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The Model

@ (Configuraion) x; € R, m;eN, rie(0,00), i€l
are positions (centers) , masses and radii of particles
(bubbles).

@ (Dynamics)

e x; travels as a Brownian motion of diffusion constant d(m;)
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The Model

@ (Configuraion) x; € R, m;eN, rie(0,00), i€l
are positions (centers) , masses and radii of particles
(bubbles).

@ (Dynamics)

e x; travels as a Brownian motion of diffusion constant d(m;)

e x; and x; coagulate with rate o(m;, m;) Ve (x; — xj; m;, my).
The new particle of mass m = m; + my is at x; with
probability m;/m.
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The Model

@ (Configuraion) x; € R, m;eN, rie(0,00), i€l
are positions (centers) , masses and radii of particles
(bubbles).

@ (Dynamics)

e x; travels as a Brownian motion of diffusion constant d(m;)

e x; and x; coagulate with rate o(m;, m;) Ve (x; — xj; m;, my).
The new particle of mass m = m; + my is at x; with
probability m;/m.

e x; fragments into two particles of masses mand m; — m
with rate g(m, m; — m)V<(x; — y; mj — m, m). The new
particles are at x; and y.
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The Model

(Details)
@ We assume d = 2, V > 0 of compact support and total
integral 1.

The central object to study is the cluster density of a given size;
Empirical measures

gn(dx, 1) = 125 (@)1 (mi(t) = n),
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The Model

(Details)
@ We assume d = 2, V > 0 of compact support and total
integral 1.
@ Relationship between mass and radius: r; = m*. To
simplify the notation, we assume x = 0.

The central object to study is the cluster density of a given size;
Empirical measures

gn(dx,t) = 125 (@)1 (mi(t) = n),
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The Model

(Details)
@ We assume d = 2, V > 0 of compact support and total
integral 1.
@ Relationship between mass and radius: r; = m*. To
simplify the notation, we assume x = 0.

o V.(x — x) =|loge| =2V (ﬂ)

The central object to study is the cluster density of a given size;
Empirical measures

gn(dx,t) = 125 (@)1 (mi(t) = n),
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The Model

(Details)

@ We assume d = 2, V > 0 of compact support and total
integral 1.

@ Relationship between mass and radius: r; = m*. To
simplify the notation, we assume x = 0.

o Vi(x;—x) = [loge| =72V (*21)
o VE(xi—x) =K V(X — x;) = _2V( = )

The central object to study is the cluster density of a given size;
Empirical measures

gn(dx, 1) = 125 (@)1 (mi(t) = n),
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The Model

(Details)

@ We assume d = 2, V > 0 of compact support and total
integral 1.

@ Relationship between mass and radius: r; = m*. To
simplify the notation, we assume x = 0.

o V.(x — x) =|loge| =2V (ﬂ)
o Vi(xi—x) = K Ve(xi — X)) = 5_2V( =

@ Set K. = |loge|. Think of K. as the number of particles per
unit area.

The central object to study is the cluster density of a given size;
Empirical measures

gn(dx, 1) = 125 (@)1 (mi(t) = n),
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Scaling Limit

Theorem (FR and Hammond when there is no fragmentation)

g5(dx, t) converges to fy(x, t)dx where f, is a solution to the
Smoluchowski’s equation.

Smoluchowski’s equation (solution is unique)

Ofy

510 = d(MAda(x. 1)+ Qq (5~ Qn () + Q5 ' (H — Q' (H),

Fraydoun Rezakhanlou Equilibrium Fluctuations for Coagulating-Fragmenting Brownian P



Scaling Limit
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Scaling Limit

° Qr’;”vc(f) — % an:1 d(m, n— m)fmfn—m
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Scaling Limit

° Qr’;”vc(f) - % an:1 a(m,n—m)fmfa_m
® @, °(f) = 351 G(m. )ity
o O '(f) =y B(m, n)fyrm

Fraydoun Rezakhanlou Equilibrium Fluctuations for Coagulating-Fragmenting Brownian



Scaling Limit

Fraydoun Rezakhanlou Equilibrium Fluctuations for Coagulating-Fragmenting Brownian P



Scaling Limit

o Q;°(f) =35> _a(mn— m)fpfrm
° Q,T’C(f) S a(m, n)fmfy

° Qp (f) > m= 15("7 N fotm

o Q,'(f) =3 X0 B(m,n— m)f,

@ a(m,n) =n(m,n)a(m,n)
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Scaling Limit

o Q;°(f) =35> _a(mn— m)fpfrm
@ Q,°(f) = >0, &(m, n)fnfy

° Q' = 1B(m Mfnim

o Q,'(f) =3 X0 B(m,n— m)f,

@ a(m,n) =n(m,n)a(m,n)

