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4d/2d w/ 8 supercharges: what and why!?
Vortices in field theory vs. type IIA string theory
(2,2) GLSM, NLSM

The Dictionary of 4d/2d

Aspects of perturbation theory

Less Supersymmetry (4 supercharges)

Heterotic deformation and Large-N solution - beyond BPS sector
NSVZ in (0,2) theories
Omega background (bonus)



4d/2d



‘ANQO’ String

U(N) gauge theory with fundamental matter ¢— UqV U € U(N)g, V € SU(N)r
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BPS equations for vortex
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Vortices

Simple vortex w/ N=1, k=1 (ANQO) has two collective
coordinates-translations in X,y directions

U(N) vortex ) (4 ) \ [ \

has more moduli

L T

Moduli space gy x) isiuv - 1) x u(1)) = cp—

(k=1)

For higher k dim(Vy,n) = 2kN

Vl,N ~ C x CPV!

Again:
T > 2mv? k| bound saturates for BPS states



Hanany-Witten cons

NS5

NS5’

truction [Wien

[Hanany Tong]
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4d / 2d duality

N =2 SUNN) SQCD

Ny =N+ N fund hypers
w/ masses

mi,...,1MMN Hiy ...

i) v,
T = |
g? 2T

on baryonic Higgs branch

y

[Dorey Hollowood, Tong]

2,2) U(1) GLSM e
N chiral +1 N chiral -1
w/ twisted masses

mi,...,MNN M1y HUpy
, 0
T = 1T
2T

vortex moduli space

—

BPS dyons
(Seiberg-Witten)

kinks interpolating
between different vacua

BPS spectra (as functions of masses, Lambda) are the same

Goal: understand it from field theory constructions



UN:) N=2d=4 SQCD w/ N;quarks

{Qa, Q3 =20""P, 5 +26 7,
3

- strings

{Qa?Qﬁ} _ 22045\
monopoles domain walls
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bosonic part
FI term
4 L , \A 5

BPS conditions Strlng tension
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[Auzzi, Bolognesi,

N O n Abel Ian Strl ng Evslin, Konishi, Yung]

(% 0 \ [Shifman Yung]
o = U A NI Take Abelian string solution

0 Ga(r) 0 Make global rotation

\ 0 0 p1(7) )
(1 . 0 0

1
AV = NU 0 1 0 U™ (0i) fva(r)
N0 0 v Matrix U parameterizes
AV % O F(r). AV 4SO _ orientational modes

Gauge group is broken to Zy

All bulk degrees of freedom massive  M? = e%1?

Theory is fully Higgsed



Vortex moduli space

Nf=Nc color-flavor locked phase

Ne N N
single SUSY vacuum U(Ne) x SU(Ny) = SU(N)

SU(N _

Nf=Nc local vortex SUN — i) >)< ok cpV-!
Nf>Nc semilocal o (Mous) = SU(N + N) _

(+size moduli) s SU(N) x SU(N) x U(1)

Duality between two strongly coupled theories
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[Shifman, Yung]

Monopoles in Higgs Phase =

Add masses. New vacuum ¢ =diag(m;) , ¢%=vd" , ¢ =0

Pattern of symmetry breaking depends on the relationship between
the differences of masses and Fl parameter
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Confined monopoles
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BPS dyons in 4d N=2

Z = Z% Jo + Tha) + st Central charge
7 = Zm(S +7h;) At baryonic root of Higgs branch

1=1

A SW curve degenerates
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(2,2) 2d GLSM

Consider U(I) gauge theory
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Hanany-Tong model as U(l) GLSM

N, N
c - - 1
L= [ d*% chbff Vo, E:qﬂ? Vo, — rY vy
/ 1=1 Ze —I_z'zl ze ' 262

V =6070% (Ao + As) + 070 (Ag — As) — 6810 — 0~ 05 + 8201 + 620X + AF6D

One loop twisted effective superpotential is exact in (2,2)

