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We present a proof of the explicit formula for the asymptotically free eigenfunctions
of the B, ¢-Toda operator which was conjectured by Ayumu Hoshino and J.S. This
formula can be regarded as a branching formula from the B, g¢-Toda eigenfunction
restricted to the A,_; ¢-Toda eigenfunctions. The proof is given by a contigulation
relation of the A,,_1 Toda eigenfunctions and a recursion relation of the branching
coefficients.




1. A,_1 CASE

First we briefly recall the asymptotically free eigenfunctions for A,,_; ¢-Toda operator.

Let z = (z,.. xn) and s = (s1,...,5,) be a pair of n-tuples of indeterminates. Let
d=(n—-1,n-— 2 .,0), and write t%u = (" 'uy,t"us, ..., uy) etc. for short. Let
tr; —x;
prielg ) = [ 4, ,
1=1 j#i

be the Macdonald operator of type A,_1.

Definition 1.1. Set
1—tx;/x; 1-— tx;
DA"_I(.Z"S’q,t) — mf)\DAn_l(x’q’t)x)\ _ ZszH 931/1'3 H l'k/ xtqu,mi;
i i k>i ¢

where 2 = IL xf"', and s = g™t° namely s; = ¢Mit" .

Definition 1.2. Set

n—1

DAn—1Toda (1 614) = Z si(1 — zip1/xi) Ty wi + 0Ty -
=1

Proposition 1.3. We have

DAn,lToda(x|S|q) _ %II% DAn—l(t_5a;‘|S’qa t).
%



Definition 1.4. Let M) be the set of strictly upper triangular matrices with nonnegative
integer entries: M) = {0 = (0i)1<ij<nl0ij € Z>0,0;; =0 if i > j}. Set
cn(0;81,7 5503 ¢, t)
(q2a=rstCie 0ol ) /51 ), , (q_ef’”m:k“(ei’“_ej’“)qsg-/tsz-; Qo
=11 11 (qo=rr1Oa=bivra)gs,  /5i5q)g, (g 0 2amnmCia=bia)g, /s, qyo

k=21<i<j<k—1

zk

Here we have used the notation
(@;9)n = (1 — a)(1 — qa)--- (1 — ¢" 'a).

Definition 1.5. Define f4n—1(z|s|q,t) € Q(s,q,t)[[x2/21, .., Tn/Tn_1]] by

fhalsle )= Y0 anl@isiqt) [T (/e

9eM(m) 1<i<j<n
Proposition 1.6. Let A = (\1,...,\,) € C", and set s = t9¢* (s; = t"7i¢" ). Then we

have

DAt (2]s|g, ) fA4m 1 (wls]g, t) Zs FAnt(wlslg t).



-

Definition 1.7. Set

en (O sty s snia) =limen(@: 51, g t) [ 1970

qei,k

1<i<j<n
- 1
=11 11

"0 =0, , OorOin S (0100, :
k=2 1<i<j<k—1 (qZe=rr1Cia=bivralgs; ) /5i:q), , (¢7F 0ok~ Lok Gia=bia)gs, /5.0 ),

ik

and

fAn71Toda(x|S|q) _ Z CEOda(H; S;q) H (l'j/l'i)ei’j-

feM(n) 1<i<j<n

ik

Proposition 1.8. We have

n
DATLflTOda(Z‘IS‘q) fA,,L,lToda(x|S|q) _ Z s fA7L71TOda(:1:|S’q).
i=1




2. B, CASE
Definition 2.1. Set

n

By, T _ (]_ — taci) (1 — ta:imj)(l — t:c,-/a;j) +1
Dt ;tn—wu_mg (1= i) (= wfay)

(1 —t/x;) (I —txj/z)(1 —t/zix;),
* Z tn— 1/2 1—1/x;) 1;[ (1 —aj/x;)(1 — 1/xix5) Ty

