MATH 155 NOTES
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ABSTRACT. These notes were taken during Math 155 (Analytic Number Theory) taught
by Kannan Soundararajan in Spring 2012 at Stanford University. They were live-TEXed
during lectures in vim and compiled using latexmk. Each lecture gets its own section.
The notes are not edited afterward, so there may be typos; please email corrections to
moorxu@stanford.edu.

1. 4/3

1.1. Introduction. The aim of the course is to understand some problems in prime number
theory. For example, we want to count the number of primes up to x by considering 7(z) =
> p<y 1. This is a problem that Gauss worked on; he made a conjecture when he was 14.

Gauss conjectured that 7(z) ~ ; hflgt - = li(z) =~ ez L his was finally proved in around
1895, and it is known as the prime number theorem.

The proof is a very remarkable thing that builds on ideas introduced by Riemann in his
paper from 1859. There, Riemann introduces some beautiful ideas in number theory. He
works with the Riemann zeta function, which is ((s) = >, = for s = o +it; this converges
absolutely when ¢ > 1. Riemann proved a beautiful functional equation 7*/2T'(s/2)((s) =
U920 (1=2)((1 — ), where I is Euler’s gamma function.

Riemann also proved the explicit formula relating the zeros of the Riemann zeta function
to the primes: > f(p) <> >_, f(p) for some function on the primes and some transform of
the function f.

This relates to one of the most famous problems in mathematics, known as the Riemann
Hypothesis: All of the nontrivial zeros of ((s) lic on the line Re(s) = 3. This is a major
unsolved problem, worth a million dollars.

One of the goals of the course is to prove the prime number theorem, and we will see some
properties of the zeta function along the way. We will also see some asymptotic methods.

As another example, consider p(n) is the number of partitions of an integer n. There is a
remarkable theorem due to Hardy and Ramanujan that p(n) ~ %, where ¢ = m4/2/3 and
d = 4+/3. This led to something called the circle method.

There is also the Goldbach problem, which is unsolved, but there is known that any large
odd number is the sum of three primes. The history of this conjecture is also somewhat
odd. Goldbach was not a great mathematician, but he wrote to Euler, who was a great
mathematician.

1.2. Elementary ideas in prime number theory. Let’s start with some elementary ideas
in prime number theory. We begin by introducing some notation.

Definition 1.1. f = O(g) means that there exists C' with |f(z)| < Cg(zx) for all large x.
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Definition 1.2. f = o(g) means that for all € > 0, there exists x( large enough such that if
x > xo then | f(x)]| < eg(z).

Definition 1.3. f < g means exactly the same thing as f = O(g). f > ¢g means g = O(f).
f = g means that g > f > g¢.

Definition 1.4. f ~ g means that lim, .. E ; = 1, which is exactly the same as saying

that f(z) = g(x) + o(g()).

We have O(f1) + O(f2) +--- = O(|f1| + |f2| + - - ). The absolute values are important if
the functions fi, fs,... change sign.

Definition 1.5. w(n) is the number of primes that divide n. We can write w(n) =Y 1.

pln

Definition 1.6. d(n) = >, 1 is the number of divisors of n.

These questions all try to understand some sum A(z) = ) __a(n) where a(n) is some
arithmetic function, such as w(n), d(n), or the characteristic function of the primes. Another
interesting arithmetic function is the Mobius function:

Definition 1.7.

(=1 m =pips...pr, pi distinct
p(n) = :
0 otherwise.
This should be 1 somewhat randomly, and 0 occasionally.
We will also use the technique of partial summation. Can one pass from A(z) to informa-
tion about » _ a(n)f(n) where f is nice real-valued function?

a(n) 2

n<xr n °

Example 1.8. For example, can we pass from A(z) =3 _ a(n) to >
More specifically, we might consider anx % or anN logn = log(N!). These sums arise
from taking a(n) =1, and f(n) = £ or f(n) =logn. So then A(z) = |z] =z — {} where

{z} is the fractional part of x.

