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Abstract

§ Structural identifiability concerns the question of which unknown parameters of a model can be recovered from (perfect) input-
O output data. If all of the parameters of a model can be recovered from data, the model is said to be identifiable. However, in many
(N ‘models, there are parameters that can take on an infinite number of values but yield the same input-output data. In this case, those
C parameters and the model are called unidentifiable. The question is then what to do with an unidentifiable model. One can either
— ‘adjust the model, if experimentally feasible, or try to find a reparametrization to make the model identifiable. In this paper, we take
the latter approach. While existing approaches to find identifiable reparametrizations were limited to scaling reparametrizations or
were not guaranteed to find a globally identifiable reparametrization even if it exists, we significantly broaden the class of models
for which we can find a globally identifiable model with the same input-output behavior as the original one. We also prove that,
for linear models, a globally identifiable reparametrization always exists and show that, for a certain class of linear compartmental
models, an explicit reparametrization formula exists. We illustrate our method on several examples and provide detailed analysis in

o

231

03057v3 [eess.SY]

supplementary material on github.

1. Introduction

Structural (local) identifiability is a property of an ODE
model with parameters

¥ = f(x, @, i)
y = 3(% &),

as to whether the parameters @ can be uniquely determined (or
determined up to finitely many choices) from the inputs # and
outputs y of the model. If a parameter is not locally identi-
fiable, then it is not possible to estimate its numerical values
from measurements of the outputs. Non-identifiability occurs

~ rtather frequently in models used in practice [2]. Therefore,

S

it is important to develop theory and algorithms that can re-
move non-identifiability. Achieving only local identifiability
for a model (finitely many parameter values fit the data) can
still be problematic for many algorithms and software packages
for parameter estimation. This is because these algorithms typi-
cally cannot find all of the multiple parameter values that fit the
data, and multiple values can fit into the physically meaningful
ranges [2]. As a result, errors in such methods can easily be
much higher than for globally identifiable models, see the lo-
cally identifiable Biohydrogenation, Mammillary 4, and SEIR
models in the tables in [3]. Therefore, it is important to find a
globally rather than just locally identifiable reparametrization.
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In this paper, we discuss closely related properties called
global and local input-output (IO) identifiability, which con-
cern determining the parameters from [0-equations, i.e. the
equations relating the inputs and the outputs obtained by elimi-
nating the state variables. Global (resp., local) IO-identifiability
and global (resp., local) identifiability are not logically equiv-
alent. However, there are sufficient conditions for the equiva-
lence, see [29], which can be checked algorithmically and often
(but not always) hold in practical models.

We propose a new method of reparametrizing an ODE model
to achieve at least local structural IO-identifiability of the
parameters of the reparametrized system. Whenever possi-
ble within the framework of our approach, this allows us to
find a globally IO-identifiable reparametrization. However,
there are ODE models for which no globally 10-identifiable
reparametrizations exist regardless of the approach taken, see
[27, Section IV.A]. MAPLE code for our illustrating examples
can be found in [23]. We also prove a new general result
that, for linear models with or without inputs, a globally I0-
identifiable reparametrization always exists. Additionally, for a
class of linear compartmental models without inputs, we obtain
explicit reparametrization formulas.

Efficient algorithms are available for finding scaling [11]
or, more generally, linear reparametrizations or linear
reparametrizations [14, 25]. Further refinements are available
for scaling reparametrizations of linear compartmental mod-
els [1, 21]. Several approaches have been proposed for pro-
ducing locally identifiable reparametrizations [8, 15, 20], which
succeed in finding nontrivial parametrizations for models from
the literature but are not guaranteed to produce a reparametriza-
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tion if it exists. Another recent approach [27] gives an algorithm
for reparametrizing the model preserving its structure. This ap-
proach has shown to be practical in many cases. However, it has
a noticeable drawback. In particular, the requirement in [27] to
preserve the structure can result in not being able to find an 10
globally identifiable reparametrization when it exists; see [27,
Section IV.B] or Section E from our paper for examples, which
is a limitation of that approach that we do not have in our pro-
posed approach.

The paper is organized as follows. Basic definitions, includ-
ing IO-identifiability, are given in Section III. Our main al-
gorithm is in Section IV. We illustrate the algorithm in Sec-
tion V using toy models, a Lotka-Volterra model with input, a
chemical reaction network model, a biohydrogenation model,
which is rational (non-polynomial), a bilinear model with in-
put, and a linear compartmental model for which no scaling
reparametrization exists. In Section VI, based on our algo-
rithm, we establish the existence of globally IO-identifiable
reparametrizations for linear models, and we also provide new
general explicit reparametrization formulas, which we discov-
ered using our software.

II. Problem statement

Given an ODE system

s@) = T/ (1)
v = g(x,a, i),

where f and g are rational functions over Q(&), find 3 in the
algebraic closure of Q(@) and w in the algebraic closure of
Q(x,a,a,u’,a”,...) such that

e there exist F,G in Q(w, B, it, it’, it”’, .. .) with |F| = |Ww| and
|G| = |9 such that

)

w = F@w,B,a,i,i"’,...)
y=G&B i, i",...).

We will denote this system by Z(3).

« all parameters /3 in X(B) are at least locally I0-identifiable
and

¢ the IO-equations of (@) and E(B) are the same.

Sometimes in the literature, the ground field is taken to be C
instead of Q. The reader may substitute C for QQ everywhere in
this paper. We prefer to work with the rational numbers as they
are more amenable to machine computations.

III. Definitions and notation

In this section, we recall the standard terminology from dif-
ferential algebra that is used in working with IO-identifiability.

1. A differential ring (R,”) is a commutative ring with a
derivation ’ : R — R, that is, a map such that, for all
a,beR,(a+b) =d + b and (ab) = d’b + ab’.

10.

11.

The ring of differential polynomials in the variables
X1,...,Xx, over a field K is theringK[xi.’) [i>20,1<j<
n] with a derivation defined on the ring by (xj,i))’ = x?”).

