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The talk is based on joint recent paper with A. Grekov

A. Grekov, A. Zotov, Characteristic determinant and Manakov triple for the double
elliptic integrable system, SciPost Physics, 10:3 (2021), 055; arXiv:2010.08077.

In the end we also discuss a part of
A. Grekov, A. Zotov, On Cherednik and Nazarov-Sklyanin large N limit
construction for double elliptic integrable system, arXiv:2102.06853.



Plan of the talk:

e Integrable many-body systems and Ruijsenaars (action-angle) duality
e Determinant representation

e IRF-Vertex relation and factorized Lax operators

e Manakov triple

e Classification of L-matrices

e Some open problems

e Dell version of Dunkl-Cherednik operators



Calogero-Moser-Sutherland integrable many-body systems

The Hamiltonian
N 9

N
HOM =35 0?3 Ulgi — ),

i=1 i>j

where v € C — constant of interaction and
U(g; — ¢;) — potential of pairwise interaction (on a complex plane):

Z, ]-/22 )
9(z) ;=< sinh(z), U(z) = —9%logd(z) = { 1/sinh?(2),
I(2) p(2) + const

Theta-function: (quasi-periodic function on the lattice z = z+ 1, z = 24+ 1)

9(2) = V(zl7) = =i Y (—1)Pemi bt Temi@hinz () > 0.
keZ

p=e>T p0: d(w)— —ips (VT —1/T), x =",



Briefly about elliptic functions (the Kronecker function)

1/n+1/z, 1/z, 1/22,
b(n, z) = coth(n) 4 coth(z), Fu(z) = coth(z), o(2) 1/sinh®(z) +1/3,
M 19/(2) B 719///( )
i) 9(:) 1)+ 3 570)
Properties:

. it has a simple pole at z = 0: Res o(n,z)=1.
2. The quasi-periodic behavior on the lattice of periods Z ® 7Z (X, = C/Z & 17Z)

¢(77’ z+ 1) = ¢(TI’ Z) ’ ¢(7I’ z+ 7_) = 6727”77(;5(777 Z) .

3. Fay identity — Riemann identities for theta functions (addition formula)

O(m, z12)d(M2, 223) = ¢(N2, 213)P(M — N2, 212) + G(N2 — N1, 223) (N1, 213) -




Addition formulae for 1/z function:
(2:1 — 22) =+ (ZQ — 23) + (23 — Zl) =0

or, dividing by (21 — 22)(22 — 23)(23 — 21)

1 Lo Lo L,
(21— 22) (22— 23) (22— 23) (23 —21) (23— 21) (21 —22)

For the function of two variables
1 1
(15(7% Z) =—+-
n oz

we have the (genus 1) Fay identity (can be viewed as functional equation)

d(m, z12)P(M2, 223) = G(M2, 213)P(M1 — N2, 212) + ¢(N2 — M1, 223)P (M1, 213) ,

where z;; = z; — z;. The upper addition formula is reproduced when n — oo.

Numerous applications in classical and quantum integrable systems: Lax equations,
r-matrix structures, quadratic algebras of Sklyanin type, Yang-Baxter equations, Dunkl
operators, Knizhnik-Zamolodchikov equations...



Lax matrices L(z) - N x N matrix (function of z):
L(z) = [L(2),M(z)] — equations of motion Vz

tr L¥(2) — conservation laws.
for the Calogero-Moser model (the Krichever’s Lax pair)

LM = pisij +v(1 = 6;5)8(2, ai5) -
MM = vd; 6ij + v(1 — 6:)¢ (2, 4i),  di = Zp (4ir)

k#1
The Ruijsenaars-Schneider model:
N
Gi =Y 4idk(2B1(qik) — Br(gix +1) — Br(gi —m)), i=1...N,
ki

where ¢;; = ¢; — q;, n — the coupling constant.
The Lax matrix has trigonometric (exponential) dependence on momenta:

Ik —n) 5.
L?S: Z,qi5 + JE 1 epﬂ/c.



A short summary:

We have families of many-body integrable systems (Calogero-Ruijsenaars) with
rational, trigonometric and elliptic potentials in coordinates.

Their existence (integrability) is based on solutions of the functional equation

d(m, z12)d(12, 223) = d(n2, z13) (M1 — N2, 212) + G(N2 — M, 223)d(M, 213) »
Main set of solutions:

1/n+1/z,
¥(z) = ¢ sinh(z), o, 2) = 299218)(17;)(7;_‘:?)11(’2) |
S ImI(z)

The Lax matrices and other structures are constructed through these functions.
In momenta the dependence is either rational (Calogero) or trigonometric
(Ruijsenaars). What about elliptic case (dependence in momenta)?



