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Introduction

This document is meant to be serve as a self-contained introduction to the definability portion of
Rumely’s classic paper [6] on the definability and undecidability of the first-order theory of global
fields. For the sake of brevity and the clarity of the argument we restrict ourselves to showing
the definability of nonarchimedean valuations in the case of number fields. The way we go about
doing this actually shows more: by showing that we can define all such valuations from a uniform
family of first-order formulas we will be able to explicitly show that not only are all of the valuation
rings of a given number field definable, but also that the ring of integers itself is definable. The key
technical tools used in the paper come from local and global class field theory: density theorems
for idele class groups, Hasse’s local-to-global principle for norms, and the local and global norm
residue symbols. The references we use for background number-theoretic facts are Neukirch’s
classic Algebraic Number Theory [5] and Lang’s Algebraic Number Theory [3]. There is essentially no
new content in this paper; I hope only that I've succeeded in producing a friendly introduction to
some key themes in the intersection of model theory and algebraic number theory.

Before we begin, we set some notational conventions. I will use symbols such as v and w to
refer to valuations (archimedean or nonarchimedean), Gothic letters p, 3 to refer to primes in the
spectrum of some ring of integers Og. O, will be the valuation ring of v in K, with maximal ideal
m, and residue field x(v) := O, /m,. Typically £ and p will be prime integers, and {, will denote
a primitive /! root of unity. The idele group of a number field is denoted Ik, and for a given
cycle c we let Cl. = J(¢) /K. be the corresponding generalized class group. When I speak of a tuple
(x1,- -, x) I'will often just write it as x.

Interpretations of Fields
We assume that the reader is familiar with the most basic concepts of model theory, namely: first-

order languages and (unnested) atomic formulas, (parameter) definable sets and definable functions.
If required, these definitions may all be found in Chapter 1 of [2]. Beyond these elementary notions,



the most important model-theoretic concept for our purposes here is that of an interpretation of one
structure inside another:

Definition 1. ([2] 4.3) An interpretation I' of a p-structure B in a T-structure A is given by the
following data:

e A t-formula dr(xg, -+, X;_1)

For each unnested atomic p-formula ¢ (yo, -, Ym—1) a T-formula ¢r((xo;)o<icn, - - (x(m,l)/i)ogi@)
(a “translation" of p-formulas into T-formulas)

A surjection 77 : dr(A) — B such that for all @, b € dr(.A)

1. 7(a) = 7(b) if and only if ¢r (@, b) where ¢ is the formula yy = y;.
2. For each unnested atomic formula ¢ € L,, 7~ 1(¢(B)) = ¢r(A).

The main point of interpretations is that if a structure A interprets another structure 3, then the
first-order theory of B is in some sense already “witnessed" by A. This is made precise by a special
case of the so-called reduction theorem (which is not too difficult to prove!)

Fact1. ([2] 4.3.1) Let I3 be interpreted in A as above. Then for every ¢ € L, thereis a ¢r € L such that
BE ¢(n(a)) < AF ¢r(@)

The key use of interpretations for our purposes is the fact that if K is perfect, any finite extension
L|K can be interpreted (with pararameters) over K.

Theorem 1. Let K be a perfect field. Then any finite extension L|K is interpretable over K over a finite set of
parameters, namely, the parameters of the minimal polynomial of any element 6 such that L = K(6)|K.

Proof. Let L|K be a finite extension of number fields of degree 1. By the primitive element theorem,
there is some 0 € L such that L = K(0). Let f(x) = minpoly(0) = x" +a,_1x" ' +--- + ay. Con-
sider K in the natural way as an Em»ngs U {a; }o<i<n-structure. We aim to construct an interpretation
[ the Ly structure (L, +, x,0,1) in the L5 U {a; }o<i<p-structure (K, +, x,0,1,a9,- -+ ,a,1).
Since L is an n-dimensional K-vector space with basis {1,6, - - -, 0"~11, we set
Let ar(XO, s ,xn,l) =" /\ X = Xi”, which has ar(Kn) = K",

0<i<n )
Set 7 : K" — L by mapping (co,- -+ ,cy_1) = Y. c¢;0' which is surjective since {1,0,--- ,6" '} is

0<i<n

a basis of L over K.

