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Motivation

Problem of Generations
Heirarchy Problem

Cosmological Constant Problem

Fine-tuning problem in Standard Model
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Outline

Extra Dimensions: Big vs. Small

Randall-Sundrum model

Lorentz Invariance Violation
Matter and NO-GO Theorem

Localization /Delocalization of Fields

Spectrum of Field Perturbations
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GR

Hilbert-Einstein action

S= / VIgld®x (MR 2R+ 1)
XD

Finstein equations

1
Ga := Rag — éRgAB = TaB

AY/D <« < Mpy
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Xdimensions: small ...

Spacetime R13 x K where K is compact. [Kaluza, Kiein 1925]

Simplest example K = S of radius 1/k.
Quantum mechanical partice possesses momentum
Pz ~ Nk, n € Z (wave function periodicity)

If k big (small Xdim), then hard to check
experimentally

Nevetheless may be employed in combination with
another mechanisms.
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... and large!

for Cartesian product

M = N(x) x K(y)

ds? = ds},(x) + A} (v)

for warped product

e.g. AdS

7 Invariance
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Alternative to Compactification

Introduce a topological deffect — 3— brane [Rrubakov.

Shaposhnikov 1983, ADD 1998 Randall Sundrum 1999]
4 (bulk) (brane)

o™ = diag(&, pp Po Pp0)3(y — yorae)) /. /g
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Braneworld

S= Syravity - Sorane = / d%y/G(R— 2M°A+5(z 27

way to solve
o Solve EE in bulk

bul K
GaB = TA(BU )

o Boundary conditions for second fundamental form
= Israel junction conds |Israel "66]

[KB brane S’é\ (brane) _S(brane 58
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Randall-Sundrum Model

5D matter T3 = A%, then a static soution exists [Randall, Sundrum
1999

Metric (AdS;) ds? = e~ 22 (dt? — dx?) — dZ

Brane with tension o and

2
o) o)
N=——M3 k==
6 6

Heirarchy between A and O

How the solution will change if we put some matter in the bulk?



5D Lorentz Invariance Violation

Consider space with symmetry SO(3) x T3 x Z»
Metric (GN gauge)

ds? = e 22 gt2 — @D gy2 _ g7

LI violated, if a(z) # b(z). Brane located at z=0
preserves LI.
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Null Energy Condition (NEC)

TasEEP >0, gapf”é”=0
Need to minimize bilinear form T over hypersurface

gasé B =0

Examples p=wp NEC reads w> —1 For vacuum
w=—1
NEC implies for adiabatic regime vs < C.

It appears that w < —1 is not too bad
sometimes...(Phantoms...)



LIV Solution

Metric
ds? = e Keéld g2 _ g~ 2K{|d g2 _ 2

Matter — ideal reliativistic fluid
TS = uugp — pds + A\, ual” =1

equation of state p=wp, ps = wp. NEC \w| <1, |w| <1

p=—N+6k’C?
W:_HBZZ—ZZE—EZ
P
w:_HBZ(Z—f)
P



No-Go Theorem

Let the spartial curvature be equal to zero. Then if a
static solution is singular then ALL its singularities

are naked provided that both brane and bulk NECs

are satisfied. [Cline, Firouzjahi 2001]

The “exceptional” case is the AdS space
dsp, ) = € %ds,) —dZ

warped sliced space — the solution of braneworld setup
with A-term in the bulk and A-term on the brane.
NEC is satisfied: w=w= -1

and the relation from junction conditions

F(k,A,A) =0



NO-GO Theorem with Broken LI

Let the following conditions be satisfied
1. 56d NEC  Tag€”€B >0, gagéhé®=0
2. bl’al’le NEC Tb)uvéuév ZO, gb,“VquV:O

3. pp+0>0
4. Spartial brane curvature vanishes k=0

5. LI is broken a(z) # b(z).
Then a static solution with symmetry SO(3) x T3 x Z5 does not

ex1st. [PK, Libanov 2007]
The statement does not depend on the volume [~ ,/9dz of
the extra dimension.



Proof Sketch

Bulk NEC leads to the inequalities
b// . a// o 3b/2 + a/2 + 2a’b’ > 0
b’ — b/2 + ba > 0

On the brane
2(b'(0) —&(0)) = po + P
Reshuffle and replace by equalities with ¢@(z) > 0, e.g.

b _ g’ — 3(8.’ . b/)Z . 4a’(b’ o a/) _ QD(Z)(b/ . a/)

It follows




LIV case

Theorem statement simplifies b” > 0. If we
additionally impose positiveness of bulk energy, it
yields a new condition for b.

In particular the following function fits

(z-2)% 0<z<u,

b//:<
0, z> 2.

\

W,

1.e. the soution which does not “deviate considerably
from A-term solution

Thus we have classified all LIV static solutions.



“Resolution” of the issue — Spherical Brane

Metric

e 2k|Z|

ds® = dt* — ~dx* —dZ,

(1+ % x.x')

Solution for anisotropic fluid

(§2+282+3%) e e —ak? k2 | (§Z+ e X ak? /i
6{2e2¢kz — 12¢2 /K2 ’ 202e2Ckz _ 42 /K2

In order to fit NEC we need K ~ K, which is
unacceptable...