P-Q duality (or Ruijsenaars duality or action-angle duality)
It interchanges action variables and coordinates in two models.
From the group-theoretical approach we have the moment map equations of type

LiMgi — ) =v(1 = 6y) LM =pidij + v(1 = 6i5)/ (i — a5)
or using notation e = (1,...,1)
QLM =v(f ®e—1y), Q=diag(qs,....qn).
Using the eigenvector problem LMW = WA (or LM = WAT )
Adg—1 : [Q, LM =v(e®e—1y) = [L,A] =v(E @7 —1y)

A = diag(\1, ..., Ay) — action variables for L™

The matrix L = U~'QV is again Lax matrix of (another) Calogero model with
coordinates \; and action variables ¢;: LiCjM =Didij —v(1 —6i5)/(Ni — Aj).



Similarly (but already not so easy):
A—gAgt =v(e! ®e—1y)

can be solved
1. with respect to A with diagonal g — trigonometric Calogero model
2. or with respect to g with diagonal A — rational Ruijsenaars model.

The duality map interchanges the types of dependence. However, in the elliptic
case the group-theoretical approach does not work in this way.

But one can find the Hamiltonians for the systems dual to models elliptic in
coordinates. The answer is given in terms of higher genus theta-functions.
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e A

Lax formulation is unknown.
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We are going to deal with an alternative formulation.

P. Koroteev, Sh. Shakirov, The Quantum DELL System, Lett. Math. Phys. 110
(2020) 969-999; arXiv:1906.10354 [hep-th].

In what follows we also use the following (slightly modified) theta-function

n2—n :
Op(z) = p 7 (—a)", p=e".

neL

It is easily related to the previous:

In the trigonometric limit p — 0

Op(x) = (1—x),  D(w)— —ips (VT —1/V7).



The Koroteev-Shakirov version of generating function of commuting Hamiltonians.
Consider

X g, X

ni,....,nNEZL i<j T ) neZ

and

i, =0y'0,
The positions of particles ¢; enter through x; = e%, t = e — is exponent of the
coupling constant 77, ¢ = e" — is exponent of the Planck constant h; 9; = 9y,, so
that 9, = 2;0;. w = €?™7 is the second modular parameter, \ is the (spectral)
parameter of generating function.
When N = 1 we have 6,,(Ag%1%1).
Commutativity R

[Hp, Hp]) =0

is an experimental result.



We define a modified version of the generating function O depending also on the
spectral parameter z:

@/(Z,)\) _ Z 19(2(2’)]”7)>\k A; _

kEZ
Iz =Ny mi) s miow M 0(qs — g5+ (s —ny)) T
Z — =1") . 7%(7)\)27]\]7111_[ i 495 v 1Yy Henmaqi_
ni,....,nNEZ 19(2:) i<j ﬁ(q’b - qj) i
Using the elliptic Ruijsenaars-Schneider Lax operator
2 V(=) (z +¢; —n) gk +1) ho
LiR'Szaif j o ah: ? J e i = (i — (5 .
;= =g h) I(2)9(gij —n) ,};Ij Hajn) B =t
we are going to prove
o4 —. ADell )
O'(z) =2 det {LDM A Byl 7)) s,
where
£DN( A By 7o) = 30w T (SN EES (2, g5 — g5, K, k)

keZ



Sketch of the proof: Consider the determinant

s det £ = Z(—l)‘”‘ :ﬁa(l)lﬁU(Q)Q"'ﬁU(N)N o

g
Let us represent it as a sum of determinants. For this purpose collect all the terms
with HN ni2i0; .

nzfni
. detﬁ = Z wZi 7#(_)\)231 [ %

ni,...NNEZ

XZ(—UM LY (1)1 1(2, nln,nlh)L (2)2(2 na1, nzh) .. LE(SN)N(ZunNnunNh):

g

= ) Wi (=)= :1<ciiet<Ni§§S(z,qi = a5,m;m,n5h) ¢,
ni,...nNEZ SHI=
where the matrix LRS Z,q; — qi,n;n,n;h) is constructed by combining rows from
1) 55 5T, T y g
different terms of the sum.



Using its explicit form let us rewrite it through the elliptic Cauchy matrix:

7 Cauch - Hq; — qx sy
Lf}s(%% — qj,nyn,n;h) = ﬁ(—njn)LijauC V(2,0 — ) H 19§ J — i il
fekty C 43 T Gk

where ~
V(z+a — ) -

Cauch, -
Lijauc y(zv%_Qj):ma q; = q; +nyn.