Set yr(X,z) :=“ A x; =z, sothat 7(c) = n(d) if and only if ¢r(c,d) since {1,6,--- ,0" 1} is
0<i<n
a basis of L over K.

The slightly harder part of this problem is to endow K" with an L,;,,¢s U {4; }0<i<,-definable
field structure (K, ®, ®,0,1) such that (K", ®,®,0,1) = (L, +, x,0,1). If we manage to do this, it
is routine to check that this gives an interpretation of L in K (over the given choice of parameters)
since the only unnested atomic formulas in £, ;s are of the form yo +y1 = y2, Yo - ¥y1 = y2, and
y = ¢ for some constant c.

We define the field structure as follows:



We let 0 € K" be the tuple (0, - - - ,0). This is definable in K by the formula zero(¥) =“ A x; =0".
0<i<n

We let 1 € K" be the tuple (1,0, ---,0). This is definable in K by the formula one(¥) = “xo =

1A A x=0"

1<i<n

The graph of addition & : K" — K" is given by the formula

Add(x,5,2) =" N\ xityi=z"

0<i<n

so that @ : K" — K" is the obvious vector space addition.
Multiplication is the hardest part. To define the graph of multiplication, first recall that the
multiplication-by-0 map Ty : L — L is represented by the matrix

0 1 0 0
0 0 1 0
Ty = o
0 0 0 1
—ap —ap —az - Ty

with respect to the basis {1,0, - -, 9”_1} (this fact is from [5] in the proof of Prop 1.2.6). But then
(Vm S (U) (Tg)m = Tgm ; (Vx € K) XTgm = Txgm ; TGO =T =1

For ¢ = co+ ¢10 + - - - c,_10"~! we may therefore represent the multiplication-by-y map in the
n—1

basis {1,0,-- -, Gd_l} asthesum T, = } ¢;T. But this allows us to define multiplication on K"
i=0

by the following equation

n—1
(CO/ e /Cn—l) & (d()/ e /dn—l) = (Z CiTQi)(dOI e /di’l—l)T
i=0

which is definable over the parameters {ag, - - - ,a,,_1} since matrix multiplication and addition
are clearly definable functions in ﬁrings- From here it is easy to write down an explicit formula
Mult(%,7,z) for the graph of ® : K" — K".

By construction of & and ®, 77 is in fact a field isomorphism and so (L, +, x,0,1) is interpretable
in (K,+,x,0,1,a9,- -+ ,a,_1). O

It is worth remarking that something similar can be achieved even in the imperfect case, which
must be dealt with if one wishes to consider the case of global function fields.

Definability of Nonarchimedean Valuations

Now that we’ve set up some model-theoretic background we can proceed to the real substance of
Rumely’s work. We begin by saying what we mean when we say that a valuation v is arithmetically



definable in K:

Definition 2. Given a discrete valuation v : K* — Z, an arithmetic definition of v is a formula
¢(x,Y,Z) € Lyings such that for some choice of parameters ¢ € K" and all a,b € K

v(a) > v(b) <> ¢(a,b,?).

In other words, v is definable if the set {(a,b) € K? |v(a) > v(b)} is a parameter-definable subset
of K. O

Right away we can reduce this problem to a slightly easier one:

Proposition 1. A valuation v is arithmetically definable in K if and only if the valuation ring O, C K is
parameter-definable.

Proof. Suppose that v is arithmetically definable, and let ¢(x, y,¢) be a formula defining it. Then
O, ={x € K|v(x) > 0} = ¢(K,1,¢) and so the formula ¢(x,1,¢) defines O,.