This is a special case of the Koornwinder operator D,(a,b,c,d|q,t) to the parameter
a,b,e,d) = (t,—1,¢"2, —¢'/?) as
(a,b,c, q/% —q
th —tT"

o 1/2 _ 1/2 __nBn o
Dx(tv 17q I q |Q7t) _D (‘T‘(Lt) t1/2 o t_l/g‘

Definition 2.2. Set
DB”(%!S!qvt)

_Z — 1/tx; H ((1 — 1/txsx) (1 — ta; /) H (1 —1/txxg)(1 — xk/txi)TH

“1—1/z; = 1 —1/xiz;)(1 — zi/xj) — (1= 1/zizp) (1 — g /z;) %

n

711 t/l’i (1—$i/t113j)(1 —L‘/ZL‘iIL‘j) (1 —tmk/xi)(l —t/xixk)
N Z 1—1/ E (1= @i/a;) (L= V/wixg) o0 (1= g /zi) (1= 1/wizg) 0

namely
DP (x[slq, t) = 2= D" (x]g, t)2?,

where s = MOTV2 | (s; = it H1/2 (1< i< n)).

Definition 2.3. Set

n—1
DT (gs]q) = Z 8i(1—wip1 /i) Ty z; + s0(1 — 1/20) Ty 0, +
i=1

+s qwl Z xi/xi_l)quﬁ
N J

Proposition 2.4. We have
DBrToda (41 51¢) = lim DB (179 a|s|q, 1),
t—0

where t=07 1z means (t "y, t 7" ay, ..t ).



4 ™
Definition 2.5. The asymptotically free eigenfunction P10 (s|z|q) of type B, q-

Toda system is defined as

fETe slalg) = Y el (s su @) (@z/m) - (/e )t (L)

1150050020

DB" Toda (

w[s]q) PO (slxlg) = (s1+ -+ s+ 1/s1 4 -+ 1/5,) f7 104 (s]g).

%

a N
Theorem 2.6. Let 0 = (Ay,...,0,). The fBT%(x|s|q) is expanded in terms of

fAn=1Teda(gs1q) as the following brunching formula

fBnTedace, sy, ... salq)
A n
= 3 e slg) [T e AT g s, g P s0lg),

01,....0n>0 i=1

where we have

B/ An=1 (glq) = ﬁ gln o 1 (q/5i55)0:+9;
\_ kzl 0o, (a/57 ) 1<i<j<n (as5/5:)0,(a" % asi/sj)o, (a/sis5)e,(a/5i5;)s,
%




Examples:

(Bl Anr ﬁ g R e 1 (q/5i55)0:+0;
K k:l 0)0,.(4/5%)o, 1<i<j<n (as5/si)0, (=% qsi/s;)o, (a/sisj)o;(a/ si)e,
We have
Ba/A
iy snslo)
¢ q” 1 (a/5152)01+6,

(Q)el (q/S%)el (q)92 (Q/S%)GQ (QS2/81)91 (q02_01q81/32)91 (Q/3182)91 (Q/3132)92

Bg/

€(01,0- 93)(31a s2,53|q)
_ q391 q292 q93
(@)o, (a/53), (@)05(a/53)0, (0)05(a/53)0s
" 1 1 1
(gs2/s1)e, (%27 %1qs1/52)a, (gs3/51)0, (¢% %1 qs1/53)0, (as3/52)0,(q%%%2¢s2/53)0,
(9/5152)0,+0 (q/5153)6, 165 (9/52583)0,-+0

(a/s152)0,(a/5152)0, (4/5153)0,(a/5153)05 (a/5253)0,(q/5253)0,



3. CONTIGUITY RELATION

N

Proposition 3.1. The q-Toda functions of type A satisfy the contiguity relation
fAn_lTOda(xla <oy Tp—1, qwn’s’q)
n n—k n—1
_ q" " 1Lk i/ sk Apn_1Toda —€
= (-~ * (Tn /o) o120 (@1, w0 |g 7 - s]g).
P [T (U= si/si) (1 —gsi/s) " o

