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My Background

• I work in Representation Theory and Algebraic Geometry with 
applications to Mathematical Physics, in particular, to Integrable Systems


• A theoretical physicist by training, I have now almost completely switched 
to pure math. Still, I try to write one or two papers per year in hep-th


• The term `Physical Mathematics’ (in a nutshell — using string theory/QFT 
intuition to prove math theorems) is perhaps the most precise two-word 
description of my research



Current Research

• Integrable Systems from Algebraic Geometry                                   
Enumerative counts for Nakajima quiver varieties, Opers, Geometric Langlands 
Correspondence.


• Geometric Representation Theory                                                        
Quantization by Branes. Algebras from deformation quantization of some nice families of 
hyperKähler spaces.


• Physics and Mathematics of  gauge theories and their stringy origins                                                                                                                 
The BPS/CFT correspondence

𝒩 = 2
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Early Career Work

• Cosmology


• Nonperturbative aspects of Supersymmetric Quantum Field Theories


• Condensed Matter applications


• Resurgence in QFT
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Classical Integrability

• Classical integrable systems of  d.o.f. have  integrals of motion that are in 
involution with each other . 


• Examples include many-body systems like Calogero, Ruijsenaars, DELL, etc

, and continuous (1+1) dimensional models like 

KdV, Intermediate Long Wave, etc. 


• The former can be defined algebraically. The latter admit soliton solutions 
and are connected to the former. Both were shown to be connected to the 
Seiberg-Witten solution of  theories and to geometry
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I got really fascinated by these (1+1)-dimensional models that are solved by the Bethe 
ansatz and how mysteriously they jump out at you and work and you don’t know why.  

I am trying to understand all this better.



Classical Many-Body SystemQuantum XXZ Spin Chain

coordinatestwist eigenvalues

energy (eigenvalues of Hamiltonians)equivariant parameters (anisotropies)

zizi

Ti(z, ~) = ei(a), i = 1, . . . , n
Bethe Ansatz Equations arise during diagonalization of 


spin chain Hamiltonian in sectors with k excitations: exp
∂Y
∂σi

= 1

Energy level equations

ai ei(ai)

Planck’s constant Coupling constant
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q-Opers
Riemann sphere with multiplication

Mq : P1 ! P1
q
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u 7! qu

Vector bundle  of rank 2E

<latexit sha1_base64="9XDUJlcZXAo9hjqJHp2VSuHpIQs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dl1ZlYIS/7AiwdFvPpH3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPaS9csWtujOQv8TLSQVy1Hvlz24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5MgqfRLGypY0ZKb+nMhopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfPkvaZ5UvfPq2e1ppXaVx1GEAziEY/DgAmpwA3VoAIMQnuAFXp2R8+y8Oe/z1oKTz+zDLzgf37WVjX4=</latexit>qu
<latexit sha1_base64="xXGhe73jRKts53g8Xq99LRv7430=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV016p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD5O2NAw==</latexit>u

<latexit sha1_base64="EgLgUDuGPASJ+yvKIYjz8LFHzho=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiTF17LYjcsK9gFNLJPppB06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSDhT2nG+rdLa+sbmVnm7srO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMmrnffaJSsVg86GlC/QiPBAsZwdpInhdhPQ6CrDl7rA/sqlNz5kCrxC1IFQq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE01nFSxVNMJngEe0bKnBElZ/NM8/QmVGGKIyleUKjufp7I8ORUtMoMJN5RrXs5eJ/Xj/V4Y2fMZGkmgqyOBSmHOkY5QWgIZOUaD41BBPJTFZExlhiok1NFVOCu/zlVdKp19yr2uX9RbVxW9RRhhM4hXNw4RoacActaAOBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx/WeZGR</latexit>

C2
<latexit sha1_base64="EgLgUDuGPASJ+yvKIYjz8LFHzho=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiTF17LYjcsK9gFNLJPppB06mYSZiVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSDhT2nG+rdLa+sbmVnm7srO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMmrnffaJSsVg86GlC/QiPBAsZwdpInhdhPQ6CrDl7rA/sqlNz5kCrxC1IFQq0BvaXN4xJGlGhCcdK9V0n0X6GpWaE01nFSxVNMJngEe0bKnBElZ/NM8/QmVGGKIyleUKjufp7I8ORUtMoMJN5RrXs5eJ/Xj/V4Y2fMZGkmgqyOBSmHOkY5QWgIZOUaD41BBPJTFZExlhiok1NFVOCu/zlVdKp19yr2uX9RbVxW9RRhhM4hXNw4RoacActaAOBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx/WeZGR</latexit>

C2

<latexit sha1_base64="gqeIFbuKVmrtBMcO9Z2aRddDJVg=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FX4uMY9OIxgnlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJneZ33miSrNIPpppTH2BR5KFjGCTSbqanA/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8q9rlQ73SuM3jKMIJnEIVPLiGBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfuuN5Q==</latexit>

s(u)
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Section

Connection
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(SL(2),q)-oper condition
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A(u)s(u)
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s(qu)
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4. (SL(N), q)-opers

4.1. Definitions. We now discuss the generalization of (SL(2), q)-opers to SL(N).

Definition 4.1. A (GL(N), q)-oper on P1 is a triple (E, A,L•), where (E, A) is a (GL(N), q)-
connection and L• is a complete flag of subbundles such that A maps Li into L

q
i+1

and the
induced maps Āi : Li/Li�1 �! L

q
i+1

/L
q
i are isomorphisms for i = 1, . . . , N � 1. The triple

is called an SL(N)-oper if (E, A) is an (SL(N), q)-connection.

To make this definition more explicit, consider the determinants

(4.1)
⇣
s(qi�1

z) ^ A(qi�2
z)s(qi�2

z) ^ · · · ^
⇣ i�2Y

j=0

(A(qi�2�j
z)
⌘
s(z)

⌘����
⇤iL

qi�1

i

for i = 1, . . . , N , where s is a local section of L1. Then (E, A,L•) is a q-oper if and only
if at every point, there exists local sections for which each Wi(s)(z) is nonzero. It will be
more convenient to consider determinants with the same zeros as those in (4.1), but with
no q-shifts:

(4.2) Wi(s)(z) =
⇣
s(z) ^ A(z)�1

s(qz) ^ · · · ^
⇣ i�2Y

j=0

(A(qjz)�1

⌘
s(qi�1

z)
⌘����

⇤iLi

.