This is an idea of Abel, called Abel’s partial summation. First, we can write this as

Za(n)f(n):Zf(n)(A(n) A(n—1)) ZA (n) =Y An—1
=Y A(n)f(n A fln+1)=AWN)f(N) = A(0)f(1) - _A(n>(f(n+1>—f<n))-

This should look like integration by parts. It might be convenient to think about this in this
way:

1-

> aln)f(n) = FOAA®R) = FOARR —/1 A(t)f(t) dt.

To make this fully rigorous, this is the Riemann-Stieltjes integral.
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Example 1.9. We will study Y-, _y +. Here, A(t) =Y, _, 1= [t] =t — {t}. Then
N+

- qaam- =2+ [ ng

N at N {t} N {t}
=1 — — ~——dt=1logN +1— = dt.
+/1 p /1 o og N + /1 "

We want to bound the final term, which we can do in the following way:

[N%dt:/lm@_ﬁ%dt:/1°°§_jdt+o(/: 1dt> /f%hwo(%).

Thus, we have the following result:

Z%zlog]\f—l—(l—/loo{;—Q}dt)—i—O(%).

n<N

Proposition 1.10.

Definition 1.11. 1 — f1 {4 gt =~ = 0.577... is known as Euler’s constant.

t2

Example 1.12. We can also apply this technique to Stirling’s formula: N! ~ /27N (%)N .
We have

Zlogn— /N+ logtd(A(t)) = NlogN—/iV+ @dt

Again, we need to approximate the last integral, which we can write as

/1Nt_t{t}dt:(N—l)—/lN{i—}dt.

At this stage, we need one more idea. {t} can be approximated by % We should make this

precise. That is,
N
/ {t}d —/ {t} - 2dt—|— logN.
1 1 t
1.

Let B(y) = {y} — 5; this B is for Bernoulli. Then we can write this final problematic integral
as

/1N%d(/lt3(y)dy) = /1tB(y)dy

The endpoints give 0 and B( ) is a periodic function with period 1, so f:“ B(y)dy = 0.

For 0 <t <1, Wehavef0 dy—fo dy———%.
Therefore

N t ooﬁ_ﬁ
/ (le(y)dy)dt:/ T~ dt+0(1>
. t2 L P N

Putting all of this together, we have shown that log N! = Nlog N — N +3log N+ C+O(+).

This is Stirling’s formula (up to evaluating some constants).
3

N+/N (ffB(y)dy)dt_

t2




To be more precise, we work with f(f (y)dy = {t} — {7
apply the same method again. The average is —
can continue in this manner.

This method is due to Euler, and it is known as Fuler-McLaurin summation. The poly-
nomials from this are called Bernoulli polynomials, and this is connected to evaluating the
zeta function at even integers.

2

How do we compute ((2) = & = 52> L? We don’t want to directly sum it; instead,

6 n=1n2 "
apply Euler-McLaurin summation.

btract out the average and

Su
so our O(+) is actually a — and we

127 12N’

We return to the primes.

Definition 1.13. The van Mangoldt function is

_ .k

0 n # p*.

A useful fact is that logn = 37, A(d), just by looking at the prime factorization of n.
Now, we can consider

Zlogn:ZZA(d):ZA(d)leNZ¥+O(ZA(d)).

n<N n<N djn d<N n§|N d<N d<N
d|n
We'll show that this final term is O(N).
2. 4/5

2.1. Equivalent forms of counting primes. Last time, we introduced A(n), which counts
the primes with some weight. It is useful to consider i (x) = > _ A(n), and also natural

to look at J(z) =3 _, logp.

We have
I(x) = / (log t) dr(t) = w(t) log |” — / # 0t = (z) log z — / # "
1- 1 )
Recall that in the prime number theorem, we want that m(z) ~ li(z) = s O((log:vx)Q)’ o

therefore we expect to see that J(x) ~ x. Therefore, we’ve shown that

m(z) = 10;3 +0 ((10;)2) — Ya)=2+0 (1o;;> .