This differential ring is denoted by K{xi, ..., x,}.

. Anideal I of a differential ring (R, ) is called a differential

ideal if, for all a € I, a’ € I. For F C R, the smallest
differential ideal containing the set F is denoted by [F].

For an ideal I and element a in aring R, we denote I : a® =
{r € R|3¢: a’r € I}. This set is also an ideal in R.

An ideal P of a commutative ring R is said to be prime if,
foralla,b € R,if abe Pthenae Porb € P.

Given X as in (II), we define the differential ideal of X as
Is = [0X - f, 0y —3] : O™ c Q(&@){X, , 1}, where Q is the
common denominator of f and g. By [10, Lemma 3.2], I
is a prime differential ideal.

A differential ranking on K{xi,...,x,} is a total order >
onX := {xy) |i >0, 1< j< n}satisfying:

e forall x € X, x’ > x and

e forall x,y € X, if x > y, then x’ > y").

It can be shown that a differential ranking on K{xy, ..., x,}
is always a well order. The ranking is orderly if moreover

for all i, j, o1, and 0y, if 01 > 0, then xﬁ”') > x(].”).

For f € K{xi,..., x,}\K and differential ranking >,

o lead(f) is the element of {xj.“ li>01<j<n
appearing in f that is maximal with respect to >.

* The leading coefficient of f considered as a poly-
nomial in lead(f) is denoted by in(f) and called the
initial of f.

e The separant of f is #ﬁw the partial derivative of
f with respect to lead(f).

* The rank of f is rank(f) = lead( f)%&wan /

e For § c K{xi,...,x,}\K, the set of initials and sep-
arants of S is denoted by Hy.

e for g € K{xy,...,x,}\K, say that f < g if lead(f) <
lead(g) or lead(f) = lead(g) and deglead(f) f <
deglead(g) 8-

For f,g € K{xi,...,x,}\K, f is said to be reduced w.r.t.
g if no proper derivative of lead(g) appears in f and

deglead(g) f < deglead(g) 8.

A subset A C K{xi,...,x,}\K is called autoreduced if,
for all p € A, p is reduced w.r.t. every element of A \ {p}.
One can show that every autoreduced set has at most n
elements (like a triangular set but unlike a Grobner basis
in a polynomial ring).

Let A={Ay,...,A,}Jand B = {By, ..., B} be autoreduced
sets such that A} < ... < A, and By < ... < B;. We say
that A < B if



e r> s and rank(A;) = rank(B;), 1 <i < s, or

» there exists ¢ such that rank(4,) < rank(B,) and, for
all i, 1 < i < g, rank(A;) = rank(B;).

12. An autoreduced subset of the smallest rank of a differen-
tial ideal I € K{xy,..., x,} is called a characteristic set of
I. One can show that every non-zero differential ideal in
K{xi,...,x,} has a characteristic set. Note that a charac-
teristic set does not necessarily generate the ideal.

Definition 1 (IO-identifiability). The smallest field k such that
e QckcQ@) and

o Iy N Q(a){y, i} is generated as a differential ideal by Iy N
k{y, u}
is called the field of globally 10-identifiable functions.
We call h € Q(a) globally 10-identifiable if h € k. We

also call 1 € Q(@) locally 10-identifiable if h is in the algebraic
closure of the field k.

Definition 2 (I0-equations). Given a differential ranking on the
differential variables y and i, the I0-equations are defined as
the monic characteristic presentation of the prime differential
ideal IsNQ(@){¥, u} with respect to this ranking (see [29, Defini-
tion 6 and Section 5.2] for more details). For a given differential
ranking, such a monic characteristic presentation is unique [4,
Theorem 3].

Let B generate the field of globally IO-identifiable func-
tions of the parameters. The tuple B can be computed as
the set of coefficients of input-output equations, which
are a canonical (still can depend on the choice of ranking
the wvariables) characteristic set of the projection of (1)
to the (i,¥y)-variables [29, Corollary 1]. On a com-
puter, this can be done, for instance, in MAPLE using
RosenfeldGroebner or ThomasDecomposition.
An implementation that further simplifies B is available at

https://github.com/pogudingleb/AllIdentifiableFuappeaoimthe Lie derivatives fory, ..

as a part of [26].

IV. Main algorithm

We break down our approach into the following several
steps, which we describe and justify in detail in Theorem 1:

1. Find input-output equations, view them as algebraic equa-
tions E, and compute the rational parametrization of the
variety V defined by (E) : Hy induced by the Lie deriva-
tives of the output variables.

2. Create a polynomial system of equations based on the
computed parametrization solutions of which provide an-
other rational parametrization of V but now over (the al-
gebraic closure of) the field of identifiable functions. Pick
a solution, and therefore, a locally 10-identifiable ratio-
nal parametrization of V. Whenever it exists, pick such a
solution that results in a globally 10-identifiable rational
parametrization of V.

3. Reconstruct a
locally (or globally if it exists) IO-identifiable ODE sys-
tem from the new rational parametrization, cf. [6].

4. By comparing the two rational parametrizations of V, find
the corresponding change of state variables using Grobner
bases.

Theorem 1. There is an algorithm solving the local 10-
identifiable reparametrization problem from Section II for sys-
tem (1), whose detailed steps are given in the proof. Further-
more,

e as in [27, Theorem 1], if the sum of the orders with re-
spect to the y-variables of the 10-equations is equal to
the dimension of the model, the state variables of the
reparametrized system can be expressed as algebraic func-
tions of X and a.

» If the ODE system (1) has a globally 10-identifiable
reparametrization whose Lie derivatives have monomial
support being a subset of the monomial support of the
Lie derivatives for (1), then we can find this globally 10-
identifiable reparametrization of (1).

Proof. We follow the four steps outlined above.