As in the classical setting, we need to relax these conditions to allow for regular singular-
ities. Fix a collection of L points z1, . . . , zL 6= 0, 1 such that the q

Z-lattices they generate
are pairwise disjoint. We associate a dominant integral weight �m =

P
l
i
m!i to each zm.

Set `
i
m =

Pi
j=1

l
j
m.

Definition 4.2. An (SL(N), q)-oper with regular singularities at the points z1, . . . , zL 6=
0, 1 with weights �1, . . . �L is a meromorphic (SL(N), q)-oper such that each Āi is an

isomorphism except at the points q
�`i�1

m zm, q
�`i�1

m +1
zm, . . . , q

�`im+1
zm for each m, where it

has simple zeros.

znq
�1

znq
�2

zn

q

q
�lkn+1

zn
<latexit sha1_base64="6VEYM6gHKwWDXDC4YZqWbvftBdk=">AAAB+XicbVBNS8NAEJ3Ur1q/Wj16WSyCIJZEBPVW9OKxgrGFNg2b7aZdutnE3Y1SY3+KFw8qXv0n3vw3bj8O2vpg4PHeDDPzgoQzpW3728otLC4tr+RXC2vrG5tbxdL2rYpTSahLYh7LRoAV5UxQVzPNaSORFEcBp/Wgfzny6/dUKhaLGz1IqBfhrmAhI1gbyS+W7trZEfdFu48OkTN89I1Wtiv2GGieOFNShilqfvGr1YlJGlGhCcdKNR070V6GpWaE02GhlSqaYNLHXdo0VOCIKi8bnz5E+0bpoDCWpoRGY/X3RIYjpQZRYDojrHtq1huJ/3nNVIdnXsZEkmoqyGRRmHKkYzTKAXWYpETzgSGYSGZuRaSHJSbapFUwITizL88T97hyXnGuT8rVi2kaediFPTgAB06hCldQAxcIPMAzvMKb9WS9WO/Wx6Q1Z01nduAPrM8fbZeTAg==</latexit><latexit sha1_base64="6VEYM6gHKwWDXDC4YZqWbvftBdk=">AAAB+XicbVBNS8NAEJ3Ur1q/Wj16WSyCIJZEBPVW9OKxgrGFNg2b7aZdutnE3Y1SY3+KFw8qXv0n3vw3bj8O2vpg4PHeDDPzgoQzpW3728otLC4tr+RXC2vrG5tbxdL2rYpTSahLYh7LRoAV5UxQVzPNaSORFEcBp/Wgfzny6/dUKhaLGz1IqBfhrmAhI1gbyS+W7trZEfdFu48OkTN89I1Wtiv2GGieOFNShilqfvGr1YlJGlGhCcdKNR070V6GpWaE02GhlSqaYNLHXdo0VOCIKi8bnz5E+0bpoDCWpoRGY/X3RIYjpQZRYDojrHtq1huJ/3nNVIdnXsZEkmoqyGRRmHKkYzTKAXWYpETzgSGYSGZuRaSHJSbapFUwITizL88T97hyXnGuT8rVi2kaediFPTgAB06hCldQAxcIPMAzvMKb9WS9WO/Wx6Q1Z01nduAPrM8fbZeTAg==</latexit><latexit sha1_base64="6VEYM6gHKwWDXDC4YZqWbvftBdk=">AAAB+XicbVBNS8NAEJ3Ur1q/Wj16WSyCIJZEBPVW9OKxgrGFNg2b7aZdutnE3Y1SY3+KFw8qXv0n3vw3bj8O2vpg4PHeDDPzgoQzpW3728otLC4tr+RXC2vrG5tbxdL2rYpTSahLYh7LRoAV5UxQVzPNaSORFEcBp/Wgfzny6/dUKhaLGz1IqBfhrmAhI1gbyS+W7trZEfdFu48OkTN89I1Wtiv2GGieOFNShilqfvGr1YlJGlGhCcdKNR070V6GpWaE02GhlSqaYNLHXdo0VOCIKi8bnz5E+0bpoDCWpoRGY/X3RIYjpQZRYDojrHtq1huJ/3nNVIdnXsZEkmoqyGRRmHKkYzTKAXWYpETzgSGYSGZuRaSHJSbapFUwITizL88T97hyXnGuT8rVi2kaediFPTgAB06hCldQAxcIPMAzvMKb9WS9WO/Wx6Q1Z01nduAPrM8fbZeTAg==</latexit><latexit sha1_base64="6VEYM6gHKwWDXDC4YZqWbvftBdk=">AAAB+XicbVBNS8NAEJ3Ur1q/Wj16WSyCIJZEBPVW9OKxgrGFNg2b7aZdutnE3Y1SY3+KFw8qXv0n3vw3bj8O2vpg4PHeDDPzgoQzpW3728otLC4tr+RXC2vrG5tbxdL2rYpTSahLYh7LRoAV5UxQVzPNaSORFEcBp/Wgfzny6/dUKhaLGz1IqBfhrmAhI1gbyS+W7trZEfdFu48OkTN89I1Wtiv2GGieOFNShilqfvGr1YlJGlGhCcdKNR070V6GpWaE02GhlSqaYNLHXdo0VOCIKi8bnz5E+0bpoDCWpoRGY/X3RIYjpQZRYDojrHtq1huJ/3nNVIdnXsZEkmoqyGRRmHKkYzTKAXWYpETzgSGYSGZuRaSHJSbapFUwITizL88T97hyXnGuT8rVi2kaediFPTgAB06hCldQAxcIPMAzvMKb9WS9WO/Wx6Q1Z01nduAPrM8fbZeTAg==</latexit>

Figure 1. Weight of the singularity zn as q-monodromy around the cylin-
der (P1 with 0 and 1 removed).