In fact, we can be a bit more precise. Write 7(z) = li(x) + E(x) for some error term FE.

Then Bt
W zx) =li(z)logz + E(x loga:—/ / i)dt.
1
Then

x t
li(:v)logx—/ (/ dy )ﬂ logx—/ (logx —logy) = x 4+ O(1).
2 \Jz2 logy/ t log y

What we are saying here is that 7r( ) = li(z) + E(x) means that J(z) = = + Ey(z) + O(1)

where Ey(z) = E(z)logz — [/ t D dt. So the nice asymptotlc formula of 7(z) translates to
a much nicer asymptotic formula for 9J(x).
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Conversely, given information about ¥(z), we can get information about m(x). Then by
partial summation,
1 ¥ cou(t
(z) = / 2wy = 2@ _/ ) g
- logt log x ~ t(logt)?
Hence

W) = o+ Bole) = m(z) = (L+/ dt 2) | Bof) +/j Eo(t)

log x ~ (logt) log x -~ t(logt)?

What is the first term? Integrate [ k% by parts to see that it is just li(z).
The point is that the problem of finding an asymptotic formula for the number of primes

is equivalent to the problem of counting the primes with weight log p; one works with 7 (z)
and the other works with ¥(x).

Remark. The Riemann hypothesis is equivalent to 7 (z) = li(x)+O(2/?*¢), which is exactly
the same strength as ¥(z) = x + O(x/?7°).

To summarize, the prime number theorem is equivalent to the fact that J(x) ~ z (and
the relationship is a bit more precise than this). We claim that this is also equivalent to

Y(x) ~ x. Why is this? We have
=> An) )+ 922 + 93 + -

n<lz
We can trivially bound 6(z'/?) = O(y/z log z), and do this for each of the roots. So therefore
we in fact even have that the Riemann hypothesis is equivalent to 1 (z) = z + O(z'/? + ¢).
We've reduced our formulas to a number of equivalent forms. Why is one better than
another? Later in the course, we'll see the explicit formula, which says that ¢(z) = z—>_ ) %

where the sum is over the zeros of ((s). In this way, ¥ (z) is a bit more natural than the
other forms.

2.2. Chebyshev bounds. We will show that (¢ + o(1))z < ¥(z) < (C + o(1))z for some
constants ¢ and C'.

Take a large number N and look at the middle binomial coefficient (2]3] ), for which we
have good upper and lower bounds. In particular,

N
4 < 2N < 4V,
2N +1 N

Look at the prime factorization of (zjj\y )
Given a prime p, what is the largest power of p dividing n!? The answer is [%] + (%] 4+

So therefore
( ) T o5 22

p<2N

Recall that logn = 3, A(d) (check this) and log N1 =37 >, Ald) = > ,cy Ad)[F).
In either way, we see that

o) = 2o ([ [3])
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Note that

Bﬂ—ﬂdz{? g{;

N = N

Therefore, we have

log (ijvv ) < 3 Ad) = w(2N),

d<2N
and hence ¥(2N) > Nlog4 — log(2N + 1). Then ¢(2N) > 2N (log2 + o(1)). So this gives

() > a(log2 + o(1)).
We also know that

o (3 )2 X A= wiw) - u),

N+1<d<2N

so we can conclude that ¢(2N) —1(N) < Nlog4. This yields ¢ (2z) —¢(z) < z(log4d+0(1)).
This can give us a bound for ¢ (z) by dividing into intervals of dyadic blocks: 1 (z)—¢(z/2) <
5(log4 +o(1)), and so on. This gives ¥(x) < z(log4 + o(1)).

So what we’ve proved is the following theorem:

Theorem 2.1 (Chebyshev).