Therefore,

: 1<(i1(]?2N L%S(Za qi — Qj7nj777njh) F=

N N

det i‘auchy(z q; — q~) | | ﬁ(—nkn) | | A1) AR | | e”khak.
P ] ) J ]
1<i,j<N Pt Nt 19(% (]k:) P



Plugging the Cauchy determinant identity

N N p J
det Uz + ui — wj) _ 19<Z i z;(UZ a wj)) pl;[q (up — ug) 0wy — wp)
r<ig <N ()9 (ui — wj) 9(2) N
r,glﬂ(ur S)

we finish the proof. B



Recall the definition of the Hamiltonians: H,, = @5 10,.
Generating function for these Hamiltonians is

where

Define the operator O(1) = O(A)|x=1.
Let us prove that

HN) =0

DTOMN) => ANH,, M =0(1)"0,

ne”

—~

is also a generating function of the commuting Hamiltonians.
So that commutativity of H,, follows from commutativity of H,.



Proof: First, let us notice that the operators Hkn = @];1(;)” = fI,;llEIn also
commute with each other due to commutativity of Hj,. Therefore,
HpHop = Hup Hpge, or acting on this equality by (’)k_l from the right

0100 = 0,100,
Next, summing up over k € Z gives

A

071010 = 01010 .

By taking its inverse we get 0,0(1)710,, = 0,,0(1)"1O,, . Finally, multiplying
both sides by O(1)~! from the left yields

o1)10,06(1)710,, =0(1)710,,0(1)710,

for any n and m, which is equivalent to [H,, Hm] = 0. B



Importance of

HN) =01)'0N) =) XN'Hy, Hy=0(1)"0n.

nez

is as follows.

On the one hand @(1), compared to Oy is hard to invert since its Taylor series
expansion in w starts not with 1.

On the other hand the advantage of O(1) is its determinant representation, while
there is no natural way to find a determinant representation for .

The generating function of the quantum Hamiltonians takes the form:

H(z,\) =: (IS%?‘%N Lij(z,1)) 7t IS(Z;lg‘%N Lij(z,A):.

The operator (’j(l)*1 in really acts on @(/\) as a quantum operator, so that we can
not unify the normal orderings.

But in the classical case

H(z,A) = ]\(}S}EV[‘C_I(Z’ DLz, A)],



That is, the matrix
L(z,\) = L7Y(2,1)L(2,\) € Mat(N, C)

with )
L(zA) = D (-N)"w T LS, g, )
neL
arises, which determinant #H(z, \) is the generating function of the classical
Hamiltonians.

We call it spectral L-matrix. It is not Lax matrix since its traces (eigenvalues) are
not the Hamiltonians. Only determinant.



Expression H(z, A) can be considered as an analogue of the expression
det(A = 1(2))

for the spectral curve of an integrable system with the Lax matrix I(z). It can be
seen from the limit w = 0 we have

L(z,N)|w=0 = 1n — )\LRS(Z, q,t),

where 1y is the identity N x N matrix. Then

L(z.3) = £7 (2 D)E(0) = Ay + (1= 3) (1x — I¥(:, q,t))*l

Therefore, equation H(z, A)|w=0 = 0 is indeed the spectral curve of the elliptic
Ruijsenaars-Schneider model (written in some complicated way).

If we had a true Lax matrix for the Dell model then det L(z, A) should represent its
spectral curve. So, if the Lax representation exists we need to find a matrix L of a
size M x M (possibly M = co0) and a change of variables u = u(z, A), ( = {(z,\)
satisfying

et £(23) = det (u—L(0)).



L-A-B Manakov triple
d
diL(Z yA) = [L(2,A), My (2)] + Bi(2, A)L(z, ) ,
where
tr Bi(z,\) =0.
Indeed, by differentiating L(z,\) we get

Mi(z) = £71(z, A)(ddkﬁ(z, )\))

and

Bi(z.\) = £-1(z,\) (dfqu, N) - L 1)(%5(2, ).

k
The property of tr B = 0 follows from

d det L(z, \)
dty, det £(z,1)

The Lh.s. of equals zero since det L(z, \) = H(z, A), while the r.h.s. is proportional
to the trace of By(z, \).

d
— L
i det L(z,\) =



IRF-Vertex relation
Consider the intertwining matrix (Baxter, Jimbo, Miwa..)