In order to express the locations of the roots of the Wi(s)’s, it is convenient to introduce
the polynomials

(4.3) ⇤i =
LY

m=1

`im�1Y

j=`i�1
m

(z � q
�j

zm)

Add Twists
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s(qu) ^A(u)s(u) = ⇤(u)
<latexit sha1_base64="v3eio2u/vRc4EZREe/xdkoQic8Q="></latexit>

⇤(u) =
Y

l,jl

(u� qjlal)
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Z = g(qu)A(u)g(u)�1

Section Z = diag(⇣, ⇣�1)Twist element

q-Oper condition with  — SL(2) QQ-systemA(u) = Z
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s(u) =

✓
Q+(u)
Q�(u)

◆

<latexit sha1_base64="Vso2CTJY9UDamGZrQXnqXKW8gHA="></latexit>

⇣�1Q+(u)Q�(qu)� ⇣Q+(qu)Q�(u) = ⇤(u)

Difference Equation
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permuting the standard basis. Hence, the associated Miura opers are parameterized by the
Weyl group.

3. (SL(2), q)-opers

3.1. Definitions. We now consider a q-deformation of the set-up in the previous section.
It involves a di↵erence equation version of connections and opers.

Fix q 2 C⇤. Given a vector bundle E over P1, let E
q denote the pullback of E under

the map z 7! qz. We will always assume that E is trivializable. Consider a map of vector
bundles A : E �! E

q. Upon picking a trivialization, the map A is determined by a matrix
A(z) 2 gl(N, C(z)) giving the linear map Ez �! Eqz in the given bases. A change in
trivialization by g(z) changes the matrix via

(3.1) A(z) 7! g(qz)A(z)g�1(z);

thus, q-gauge change is twisted conjugation. Let Dq : E �! E
q be the operator that takes

a section s(z) to s(qz). We associate the map A to the di↵erence equation Dq(s) = As.

Definition 3.1. A meromorphic (GL(N), q)-connection over P1 is a pair (E, A), where
E is a (trivializable) vector bundle of rank N over P1 and A is a meromorphic section of
the sheaf HomOP1 (E, E

q) for which A(z) is invertible, i.e. lies in GL(N, C(z)). The pair
(E, A) is called an (SL(N), q)-connection if there exists a trivialization for which A(z) has
determinant 1.

For simplicity, we will usually omit the word ‘meromorphic’ when referring to q-connections.

Remark 3.2. More generally, if G is a complex reductive group, one can define a meromor-
phic (G, q)-connection over P1 as a pair (G, A) where G is a principal G-bundle over P1 and
A is a meromorphic section of HomOP1 (G,Gq).

Next, we define a q-analogue of opers. In this section, we will restrict to type A1.

Definition 3.3. A (GL(2), q)-oper on P1 is a triple (E, A,L), where (E, A) is a (GL(2), q)-
connection and L is a line subbundle such that the induced map Ā : L �! (E/L)q is an
isomorphism. The triple is called an (SL(2), q)-oper if (E, A) is an (SL(2), q)-connection.

The condition that Ā is an isomorphism can be made explicit in terms of sections. Indeed,
it is equivalent to

s(qz) ^ A(z)s(z) 6= 0

for s(z) any section generating L over either of the standard a�ne coordinate charts.
From now on, we assume that q is not a root of unity. We want to define a q-analogue of

the opers considered in Section 2.4. First, we introduce the notion of a q-oper with regular
singularities. Let z1, . . . , zL 6= 0, 1 be a collection of points such that q

Z
zm \ q

Z
zn = ? for

all m 6= n.

Definition 3.4. A (SL(2), q)-oper with regular singularities at the points z1, . . . , zL 6= 0, 1
with weights k1, . . . kL is a meromorphic (SL(2), q)-oper (E, A,L) for which Ā is an isomor-
phism everywhere on P1 \{0, 1} except at the points zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for

m 2 {1, . . . , L}, where it has simple zeros.

The second condition can be restated in terms of a section s(z) generating L over P1 \1:
s(qz) ^ A(z)s(z) has simple zeros at zm, q

�1
zm, q

�2
zm, . . . , q

�km+1
zm for every m 2

{1, . . . , L} and has no other finite zeros.

Scalar difference operator
<latexit sha1_base64="srNtP2y2tyMPOyVu46G4HtVxNdA="></latexit>✓
D2

q � T (qu)Dq �
⇤(qu)

⇤(u)

◆
s1 = 0



Trig Ruijsenaars-Schneider Hamiltonians

Let 

qOper condition yields

tRS Hamiltonians!

T1
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(SL(2),q)-oper condition
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det

✓
Q+(u) ⇣Q+(qu)
Q�(u) ⇣�1Q�(qu)

◆
= ⇤(u)

<latexit sha1_base64="3nkIL16iOr47q3SECf4Fh2Lo5lA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQCYZdCepFCHrxmIB5QLIss5PZZMjs7DAPISz5DS8eFPHqz3jzb5wke9DEgoaiqpvurlAwqrTrfju5tfWNza38dmFnd2//oHh41FaJkZi0cMIS2Q2RIoxy0tJUM9IVkqA4ZKQTju9nfueJSEUT/qgngvgxGnIaUYy0lfrNoFI257fmQgSVoFhyq+4ccJV4GSmBDI2g+NUfJNjEhGvMkFI9zxXaT5HUFDMyLfSNIgLhMRqSnqUcxUT56fzmKTyzygBGibTFNZyrvydSFCs1iUPbGSM9UsveTPzP6xkd3fgp5cJowvFiUWQY1AmcBQAHVBKs2cQShCW1t0I8QhJhbWMq2BC85ZdXSfuy6l1Va81aqX6XxZEHJ+AUlIEHrkEdPIAGaAEMBHgGr+DNMc6L8+58LFpzTjZzDP7A+fwBIbqQdQ==</latexit>

Q+(u) = u� p+
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Q�(u) = u� p�

<latexit sha1_base64="wv+wtud5tfCF6+lnqhCL2+TtCvE="></latexit>

u2 � u


⇣ � q⇣�1

⇣ � ⇣�1
p+ +

q⇣ � q⇣�1

⇣�1 � ⇣
p�

�
+ p+p� = (u� a+)(u� a�)
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tRS Model with 2 Particles
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Coordinates , momenta  coupling constant , energies ζi pi q Ei
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cNonrelativistic limit
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TCalogero = lim
c!1

TtRS � nmc2



Calogero-Moser Space
Let  be an N-dimensional vector space over . Let  be the subset of  
consisting of elements  such that 