N
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gives vacua of the theory and its BPS spectrum !!
[PK Monin Vinci]
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Derivation of 2d theory
from 4d theory



From GLSM
c= [0 (P 1%r) e = v+ i)

Take limit e — o0 solve forV

Kahler potential K =rlog(1+|X[) X = X,/X
For HT model
Lyt = /d46’ (’./\/;‘26‘/ + \Zj]2e_v — ’I“V) O(—l)N
Limit € — o0 defines vacuum manifold l
(O}

Kyr = 214 2 _ ] ( 244 2) ] 1 (I)iQ
Kahler potential e = /12 +4r[C[? = rlog (r+ /12 + 4r[([? ) + rlog(1 + |@i]?)

~

1P =137+ 19:1%) 3 = rVNyZ;, j=1,...,N

Let’'s see what is the metric on the vortex sigma model



FrOm 4d th eO ry [Shifman Vinci Yung]

' T=¢ | daTrFip=2
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[ é(r) O 0 | 0 ) 0 ... 0
Qo = : : : Ag; = Ez'jﬁf(r) ( Lo )
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After making color-flavor rotation
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BOgOmOI’ny equatiOnS [Shifman Vinci Yung]

Setting
ViQ +iV,Q =0, =
, o1(r) = V¢, ¢3:;¢2
g —
Fia + §<QQ —§)=0. can solve the rest of equations 1
analytically provided that IVED << 1

e.g. gauge field
Ay, = —1 (31&1 n’ —noyn’ —2n n*("*a"v‘now(r)

inn’ (p*akp e 2rm2<n*akn>) A (r)

determine ~(r) and w(r)

after some work [Shifman Vinci Yung] we get...



Effective action on semilocal vortex

Radial integral diverges due to power like behavior

L? 2 «
Eeff — 7T§ (ln W) |8]€(pn)} —Wﬁ‘akp—l—p(n akn)‘Z
P already includes
o subleading corrections
+ ? [(9kn*8kn + (8kn*n)2} .
In addition we have size moduli

L

1/2
LN|A77’L|_1 Z=p [271‘5 IDH]

for large L can insert Log under derivative

Arrive to a new model (ZN) with Kahler potential

K., = r|¢|* + rlog(1 + |®;]°) CF° = 1357 (1 + @)
o, = N i1 N_1

for one extra flavor reduces N

to bl rCN
o blow up o 3 = f,4—1/2/\/‘]\,23j7 j=1,...,N.



ZN model vs HT model

Kyt = /72 4+ 4r|C|? — rlog (7‘ + /12 + 47“\(\2) + rlog(1 + |®;]?)

\C%i

K., =r|C]* + rlog(1 + |®;%)

Kyt = K, + O(KF)

IR physics of ZN and HT models is the same
BPS spectra are the same, but otherwise different



Perturbation theory



Perturbation theory

i (1)
Gel-Mann-Low function R;;" = Riz,
1 2) p_ k U
Bip=aVR + R+ .. ki = Ripn 1
T

Kaehler metric  gi; = 0:0,K (2, z)

Ricci tensor Ri; = —0;0;log det(g;;)

for Hanany-Tong model N=2, Nf=3

—logdet(¢) = 10 1+ |P,*) —log [ 1+ d
g (gz] ) g( ’ ‘ ) & \/T2+4T‘C’2



FI term renormalization (GLSM)

~ ~

N-N M N-N_ M
Tl”en(:u) —To — o 10g ; | I'ren = 0 =——=> ro = > log X
c1(Mur) = (N = N) [wepw—1]

CIP)N—l

Kaehler class is renormalized only at one loop, hence the
result above should be the full answer for the coupling
renormalization

If so what does the extra term in the last formula on
the previous slide mean?