A= limsupM < log4
T—00 X

a = lim inf v(x) > log 2.
T—00 T

m(z)

z/logx and

Also, looking at what we did above, we should also have that log4 > limsup

lim inf Jl(:g)m > log 2.

There’s one more beautiful thing that Chebyshev proved.

Theorem 2.2. [f A =a, i.e. lim,_, @ exists, then a = A = 1.
There’s Bertrand’s postulate, which says that there is a prime between z and 2z:
Theorem 2.3 (Bertrand’s Postulate). w(2z) — 7(z) > 0.

These bounds come very close to proving Bertrand’s postulate. We can try to tweak the
bounds to do this, and in fact, this can be done without too much difficulty. We can use

1 N <d<2N
[QN}_Q{N}_ 0 2 <d<N

I 2N 2N
d 1 T<d§?

d

and by analyzing this more carefully, we can actually prove Bertrand’s postulate.

We state some nice theorems:
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Theorem 2.4.
A(n)

Z— =logz + O(1)
n<x n

1
Z %8P _ logz + O(1).
p<z

Proof. Clearly, the first statement implies the second. We prove the first formula.

Nlog N +O(N) =log N1 = 3" A(d) [%} :d;VA(d) <%+0(1))

d<N
A(d) A(d)
:NZT+O (ZA(d}) :NZT+O(N)
d<N d<N d<N
so therefore ),y = A — 1og N 4+ O(1). O

Why can’t we use partial summation to prove the prime number theorem from this? We

h oo(t) - [ra(B5) -t L (B e

n<lz n<t n<t n<t

Plugging in our estimates just yields that this is O(z), which isn’t good enough. Instead of
logz + O(1), we need a more precise version, such as logz + a + O(1/logn). This would
imply the prime number theorem. The point is that partial summation will not manufacture
information; we need to feed in something precise to get precise information out.

Now, let’s give a proof of Chebyshev’s theorem [2.2]

Proof of theorem[2.2. Suppose that lim, @ = ¢ exists. Then

ZM :/mldw(t) = Ylz) Zb( ) dt = (c+o(1))logz + O(1),

n -t x 9

n<x

so therefore ¢ = 1. O

So in the prime number theorem, the possibility that is hard to eliminate is the case where
this limit does not exist and instead oscillates between some values.

Selberg gave a nice result where he considered products of two primes, and he showed that
a+ A = 2. Around the same time, Erdos and Selberg gave an elementary proof (without
complex analysis) that a = A = 1. This proof is actually much harder than any proof using
complex analysis, however.

Proposition 2.5.

1 1
> = =loglogz +C + 0 (—> .
P log x

p<w

Proof. This follows from what we have done and partial summation. We have

Ar) = 30 B Zlogar + B ()

p<z




where F(z) = O(1). Then
11 _A@) 71
Z]; N /_ logt d(A(#) log = /2_ t(log t)zA(t) dt.

p<w

Plugging in A(z) = logx + E(z) gives us what we want. The error term is

[ t(igv s t<f>(gt2>2 w0 (/m g t>2) ’

which gives us some estimates for the constant c. 0

3. 4/10

3.1. Properties of the Mobius function. There is one more statement that is equivalent
to the prime number theorem. This is a bit harder than the statements we had before, but
it involves an important function.

Recall that
(n) = 0 p? | n for some p
) = (—=1)* n =p;...p; for distinct primes py.

This is a mysterious function, and we don’t understand a lot about it. A guiding principle
is that this is 1 with around equal probability; it is very much related to counting coin
tosses. We can think of u(n) as being random: not correlated with anything else. This is
about as vague as a statement can be. Can we find a polynomial time algorithm to compute
p(n)?

We expect a sum of p(n) to more-or-less cancel out. We expect to have that

S ) = ofa),
n<x
and in fact, we’ll see later in this lecture that this is equivalent to the prime number theorem.
In addition, > .. u(n) = O(x/2¢) is equivalent to the Riemann Hypothesis.
Sometimes in number theory we are interested in some arithmetic functions f : N — C.