V ℂ ℳ′￼ GL(V) × GL(V) × V × V*
(M, T, u, v)

qMT − TM = u ⊗ vT

The group  acts on  by conjugationGL(N; ℂ) = GL(V) ℳ′￼

(M, T, u, v) ↦ (gMg−1, gTg−1, gu, vg−1)

The quotient of  by the action of  is called Calogero-Moser space ℳ′￼ GL(V) ℳ

Flat connections on punctured torus

ABA�1B�1 = C

Mn = {A,B,C}/GL(n;C)

C = diag(q, …, q, qn−1)

[my DAHA paper with Gukov, Nawata, Pei, Saberi

[arXiv:2206.03565]  SpringerBriefs in press]

tRS Integrable Hamiltonians are ~ 

-Lax matrix

TrTk

T

https://arxiv.org/abs/2206.03565
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nY

l=1

si � qrlal
si � al

= ⇣2qk
kY

j=1

qsi � sj
si � qsj

XXZ Bethe Equations
<latexit sha1_base64="Vso2CTJY9UDamGZrQXnqXKW8gHA="></latexit>

⇣�1Q+(u)Q�(qu)� ⇣Q+(qu)Q�(u) = ⇤(u)Consider the QQ-system equation
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Q+(u) =
mY

j=k

(u� sj)
<latexit sha1_base64="v3eio2u/vRc4EZREe/xdkoQic8Q="></latexit>

⇤(u) =
Y

l,jl

(u� qjlal) vanishes at Bethe roots Q+ Framing

Evaluate QQ at u = si
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�⇣Q+(qsi)Q�(si) = ⇤(si)

Then at u = q−1si
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⇣�1Q+(q
�1si)Q�(si) = ⇤(q�1si)

Dividing one by another yields Bethe equations 

Notice that we did not use  at allQ−

These equations appear as relations in quantum equivariant K-theory of  

where  scales the cotangent direction  

T*Grk,n
q



The Ubiquitous QQ-System
Bethe Ansatz equations for XXX, XXZ models — eigenvalues of Baxter operators

Relations in the extended Grothendieck ring for finite-dimensional representations of Uℏ( ̂g)

[Mukhin, Varchenko] ….

Relations in equivariant cohomology/K-theory of Nakajima quiver varieties

[Frenkel, Hernandez] ….

[Pushkar, Smirnov, Zeitlin] [PK, Pushkar, Smirnov, Zeitlin] ….[Nekrasov-Shatashvili]

Spectral determinants in the QDE/IM Correspondence
[Bazhanov, Lukyanov, Zamolodchikov] [Masoero, Raimondo, Valeri] ….

Relations between generalized minors in cluster algebra calculations
[Fomin Zelevinski][PK Zeitlin]
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Twisted 
-Opers (G, q)

Trig. twisted 
 -OpersG

XXZ

XXX

rGaudin

tGaudin

(tRS)

rCM

(tCM)(rRS)
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Rat. twisted 
 -Opers G

Twisted 
-Opers (G, �)

Figure 1. The network of dualities between various types of opers and
related integrable systems. Short vertical lines are the quantum/classical
dualities, diagonal arrows show the double scaling limits between the models,
while dashed lines designate the action of symplectic/bispectral dualities.
The momenta p and coordinates x of the many body systems may take
values in C⇥ or C which is displayed in the figure.

corresponding elliptic generalizations of the space of opers on P1 and on the elliptic curve
E which will describe the space of solutions of the novel elliptic QQ-systems. As of this
writing, the bispectral dual of the DELL system is not known.

1.5. Structure of the Paper. In Section 2 we study the top and right corners of the
diamond which correspond to Z-twisted (SL(r + 1), q)-opers and (SL(r + 1), ✏)-opers re-
spectively. Next, in Section 3 we address the bottom and right corners where di↵erential
SL(r+1)-opers on P1 are discussed, one is gauge equivalent to constant regular semisimple
element, another to a simple polar connection with residue given by regular semisimple
element. We call these SL(r + 1)-opers respectively as rationally Z-twisted and trigono-
metrically Z-twisted.

In both Sections we prove the respective quantum/classical dualities between the space of
opers and the QQ-systems (or the qq-systems for the di↵erential opers). We demonstrate,
for each corner of the diamond, that the conditions for the existence of the corresponding
canonical nondegenerate opers provide the recipe to compute the Lax matrices for the
related integrable systems. In the final Section 4 we provide the algebraic description of
the Calogero-Moser space which can be used in deriving the trigonometric Ruijsenaars-
Schneider hamiltonians. Then we consider three di↵erent double-scaling limits which will



(G,q)-Opers
A meromorphic (G,q)-oper 
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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of A to the Zariski open dense subset U∩M−1
q (U) can be written as a section of the trivial G-

bundle on U ∩M−1
q (U), and hence as an element A(z) of G(z).1 Changing the trivialization

of FG|U via g(z) ∈ G(z) changes A(z) by the following q-gauge transformation:

(2.1) A(z) #→ g(qz)A(z)g(z)−1 .

This shows that the set of equivalence classes of pairs (FG, A) as above is in bijection with
the quotient of G(z) by the q-gauge transformations (2.1).

Following [FRS,SS], we define a (G, q)-oper as a (G, q)-connection on a G-bundle on P1

equipped with a reduction to the Borel subgroup B− that is not preserved by the (G, q)-
connection but instead satisfies a special “transversality condition” which is defined in terms
of the Bruhat cell associated to the Coxeter element c. Here is the precise definition.

Definition 2.1. Ameromorphic (G, q)-oper (or simply a q-oper) on P1 is a triple (FG, A,FB−),
where A is a meromorphic (G, q)-connection on a G-bundle FG on P1 and FB− is a reduc-
tion of FG to B− satisfying the following condition: there exists a Zariski open dense
subset U ⊂ P1 together with a trivialization ıB− of FB− such that the restriction of the
connection A : FG −→ F

q
G to U ∩M−1

q (U), written as an element of G(z) using the triv-
ializations of FG and F

q
G on U ∩ M−1

q (U) induced by ıB− , takes values in the Bruhat cell
B−(C[U ∩M−1

q (U)])cB−(C[U ∩M−1
q (U)]).