—_ -1
9(z,q9) = E(z,q) (D°)
with
1_ i N
Eij(z,9) =7 [ 2 EN } (z—qu+ qu |N7-> ,
2 m=1

and

DY(z,q) = 6;; DY = 6i; [ [ (a5 — a)

k#3j
Relates dynamical and non-dynamical R-matrices:
92(22,@) g1(21, ¢ + B?) RYy(h, 21 — 22| q) = RYy(h, 21 — 22) 91(21, ) g2 (22, ¢ + hV)) .

where

Riy(h, 21, 22| q) = Rip(h, 21 — 2] q) =

= Ei®E;jjé(h,—qi) + > _ Eij @ Eji (21 — 22, q53) + ¢(h, 21 — 22) > Eii @ ;.
i#] i#] (

and R]f'Qh ZT QT_o valz,wa + h).



For non-dynamical R-matrices we have ordinary exchange relations:
Ly (2) Lo(w) Ry3' (2 — w) = Ry3" (2 = w) La(w) La (2) .

Factorization of Lax operator (K. Hasegawa)
The Ruijsenaars Lax operator is represented in the form:

ERS(2) = g7 (2)g(z — Nip) g8 @ur0ax)/e
Classical version
L¥(2) = ¢ Y(2)g(z — Np)e!/¢ € Mat(N,C), P = diag(p1, ..., pn)
and n = v/c — 0 provides
LMz =P+ 1g 'o.g.

The gauged transformed is the Sklyanin’s Lax operator

L™(2) =1 g(z — Np) qH26@u0an)/e g7V (2) 1 =3 " g (2 — Np) gj. ) (2) €/ P



For the systems of Calogero-Ruijsenaars type the Lax matrix can be specified by a
choice of two ingredients:

e the function f,

e intertwining matrix Z(z): Then the Lax matrix is of the form:

L(2) = G7(2) f(~adnpo,) G(2),  ady,x = [0z, *],

where the matrix G(z) is defined in terms of =(2):

2P

G(2) = g(z,T)eNe !

= E(z)D_leN%n P = diag(p1, ...,pN)

The function f(w) is either: 1) linear: f(w) = w; or 2) exponent: f(w) = . The
first choice of the function f provides the Lax matrix of the
Calogero-Moser-Sutherland systems. The second choice of f gives rise to the Lax
matrices of the Ruijsenaars-Schneider models.

What is elliptic version for function f?



The choices of g(z) = Z(z)(D") !
1. Elliptic
1_ i N
-—*zg(zaq)ﬂ|: 2 ﬂN :| (ZNQJ+ ZQm |NT> )
2 m=1
D”(Z,q) - 61]D] - 6in ’19((]] - Qk)
ks

k#i
~ :103-71, i <N,
Eij(2) = x;\ffl + (_1)N7 i=N
Lj

N
—2¢j+22424 Here q = % >~ g is the center of mass coordinate.
k=1

with z; = e



2*. Trigonometric without spectral parameter
Eij(z) =exp((2i =1 = N)(z — q;)),
(D°)ij = dij [1 sinh(g; — q)
ki
3. Rational with spectral parameter

(D%)ij(q) = bi; ﬁ'(%‘ — k),
k#i

Bij(¢,2) = (2 —¢; + 9V, 7=

M=

gk

k=1

with

" | Nfori=N.

3*. Rational without spectral parameter

) i—1for1 <i< N -1,
o(i) =

Eij(z) = (z—qj + @)

is the Vandermonde matrix



Based on the Koroteev-Shakirov Hamiltonians and/or the Manakov L-matrix
structure we come to elliptic version for the function f:

O, (Ne®)

3) ratio of theta-functions: fy(w) = Do)
(e

Let us slightly change the definition of f\(w) as in transition from 6,(e") to ¥(w)
together with additional normalization factor ¢ (0)/9(log(\)).

Then the function f)(w) turns into the Kronecker elliptic function depending on
the moduli 7 (defined through w = €*>™7):

V(0|7
O (ul

¥ (0]7)H(w + ulT)
I(u|7)d(w|7)

~—

Fuw) = A2 £, (w)

= ®(u,w|T) =

al

)

where u = log(\).

In this way we come to the classification for the function f,(w) (responsible for the
momenta type dependence), which is parallel to the well known classification of the
coordinates dependence.



The Ruijsenaars-Schneider Lax matrix takes the form
LB(2) = G71(2) Ad,-nno. G(2)

with
G(z) =E(z)D'eNan” = g(z)e¥n”, P = diag(p1, ..., pn)

Up to gauge transformation with the diagonal matrix exp (7 ; P):

L®(2) = G 1(2)G(z — Np) = e_NicnPLRs(z) eNenl

For the double elliptic case we get

_ K-k c
L(zN) =g7"(2) > (=Nfw = gz — kNny) eFF/e,
kEZ

or

L'(z,\) = efépﬁ(z, )\)eéP =G 1(2)6, ()\Ade—Nn32>G(Z) .