There is the idea of the Dirichlet convolution, which is (f x g)(n) = >_4, f(d)g(5). We

may find it convenient to study F(s) = > o, @ and G(s) = > >, %. Then Dirichlet
convolution means that

F(s)G(s) = > (f*nw.

The Mobius function allows us to invert various convolutions. Let 1 be the function that is
always one. Then

Z“@:D(%)=<lw><n>:5<n>={1 e

0 otherwise.
dn dln

There is also the Mobius inversion formula. Say we have a function f and F' = 1xf = f*1.

Then n
Fm) =31 (5) = f(a).
din dln

We bave J(n) = (7%0)() = (f « L)) = (Fx )n)



We’ve only dealt with this in one context so far, where we showed that log = 1 x A. So
we can write that A = (u xlog), which means that A(n) = >, pu(d) log(n/d). This is sort
of morally why the Mobius function is connected with primes: We understand logs, and if
we understand something about the Mobius function, then we can get information about
average values of A(n), which is the prime number theorem.

One thing about the Mobius function is that g = p* u 1.

3.2. Divisor function. Consider the divisor function d(n) = #{d | n} =3, 1=1x1.

Eventually, we will consider ((s) = Y>> =,
Thinking about convolutions yields that

> M o

nS

which converges absolutely if Res > 1.

n=1
Our goal is to consider how large the divisor function can get, and how big it is on average.
Note that d(n) = >_,,_, 1 <23, =1+ O(1), so therefore d(n) < 2y/n.

Proposition 3.1. d(n) < n® for any € > 0.

Proof. For every ¢ and every n, we can look at @. Write n = pi*...p.*; here, p; are

distinct primes and «; > 0. Note that d is a multiplicative function, i.e. d(mn) = d(m)d(n)
if (m,n) = 1. Then d(n) = [[*_,(a; 4+ 1). Therefore,

Jj=1

d(n) . Oéj + 1
ne - H ca; °

p;j

Jj=1

Given p, we have
a+1 <%t 1

pas T powe

for some o, > 0 and «;, € N.
If p is large, then oy, = 0 because 1% will be < 1. Then

d 1
d(n) < H Gt constant ()
ne pere
p
because the terms in the product will eventually all be 1. 0

logn

We can make this more precisely. A result of Ramanujan is d(n) < o(I+ol) ioglonn
Now, we will prove something about the average size of d(n). In fact, on average, d(n) ~
logn. First we consider a crude bound, and then we will refine it.

Sodm) =33 1= 1= (5 +00)

n<z n<z dn d<zx n<z d<z
din
1
=x Z i O(z) =z (logz +v+ O(1/x)) + O(z) = zlogx + O(x).

d<z

This error term is very bad because we are always accumulating an error of 1 for each term.

There is a classical problem to find a better error term.
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Problem 3.2 (Dirichlet’s Divisor Problem). Find a formula with a better (best?) error
term.

Theorem 3.3.
Zd(n) =zlogz + (27 — )z + O(Vx).

n<x
A conjecture of Dirichlet is that this O(y/z) term is actually O(z'/4+).

Remark. This is similar to a problem that Gauss had: Count the number of lattice points
in a circle. This is like the area, with an error term of the order of the circumference.

Proof. Here, we are trying to count points (a, b) with ab = n < x. So we are counting lattice
points under a hyperbola ab = x.

Pick a point (A, B) on the hyperbola. Group the lattice points under the hyperbola into
three categories:

.La<A
II. b< B
I a < Ab<B.

We want to count I + IT — III. (Draw a picture.)
In region I, we have

Y= (§+0(1)) —z (logA+7+O (%)) +O(A) = zlog A+ 2y +O(A+ B).

In region II, by symmetry, we have xlog B + 2y + O(A + B). Finally, in region III, we have
(A+0(1))(B4+0O(1)) =2+ O(A+ B).