On the other hand, suppose O, is parameter-definable by a formula ¢(x,¢). Consider the
formula x(x,y,¢) given by

x=0V(y#0AVz(zy =x — 9(z,0)))
which says that either x = 0 or that ¢ (z,¢) holds for z = 5 But then if a,b € K then K & x(a,b,?)

just in case either 2 = 0 (in which case v(a) > v(b))or b # 0 and K F ¢ (%,E), in which case

v(%) > 0 which is equivalent to saying that v(a) > v(b). Hence
{(a,b) € K*|v(a) > v(b)} C x(K2,0).
On the other hand, if v(a) > v(b) then eithera = 0 or b # 0 and g € Oy, so that

X(K%©) € {(a,0) € K*|v(a) > v(b)}

meaning that
KE x(a,b,c) < v(a) > v(b)
and the result is proven. O

It will be useful to perform a further reduction:

Proposition 2. Let { € w with { > 2 and v a discrete valuation. Suppose that the set {x € K|v(x) =0
mod (} is arithmetically definable. Then O, is arithmetically definable.

Proof. Let ¢(x,¢) be a definition of {x € K|v(x) =0 mod ¢} and let 7t be a uniformizer for v. We
claim that the formula

x(x,mt,c) =3y (1 +axt =y A tp(y,E))

is an arithmetic definition of @,. We break into two cases:



e If v(x) > 0 then v(rx!) = 14 fv(x) and so the strong triangle inequality tells us that
v(1+4 7x’) = min (v(l),v(nxf)) =min(0,1+ fv(x)) =0

But then v(1 + 71x‘) =0 mod ¢ and so K £ x(x, 7, ¢).
e If v(x) < 0 then
v(14 7tx’) = min(0,1 4 fv(x)) = 1 + Lv(x)

since £ > 1 and v(x) < 0. But then v(1 + 71x’) =1 mod £ and so K ¥ x(x, 77, ¢).
Together this means that x (K, 77,¢) = O,, and so O, is arithmetically definable. O

Given a discrete valuation v on K we will construct an arithmetic definition of {x € K|v(x) =0
mod /} for some prime ¢ € w. To do so, we first show that we can construct definitions for all
valuations under mild field-theoretic conditions on K by reducing the problem to one of expressing
a given x € K as the norm of some element y in some cyclic extension of the form K(+/a). We recall
the following fact from Galois Theory:

Fact 2. ([4] V1.6.2). Let K be a field, ¢ # char(K) be prime, and suppose that K contains all £*" roots of
unity. Then

e If L|K is a cyclic field extension with [L : K| = { then there is some a € K such that L = K({/«).
e Ifa € Kand aisaroot of x* — a, K(w) is a cyclic extension of K of degree either 1 or £.

O

By the above fact, for well chosen ¢ all cyclic extensions of local fields Ly |K, with [Ly, : Ky] = ¢
can be written as Ly, = K, ({/«) for some a € K. The following lemma shows that under mild
field-theoretic hypotheses the ramification behavior of v in the extension K(/«) |K is tightly controlled
by the (mod ¢)-arithmetic of v(«).

Lemma 1. Suppose that K is a number field that has all 20" roots of unity and suppose that v is a discrete
valuation on K such that char(x(v)) # {. Let Ly, = Ky, ({/«) for some a € K*. Recall that since K, is a
complete valued field, w is uniquely specified.

1. Ifv(a) 0 mod ¢ then Ly|Ky is totally ramified of degree ¢ and the image of the norm map is given by
Np, ik, (L) = (&, (Ky)*).
2. Ifv(e) =0 mod ¢ but a ¢ (KV)Z then Ly |Ky is unramified, Ly : Ky] = £, and
NLZ,,\KV(L;)) ={xeK)|v(x) =0 mod ¢}
3. Ifa € (K,)" then L, = K, and, trivially, Np, ik, (Ls) = K.
Proof. Recall the formula [Ly, : K] = e(w|v) f(w|v). Since ¢ is prime and Ly, = K, ({/a) we have

that either [Ly, : K] = ¢, in which exactly one of e(w|v) or f(w|v) is £ (and the other is 1), or
[Lw : Ky] = 1and e(w|v) = f(w|v) = 1. These possibilities correspond to the above three cases:



1. If v(a) £ 0 mod ¢ then \/a ¢ K for otherwise v(a) = ¢v({/a), forcing v(a) = 0 mod ¢. This
simultaneously shows that [Ly, : Ky = ¢ and e(w|v) # 1 and so, by the remarks above, e(w|v) = .
But then Ly |K, is totally ramified.