Note that this property does not depend on the choice of trivialization ıB− .
Since G is assumed to be simply connected, any q-oper connection A can be written

(using a particular trivialization ıB−) in the form

(2.2) A(z) = n′(z)
∏

i

(φi(z)
α̌i si)n(z),

where φi(z) ∈ C(z) and n(z), n′(z) ∈ N−(z) are such that their zeros and poles are outside
the subset U ∩M−1

q (U) of P1.
We remark that the choice of a particular Coxeter element c in this definition can be

viewed as a choice of a particular gauge, at least for orderings differing by a cyclic permu-
tation. Indeed, we will see below in Proposition 4.10 that the spaces of q-opers we consider
for such a pair of Coxeter elements are isomorphic under a specific q-gauge transformation.

2.3. Miura q-opers. We will also need a q-difference version of the notion of differential
Miura opers introduced in [F2,F3]. These are q-opers together with an additional datum:
a reduction of the underlying G-bundle to the Borel subgroup B+ (opposite to B−) that is
preserved by the oper q-connection.

Definition 2.2. AMiura (G, q)-oper on P1 is a quadruple (FG, A,FB− ,FB+), where (FG, A,FB−)
is a meromorphic (G, q)-oper on P1 and FB+ is a reduction of the G-bundle FG to B+ that
is preserved by the q-connection A.

Forgetting FB+ , we associate a (G, q)-oper to a given Miura (G, q)-oper. We will refer to
it as the (G, q)-oper underlying the Miura (G, q)-oper.

The following result is an analogue of a statement about differential Miura opers proved
in [F2,F3].

Suppose we are given a principal G-bundle FG on any smooth complex manifold X
equipped with reductions FB− and FB+ to B− and B+ respectively. We then assign to

1Throughout the paper, if K is a complex algebraic group, we set K(z) = K(C(z)).
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Thus, we have arrived at a nondegenerate Z-twisted Miura (SL(2), q)-oper in the sense

of Section 4: A(z) = gα̌(z)e
Λ(z)
g(z) e, where g(z) = ζQ+(zq)Q+(z)−1.

6. Miura-Plücker q-opers, QQ-system, and Bethe Ansatz equations

In this section, we generalize the results of the previous section to an arbitrary simply
connected simple complex Lie group G. We establish a one-to-one correspondence between
the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the set of nondegenerate
solutions of a system of Bethe Ansatz equations associated to G. A key element of the
construction is an intermediate object between these two sets: the set of nondegenerate
solutions of the so-called QQ-system.

6.1. Miura (G, q)-opers and the QQ-system. First, we construct a one-to-one corre-
spondence between the set of nondegenerate Z-twisted Miura-Plücker (G, q)-opers and the
set of nondegenerate solutions of the QQ-system.

Recall that we have chosen a set of non-zero polynomials {Λi(z)}i=1,...,r, which we will
assume from now on to be monic, and a set of non-zero complex numbers {ζi}i=1,...,r that
correspond to a regular element Z of the maximal torus H ⊂ G by formula (3.1). In this
section, these data are assumed to be fixed. (In the next section, we will also consider
elements w(Z) of the orbit of Z under the action of the Weyl group WG of G and the
corresponding ζi’s.)

From now on, we will assume that our element Z =
∏

i ζ
α̌i
i ∈ H satisfies the following

property:

(6.1)
r∏

i=1

ζ
aij
i /∈ qZ, ∀j = 1, . . . , r .

Since
∏r

i=1 ζ
aij
i $= 1 is a special case of (6.1), this implies that Z is regular semisimple.

Introduce the following system of equations:

(6.2) ξ̃iQ
i
−(z)Q

i
+(qz)− ξiQ

i
−(qz)Q

i
+(z) =

Λi(z)
∏

j>i

[
Qj

+(qz)
]−aji ∏

j<i

[
Qj

+(z)
]−aji

, i = 1, . . . , r,

where

(6.3) ξ̃i = ζi
∏

j>i

ζ
aji
j , ξi = ζ−1

i

∏

j<i

ζ
−aji
j

and we use the ordering of simple roots from the definition of (G, q)-opers.
We call this the QQ-system associated to G and a collection of polynomials Λi(z), i =

1, . . . , r.
A polynomial solution {Qi

+(z), Q
i
−(z)}i=1,...,r of (6.2) is called nondegenerate if it has

the following properties: condition (6.1) holds for the ζi’s; for all i, j, k with i $= j and
aik, ajk $= 0, the zeros of Qj

+(z) and Qj
−(z) are q-distinct from each other and from the

zeros of Λk(z); and the polynomials Qi
+(z) are monic.

Recall Definition 4.3 of nondegenerate Z-twisted Miura-Plücker (G, q)-opers.

Theorem 6.1. There is a one-to-one correspondence between the set of nondegenerate Z-
twisted Miura-Plücker (G, q)-opers and the set of nondegenerate polynomial solutions of the
QQ-system (6.2).

[Frenkel, PK, Zeitlin, Sage, 2021, to appear in JEMS]

Theorem: There is a 1-to-1 correspondence between the set of nondegenerate -twisted 
-opers on  and the set of nondegenerate polynomial solutions of the QQ-system 

based on 

Z
(G, q) ℙ1

̂L𝔤

<latexit sha1_base64="J5X8AbePmpNyK04xt2GoJcOyXbM="></latexit>

e⇠i Qi
�(u)Q

i
+(~u)� ⇠iQ

i
�(~u)Qi

+(u) = ⇤i(u)
Y

j>i

h
Qj

+(~u)
i�aji Y

j<i

h
Qj

+(u)
i�aji

, i = 1, . . . , r,
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A(u) =
Y

i

gi(u)
↵̌ie

⇤i(u)
gi(u) ei
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We started this section from the explicit definition of the principal minors by means of
Gaussian decomposition. The following proposition (see Corollary 2.5 in [FZ1]) provides a
necessary and sufficient condition of its existence for a given group element.

Proposition 4.7. An element g ∈ G admits the Gaussian decomposition if and only if
∆ωi(g) "= 0 for any i = 1, . . . , r.

Finally, we end this section with the fundamental relation ([FZ1], Theorem 1.17) between
generalized minors, which we will relate to the QQ-systems.