1. Rational parametrization of 10-equations. By comput-
ing Lie derivatives of ..., 5™ using (II), for each i, we
can write y(;) as a rational function to fix in the rest to work
for rational ODEs

_(5)) Yimemt, (@) * Pym (;C, ... ﬁ(i))
7] = _ . "~
ZmeMz m(a’) “Gsm (x, u,..., u(z))

3

for some sets M and M, of polynomials m in the indeter-
minates @, where X are the variables from X that explicitly
.,5™ , and the p’s and
q’s are polynomials over Q. Let

Yo(Bo3h ... 3" .., a") =0, 1<s<I5l @)
be the input-output equations E with respect to an orderly
ranking on Q{y}, where here we write |y| for the length of
the tuple of variables . Note that the rational functions
hy.; considered as functions from the affine space A with
X coordinates to the affine (n; + ... + ny)-space is a ra-
tional parametrization over Q(8)it) h : A¥ — V of the
affine variety V defined over Q(B)(iz) by the input-output
equations: V is the zero set of the ideal

Iy := (E): HY.

Since I5 is a prime differential ideal, the differential ideal
Is N Q(B){7, 1} is prime. Since E is a characteristic set of
Is N Q(B)y, i}, we have

LN Q@)y,a} = [E] : Hy .
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By Rosenfeld’s lemma from differential algebra [18,
Lemma III.8.5], the polynomial ideal Iy is prime as well,
and so V is an irreducible affine variety.

If |x| = dim V, define ¥ := x. If |X| > dim V, then we look
for a linear change of variables ¥ = AX for some matrix
over Q of rank dim V defining a linear map L : A4™V —
AF'so that ho L : A%™V — V is a parameterization of V.
On general grounds, almost any A works.

We then have
ny+ ...+ ng = trdeg Q(a)(@, u)/ Q@) iy = 1%.  (5)

Let M = {my,...,my}. Note that

Yy (B.5:. .3, @, ..

holds for all s, 1 < s < [j].

, 17("‘)) 0=, 1<i<n, =0 (6)

. Rational parametrization over identifiable parameters.
Consider the new indeterminates z1, . . ., 7, and the rational
functions

H iz, %@, .., 07 1= g ilrco=s, mi=2;1<j<qr 0 < i < ng.

By (6), the system of polynomial equations (after clearing
out the denominators)

YoB.Hyg, .oy Hopy o 8™ o, =0 (7

in the variables zi, . . ., z, has a solution in Q(@). Since the
coefficients of the system belong to Q(B), it has a solution
¥ in the algebraic closure of Q(B).

. Identifiable ODE realization of the I0-equations given
the new rational parametrization. Consider now

HS,O(?? w7 l’_t)v ey HSJLy(’?? w» ﬁ» ceey ﬁ(nX))v (8)

in which we replaced % by the new indeterminates w, and
try to find an explicit ODE system (cf. [6])
W =F@,w,i,...,u""),
{ C))

=G, w,i,...,a"")

so that the input-output equations of (38) coincide with (4)
as follows by making sure that (8) are the Lie derivatives
of y. We have

_ , O0Hip _, O0Hip _,
Hl,l :y’:H]’O: o w + ey u
0H, N OH,p _,
= i
ow on

6H1 ni—1 aHl m=1 _(i+1)
o A

Define an (n + ... + nyy)-vector

n OHip —(i+1)
Hiy -2 oo U
OH\ -1 —;
_ gy Zml A (i+])
Hyp, i=0 a0 U
H =
OHyg0 —(i
.\ 1510 =(i+1)
Higi.1 i=0 gp0 Y
OHygn 1
n Dl 1 = (i+1)
Hb"l»nm — =0 " gz U

and an (n; + ...+ npy) X |w|-matrix (see (5))

dH = (BHLO OH\ -1 0H50

Ot -1 )T
I —2tl

»Taw 0t ow

Then the above translates into a linear system in F:
dH-F = H.

What if detdH is zero? Then go back and choose a differ-
ent tuple ¥ satisfying (5) and additionally detdH # 0.

4. Corresponding change of variables. This step is done as
[27, Section III, step 4], which computationally is: solving
the system of polynomial equations (after clearing out the
denominators) Hy; = hliz=¢ for w. This can be done,
for instance, by doing a Grobner basis computation with
an elimination monomial ordering. O

V. Explaining the approach using examples

In this section, we illustrate our approach using a series of ex-
amples, intentionally beginning with toy linear models to show
the basics first. The non-linear examples are Lotka-Volterra
models with input, a polynomial chemical reaction network
model, a rational (non-polynomial) biohydrogenration model,
and a bilinear model with input. We end the section with a
linear compartmental model with input, for which the prior
method of finding scaling identifiable reparametrizations failed
but our more general method succeeded.

A. Turning local into global identifiability

Consider the system

x| = axi,
x’2 = bxy, (10)
y =X+ X2,

and so X = (x1,x2), y =y, and @ = (a, b). There is no it. The
input-output equation is

y'=(a+b)y +ab-y=0. (11)

Therefore, 8 = (a + b,a - b) and the identifiable functions are
K := Q(a + b,a - b), and so a and b are algebraic of degree 2
over K, therefore, are only locally identifiable. The approach



from Section IV will proceed as follows. Fori = 0,1,2, we
will compute y as a function 4;(x|, X, a, b):
y = ho(x1, x2,a,b) = x1 + x2,
¥ = hi(x1, x2,a,b) = x| + x5 = ax) + bxy, (12)
Y =hy(x1,x,a,b) =x] +x) = a’*x; + b’x,,
and so & = (x1,x2), ¥ = %, and M = {1,a,b,a?, b*}. The equa-
tions (12) induce the following parametrization of the plane in-

duced by (11), where, since the equation is linear, (E) : Hy =

(E):

Y- (a+b)Y,+ab-Yy=0, (13)
Yo = x1 +x,
Y| = ax; + bxs,
Y, = d*x; + b*xy.