Now note that if a € K then N;_ g, (a) = a’ and that

NLW\KV(W) = H 52% =

0<i<(—1

since Ly, K, is Galois and the Galois conjugates of v/a are precisely of the form {/,/&. This shows
that the subgroup <0¢, K )€> C Np, |k, (Lg)- We wish to show the reverse inclusion. Indeed, note

that since v(«) and ¢ are relatively prime, v : <(x, K )”> — Z is surjective, and so if B € Ny g, (L3)

then there is y € <o¢, KVX)Z> such that v(B) = —v(7), so that
IB,Y € NLw|Ky(Ol>l<}> g 017'

If we can show that By = u’ for some u € O;¢ C K¢ then we will have that
B=v"ul e (a0 (K)"),

proving the claim. To do so it suffices to show that N} ¢, (Og) = (O )¢. We use the following
fact:

Fact 3. ([3] IX.3, Lemma 4) Let L|K, be a cyclic extension of local fields of characteristic 0 of degree n.
Then [Kj : Np_ ik, (L3)] = [Lw : Kv] and [Og : Np_ g, (OF)] = e(w|v). O

By using Hensel’s lemma it is not hard to show that [Oy (OIZ)Z] = =[Ok, : Np,x, (O, )] and

so as ((’)Iév)e C N[k, (OF,), in fact we have

w

(0%,)" = Nk, (OF,)

as desired.
2. Ifv(a) =0 mod £ buta ¢ (K,)* then by writing & = 7‘& with 77 a uniformizer we have that
Ly = (K(v/&)) with v(&) = 0, so without loss of generality we may assume that v(«) = 0. But then

a ¢ (K)'n(05) = (07)
and so «(w) = x(v)(v/a +my) # «x(v), implying that
[k(w) : k(v)] = £ = f(w]v)

by primality of ¢. But then by the fundamental identity this implies that L, |K, is unramified and
that [Ly, : Ky] = £. Moreover,

NLw‘KV(LZf,) ={xeK)|v(x) =0 mod ¢}



since (O} : Ny g, (Og)] = e(w|v) = 1 and since [K; : Ny, (Ly)] =€ = [K} : (KX)!] and since
(K5) € Ni ik, (Lg)-
. Ifa € (K))! then Ly, = K, and the result is clear.

For a prime ¢ € w and global field K such that yy, C K, consider the set

AK;K:{a€K|—|3x(x£—zx:O)},

the set of & € K such that the extension K(y/a)|K is nontrivial and hence of degree exactly /.
Consider the function N; : A, x K — K given by setting

Ni(a o= Ber) = Ny (Bo+ Brv/as ot B/ o pra V)

Claim 1. Ny : Ag x K* — K is a polynomial map with integer coefficients.

Proof. We know that for all & € Ay that {1, {/x, vt -, WUZ*])} is a basis of K({/a)|K. Under
this basis, the multiplication-by-1/a map is given by the matrix

0 1 o --- 0

0 0 1 -0
Tyw=

0 0 0 1

—a 0 0 0

(As in [5] in the proof of Prop 1.2.6). Moreover,

T

(Vm € LLJ) (Téf)m =T %m = xwm

a yEn (Vx € K)xT

T, 0=Ti=1

v

and so
Ny(a,Bo, -+, Br-1) = NK({/E)H( (/30 + v+ + [Bi\[/Ei + -+ ﬁgfl{/&(éil))

-1 ,
= det(Ty 4, ) = det(} Bi(Tyz)")

which is clearly an integer-coefficient polynomial in the variables &, Bo, - - - , B¢. O

The utility of this claim is that the function N; uniformly parametrizes the norms N K(Ya)|K
in a first-order manner. Using this parametrization we can construct a formula 1, that encodes
ramification information for extensions of the form K, (1/«)|K,. For a fixed prime ¢ consider the
first-order-formula ¥, (u; x, y) given by

Yo(u;x,y) == "u # 0 A\ 3z73z;3z33t (t = Np(y,z1) A xt = Ny(xy,z3) Au = Ny(t,z3))”



which, in plain English, says that u € NK(\%)\K(K(\%)X) for some f such thatt € NK(WHK(K(W)X)
and such that xt € NK({/@)\K(K( YxXy) ).