Spectrum of Perturbations
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Localization /Delocalization — Sketch

Geodesic equation
%A 4 A =0
reads
7=ae 2 (X0)° —be? (x)?
Combined with light cone condition

gABXAXB =0

yields
7=—(b —a)e 0 +b'7

Which roughly means that @ < b/ — localization and & > b/ —
delocalization
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Localization /Delocalization — Proof

Scalar 5D field
+00
S= / dtdx / dz./g9 " oa@ds

EOM
[—azz (4303, + 22D 92 _ e2@p2| g — 0

Fourrier transform, redefinition of @, and reparametrization of z

yield Schrodinger equation
X"+ (E*=V)x =0

for the potential

1 9 1
V — _ = 12 ~ 12 2 (b—a) (a7 //
78+ 7P + pe 5 (@ +30")



Localization /Delocalization — Features

® The behavior at infinity which is controlled by the Lorentz
invariance violation (the sign of b—a). The potential V can

increase/decrease as y — oo.

® The sign of the delta-function term. The potential may have
either delta-well or delta-peak depending on this sign.
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Localization /Delocalization — Features

® [f the momenta-dependent term increases as y — oo, then one
has a discrete spectrum as in the box-type potential. The
potential might have local minima and maxima but the
behavior of this potential at infinity qualitatively defines the
character of the spectrum. On the contrary, if the potential
decays at infinity, then we have continuous spectrum of plane
waves propagating along y-direction. Some combination of
these two scenarios is possible when V — V., = congt as z— oo,
Then those modes with E? < Vi belong to discrete spectrum

and modes with E® > V,, contribute to continuous spectrum.

® The sign of delta-function term affects zero mode existence. In
a delta-well there might be a zero-mode and none in a

delta-peak.
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Linear Parameterization
a(2) = &K[2), b(z) = Ik

The potential
9 °k?
2
AL+ EKly))

Vo(y) = p?(1+ Ekly)) " /% 5 — 37Ka(y)



1.0

3.0
2.97
2.0+

1.57

Family of Potentials

Braneworld Models with Broken Bulk Lorentz Invariance — o. 25/3



Space of Metrics

2(1— 97 %k?
Vo(y) = p2(1+ EKly|) " /%) 4 _—3K5(y)
4(1+ EKJy|)
A
|
1]
Il
B
]
Q
v



Spectrum of Model A

Put ¢ =0, { = 1. The potential
V(z) = p?e®@ ¢+ %kz —3kd(2)

Generic solution
X(2) = NK, ()
Matching
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Dispersion relations

® 7zero mode at small momenta

2 _n2(+1 P 2
E“-=3p (1 k+ﬁ(p)>
# higher modes at low momenta
k2 2
4" 4logf P

# large momenta — everything E=p+...



Green Function and Static Potential

Propagator

—02 —E?+ p?eE 4 %kz —3kd(2) | Ap(E, p,2) = (2).

Put E = 0 to find the Green function. On the brane z=0

k+1
2p%  2p

Gp(07 P, O) —

or in coordinate representation

Brane static potential

/ dze 27 G(r) = 4717r <1+%>



Spin—% Fermionic Perturbations
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Fermions

Action
—+0o0

S— [ didx [ dzyg(IPPW+m,Pw)

Dirac equation
ir*0a%(x,2) +myW(x,2) =0, my = msign(2)
Rescaling spinor
(EVO —ly'p - Vsdz) Y—myy =0

Using special rep os y-matrices

Ex —ipo3pe? + o1/ —mye =0
E@+iposxe'd —o1x' —myx =0
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Represent

X2 =X+@DXp +X- (DX, 02Xe =EXs, X = (T) -

Can be brought into
X!+ (E2 P — pPe 5 pksign(2)€4 ) . =0

Normalizable solution

where
£2(0) = VX Ky 3 (00 FK, 3 ()]
Matching t = p/k
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Dispersion Relations

At m> k/2 the dispersion relation is

At m=k/2

At 0<m<k/2




Higher modes at low momenta

2
rmk
E,= 1
" m\ Jr(k—ZLIJ(lzL)m+2m|ogz—ﬁ’<>

All modes at high momenta

E=p+0(p*?)
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Y1 (E,p,2) = _.—E+(O)

Chirality

/—C~+(E,p)\
(E,p) Ei( £ (2) _
(E.p) (0 g ) =wEP
(E.p)
/C+(E,p)\
C+(E,p) E_|_< E_(Z) _
—C4(E,p) (E+(O £_(0) = uL(E,p)fL(2)
\C+<E,p) )



Effective action

Ur.L(E,p.2) =Y af Uit 1, (E.p) L (2),
n

and
e 1 agymm>
+ia™yPEuY | f £ y'p.uL () ek
—iﬁg')ysug') (fé{”) |uL y5uR < L”) o"'sz({')

+m%%<@y@+m@%m@y@
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Some Outlook

# Study Cosmology. Maybe evade NO-GO.

» [Eixotic: Holography. How will the principle will
change if the conformal theory is broken?

“AdS”/“CF'T” “correpondence”

o Study hihger codimensions
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