such that a, < ¢ < a,+1. By choice of 11,
Lemma (12| applies to x,+1 and x to conclude that

D(J,({s'x} : j < {t;5))) < 8- 128¢p,.

Since the sequence €, goes to zero as n goes to infinity, the discrepancy of ({s'z} : j < {(£; s))
goes to zero as £ goes to infinity. Hence, x is absolutely normal. This completes the proof.
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