Lemma 2. Let v be a nontrivial discrete valuation and suppose that { # char(x(v)) and that K contains
tiog. Suppose further that b € O\ (O)  and v(a) = 1. IfK E ¥y(u;a,b), then v(u) =0 mod .

Proof. Suppose K = 1, (u;a,b). By Lemma 1 above we immediately have that K, (v/b)|K,, is unrami-
fied of degree £ and that K, (v/ab)|K, is totally ramified of degree £ and by construction it is clear
that the same claims hold for the extensions K(+v/b)|K and K(v/ab)|K respectively. The equations
occuring in ¢, (u;a,b) occuring of the form t = Ny(b,z7) and at = Ny(ab,z;) imply that

t = 1a™" A at = 15 (ab)™

forsome ; € O NK*, m; € Z, and t € K by Lemma 1 since NKU(\%)\KV(KV(\[/EX) = {x €
K [v(x) = 0 mod ¢}, since N (YK (Ky(a™) = (ab,(K,)*), and since v(ab) = 1 = v(a)
means that 2 and ab are uniformizers for K,. We then have

na™™* = at = 15 (ab)™

\1/>
| /b
K, (v/t) = KV(%) is unramified of degree ¢. This means that we may write u = " for some
Te O NKand m € Z so thatv(u) = mlsov(u) =0 mod £. O

so that, dividing by a, we can write t = (1a™b"™)‘b. But then = pa™p™ ¢ K so that

As such, picking any a,b € K satisfying the above hypotheses for a fixed discrete valuation v
yields a subset ,(K,a,b) C {x € K|v(x) =0 mod ¢}, but a priori the reverse inclusion may not
hold. Our next goal is to use facts from class field theory to show that we can choose 4,b € K so
that the formula ¢y (u; a,b) (in one free variable) almost satisfies the desired property.

Up until now we haven’t needed to use the correspondence between nontrivial discrete valua-
tions v on K and nonzero primes p € Spec(Ok), but to make the connection to class field theory
explicit we will henceforth identify a discrete valuation v with the unique prime p, € Spec(Ok)
such that (Ok)p, = O,.

Lemma 3. Let v be a nontrivial discrete valuation, that £ # char(x(v)), that K contains pipy, and that
v(€) = 0. Let p = py, be the prime associated to v. Then there exists a,b € K and q # p € Spec(O) with
associated valuation vy such that

Pe(K;a,b) ={x € K|v(x) =0 mod £ Avg(x) =0 mod ¢}

Proof. We first construct candidates for a,b € K and q € Spec(Ok) and then show that they yield
the desired conclusion.

Construction. We first construct a and along the way we will also construct q. Consider the set
Ry = {r € Spec(Ok) \ {0} | t|¢} the set of divisors of £. I first claim that there is an m € Z such
thatif c = 1 mod t" thenc € (K))". Lett € Ry, let m = 2v,({), and consider the polynomial



f(x) = x' — c which has derivative £. If c =1 mod t" then
f1)=1—a=0 mod¢" =0 modt®) =0 mod (/)’x=0 mod (f'(1))*

so by Hensel’s lemma we have that there is some d € K such that f(d) = d‘ —c = 0, so that
c € (KVXt)é Since Ry = {ri}ics is finite, if for all i € I we take m; = 2v,({) € Z then taking
m := sup({m;}) gives us the desired number. Given this m, define a cycle

ci=]Jvx J] v

1/‘00 tERé,K

and consider the generalized class group associated to the cycle ¢, Cl. = J(c)/K.. Consider the class
of [py] € C.. We use the following analogue of Dirichlet’s Theorem on Arithmetic Progressions for
generalized class groups:

Fact 4. ([5] Theorem VII.13.2) Let H be a subgroup of J(c) such that P. C H. Then for every class

1
p| € J(¢)/H, the density of primes in |p] is —————= > 0. O

Given this fact, we may choose a prime q # p € [p] L. By construction, pq = (a) for some a € K
satisfyinga =1 mod ™ for all v € Ry x and such that 2 > 0 in all archimedean valuations.