® B3(m,n) = n(m, n)3(m,n)
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Scaling Limit

The function n(m, n) is calculated in terms of the microscopic
details of the model. In the case d = 2, n is independent of the
function V and the parameter y, and is simply given by

27 (d(m) + d(n))
(m) +d(n)) +a(m.n)

n(m,n) = 27 (d
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Fluctuations

Fluctuation fields ¢;(dx, t)

VK. <K;1 " Gy (e) T(mi(t) = n) — fo(x. t)dx)

Heuristics: Roughly,
g = fo+ (K) 7260 + o((K)7'/?)

with g¢ satisfying

le 2 _ _
8gtn =d(n)Axg; + QF °(g°) — @ °(9°) + Q7 (9°) — @' (99)
+ (Ke)_1/2 Yn + 0((K6)_1/2)'
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Fluctuations

As ¢ — 0, the process &;, converges to £, where &, is the unique
solution to the Uhlenbeck—Ornstein equation

)

o7 = A(MAxén+ LEE + LIE +7n

Here ¢ = ({5 : n€ N), and

c +,c —,c f +,f —.f
Ln:['n - Ly, Enzﬁn - Ly
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Fluctuations

° L= > 164(mn— m)fmén—m
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Fluctuations

° L% = > 1&(m n—m)fmén—m
© L6 =230 1 a(m, n)(fnén + faém)
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Fluctuations

o L% =31 a(m,n—m)fnnm
° 55706 =2 Z(r)no=1 OA‘(mv n)(fmgn + fnfm)
° ﬁﬁ’fﬁ = > et B(m, M&nirm
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Fluctuations

® L% = 2;21 a(m,n—m)fmén-m

© L, =230 1 a(m,n)(fnén + fatm)
° ﬁﬁ’fﬁ = mei B(m, N)énsm

© L£y'e =40 Blm,n—m)é

Fraydoun Rezakhanlou Equilibrium Fluctuations for Coagulating-Fragmenting Brownian P



Fluctuations

~n IS a space-time white noise with variance

E <zn: / J,,fyndxdt>2

given by the sum of
e 2 (>, d(n)fy|Vdn|2dxdt

for any smooth test function J = (J, : n € N) of compact
support in R? x (0, c0).

Fraydoun Rezakhanlou Equilibrium Fluctuations for Coagulating-Fragmenting Brownian P



Fluctuations

~n IS a space-time white noise with variance

E <zn: / J,,fyndxdt>2

given by the sum of
° 2ff > d(n)fa| Vn[*dxalt
2 ff Zmn m n)fnfm(Jn+m Jn — Jm)dedI'

for any smooth test function J = (J, : n € N) of compact
support in R? x (0, c0).
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Fluctuations

~n IS a space-time white noise with variance

E <zn: / J,,fyndxdt>2

given by the sum of
° 2ff > d(n) ol VJn|? dxalt
2 5 [T X mn &(m, N fofm(Jnym — Jn — JIm)2dxalt
°3 5 Jf Zm,nﬂ m, N)fnsm(Intm — Jn — JIm)2dxdt

for any smooth test function J = (J, : n € N) of compact
support in R? x (0, c0).
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Equilibrium

Take a collection of positive numbers A = (\, : n € N) such that
o Zn )\n < 00, Oé(m, n))\n>\m = B(m, n)>\n+m
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Equilibrium

Take a collection of positive numbers A = (A, : n € N) such that
] Zn )\n < 00, Oé(m, n))\n>\m = B(m, n)>\n+m
@ Remark: For such a collection, f,(x,t) = A\, solves the
Smoluchowski’s equation because

~

a(m, M) ApAm = (M, N)Aptm, SO

Q) = Q,'(), Q) = Qi ().
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Equilibrium

Take a collection of positive numbers A = (A, : n € N) such that
] Zn )\n < 00, Oé(m, n))\n>\m = B(m, n)>\n+m
@ Remark: For such a collection, f,(x,t) = A\, solves the
Smoluchowski’s equation because

~

a(m, MApAm = B(mM, M)Aptm, SO
Q') = @ '), Q) = Qi (.