We now define
Hy = z1w1 + 22w2,
Hy = 23wy + z4w2, (14)
Hz = Z5W1 + ZeW2.

and search for a reparametrization of (13) of the form defined
by (14):

(zsw1 +z6w2) — (a+ b)(z3w1 +zaw2) + ab(ziw + 2ow2) = 0,
arriving at the following solution set in the z-variables:

5 = —Cle1 + (Cl + b)Z3, 6 = —asz + (a + b)Z4.

This solution set has 4 free variables, zi,...,z4. For the sim-
plicity of the next steps, let us make the following choice:

21=1,22=0,23=0, 2 = 1,

which we can adjust later if necessary if the choice makes the
next steps degenerate (a non-degenerate choice always exists
according to Section IV). So, we have zs = —aband zg = a + b,
which turns (14) into

Hy = wy,

Hy =w, (15)

Hy = —abwi + (a + b)w;.
We now construct an ODE realization of (13) from parametriza-
tion Yo = Hy, Y1 = H1, Y, = H; from (15) using the following
equations:

wy = Hy =y,

W,l :H(/):y':Hl = ws,

wy=Hj = () =y’ = Hy = —abw; + (a + b)w,.

Thus, we finally have

Wi =wa,
wy=(a+b)-wry—a-b-wi,

y=wi,

We now find the conversion from the x-variables to the w-
variables:

wy = Hy =Yy = x1 + xp,
wy, =H| =Y =ax1+bx2.

B. Making choices for the non-vanishing of detdH

Consider the system

x| = axy,
xy = bxy, (16)
y = X1,

so X = (x1,x2), ¥y = (), @ = (a,b), and we have no ii. The
input-output equation is

y' —ab-y=0. a7

Therefore, B = (ab) and ab is globally identifiable but neither a
nor b is identifiable. Following the approach from Section IV,
let us begin by computing Lie derivatives of y. We have

y = ho(x1, x2,a,b), = xi,
¥ =hi(x1,x2,a,b) = x| = axy, (18)
¥’ = hy(x1, x2,a,b) = x{ = ax, = abx;.
We have X = (x1, x2), X = X, and M = {1, a, ab}. Equations (18)
induce the following parametrization of the plane defined by

the input-output equation, where, since the equation is linear,
(E): Hy = (E):

Yo —ab-Yy =0, (19)
Yo =x,

Y =ax,,

Y> = abx;.

We now define

Hy =ziwy,
H = 20wy, (20)
H2 = Z3W1.

and search for a reparametrization of (19) of the form defined
by (20):

3w — abZ1W1 = 0,

arriving at the following solution set in the z-variables: z3 =
abz;. This solution set has 2 free variables, z; and z,. For the
simplicity of the next steps, let us make the following choice:
71 = 1,7z = 0, which we can adjust later if necessary if
the choice makes the next steps degenerate (a non-degenerate
choice always exists according to Section IV). So, we have
z3 = ab, which turns (20) into

Hy =wy,
H =0, (21
H) = abw,.



We now construct an ODE realization of (19) from parametriza-
tion Yo = Hy, Y1 = H1, Y, = H from (21) using the following
equations:

y=Hy=wy,
Wl = Hj =y =H =0.

However, we cannot find an ODE for w, because it does not
appear in the H;’s. So, let us instead choose a non-zero value
for z,, e.g., zo = 1. Then we have

Hy = wy,
Hi =w,, (22)
H, = abw,.

and so we obtain:

y=Hy=w,
W/l :H(’):y/:Hl = ws,
why=H; =) =y’ = Hy = abw.
Thus, we finally have

/

W, = wa,
w) = abwy,
y=Wwi,

We now find the conversion from the x-variables to the w-
variables:

wy = Hy =Yy = xy,
W2=H1=Y1=CZXQ.

C. Lotka-Volterra examples with input

Consider the system

J

Xy =ax; —bxixy +u,
Xy = —cxy +dx1x2, 23)

y=Xxi

with two state variables X = (xj,x;), four parameters @ =
(a,b,c,d), one output ¥ = y, and one input # = u. The input-
output equation is

yy// _y/2 _ dy/y2 + ny, + My/
+ady’ + duy® —acy’ —u'y —cuy = 0. (24)

So, we have that the field of IO-identifiabile functions is
Qd, c,ad,ac) = Q(a, c,d). A computation (in MAPLE) shows
that (E) = (E) : Hy in this case. The Lie derivatives of the
y-variable are as follows:

Yy =X,
’

y

17

y

—bx1x + ax; + u,

u — bdx%xz — bux, + au (25)

+ (bzx% + (—2a + c)bx, + a2) X1

We then have ¥ = X = (x1, x2), and we now define

Hy = 21wy
Hi = zowiws + z3u + 24wy
5 5 (26)
Hy = zswiwy + Zewi1w; + Z7uwy + Z3Wiw2
+ zou + o’ + 711w
Making the substitution y = Hy,y' = H|,y” = H; into (24), we
obtain the following polynomial system in zy, ..., 2;:

—dziz + 2125 = 0

adz} —dz3z4 =0

2126 -2 =0

€212 + 2128 — 22420 = 0 @7
—duzizz — aczy + duzi + cziza + 2121 — 23 = 0
uz127 — 2uz3zo + uzn = 0

(cuzz —cu+u'zio — u')zy + u(zo — 22324 +24) = 0

1’z +utz3 =0

In the above, u and u’ are considered to be in the ground field
for solving purposes, so these do not vanish. Also, if z; = 0,
then (26) is degenerate. So, we may assume that z; # 0. To
preserve input, we may also assume z3 # 0 (so, z3 = 1). Solving
system (27) in MAPLE with these assumptions, we arrive at the
following solution set, in which z;, z7, zj9 play the role of free
variables:

2 2
=227, B3=1, zw=azn, 25 =duz2, 26 =22,

au + (1 — zy0)u’

2
728 = (2a—)z1z7, 29 = , Zil=az.

u

Choosing (since, for us, it is sufficient to pick a solution) z; =
z7 = 710 = 1, we obtain

n=n==lLu=w=a215=d 5=2a—c, 21 =a".

