
Homework 5 Solutions

Section 5

Problem 1.

1
1+i

= 1
2 �

1
2i

Problem 2.

1
i�1 = � 1

2 �
1
2i

Problem 7.

3+i

2+i

= 7
5 �

1
5i

Problem 28.

��z
z̄

�� = 1

Problem 34.

���
�
1+i

1�i

�5��� =
���1+i

1�i

���5 = (1)5 = 1

Problem 46.

x+iy

x�iy

= �i () x+ iy = (�i)(x� iy)

() x+ iy = �y � ix

() x = �y

Problem 50.

|x+ iy| = y � ix ()
p
x

2 + y

2 = y � ix

()
p
x

2 + y

2 = y and 0 = �x

() y � 0 and x = 0

Problem 60. Since

|z � 1 + i| = 2 () |z � (1� i)| = 2

() the distance between z and 1� i is 2,

|z � 1 + i| = 2 is the circle with center 1� i and radius 2.
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Section 6

Problem 1.

Hypothesis:
P

z

n

is absolutely convergent. Each z

n

= x

n

+ iy

n

, where x
n

and
y

n

are real numbers.
Claim:

P
z

n

is convergent.
Proof: We need to show that

P
x

n

and
P

y

n

are convergent. According to
the definition of an absolutely convergent series,

P
z

n

is absolutely convergent =)
Pp

x

2
n

+ y

2
n

is convergent.
By the Comparison Test,

Pp
x

2
n

+ y

2
n

is convergent =)
P

x

n

is absolutely convergent.
According to Problem 7.9 of Chapter 1,

P
x

n

is absolutely convergent =)
P

x

n

is convergent.
The same argument shows that

P
y

n

is convergent.

Problem 2. This is a geometric series with ratio z = 1 + i; it converges if
and only if |z| < 1 (see Chapter 2, Section 6, Example 3). Since |1 + i| > 1,
the geometric series

P
(1 + i)n is divergent.

Problem 4. This is a geometric series with ratio z = 1�i

1+i

; it converges if and

only if |z| < 1 (see Chapter 2, Section 6, Example 3). Since |1�i

1+i

| = 1, the

geometric series
P

(1�i

1+i

)n is divergent.

Problem 13. This is a geometric series with ratio z = 1+i

2�i

; it converges if

and only if |z| < 1 (see Chapter 2, Section 6, Example 3). Since |1+i

2�i

| < 1,

the geometric series
P�

1+i

2�i

�
n

is convergent.
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Section 7

Problem 1. From the ratio test,

⇢ = lim
n!1

��� z

n+1

(n+1)! ÷
z

n

n!

��� = lim
n!1

����
z

n+ 1

���� = 0.

This series converges for all values of z.

Problem 4. From the ratio test,

⇢ = lim
n!1

��
z

n+1 ÷ z

n

�� = lim
n!1

|z| = |z|.

This series converges for |z| < 1, the disk centered at 0 with radius 1.

Problem 7. From the ratio test,

⇢ = lim
n!1

��� (�1)n+1
z

2(n+1)

[2(n+1)]! ÷ (�1)nz2n

(2n)!

��� = lim
n!1

����
�z

2

4n2 + 6n+ 2

���� = 0.

This series converges for all values of z.

Problem 13. From the ratio test,

⇢ = lim
n!1

��� (z�i)n+1

n+1 ÷ (z�i)n

n

��� = |z � i| lim
n!1

����
n

n+ 1

���� = |z � i|.

This series converges on |z � i| < 1, the disk centered at i with radius 1.
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Section 8 Along with (8.1), we use the formulas
1X

n=0

a

n

·
1X

n=0

b

n

=
1X

n=0

c

n

where c

n

:=
nX

k=0

a

k

b

n�k

and

(a+ b)n =
nX

k=0

n!
k!(n�k)!a

k

b

n�k.

Problem 1.

e

z1 · ez2 =
1X

n=0

z

n
1

n! ·
1X

n=0

z

n
2

n!

=
1X

n=0

c

n

where c

n

=
nX

k=0

z

k
1

k!
z

n�k
2

(n�k)! =
nX

k=0

z

k
1z

n�k
2

k!(n�k)! = (z1+z2)n

n!

=
1X

n=0

(z1+z2)n

n! = e

z1+z2

Problem 2.

d

dz

e

z =
d

dz

1X

n=0

z

n

n!
=

d

dz

 
1 +

1X

n=1

z

n

n!

!
=

d

dz

1 +
d

dz

1X

n=1

z

n

n!

= 0 +
d

dz

1X

n=1

z

n

n!
=

d

dz

1X

n=1

z

n

n!
=

1X

n=1

d

dz

z

n

n!

=
1X

n=1

1

n!

d

dz

z

n =
1X

n=1

1

n!
nz

n�1 =
1X

n=1

1

(n� 1)!
z

n�1

=
1X

n=0

1

n!
z

n = e

z
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Section 9

Problem 27. For any real y,

|eiy| = | cos y + i sin y| =

q
cos2 y + sin2 y =

p
1 = 1.

Hence, for every complex z = x+ iy,

|ez| = |ex+iy| = |exeiy| = |ex||eiy| = |ex| = e

x

.

Section 10

Problem 1. The cube roots of 1 are 1, �1
2 +

p
3
2 i, and �1

2 �
p
3
2 i.

Problem 11. The cube roots of �8 are �2, 1�
p
3i, and 1 +

p
3i.

Problem 22. The cube roots of �2 + 2i are
p
2 + i

p
2, �1�

p
3

2 + i

1�
p
3

2 , and
�1+

p
3

2 � i

1+
p
3

2 .

Problem 30. (Follows from Problem 31)

Problem 31. Suppose w is a complex number. Let w1, w2, w3, . . . , wn

be
the n nth roots of w. We want to show that

P
n

k=1wk

= 0. Since each w

k

is
an nth root of w, each w

k

solves the equation z

n � w = 0. Since z

n � w is a
polynomial of degree n,

z

n � w = (z � w1)(z � w2)(z � w3) · · · (z � w

n

).

But

(z�w1)(z�w2)(z�w3) · · · (z�w

n

) = z

n�
 

nX

k=1

w

k

!
z

n�1+· · ·+(�1)nw1w2w3 · · ·wn

.

So

z

n�w = z

n+0zn�1+· · ·+(�w) = z

n�
 

nX

k=1

w

k

!
z

n�1+· · ·+(�1)nw1w2w3 · · ·wn

.

Therefore 0 =
P

n

k=1wk

.
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