By introducing also

O(2,A) = 0y (A, -voo. ) G(2) =

2— z
=3 (N T gz — kNy) eFPlcem”
kEZ

we come to the following expression for the Manakov’s L-matrix:
L'(z,\) =071 (2,1)0(z,\).
In terms of the Kronecker function we may write the Manakov L-matrix as

f/(z,A) = ®[G(z,7),u|T] :==

-1
— S [ o, 1) G200~ a7 610),
where u = log(\).
This gives a universal receipt for construction of the L-matrices in the table of

many-body systems.

<
=
Rl

T
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Sklyanin type L-operator
L (2) = G(2) ¥ (2)G 7 (2) =

= G(z—Nn) G (z) =E(z — Np)eFleg71(2).

In quantum case

N

LSkl( ) . E(Z o NT/) diag(9qy ,---,0qp )/ E—l(z) - Z Ezk(z o NT]) E];jl (Z) e(f‘L/c)aq,C ]
k=1

Then for the Dell model we have

£PM(2,0) = G(2)£(2, )G (2) = (F(—adwya.) G(2) ) G (z) =

= Z(—A)mw’”z Z(z —mNn)e™P/leE"1(z) .

me7Z
Hence, we have the answer similar to the one obtained through Ruijsenaars model:

LPN(z ) = Y (=N T LMz, {pi}, {ai} mn, me )
meZ



Let us quantize the Sklyanin L-operators in the fundamental representation. These
quantizations are described by Belavin’s R-matrices.
Then for .

EPM( 0 = (s £M(z,1) ) L5z,

we get the following answer for LP¢(z, \)

Ri2(2,\) = Ria(2z,1) ' Ria(z,A) € Mat(N,C).

with
N
ng(z )\ Z Eab X Ecd Rab Cd(z )‘)
a,b,c,d=1
and

mzf'm
RZb,cd(Z7)‘) = Z (=A)"w 2 RaBb,cd(m"% z).
meZ

What is equation for Ria(z, \)?



Cherednik operators
Consider the coordinate trigonometric case in

=0;'0,,

2. N (tnz ’Iljwz
o i " ) T

Oy= 3 WS S S quu—zuno
ni,....nNEZ 1<J nel

1

When p = 0: together with the change ¢ to t~!, ¢ <> ¢—! and conjugation by the

function ], ; iz, the limit p — 0 yields
Z"?_”z S N t" J.’L'Z—t lilfj n
DN(u):DN(u]xl,...,xN) = Z wt 2 (—u) g ”“H . H’y v
ni,...nNEZ 1<j i J )

where we have introduced the notation ; = g~ %% .



One more trigonometric limit w — 0 being applied to provides (the trigonometric)
Macdonald-Ruijsenaars operators. Then the generating function is represented in
the following form:

- = (det [mfv_]}j\;l)

For the latter model there exists a set of N commuting operators (the Cherednik
operators)

D (u) et [va—ju—utj*l%) Y (1)

1,7=1

Ci(t, q) = ti_lRM_;,_l(t)... RiN(t)’yiRLi(t)_l... Ri_lﬂ'(t)_l ,
acting on Clz1, ..., zy], where the R-operators are of the form:

i —tx; t—1)x;
Ryt = S L2

:Ei—l‘j xi—xj

and o;; permutes the variables z; and x;.



The commutativity of the Macdonald-Ruijsenaars operators for different values of
spectral parameter u
=0
w=0

follows from the commutativity of C;(t,q) and the following relation between
Dy (u) and the Cherednik operators Cj(t, q):

[DN(U)) , D (1)

w=0

N

DN(U))WZO = Tt - ucy)

=1

, (2)

AN

where Ay is the space of symmetric functions in variables z1, ...,z



Introduce the double-elliptic (p = 0) version of the Cherednik operators:

Z w 2 ntn(z I)Ri’lurl (tn)...RiN(tn)’y;-an’i(tn)_l Riflyi(tn)_l 5
neE”L

where R;;(t) is the previously defined trigonometric R-operator, and u is a spectral
parameter.

These operators do not commute with each other. However, we prove the following
relation:

= P@w(uCl)...PGw(uCN)
N
This allows to compute large N limit for the Dell model. See A. Grekov, A. Zotov,

On Cherednik and Nazarov-Sklyanin large N limit construction for double elliptic
integrable system arXiv:2102.06853.
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Thank you!