Substituting into (25), we obtain

Hy =wy,

H, =(a+wyw; +u,

H, = dw%wz + (w% +Qa-c)wy + az) wi+(@+w)u+u'.
With the above, we now solve

y=Hy=wy,

wi = Hy,

(W1W2 + awl)’ = H{ = H,.
and obtain the following reparametrized system

Wi =awi +wiwy +u
W, = —cwy + dwiwy

and to find the variable conversion, we solve the system

X1=h0=H0

—bxixy+ax; +u=h = H =wiwy+aw; +u,

Wl’



(we omitted the the equation with H, because the first two were
already sufficient, and the additional one is too big to display
and does not change the outcome) finding the following:

{W‘ - (28)

wy = —bx2.
Here is another Lotka-Volterra model with input [12]

Xy =ax; — bxixy + uxy,

Xy = —cxp +dx1x2 + uxs,

y = X1.
We omit the details because they are mostly the same as in the
previous Lotka-Volterra model. The globally 10-identifiable
parameters are a,d,c. According to our code, the same

change of variables (28) results in the following globally 10-
identifiable reparametrization:

Wi = awi + wiwy + uwy,
W, = —cwy +dwiwy + uws,
y=Wwi.

D. Chemical reaction network example
Consider the following example based on [13, Example 5]:

x'l = (2k1 + k4)x§ - (k2 + 2k6)x% + (ks - k3)X1X2,
Xy =—=Xx|,
y = X1.

And, using our code, we obtain the following reparametrized
model equations with globally I0-identifiable parameters:

(4ky + k3 + 2k — ks)®

wi = w3
2k1 + k4
(8](2 + ]6k6)k1 + (4k2 + 8k6)k4 + (kg - k5)2 2
- 4(2k; + ka) VI (29)
S W

Wy, = 7,
y=wi

and the following linear change of variables resulting in (29):

wr = X1,
k3 - ks 2k1 + k4
= X1 — X2.
2(4ky + k3 + 2ky — ks) Aky + k3 + 2ky — ks
(30)

w2

E. Biohydrogenation model
Consider the following rational ODE model

ksX4
X, =-
9
4 k6 + X4
, k5X4 k7)C5
XL = -
5 k6+X4 kg+x5+x6’
, k7xs (k1o — x6)
Xg = — K9Xe
6 kg + x5 + xg k1o ’
, kio — X6
X, = koxe ,
k1o
Y1 = X4, Y2 =Xs,

(see [24, system (3), Supplementary Material 2], initial condi-
tions are assumed to be unknown, the choice of outputs is as in
https://maple.cloud/app/6509768948056064).

We have ¥ = (x4,x5,%,%7), ¥y = (Qny), @ =
(ks, ke, k7, kg, ko, k10), and there is no iz. Our MAPLE code shows
that the field of globally I10-identifiable functions is generated
by

_ ko
ks

2k8 + k10
= Kg———.

ks, ke, k7, A:=k;, B:
kio

We can see from this list that all parameters in this model
ks,...,kio are at least locally IO-identifiable. Therefore, the
approach from [27] will leave this model as is, and so will not
improve the identifiability properties of the model. In what fol-
lows, we will show how our approach makes the model globally
IO-identifiable. Our MAPLE code then finds that the resulting
reparametrized system is

/ Wl
W, = —Ks5
! ke + W],
. (ks = k7)wa + ksw3)w — kekyw
W, =
2 9
(w2 + w3)(ks + wi) 2 Gb
, %wzwg—sz W3+( B¢ ;AB +k7 wz+%w; —Cw%Jr—BC ;AB w3
W3 - wa+ws ’
Y =Wi, Y2 =wW2

under the following change of variables: change of variables

Wi = X4,
Wy = X5,
Wy = kg + Xg.

Using SIAN [9], we have also checked to see that all param-
eters (and initial conditions) in (31) are globally identifiable.
The algorithm from [27] cannot find this reparametrization be-
cause it has a different structure, e.g., a smaller number of state
variables, among other things.

F. Bilinear model with input

Consider the model [19, Example 1]:

X; = —p1X1 + pou,

X, = —p3X2 + pait,

Xy = —(p1 + p3)xs + (pax1 + paxa)u,
Yy = X3.

Our computation shows that the globally I0-identifiable func-
tions are p|ps, papa, p1 + p3 and that the following change of
variables

Wi = p2X2 + paxy,
Wy = —p1P2Xs — 2p1paXi — 2pap3xs — p3paxi,
w3 = X3


https://maple.cloud/app/6509768948056064

results in the following reparametrized globally 10-identifiable
ODE system:

wi = (p1 + p3)wi + 2papau + wy,

wh = (=2p7 = 5p1ps — 2p3)wi — 3papa(p1 + p3)u+ (=2p1 — 2p3)wa,

—(p1 + p3)ws + uwy,

y=ws3

4
w3

On the other hand, if one follows the algorithm from [27], one
would arrive at the following system of equations and inequa-
tions in the unknowns p1, p2, p3, Pa:

p1p3 = p1ps,

p2pa = papa,

P1+p3=pi+p3,

p1p2ps — p2papa # 0.
with solutions sought over the algebraic closure of the field
Q(p1p3, p2psa, p1 + p3). This system does not have solutions
over Q(p1ps, paps, p1 + p3) and the method from [27] would
just pick a value for p;, say, p, = 1, and so py = pap4. Thus
the method from [27] would arrive at the following ODE model,
which is locally but not globally IO-identifiable:

W) = —piwi +u,

Wy = —p3wa + papau,

wi = —(p1 + p3)ws + (p2pawr + wo)u,
y =ws.