We now aim to construct b using class field theory. Keep in mind that our choice of b should
make it apparent that ¢(K,a,b) C O, N Oy, for one direction of the proof. Our choice of p and g
yields that they are the only ramified primes in the extension K(/a)|K. Since ¢ is prime, this means
that p(’)K(\%) = Pp¢ and q(’)K<\//u») = QF for primes B, Q € Spec(OK(\%)).

Then by the fundamental identity and the theorems on local norm indices we have that

— — . X
) =1£=1[0k,: NK(\%)Qqu(O(K(\%))Q)} > 1.

Ok, = NiGaslis Ok Gass

and so, in particular, there is a unit 7, € OKp \ N K(Ya)qKs (O . At this stage we invoke

K({/a)p )
pertinent facts from both local and global class field theory

Fact 5. ([5])
. (Local Norm Residue Symbol [V.1.3]) Let Ly,|Ky be a finite Galois extension of local fields. Then there is a
canonical surjective morphism

(—, Lo|Ky) : K = Gal(Ly|K,)™

with ker((—, Lw|Kv)) = Nk, (L)
. (Global Norm Residue Symbol [V1.5.5]) Let L|K be a finite Galois extension of number fields. Then there is a
canonical surjective morphism

(-, LIK) : Ig/K* — Gal(L|K)"®

with kernel ker((—, L|K)) = Npg(IL/L*).



3. (Local-Global Compatibility [V1.5.6]) If L|K is a finite abelian extension of number fields and v is a valuation
(archimedean or nonarchimedean) then the following diagram commutes

(—/LwlKv)
_—

K Gal(Ly|Ky)

X
Tx/K* — o= Gal(L/K)

where 0 : KX maps 6, (a) = [(---,1,---,1,a,1,---,1,---)] € Ix/K* where a is the v coordinate of the
idele (+--,1,---,1,a,1,---,1,---) and 1 is the embedding guaranteed to exist by decomposition theory.
4. (Product Formula [V1.5.7]) If L|K is a finite abelian extension of number fields and & = (), € I then

(a, LIK) = H (v, Lw|Ky)
veEMg

where Ly, is the unique extension of local fields of K, with w|v. Moreover, for a principal idele « = (a),, we

have that
I] (aLulKy) =1
veEMg

O

Recall our choice of 7, € Ok, \ Ny e ((9; ( . The by the theorem above on local norm

\[/ﬁ)m)

residues,
(1, K(V/a))|Kp) = 0 # id; € Gal(L/K)

since T, was chose to ot be a norm. Since K(+v/a)q|Ky is cyclic of prime order, the local norm residue
map (—,K(v/a)q|Kq) : O;q — Gal(Ly|Ky) = Gal(L/K) is surjective! As such, there is a non-norm
Tq € OIZ, with (tq, K(Va)q|Kq) = o1

We now produce a first approximation for our desired b. Let b € K be such that b = 7, mod p,
b=1 modgq, b =1 mod " forall t € R/, and such that b is positive in all real valuations.
Since this is a finite list of valuations, the

Fact 6. (Approximation Theorem, [5] I1.3.4) Let | — |1, - - ,| — |n be pairwise inequivalent valuations of the
field K and let zq, - - -,z € K be given. Then for every € > 0 there isay € K such that

(Vi<i<n)|ly—zli<e O

guarantees the existence of such a b by considering, for every prime s appearing above, the
induced absolute value | — | given by |x|s = |[N(s)|**(*) and by letting each archimedean prime
being associated to its natural absolute value.