Here, we have used the notation

+e; +1
G 8= (81, 8i1, @ SiySitly---5n)-

~

This is equivalent to the identity

n—1 n n—1
0= N (sy /gy Uizt (L~ aisg/si)
iHl: i kzl( K/ N)ngé,f”(l /5’




N

TL ATL
4. RECURSION RELATIONS FOR e, / '(s|q)

Proposition 4.1. We have

=1

S (=g )si+ (1= g")s7) e (sla)

() g T T (a7 s ) Bn/Ans 6,y (81a)-
’ - S|4
- nH:kH(l_q Oit0k—1s; /5.)(1 — qq—0i+0k—1s; /Sk) €(01...00—1.,.

This is equivalent to the identity

n

> (1= Qi)si+(1—

=1

n

=Sl

k=1

n

z;ﬁk

Qz i/s1)(1 = Q; ' /sisk)
—si/sk)(1 —1/s;s)




5. PROOF

We want to show
fBaTeday o xnlsy, ... snlq)

n

Bp/An— —0; _ _ —0,
= Z 69 / " 1(S|Q)sz ‘fAn 1T0da(l‘17"'7xn|q 9181)"'7(] 0

5n"])-
01,.-,0n>0 i=1

Recall that we have

n—1

D142 (3]5]q) = " si(1 — is1 /@) Ty, + S0 (1 — 1/2) Ty +
=1

+51 qz1+Zs (1 — /x4 1)T_1.

Ty

The action of DP»T°42(z|s|q) on the right hand side gives
DF# 1o (]s|q) - (RHS)

TLATL p— -
= Y e/t rq>H {DAn VT8 (3151q) — g 51/ Tn Ty

GGZ”

A n 2 n— Z
+ DAt (g (s )i 1IQ)}fA o0 (2] (¢ si)ala)

=1 =1

96230 i:l

x [T (2] (g% si)g).

Note that we have used the symmetry

flAnTeda(g)slq) = AT (01 icicnl (s, i) 1<izald)-

10



Using the contiguity relation, we have
DP 1% (z]s|q) - (RHS)

= 3" e slg) [T " {Zwsi+qeisf)f/*n—l“da(x\<q-%l>rq>

fezs, i=1 i=1

n n—k '(L_l _6i+9k54 s
_ qfﬁn Z(_l)nfk(sn/xk) _ q 71_9[,1::—’_1((] Z/JZ)+9
P [limp i (U= ¢7%F 0k si/ sk ) (1 — qq=% % si/sk)

x fAv-Toda(glgmen . (qal&)lngNW)-}

GBn/Anfl(

Now we can apply the recursion relations for e s|q) having the result

DT (gs]q) - (RHS) = > (si +s; ') - (RHS )
i=1
This completes the proof.

11



Questions:
e What do we have for other cases, i.e. for C,, or D,, g-Toda?

e How can we study the asymptotically free eigenfunctions of the B,,C), D, Mac-
donald systems, or Koornwinder systems with arbitrary a, b, ¢, d parameters?

e In A, (affine A,) case, we have good understandings from the point of view of the
geometry of the Laumon (affine Laumon) spaces. Can it be possible to find some
good scheme of resolutions of singularities concerning the Drinfeld zastava spaces of
types By, Cyn, Dy,.

e Is it possible to identify fBrToda(y) . x,|s1,. .., s,|q) with some kind of Nekrasov
partition functions?

e If yes, can we find some (toroidal?) quantum group setting in which we have a
certain amount of intertwining operators (topological vertex operators?) creating
automatically (as matrix elements) such partition functions?

e In the affine A,, case, it is expected that we have a non-stationary analogue of the
Ruijsenaars elliptic system, where the Z,, orbifold Nekrasov partition functions play
the role of the asymptotically free eigenfunctions. Can we expect a sort of non-

stationary analogues of the van Diejen, Hikami-Komori elliptic BC' systems?

e Are there some DELL versions of the B, Cy,, D,, ¢-Toda/Macdonald systems?
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