Here the limitation of [27] that prevents the method from
achieving global IO-identifiability is the requirement to
keep the same monomial structure in each equation of the
reparametrized vs. original ODE model, cf. [27, Section IV.B].

G. Linear compartmental model with input

We consider a model that does not have an identifiable scal-
ing reparametrization according to [21] and thus could not be
reparametrized using that approach. We, however, are able to
find a linear reparametrization using our approach.

X =anx; tapxy +u
/
X, = dpXy + dx3X3
2 (32)
X3 = az Xy +azx; +azx;
Y1 = X1.

The IO-equation is

Y =(an+an+azs)y”’ —ui +((an+asz)an+aiiazz—aypaz)y’
+ (ax + az)u| + (—ananass + a11a23a3; — a12a23a31)y

+ (—anas; + axazn)u; = 0.

The coefficients of this equation gener-
ate the field of globally IO-identifiable func-
tions. After simplifying these generators using

https://github.com/pogudingleb/AllIdentifiableFu

we obtain

ail, a12a3aszy, G +asz, apasz3 — axasn

a$ generators of the field of globally I0-identifiable functions.
To reparametrize (32), our next step is to find the Lie deriva-
tives, which are:

y = X1,
Y =anx +anx +u,
y' = a%]xl +apappxy + apaxnxy +apax; + Mﬁ +anu,
Y = (@}, + ananas)x
+(@ a1 + a11a12a0 + a12a3, + a12a23a32)x:
+(ananax + apanax; + ana;zass)x;

2
+ul +anu) + aju,
which, with undetermined coefficients, takes the form

Hy = wzy,
H| = ou1 + 23w1 + 2awa, (33)
Hy = z5uy + Z6lt) + 27W1 + 28W2 + Zow3,

Hs = zyoUy + zZ11U] + 2i2u] + 213w + Z1awa + Z1sws.
Since the 10-equation E is linear, (E) = I : H;, so we will be

substituting the above H’s into E to obtain the following system
of linear equations in z1, . . ., 15, which we solve and obtain

215 = (ay1 + axn + azz)zo,
214 = (a23az — anaxn — a11a33 — A22033)%4
+(an + axn + as3)zs,
213 = (a11a22a33 — a11G23G32 + A12a23031)2]
—(ai1ax — ay1azs — ax»ass + a23a3»)73
+(ai +axn + as3)z
712 = —((011022 +ay1az; + ax»az — ax3azn)uiz
—(ai + axn + a33)(uizs5 + u\z6) + (anazn — anazz)u;
+(z11 + ax + az)u| + u1zip — M/l/)/uﬁ',

with z;, ...,z being free variables. We choose the following
values for the free variables:

N=D=U=Z=29=210=21=1,

2
B3 =25 =28 =di1, 27 =4dy;.

Substituting this entire solution in (33) and using the relation-
ship H(’) = Hy, H| = H,, H) = H3, we obtain the following
reparametrized system:

wi
Wy =ws3

=apwy +wy+u

Wi = anaxpazwi + (axpas — anazz)wr + (axn + azz)ws,

Y1 = wr.


https://github.com/pogudingleb/AllIdentifiableFunctions

We find the resulting (non-scaling) linear reparameterization:

wi = Xp,
w2 = djpXx2,
W3 = d12a22X2 + A12023X3

by setting equal (33) with the found z-values to the Lie deriva-
tives and solving the resulting equations for wy, wy, ws.

VI. Linear models

In this section, we focus on finding globally IO-identifiable
reparametrizations of linear ODE models. Theorem 2 gives a
general existence result of such reparametrizations based on
analyzing our algorithm. Theorems 3 and 4 provide explicit
globally IO-identifiable reparametrization formulas for linear
compartmental models with single and multiple outputs, re-
spectively. Each of these explicit results is preceded by small
examples that we calculated using our software and that gave a
hint on what the general result should look like.

A. General existence result

Theorem 2. Every model (1) in which f and g are linear has
a globally 10-identifiable linear reparametrization obtained by
a linear change of variables. Moreover, this reparametrization
can be found using the algorithm from Section IV.

Proof. Since f and g are linear, the I0-equations are linear in
$,5,...,5", and so the corresponding variety V is a hyper-
plane. The Lie derivatives of j are also linear in X (though
could be non-linear in @, like in (12)). The embedding L from
step 1 is linear. Since the coefficients of the monomials in the
Lie derivatives are replaced by new indeterminates, the result-
ing system (7) is linear in the unknowns zy, . ..,z, (and is also
consistent), and so it has a solution ¥ in Q(B) itself (without
taking the algebraic closure). Since Q(B) is the field of globally
I0O-identifiable functions, ¥ is globally IO-identifiable.

With this solution ¥, the algorithm then proceeds to construct
an ODE realization with the new Lie derivatives. This step is
done by solving a consistent system of linear equations, and
so the result is an ODE system with globally IO-identifiable
parameters. Finally, the change of variables from the original X
to the new w is linear as it can be found by setting the old and
new expressions of the Lie derivatives of y,7',..., ™, which
are all linear (in X and w, respectively). (]

B. Linear Compartmental Models

Definition 3. Let G be a directed graph with vertex set V and
set of directed edges E. Each vertex i € V corresponds to a
compartment in our model and an edge j — i denotes a di-
rect flow of material from compartment j to compartment i.
Also introduce three subsets of the vertices In, Out, Leak € V
corresponding to the set of input compartments, output com-
partments, and leak compartments respectively. To each edge
Jj — i, we associate an independent parameter a;;, the rate of
flow from compartment j to compartment i. To each leak node

i € Leak, we associate an independent parameter ay;, the rate of
flow from compartment i leaving the system.