To understand why we need to compare
renormalization schemes used in both calculations



GLSM vs NLSM

1
/de/d49 (|<I>\26V —rV + — \Z\2>
c 1 p<<€ 1

V-massive vector field w/ propagator Ve

>

Integrating outV

~logdet(g;) = (N — N)log(1 + |:]2) — (N = 1)|¢2 + O(Ic[*).

Dimensional regularization (GLSM perturbation theory) mixes up UV
and IR divergencies. Need to single out the UV piece out, IR
contribution is not seen in the GLSM limit



Less SUSY |
Heterotic deformation



[Gorsky Shifman Yung]
(0’2) TheOr)’ [Distler Kachru]
In 4d introduce masses / d?0 u* (®*)? [Edalati Tong][Shifman Yung]

breaks N =2 to N =1
On the flux tube

obtain heterotic sigma model (2,2) — (0, 2)
L 4 T V xi Note: Cannot be (1,1) stince
E o / a0 ((I)i e’ & —rV — B V) thew Lt’s aud:omatical,tg (2,2)

B-right handed superfield

can be treated as model w/ field dependent Fl term

K = (r + B)log(1 + |¢'])



CP(N- I ) mOdel [PK Monin]

Loy = / 0 [3es0(Da + AN (Dy — iAN: +iSNIN — 1)

+ 4esa DB DB + (1w B(S — 4D A) + Hee) |

lsovector N'=n'+08 + 00F"
Spinor Ao = —i(7"0)0 A, + V2(7°0)a0s + V200 v,
Constraint S = V20, + vV20u + 306D

o=01+109, Ay = Uyt 10,

if negatively charged fields are included
v = |Vunil” + [Voupil” + €L VRE], + i€pV L&k + LV RN, + iRV L)
— 2ot nil* = 2[o*|pil* — D (‘nz|2 — |pil* = 7“0) — 4|wl*|o*

iV20; (ALEh — Ap€h) — iv20EnEl + H.c.}
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(O 2) deformation of HT[P_K Monin Vinci]

N.—N;

1
/d46’ Zqﬂ e’ ®; + Z Ol e VO, — (r+B)V A Ty

2e?

P =n'+ 06 +0+00F, i=1,..., N,
O = p) + 0 + 07 +00F, j=1,....N

S =0 +i0T . —i0A_+0T0 (D —iFy)

B=w(0(r + 00FF)
deformation adds
Lhet = ¢ + ERaLCR — \w|2|0|2 — [iCUALCR + H.C.]

Not enough SUSY
non-pert. corrections out of control
Have to dwell on large-N approach
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Large-N solution of (0,2)

N—1 2
1 o —my|* + D o —my|
‘/1—l00p — E L ( (D + ‘0- — mZ‘ )lOg A2 + |O - mz‘ lOg A2 )
N-1 2
1 o —p|" =D o —
Ez<(DJ,uj)log /i2 —]0—,u]|210g AQJ
j=1
N—N
+ D.
4 ?va
2 2
‘/eff — Vi—loop + (|U — m0| =+ D) |n0|2 T (|0 o :u0| o ) |p0|2 T E |U|2
for zero masses
(41/N)V(0)
Symmetric masses
2'mﬁ _
mi =me , k=0,...,N—1,
l ~
=pe™~, 1=0,...,N—1.
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Vacuum equations

(‘U_m0| +D)”0: ) (|0—M0\ —D)ﬂo: )
LN le=mP 4D 132 lo—uf=D_
A 4 5 A? A 4 5 A2 N

1=1 ]:1

N-1 N-1
1 lo—m;|"+D 1
— (0 —m;)log | (o0 — pj;)log
4 1 ‘O'—mz-| 4 ;

ulN

= (0 —my) |no|” + (0 — po) |po]” - o




Solution of (2,2) model

Phase transitions - artifact of large-N
(|0—m0\2—|—D)nQ:O, (’O-—,LLO|2—D))OOZO

Higgs in n (Hn) { NN jogm U< m

m

N N 7
o= log® ——logx, pu>m.