Proposition 4.8. Let, u, v ∈ W , such that for i ∈ {1, . . . , r}, !(uwi) = !(u) + 1, !(vwi) =
!(v) + 1. Then

(4.7) ∆u·ωi,v·ωi∆uwi·ωi,vwi·ωi −∆uwi·ωi,v·ωi∆u·ωi,vwi·ωi =
∏

j !=i

∆
−aji
u·ωj ,v·ωj ,

4.2. Generalized Wronskians and generalized minors. First, we introduce a notion
of generalized q-Wronskian which, as we will see later is, under certain nondegenracy con-
ditions, is equivalent to the definition of Z-twisted Miura (G, q)-oper.

Let V +
i be the irreducible representation of G with highest weight ωi with respect to B+.

It comes equipped with a line L+
i ⊂ V +

i of highest weight vectors stable under the action of
B+. Let ν+ωi

be a generator of the line L+
i ⊂ V +

i . It is a vector of weight ωi with respect to
our maximal torus H ⊂ B−. The subspace L+

c,i of Vi of weight c−1 · ωi is one-dimensional

and is spanned by s−1ν+ωi
.

Suppose we have a principal G-bundle FG and its B+-reduction FB+ and thus an H-
reduction FH as well. Therefore for each i = 1, . . . , r, the vector bundle

V
+
i = FB+ ×

B+

V +
i = FG ×

G
V +
i

associated to V +
i contains an H-line subbundles

L
+
i = FH ×

H
L+
i , L

+
c,i = FH ×

H
L+
c,i

associated to L+
i , L

+
c,i ⊂ V +

i .
Consider a meromorphic section G of FG. It is a section of FG on U , a Zariski dense set

of P1. Given the fact that can always choose U , so that restriction of FG to U is a trivial
G-bundle, one can express this section as an element G (z) ∈ G(z).

Definition 4.9. The generalized q-Wronskian on P1 is the quadruple (FG,FB+ ,G , Z), where
G is a meromorphic section of a principle bundle FG, FB+ is a reduction of FG to B+,
Z ∈ H = B+/[B+, B+], satisfying the following condition. There exist a Zariski open dense
subset U ⊂ P1 together with the trivialization ıB+ of FB+ , so that for certain {v+i , v

+
c,i}i=1,...,r

which are the sections of line bundles {L+
i ,L

+
c,i}i=1,...,r on U ∩ M−1

q (U) we have G as an
element of G(z) satisfy the following condition:

G
q · v+i = Z · G · v+c,i,(4.8)

where the superscript q stands for the pull-back of the corresponding section with respect
to the map Mq.

Effectively, the definition implies that there exists a Zariski open dense subset U ⊂ P1

together with a trivialization ıB+ of FB+ such that the restriction of G to U ∩ M−1
q (U)

u, v ∈ WG
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albeit written in a slightly different convention and normalization). The condition corre-
sponding to the whole q-Wronskian reads detW (z) = 1, whereas the others can be readily
written using minors of matrix W (z).

5.3. Lewis Carroll Identity. For the type A root system the relation (4.7) reads

(5.8) ∆uωi,vωi∆usiωi,vsiωi −∆usiωi,vωi∆uωi,vsiωi = ∆uωi−1,vωi−1∆uωi+1,vωi+1 ,

which as we have shown previously are equivalent to the corresponding QQ-system. As
was discussed in [KPSZ,KSZ] these equations can be reduced to the following determinant
identity known from the 19th century (Desnanot-Jacobi-Lewis Carroll Identity) using matrix
of the form (5.7).

(5.9) M1
1M

2
i −M1

i M
2
1 = M12

1i M ,

where Ma
b is the determinant of the quantum Wronskian matrix W (z) with the ath row

and bth column removed and M = detW (z).
The identification between (5.8) and (5.9) works as follows. We put u = 1 and v =

s1 · s2 · · · si−1. This way vsi = s1 · · · si is the element which permutes the first the the last
column of matrix M as well as
(5.10)
M = ∆ωi+1,vωi+1 , M1

1 = ∆ωi,vωi , M2
i = ∆siωi,vsiωi , M2

1 = ∆siωi,vωi , M1
i = ∆ωi,vsiωi

In other words, after acting with element v on the columns the Lewis Carroll identity
can be presented in terms of principal minors

(5.11) M̃1
1 M̃

2
2 − M̃1

2 M̃
2
1 = M̃12

12 M̃ ,

where M̃ = M · v.
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q-Langlands Correspondence
Two types of solutions of the qKZ equation:

Analytic in chamber of equivariant parameters — conformal blocks of {ai} Uℏ( ̂g )

Analytic in chamber of quantum parameters (twists) — conformal blocks for deformed W-algebra {ζi} Wq,ℏ(L ̂g )

The q-Langlands correspondence 

[Aganagic Frenkel Okounkov]

XXZ Bethe -oper (G, ℏ)

Uℏ( ̂g ) Wq,ℏ(L ̂g )

q → 1

Equivalence of categories

Dmodκ(BunG) Dmod− 1
mκ

(BunLG)
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In terms of these holonomy variables, the space of SL(2,C)-representations ⇢ : ⇡1(Cp) ! SL(2,C) is a
cubic surface (see e.g. [Gol09, Guk11]):

Mflat(Cp, SL(2,C)) = {(x, y, z) 2 C3|x2 + y
2 + z

2 � xyz � 2 = Tr(⇢(c)) = t̃
2 + t̃

�2} . (2.10)

Here we used the fact that, according to (2.7), the holonomy of the complex flat connection around p

is conjugate to

⇢(c) ⇠
✓
t̃
�2 0
0 t̃

2

◆
. (2.11)

This section will be devoted to studying the deformation quantization O
q(X) of this coordinate ring

holomorphic in complex structure J , which is generated by x, y, z, and its representations geometrically.
For a complex surface defined by the zero locus of a polynomial f(x, y, z), the holomorphic sym-

plectic form (a.k.a. Atiyah-Bott-Goldman symplectic form) can be written as

⌦J =
1

2⇡i

dx ^ dy

@f/@z
=

1

2⇡i

dx ^ dy

2z � xy
. (2.12)

and the Kähler form is
!J =

i

4⇡
(dx ^ dx̄+ dy ^ dȳ + dz ^ dz̄) . (2.13)

In the special case ↵p = �p = �p = 0, the moduli space of SL(2,C) flat connections on Cp is simply
a quotient space