We associate a matrix A, called the compartmental matrix to
the graph and the set Leak in the following way:

—ap; — Zk:i—)kEE A ifi = jand 1 € Leak

A=l " 2kiokeE ki ifi = jandi ¢ Leak
Y ay if j - iisanedge of G
0 otherwise

Then we construct a system of linear ODEs with inputs and
outputs as follows:
x(t) = Ax(t) + u(z) vi(t) = x;(¢) for i € Out (34)
where u;(f) = 0 for i ¢ In. The resulting model is called a linear
compartmental model.

For a model as in (34) where there is a leak in every compart-
ment (i.e. Leak = V), it can greatly simplify the representation
to use the fact that the diagonal entries of A are the only places
where the parameters ag; appear. Since these are algebraically
independent parameters, we can introduce a new algebraically
independent parameter a;; for the diagonal entries (i.e. we make
the substitution a; = —ag; — X.r.ikek Ari) tO get generic param-
eter values along the diagonal. Identifiability questions in such
a model are equivalent to identifiability questions in the model
with this reparametrized matrix.

We will be considering graphs that have some special con-
nectedness properties. We define these properties now.

Definition 4. A parh from vertex i; to vertex iy in a di-
rected graph G is a sequence of vertices iy, i, iz, ..., such
that i;;y — i; is an edge for all j = 0,...,k - 1. To a
path P = iy, i1,i2,...,Ik, We associate the monomial a® =
Qiyi, Qiyiy * * * Qiy_,i» Which we refer to as a monomial path.

Definition 5. A directed graph G is strongly connected if there
exists a directed path from each vertex to every other vertex.

C. Linear models without inputs
In this section, we give a general technique to reparameterize
a linear model without any inputs, but with one or more outputs.

Example 1. Consider the following model:

X1 =apx; +apx; +aiax;
Xy = az1x; +axpx; + ax;xs
X3 = azix1 + azpx; + azzx;
Y1 =X
Here the identifiable functions are
ap +ax t+as;z,
—djiax —apasz +dpd + apas — ad»aszs + adas,

Q11022033 — A11023432 — A33a1202] + A12423431

+ azazzar; — aazas)



as these are the coefficients of the characteristic polynomial (up

to sign). Using the linear reparameterization:
X] =X
Xo = anxi +anx; +ansxs
X3 = (aj, + anpaz + apzaz)x

+ (anap + anap + a3azn)x;
+ (anaiz + annax + a3as3)x;
we obtain the following reparameterized system:
X1 =Xo
X, =X;3
X3 = (ananaz; — ai1a3a3 — axand) + a1a3as

+ aj3azan — anazaz)Xi

Proof. A direct calculation shows that

-1)

y(]n) + Cn_ly(ln +...+c1y +coyr = 0 (36)

is the I0-equation of (35). This can be shown using the Laplace
Transform/Transfer Function approach (see [5] for more de-
tails). This input-output equation is irreducible and of minimal
order by [22, Theorem 3]. Notice the reparameterized system
can be factored as:

0 1 0 0 0
, 0o 0 1 o0 0 ~
X = X = AX
—C —C —C —C3 —Cn-1

This is a standard result from differential equations on con-
verting an n”* order linear ODE (i.e. the input-output equa-

+(manaxn —anaz +anay + ai3a31 — anaz +a3an)Xa o, (36)): into a first order system of n ordinary differential

+ (a1 +axn +az)Xs

C.1. Reparametrization formula for linear systems with one
output
We will now derive an explicit formula for globally 10-
identifiable reparametrization of a linear ODE system with one
output.

Theorem 3. Consider a linear system over X = xi,. ..

Xx=Ax
y1 = x1 = C%,

where the graph corresponding to A is strongly connected and
there is at least one leak and C is the matrix where the (1,1)
entry is 1 and all other entries are zero. Then using the linear
reparameterization X = Px given by:

X!

X
X;

M= =

PijXj, i= 2, e N,

j=1
where p;; is the sum of all monomial paths of length i — 1 from
jtol,

Pij = Al Ak,
length=i-1

i

we get a reparameterized globally 10-identifiable (and, by [28,
Theorem 1] globally identifiable as well) ODE system:

X=X
X, = X3
(35)
Xn—l =X,
Xn = —C()Xl - CIXZ — ... cn,an
where c; is the n—i"" coefficient of the characteristic polynomial
ofA,i=1,...,n. Thematrix P is the nxn observability matrix:
C
CA
CAn—l
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equations via the procedure:

X =y

X =y =X

3= =X

. -1 )

Xy =" = =y == 191 = coyn
= —C()Xl - 6‘1X2 — ...~ c,HX,,

Now we show that this procedure leads to the linear reparame-
terization X = PX given above. We have:
X] =y =X = Cx
X = Xl =X =aux; +apx+...+ayx, = CAx
X3 =X2 = X] =X =apx;+apni+...+apmx,
=ay(ajx; +apx; +...+apmx,)
+ap(ayx, +apx; +...+ apyx,) + ...
+ ai(anx1 + apxo + ...+ appxy) = CA’x
X4 =X3 ZXZ = X] = x] =anX)+api+...+a,x,
=ay(apx; +api; +...+ apx,)
+ ap(ayx) +axpi; + ...+ apk,) + ...

+ a(an X1 + apio + ...+ ApXy) = CA3)_C

X, = CA" 'x
Thus the matrix P is the n by n observability matrix:

C
CA
CA™!

We can write X, ..., X, in terms of paths:

n
X = E PijX;j
=1



fori =1,...,n, p;j is the monomial path of length 1 from j to
i. Then ¥; 23:1 pijX;j, which is:

n
Xi = Z Dij
J=1

n
Z P jkXk
k=1

which works out to: X; = 3, pijx; where pj; is the sum of all
monomial paths of length 2 from j to i,

pPij = Z Aik, Ak, j

length=2

We have that xﬁ")
sume that:

"1 Pi jx(]."fl) (by linearity) and now as-

n
(n=1) _
X —-:E:Puﬂu
j=1

where p;; is the sum of all monomial paths of length n — 1 from
jtoi. Then

n

x(.") = Z
1

J=1

n
Pij Z P jkXk
k=1

which works out to: xf,") 2i_y PijXj, where p;; is the sum of

all monomial paths of length n from j to i,

pPij = Z A1k Qkyky - - - Ak -
length=n

Corollary 1. The reparametrization in Theorem 3 yields X; that
are linearly independent (in particular, are not zero) for i
1,...,n.