Note that in the generalized class group J(cpq)/Pepq the class every element in the class [(b)] is
principal (since the equivalence relation defining this generalized class group is a refinement of the
one defining the class group Clk since we have the natural surjection J(¢pq)/Pcpq — Clk). Then by

10



the density theorem for primes in living in a given class in the generalized class group, there exists
a principal prime t = (t) € [(b)] (which is emphatically not p or q). Then [t][(b) '] € J(cpq)/Pepq is

trivial and so the principal ideal t(b~!) has a generator ¢ = 1 mod cpq. Then setting b := gb yields
a generator of t such that

e b=1 mod " forallt € Ry g
b=1 modyp,b=1 modq
e b is positive for all real valuations on K

which all follow since ¢ = 1 mod cpq and by choice of b.
Verification. We now sketch how to verify that, in fact,

Py(K;a,b) ={x e K|v(x) =0 mod {Avq(x) =0 mod ¢}

To show that ¢ (K;a,b) C {x € K|v(x) =0 mod ¢ Avg(x) =0 mod /} it turns out that what
we really need to do is use the fact that

Fact 7. ([5] V1.4.5) Let L|K be a cyclic extension of algebraic number fields. An x € K* is of the form
x = Ny x(y) for some y € L™ if and only if x = Ny |k, (yw) for some yw € Ly, for all completions Ly, of L.

to show thata € N (5| (K (v/b)*). It turns out that to apply this fact, the main thing we have

to show is that a € (K*)! which can be done using Artin Reciprocity. Indeed, since b is a norm for
all K, such that v € R/ g (by choice of cycle ¢ and integer m as well as the lemma characterizing
norm groups in the ramified case) we have that (b, (K(v/a))9|K:) = idk. For real valuations v,
we have that (b, (K(v/4))w,,, |Kv,,) = 1 since |b|y,, > 0. Foralls ¢ Mg URyxU{p,q,t} we
have that (K({/a))g is unramified and because vs(b) = 0 as b is a uniformizer for v¢. Then the
product formula for norm residues tells us that

idk = (b, (K(Va))|Kp) (b, (K(v/a)) a|Kq) (b, (K(Va))|Ky)) = ((b, (K(Va))<|Ki))

since our choice of b forces (b, (K(v/a))y|Kp) = (7, (K(v/a))p|Ky) = ¢ and similarly that
(b, (K(¥/a))a|Kq) = o~ L. Then as

ker((—, (K(V/a))z|Ky)) = N(K(%))Q\Kt((K(\[/&))é)

b is a norm of (K(v/a))<|K¢. But by choice of t # p,q we have that this extension is unramified;
but as b is a uniformizer for v¢ we must have that (K(y/a))s = K{ and so a € (K{)’. Now,
using this Hasse’s Norm theorem and our construction of 4 and b it is not too hard to show that
N, B (K (v/b)*) and the proof of Lemma 2 it is not too hard to show that

P(K;a,b) C{x e K|v(x) =0 mod £ Avq(x) =0 mod ¢}

Conversely, the verification that if v(x) =0 mod ¢ and vq(x) =0 mod ¢ then K E ¢;(x;a,b) is
a fairly straightforward of the local-to-global principle for norms as well as the product formula for
the norm residue symbol evaluated at principal ideles. The precise details may be found in ([6],
Lemma 3). O
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Now that we’ve shown this hard technical lemma, the definability of O, is almost immediate.
Theorem 2. Let K be a number field. Then all nontrivial discrete valuations v are arithmetically definable.

Proof. We first prove the result under the hypotheses above. Let ¢ be a prime number. Suppose that
v is a nonarchimedean valuation on K such that v(¢) = 0, that K contains the 2¢* roots of unity, and
that char(x(v)) # (. By the proof of Lemma 3 (namely, the density theorem for primes in classes
in generalized class groups) we may pick two distinct primes q1, q2 and elements ay, by, a2, b2 € K
such that ¢,(K;a;,b;) = {x € K* |v(x) =0 mod ¢ Avg,(x) =0 mod ¢}. But clearly any y € K*
such that v(y) = 0 mod ¢ can be written as the product y = z1z, with z; € {x € K* |v(x) =0
mod ¢ Avg,(x) =0 mod ¢} and any such product has v(z1z2) =0 mod £. Set

$o(x;a1,b1,a2,bp) := (321, 22)x = 2120 A Py(21;a1,b1) A pe(z0;a2,br).