(C⇥ ⇥ C⇥)/Z2 (2.14)
by the Weyl group Z2. It can be understood as a moduli space of SL(2,C) flat connections on a torus
(without ramification), such that holonomy eigenvalues along A- and B-cycles each parametrize a copy
of C⇥. The “real slice” (S1 ⇥ S

1)/Z2 is the moduli space of SU(2) flat connections on the (punctured)
torus, and it is sometimes called the “pillowcase”. According to the theorem of [NS65] (resp. [MS80]),
it can be identified with the moduli space Bun(Cp, G) of stable (resp. parabolic) G-bundles on Cp. It
is easy to see that Bun(Cp, G) is a holomorphic submanifold of MH(Cp, G) in complex structure I.
Furthermore, because �' = 0 on Bun(Cp, G), it follows from (2.6) that Bun(Cp, G) is a holomorphic
Lagrangian submanifold with respect to ⌦I (in particular, Lagrangian with respect to !J and !K).
Following the notation in §2.4, we write it by V as a Lagrangian submanifold in the target (X,!X).

In addition to V, other special submanifolds of MH(Cp, G) will play a role in what follows. For
example, in complex structure I, the Hitchin moduli space is a completely integrable Hamiltonian
system [Hit87], i.e. a fibration

⇡ : MH(Cp, G) ! BH (2.15)
over an affine space, the “Hitchin base” BH , whose generic fibers are abelian varieties (sometimes
called “Liouville tori”). For G = SU(2), the map ⇡ takes a pair (E,') to Tr'2, which is holomorphic in
complex structure I. Specializing further to the case where Cp is a genus-one curve gives a particularly
simple integrable system: its generic fiber F is a torus that, just like V, is holomorphic in complex
structure I and Lagrangian with respect to !J and !K . We also note that the only singular fiber of
the Hitchin fibration ⇡ : MH(Cp, G) ! BH is the pre-image N = ⇡

�1(0) of 0 2 BH which, in the limit
↵p = �p = �p = 0, is the “pillowcase” V ⇠= (S1 ⇥ S

1)/Z2 with four orbifold points.
Now let us consider what happens when we go away from the limit ↵p = �p = �p = 0 and consider

generic values of the ramification parameters. From the viewpoint of the complex structure J , the
equation (2.10) describes the deformation of the four A1 singularities of the singular surface (2.14),
where t̃

2 (or, equivalently, �p+ i↵p) plays the role of the complex structure deformation. On the other
hand, turning on �p 6= 0 leads to a resolution of the A1-singularities. In other words, �p is the Kähler
structure parameter in complex structure J , cf. Table 1.

Recall that ↵p is the Kähler structure parameter in complex structure I. If we turn on ↵p while
keeping �p = �p = 0, then the four orbifold points are blown up in the Hitchin fibration. Consequently,
the singular fiber in the Hitchin fibration, called the global nilpotent cone N := ⇡

�1(0), now contains
five compact irreducible components (all rational) [Hau98, Guk11]:

N = V [
4[

i=1

Di . (2.16)

– 8 –

modulo gauge transformations. We denote this moduli space MH(Cp, G), where Cp is a Riemann
surface C with the tame ramification (2.4) at p 2 C. It is a hyper-Kähler space and the corresponding
Kähler forms are

!I = � i

2⇡

Z

C

|d2z| Tr
⇣
�Az̄ ^ �Az � �'̄ ^ �'

⌘
,

!J =
1

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az + �' ^ �Az̄

⌘
,

!K =
i

2⇡

Z

C

|d2z| Tr
⇣
�'̄ ^ �Az � �' ^ �Az̄

⌘
.

(2.6)

There is also a triplet of holomorphic symplectic forms ⌦I = !J + i!K , ⌦J = !K + i!I , and ⌦K =
!I + i!J , holomorphic in complex structures I, J , and K, respectively. In the absence of ramification,
it is easy to check that !J and !K are cohomologically trivial [KW07, §4.1], whereas !I is non-trivial
and, if properly normalized, can be taken as a generator of H

2(X,Z). On the other hand, in the
presence of ramification (2.4), the cohomology classes of !J and !K are proportional to �p and �p,
respectively.

The description of MH(Cp, G) as the moduli space of Higgs bundles given above is in complex
structure I. Another useful description, in complex structure J , comes from identifying a complex
combination AC = A+ i� with a GC-valued connection, where � = '+ '̄. The Hitchin equations then
become the flatness condition FC = dAC +AC ^AC = 0 for this GC-valued connection AC. According
to (2.4), it has a non-trivial monodromy around the point p:

U = exp(2⇡(�p + i↵p)) . (2.7)

which depends holomorphically on �p + i↵p and is independent of �p. Indeed, in complex structure
J , �p is a Kähler parameter and �p + i↵p is a complex structure parameter. Another useful fact, also
explained in [GW08], is that the cohomology class of the holomorphic symplectic form ⌦J = !K + i!I

is proportional to �p + i↵p and independent of �p.
Similarly, in complex structure I the Kähler modulus is ↵p, while �p + i�p is a complex structure

parameter. The cohomology class of the holomorphic symplectic form ⌦I = !J + i!K is �p + i�p.
There is a similar story for complex structure K and all these statements are summarized in Table 1.

Complex structure Complex modulus Kähler modulus
I �p + i�p ↵p

J �p + i↵p �p

K ↵p + i�p �p

Table 1: Complex and Kähler moduli of the moduli space MH with one ramification point.

In a supersymmetric sigma-model with target X, the Kähler modulus of the target space is always
complexified. This fact plays an important role in mirror symmetry. In the present setup, too, the
Kähler moduli are all complexified by the periods of the 2-form field B. For example, in complex
structure I, the complexified Kähler modulus is ↵p + i⌘p, where ⌘p 2 T

_ = Hom(⇤_
,U(1)) and

⇤_ is the cocharacter lattice of G. Therefore, taking into account the “quantum” parameter ⌘p, the
ramification data consists of the quadruple of parameters (↵p,�p, �p, ⌘p).