Proof. To show linear independence of the Xj, it is sufficient to
show that the Jacobian of the linear reparametrization is gener-
ically full rank. The Jacobian is given by the matrix P. This is
the observability matrix:

C
CA

CAn—l

where C has (1,1) entry equal to 1, all others zero. A
n—compartment model is structurally observable if and only if
the rank of the observability matrix is n [16]. From [7, Theo-
rem 1], a compartmental model is structurally observable if and
only if it is output connectable, which means there exists a path
from every vertex to the output. Since G is strongly connected
by assumption, it is thus output connectable and this structurally
observable, so the rank of the observability matrix is 7. O
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C.2. Reparametrization formula for linear systems with multi-
ple outputs
Example 2. Consider the following model:

X1 = anxy + appxy + a13Xx3 + a14X4 + a15Xs

X2 = ap1 X1 + AnXy + ax3X3 + AxaX4 + A25Xs
X3 = a3 X; + amnxy + azzxs + azxs + azsXs
X4 = a41X1 + A2 X3 + A43X3 + A44X4 + A45X5
X5 = as1X1 + AspXp + A53X3 + As54X4 + A55X5
Y1 =X
2 =x2

Using the linear reparameterization:

X1 =x
X2 =x
X3 = X1 = ayx; +apxy +apx; + auxs + aj;sxs
Xy = Xo = a1 x1 + axnxy + axpxs + axxs + axsxs

X5 =X =ay X1 +apxy + apzxs + apxs +ajsxs = ...

we obtain the following reparameterized system:

X =X3
X, = Xy
X5 = Xs
X=X
Xs= X,

The expressions for X, and X on the right-hand side can
then be written in terms of Xj, ..., X5, but we do not include
these as the expressions get too big to fit on a page.

We can now generalize to the case of multiple outputs and
write a reparametrized linear system.

Theorem 4. Consider

* alinear system over X = X1,...,X:

X=Ax

Yi = Xi,

e C the diagonal m X n matrix in which the (i,i) entry is 1
fori=1,...,m, all other entries are zero

i=1,...

,m

* the matrix P given by the first n rows of the observability
matrix:

C

CA
(37)

CAn—l

If the matrix P is invertible, then, using the linear reparam-
eterization X = PX, we obtain a globally 10-identifiable
reparametrized ODE system

X = PAP'X.



Remark 1. In coordinates, the new variables are given by

X1 =x1,.., X0 = X
X1 = X1 = &y
Xom = Xm = Xm (38)

Xome1 = Xe1 = X1 = ¥

X

. .. X
Xo=Xpm=Xpom=...= X(_) n—km?®

where k > 0 is an integer such that m > n — km > 0. The
reparameterized globally I0-identifiable ODE system is:

X1 = X1, X0 = X2, o, Xt = Xoma 15 -+, X = X
Xn-m+1 = Xn-mtt-ms -+ +» Xn = Xpom

(39)

Remark 2. It would be interesting to know for what classes
of linear systems, the matrix P is invertible. For instance, it
is invertiblein Example 2. On the other hand, if A is the zero
matrix and m < n, then P is not invertible.

Proof. Note that we trivially set X; = x1,..., X, = X, as we do
not want to change the outputs. Following this same technique
as in Theorem 3, we can describe our reparametrization (38) in
terms of C and powers of A. We have that

(Xla""Xm) = CX"
(Xerl, . ~’X2m) = CAX? e 7(Xn—m, .

This gives the first n rows of the observability matrix in (37).
Our reparametrization in (38) gives the right-hand-side expres-
sions for Xi,...,X, ., etc, in (39) by setting them equal to
X+, .., X, until all variables X; have been exhausted. The
expressions for X,_+1, ..., X, in (39) can be obtained by tak-
ing derivatives of the first n — m equations in (39), as the vari-
ables X,,_p+1, - .., X, appear in the first n — m equations on the
right-hand side of (39) since n —m + 1 < n for m > 1. This in-
troduces second order derivatives (and higher) of the variables
Xi,...,X,. To get the precise form of the right-hand-side of
(39) in terms of X, we use the linear reparametrization X = Px
and get the reparametrized ODE system X = PAP~'X.

What’s only left to prove is that this reparametrized ODE
system is, in fact, a globally IO-identifiable reparametrization.
Note that each of the expressions Xj, ..., X,, can themselves be
written in terms of yy, ..., y,, or their derivatives as follows:

. X,) = CA*x.

Xi=xi =y i=1,...,m,

XjZXj,mZ)'Ij,m, j=m+1,...,2m,

Xk:Xk—m:yk—Zm» k=2m+1,...,3m,

Thus, we can use substitution to obtain that the equations in
Xp—ms1s - X, in (39) are m I0-equations. As the coefficients
of the IO-equations are globally 10-identifiable by definition,
we have a globally IO-identifiable reparametrization. O
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Remark 3. Theorem 3 can be seen as a special case of The-
orem 4 for the case where m = 1, and we thus get a single
input-output equation in our identifiable reparametrization.

VII. Conclusion and Future work

We have presented a new algorithm for finding globally iden-
tifiable reparametrizations of ODE models, which has wider ap-
plicability than the existing methods. Our algorithm relies on
solving systems of polynomial equations to find reparametriza-
tions. Typically, the fewer unknowns there are, the more effi-
cient this polynomial solving is. Some biological models, such
as the glucose-insulin model from [17], involve high-degree
but relatively sparse polynomials. Developing an approach that
takes advantage of sparsity would significantly improve the ef-
ficiency of the current algorithm.
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