Then
¢4(K,~a1,b1,a2,b2) = {x € K~ |1/(X) =0 mod f}

By Proposition 2, this implies that in fact v is arithmetically definable!
To eliminate the special assumptions about K we show that we use an easy fact from commuta-
tive algebra:

Fact 8. (Going-Up Theorem, [1] 5.11) Let A C B be an integral extension of commutative rings and let
p € Spec(A). Then there exists a q € B such that qN A = p.

Using this fact we can prove the following

Claim 2. Suppose that L|K is a finite extension of number fields. Suppose that all discrete valuations w on
L are arithmetically definable. Then all discrete valuations v on K are definable.

Proof of claim: Let v be a discrete valuation on K. Then by the going up theorem, there is some
w|v on L. By assumption, w is arithmetically definable, say by some formula ®,,(x; y;¢). Take an
element 6 such that L = K(6) and let {ag,---a,_1} C K (where n = [L : K]) be the coefficients
of the minimal polynomial of 6. By Theorem 1, there exists an interpretation I of (L, +, x,0,1)
in (K,+,x,0,1,a9,--+ ,a,-1). Let Y7 (X, 7t 1(c)) be a formula defining w. By construction, the

0

first-order formula ¥r(x,0,---,0;10,0,--- ,0; 1 1(c)) is satisfied exactly by those xo € K such
that
w(xg+0-04---+0-0""1) >w(y+0-0+---4+0-0""1)

But as w|v, this is precisely the set
{(x0,y0) € K|w(x0) = w(yo)} = {(x0,y0) € K|v(x0) > v(yo)}
and so v is arithmetically definable in K, as desired. O

Now note that for all discrete valuations v on K, one of the following must occur: v(2) = 0,
v(3) = 0 and either char(x(v)) # 2, char(x(v)) # 3. Consider the field K({1)|K. Then for any
discrete valuation v on K, any extension w|v must have that

{x € (K(¢12))" [w(x) =0 mod ¢} = ¢y, ((K({12); 3w, bw)
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for some {y, € {2,3} and ay, by, € (K({12))*. But then w is arithmetically definable over K({13)
and so by the claim above v is arithmetically definable over K.

Conclusion and Further Results

In his original paper [6], proves the following stronger result:
Theorem 3. ([6] Theorems 1,6) Let K be a global field.

If K is a number field, then every discrete valuation is arithmetically definable, as are the closed unit balls of
all archimedean valuations.
If K is a function field, then every discrete valuation is arithmetically definable.

The function field analogue is proven using similar methods to the ones outlined above, and the
proof of the archimedean case for number fields has a very topological flavor and relies upon deep
theorems on quadratic forms.

By tweaking the first-order formulas ¢, (defined in our proof of Theorem 2 above), Rumely is
able to construct first order formulas ®,(x;z) such that for all global fields K and ¢ € K, ®(K;?) is
either O, for some discrete valuation v or is all of K. This uses the characterization of valuation
rings of K as subrings R C K such that if ¢ # 0 € K, then either c or c~! € R. Moreover, Rumely
shows there is a finite list {¢1, - - - , £, } of primes such that every discrete v on K there is some tuple
¢y € Kwith @, (K;¢y) = O, for some i. Using this and the fact that universal quantification is the

same as taking a large intersection and that Ox = N Oy Rumely shows the following;:
pESpec(Ok)\ {0}

Theorem 4. ([6] Corollary 3) There is a first-order formula Int(x) such such that, for all number fields K,
Int (K) = Ok.

These results point to and culminate in Rumely’s proof that

Theorem 5. ([6] Theorem 4) The first-order theory of global fields is essentially undecidable; that is, any
consistent extension of the common first-order theory of global fields is undecidable.
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