@ Given such A, we construct a reversible invariant measure:
Let x” to be a Poisson point process with intensity K. \p.
Assume that (X", n € N) are independent. Set w = (x,m)
with x = [J,2; x” and m(a) = nfor a € x".
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Equilibrium

Theorem (FR and Ranjbar)

Assume the system is in equilibrium as above. As ¢ — 0, the
process &5 converges to £, where &, is the unique solution to
the Uhlenbeck—Ornstein equation

%n
ot

= d(n)Axén + L€+ LHE +yn
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Idea of Proof
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Idea of Proof

Comments: (Relevant Parameters:)
& = na, @ = n?a and similarly defineg, f5.
Recall

2r(d(m) + d(n))

Sr(d(m) + d(n) +a(mn) =

n(mv n) =

@ Macro coagulation rate & < Micro coagulation rate «
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Idea of Proof

Comments: (Relevant Parameters:)
& = na, @ = n?a and similarly defineg, f5.
Recall

2r(d(m) + d(n))
2n(d(m) + d(n)) + a(m, n)

n(m, n) = <1

@ Macro coagulation rate & < Micro coagulation rate «
@ Macro fragmentation rate B < Micro fragmentation rate g
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Idea of Proof

Comments: (Relevant Parameters:)
& = na, @ = n?a and similarly defineg, f5.
Recall

2r(d(m) + d(n))

Sr(d(m) + d(n) +a(mn) =

n(mv n) =

@ Macro coagulation rate & < Micro coagulation rate «
@ Macro fragmentation rate B < Micro fragmentation rate g
@ Macro coag noise strength& < Micro coag noise strength «
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Idea of Proof

Comments: (Relevant Parameters:)
& = na, @ = n?a and similarly defineg, f5.
Recall

2r(d(m) + d(n))
2n(d(m) + d(n)) + a(m, n)

n(m,n) = < 1.

@ Macro coagulation rate & < Micro coagulation rate «

@ Macro fragmentation rate B < Micro fragmentation rate g
@ Macro coag noise strength& < Micro coag noise strength «
@ Macro frag noise strength 3 < Micro frag noise strength 3
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Idea of Proof

How does it happen?

@ Auxiliary function u* REDUCES the original noise coming
from coagulation: Strength a reduces to Strength &
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Idea of Proof

How does it happen?
@ Auxiliary function u* REDUCES the original noise coming
from coagulation: Strength a reduces to Strength &

@ Auxiliary function u* REDUCES the original noise coming
from fragmentation: Strength 3 reduces to Strength 3
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Idea of Proof

How does it happen?
@ Auxiliary function u* REDUCES the original noise coming
from coagulation: Strength a reduces to Strength &
@ Auxiliary function u* REDUCES the original noise coming
from fragmentation: Strength 3 reduces to Strength 3
@ Brownian part uses u® to ENHANCE the reduced strength

atod
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Idea of Proof

How does it happen?

@ Auxiliary function u* REDUCES the original noise coming
from coagulation: Strength a reduces to Strength &

@ Auxiliary function u* REDUCES the original noise coming
from fragmentation: Strength 3 reduces to Strength 3

@ Brownian part uses u® to ENHANCE the reduced strength
atoda

@ Brownian part uses u° to ENHANCE the reduced strength

Btof
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Idea of Proof

Auxiliary function u®

(d(m)+d(m)Au(x) = a(m, n) [Ve(x; m, n)u*(x) + V=(x; m, n)].

Here u®(x) = u¢(x; m, n).

Dynamics of x; — x; has an infinitesimal generator of a killed
Brownian motion:

I = (d(m) +d(n)A — a(m, n)V.(m.n),

with m = m; and n = m;. Now the function v® =T-"V* is
smoother than V¢ and this allows us to perturb its argument by
a small vector z. I is relevant because of the time average.
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Idea of Proof

Auxiliary function u¢

We replace V¢(a) with W¢(a + z) for any z satisfying
|z| < |logloge|~? with 0 < 6 < 1/2. Here a = x; — x; and

We(a; m, n) = Ve(a;m,n)(1 + K- 'uf(a; m, n)).

Remark
e First we can afford |z| < |loge|? with ¢’ < 1/2. Good
enough for going from « to &. No CLT used. Less singular
kernel. Not good enough.
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Idea of Proof

Auxiliary function u¢

We replace V¢(a) with W¢(a + z) for any z satisfying
|z| < |logloge|~? with 0 < 6 < 1/2. Here a = x; — x; and

We(a; m, n) = Ve(a;m,n)(1 + K- 'uf(a; m, n)).

Remark
e First we can afford |z| < |loge|? with ¢’ < 1/2. Good
enough for going from « to &. No CLT used. Less singular
kernel. Not good enough.
@ We can now go to z satisfying |z| < |logloge|~?
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Idea of Proof

Auxiliary function u¢

We replace V¢(a) with W¢(a + z) for any z satisfying
|z| < |logloge|~? with 0 < 6 < 1/2. Here a = x; — x; and

We(a; m, n) = Ve(a;m,n)(1 + K- 'uf(a; m, n)).

Remark
e First we can afford |z| < |loge|? with ¢’ < 1/2. Good
enough for going from « to &. No CLT used. Less singular
kernel. Not good enough.
@ We can now go to z satisfying |z| < |logloge|~?
@ We have

lim sup |uf(ex)|loge|™"+1—7n| =0
e—0 Ix|<k
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