,OOZO D:—\a—m|2

nggs in rho (H) ( Nz_ﬁﬁlog%, w>m
=
nog =0 D:‘U—MP \%log%—%log%, n<m

nog = pPo — 0
renormalized Fl term vanishes in C phase

in (2,2) from exact superpotential
H(O’ — mz)

f[( ;= AN-N o =0 is one of the solutions...
O — [y

)
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[Bolokhov Shifman Yung]
S peCtrU m [PK Monin Vinci]

L= —%Fiu + é(@ Reo)* + 212(@/3111 0)? +idm(bdo)e, F* — Veg(o) + Fermions
g N
Anomaly XN<> ..... 0 AVN<> _____ o
g N
N-1 N-1
bi\;(ifzaolmi % 5o — Z) My = €q26yb|
i=1 i=1

Photon becomes massless in Cs phase!!  Confinement!

Note that Lambda vacua disappear at large deformations
Need to sit in zero-vacua

e.g.in Cm phase  m, =v6A (%)W ((%)m - (%)2 e“/a) o3

Massless goldstino in fermionic sector



NSVZ in (0,2) sigma model

PN sigma models exhibit instanton solutions [Cui Shifman]

Let us now remove half of the fermions

An instanton has four bosonic zero modes but only two fermionic
ones y ; y(1 + 4i0757)
Ainst — : Ainst — — — :
2 — 2 Zen — 20 — 4i0T«

One loop corrections in the instanton background do not cancel
completely

M2 Np 92 ny ax
dy = <?> (M) 6 2 dlog(y)dlog(y) dzydZzy dadB’

One loop modification

Exact beta function

) .
B =L 1 What does it

211—-2  mean for 4d/2d?




Less SUSY I
Omega background



Omega background .......

ey |
| \ Rotational symmetry
X)X \ broken to maximal torus

SO(4) = SO(2) x SO(2)

S— —

6d Metric

A

/

Gapdadz” = Adzdz + (o™ + Q"dz + Q"dz)’
We will be interested in Nekrasov-Shatashvili limit

O™ = (—iex?, iext, 0,0) eg — 0



4d/2d in Omega background % ..

(b) NS5

N=2 SQCD in Omega background
in NS limit with Nf=2Nc

— —

a = Mp — TNeE

T conifold
W) On_:Sheu WD) Eransition X0
@ NS5 7

(2,2) GLSM w/ gauge group U(K)

massive adjoint and twisted masses

= — 3—» = — —
MF:mF—§e, MAF:mAF—l——e.

it = (ni,...,n;) € Z"

X

N
Madjze K:an_N
=1




Vortices in Omega background e« corsy chen

in progress

SUSY transform SAL = CE((0™™)E Frn + i[9, 9105 + Vi (Um0 — Q™) 65)
pure SYM + CH (0™ U(Vind = Frun2")

String central charge ¢, = g, ((¢°0™ — 6°Q0™)B2) 03,677 = 1B20,(¢°¢ — ¢%€)0? 67
current
vields for a string of tension ~ epsilon

L= 1B+ ¢7% — iV, (Q7¢" — Q"¢ + 2|D1¢" + iD2" — (o — i) B[

2

+ O (BL(Q"0" = QM")) = 0 (B Q79" — Q7 ¢"))
Symmetry breaking pattern

SU(Q)C X SU(Q)R X SU(Q)R — U(l)c X SU(Q)R+R

Searching for the field theoretical explanation of the new duality



Conclusions and open questions

Study BPS (and beyond) spectrum of SQCD can
effectively be done using 2d NLSM (and GLSM)

Rich variety of phases in (0,2) model at strong
coupling
Other heterotic deformations 3 .

D®, ~ D®_
Generalization of the 4d/2d duality to theories in
Omega background
Connections to integrable systems in 2d...
Relationship w/ another 4d/2d duality [Vafa et al]

Holography for Non-Abelian vortices