All of these structures can be made completely explicit in the case when Cp is a punctured torus.
In complex structure J , where X = MH(Cp, G) is the moduli space of complex flat connections on Cp,
we can then use an explicit presentation of the fundamental group

⇡1(Cp) = hm, l, c|mlm�1l�1 = ci . (2.8)

to describe flat connections concretely, in terms of holonomies along the (1, 0)-cycle m, the (0, 1)-cycle
l, and the loop c around p:

x = Tr(⇢(m)), y = Tr(⇢(l)), and z = Tr
�
⇢(ml�1)

�
. (2.9)

– 7 –

Deformation Quantization
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qxy � yx = (q � q�1)z + cyclic

Spherical  DAHA𝔰𝔨2

V

D4D3

D2D1

q4q3

q2q1

NF ⇠= T
2

BH

MH

0gen pt

⇡

⇠1

⇠2

Figure 1: Schematic illustration of the Hitchin fibration MH(Cp, SU(2)) ! BH and global nilpotent
cone at �p = 0 = �p and a generic value of ↵p.

In fact, it is a singular fiber of Kodaira type I⇤0 [Kod64, Kod66] in the elliptic fibration ⇡. The irreducible
components V and Di of the global nilpotent cone are holomorphic Lagrangians with respect to ⌦I ,
sometimes called Lagrangians of type (B,A,A). The homology classes of V and Di provide a basis
for the second homology groups H2(MH(Cp, G),Z), and their intersection form is the affine Cartan
matrix of type bD4, as illustrated in Figure 1. The intersection form has only one null vector, which
must be identified with the class of a generic fiber F of the Hitchin fibration, resulting in the relation

[F] = 2[V] +
4X

i=1

[Di] . (2.17)

Once we move away from �p = �p = 0, we are deforming the complex structure modulus �p + i�p

of complex structure I, and so the structure of the Hitchin fibration drastically changes. For generic
values of (�p, �p), the embeddings of the two-cycles V and Di (i = 1, . . . , 4) into MH(Cp, G) are no
longer holomorphic with respect to complex structure I, and the singular fiber of type I

⇤
0 splits into

three singular fibers of type I2 [FW08, §3.4]. If we write the base genus-one curve Cp of the Hitchin
system by an algebraic equation y

2 = (x�e1)(x�e2)(x�e3) with e1+e2+e3 = 0 where the ramification
point p is located at infinity, then the singular fibers of type I2 are preimages of points

BH 3 bi := eiTr (�p + i�p)
2 (i = 1, 2, 3) , (2.18)

under the Hitchin fibration as depicted in Figure 2. In the singular fiber at bi 2 BH , two irreducible
components U2i�1 and U2i, which are topologically CP1, meet at two double points.

Hence, the two-cycles V and Di (i = 1, . . . , 4) are not projected to a point by the Hitchin fibra-
tion with a generic ramification, though they still give a basis of H2(MH(Cp, G),Z) and satisfy the
relation (2.17). An analysis by the Mayer–Vietoris sequence tells us that the homology class of each
irreducible component in a singular fiber I2 can be expressed as

[U1] = [V] + [D1] + [D2] , [U3] = [V] + [D1] + [D3] , [U5] = [V] + [D1] + [D4] ,

[U2] = [V] + [D3] + [D4] , [U4] = [V] + [D2] + [D4] , [U6] = [V] + [D2] + [D3] ,
(2.19)

and there is another two-cycle W as in Figure 2 with homology class [W] = [D1]. With respect to the
new basis

[U1], [U2], [U3], [U5], [W] 2 H2(MH(Cp, G),Z) , (2.20)
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1. Brane Quantization and DAHA

The geometric study of representations often reveals deeper layers of structure in the
form of categorification. I am working on understanding this structure for double a�ne
Hecke algebra (DAHA). Together with S. Gukov, S. Nawata, D. Pei, and I. Saberi I study
the geometric representation theory of DAHA in terms of Hitchin moduli space of once-
punctured torus [GKN+] using the formalism of branes and quantization by Gukov and
Witten [GW].

In string theory, the term “brane” is used for certain extended objects. Branes as partic-
ularly distinguished submanifolds of X on which open strings can end. In math literature,
branes may go by di↵erent names. For example, topological string theory branes come in
two flavors, known as the A- and B-branes. The category of branes of each type can be iden-
tified with a fairly well-defined mathematical structure. For the B-model, this is the derived
category of coherent sheaves on X, whereas the A-model is expected to be some appropri-
ately defined version of the Fukaya category Fuk(X). The homological mirror symmetry
proposal of Kontsevich [K1] identifies these categories for mirror Calabi–Yau three-folds,
and is the subject of ongoing intense mathematical research.

In the proposed framework of brane quantization [GW], it was suggested that the problem
of quantizing a symplectic manifold V could be approached by studying the topological A-
model of a di↵erent space X, a so-called “complexification” of V . This complexification
is equipped with a holomorphic symplectic form, whose real part recovers the data of the
symplectic form on V after restriction.

One then considers the A-model of the complexification with respect to the imaginary
part of the holomorphic symplectic form. This gives rise to a category ABrane(X) of A-
branes, which includes not only Lagrangian objects but also much more unfamiliar branes
supported on coisotropic submanifolds of X [KO]. One should imagine that ABrane(X)
contains Fuk(X) fully faithfully, but that additional exotic objects may be present. While
coisotropic branes remain mysterious in general and do not occur at all on simply-connected
Calabi–Yau three-folds, their existence was shown in [AZ] to be needed for mirror symmetry
to work, even on flat target spaces.

In our example, [GKN+] X is two dimensional and one can define a particularly useful
such exotic object, known as the canonical coisotropic brane. This brane was introduced
in [KW], where it played an important role, in connecting A-branes to D-modules. Its
support is the entire space X, and it is furthermore expected to have a very interesting
algebra of endomorphisms. Actually,

End(Bcc) = O
q(X) ,

where the object on the right-hand side is the deformation quantization of the ring O(X) of
holomorphic functions (with appropriate polynomial growth conditions at infinity) on the
complexification, taken with respect to its holomorphic symplectic form. In the case of an
a�ne variety, O(X) is merely the coordinate ring.

As with any category, there is an action of this algebra by pre-composition (by joining
strings at boundary conditions) on the space of morphisms from Bcc to any other A-brane.
In other words, there should exist a functor that allows us to generate a representation of
this algebra from an A-brane.

(1) Hom(Bcc,�) : DbABrane(X) �! DbRep(Oq(X))

(line ops in  theory)𝒩 = 2*
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