Then
[+1I — Il ==xlogAB +2yz — 2+ O(A + B) = xlogz + (2y — 1)z + O(v/x)
by choosing A = B = /x. O

Note that logn is the average size of d(n), but it is not the usual size. There are a few
values of d(n) which are very large, and they increase the average.

As another example, consider w(n) is the number of prime divisors of n. This has a usual
size equal to its average size, which is approximately loglogn.

Another result of Ramanujan is that

Z d(n)* ~ Cx(logz)?,
n<x

which is not what we would expect if the usual value of d(n) is logz; the few large values
get amplified even more.

4.4/12

Today, we will prove that the prime number theorem is equivalent to the cancellation in
the Mobius function: ) _ pu(n) = o(z).
a 10



4.1. Mobius cancellation implies PNT. Let M(z) = > _ pu(n). First, we show that
M (x) = o(x) implies that ¢(z) ~ x. Note that A = p *log. We would like to replace logn
by d(n) + C' for some constant C'; the two sides have approximately equal averages. Then

instead of considering pxlog, we need to look at (u*d)+ C(ux1). In fact, > 7, “r(ff = ﬁ

because ((s) => (1*“)(" = 1. So this means that we hope to replace A = p x log
with 1(n) + Co ( ) which has average value 1 and hence gives us what we want.
We have

Zlogn: Nlog N — N+ O(log N)

i d(n) = Nlog N + (2y —1)N + O(V'N),

so therefore

Z(logn —d(n) +2y) = O(VN).

n<N

So this is our candidate for approximating logn: by d(n) — 2. Let b(n) = logn —d(n) + 27,

so we know that > _ b(n) = O(y/z). Also, Y _ |b(n)| = O(xlog ).
So write logn = d(n) — 2y + b(n). Then A(n) = (uxlog)(n) = 1(n) — 2v5(n) + (uxb)(n),

so therefore
Z A(n — 27+ Z p*b)(n).

n<x n<x

This gives us the main term in the prime number theorem, and next we need to show that
Y <z *xD)(n) = o(x). For this, we use the hyperbola method. Then

(xb)(n) =Y u(r)b(s).

rs=n

As before, we have three cases: (1) r < R; (2) s<S; (3) r<R,s<S.
For (1), we have

S ur) Y bls) = (Z ) oW =0 ().

r<R s<z/r T‘<R

For (2), we use our hypothesis that for all € > 0, if y is sufficiently large then | >
ey. R is taken large enough so that if y > R then this estimate holds. Then

Zb(s) Z pu(r)| < EZ—\Z) |<80’Z|b O(exS(log 9)).

s<S r<z/s s<S s<8

n<y M p(n)| <

For (3), we could in fact have done the same thing:

(zb<s>) (Zu ) O(V=R) = O(ex).

s<S r<R

so this term doesn’t matter very much.
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Now we pick values for R and S. (1) can be made small by making S large. Choose
S = L. Then (1) is bounded by z'/*, and (2) is also sufficiently small; this completes the
proof

Note that we have been wasteful in this procedure by throwing away the * in (2). We
could use this information through partial summation. More precisely, we can prove that
Y oe<s bl « (log S)?, which is better than what we got.

s

4.2. PNT implies Mobius cancellation. We will now show that 1(z) ~ x implies that
M (z) = o(x).
This starts out with a trick. Consider

x)logx:Zu(n)logx:Zu( logn+z,u )log(z/n).

nlzx n<lz n<z

It turns out that log x is around logn because most numbers are within a constant factor of
x. So we expect the second sum to be small. That is,

Zu )log(x/n) = (Zlog x/n) > = <[$] logz — Zlogn) = O(x).

n<lz n<z n<x

Then
M(z) =

logx Z,u )logn + O <log1‘) :

n<x

We claim that —u(n)logn = (u* A). This is something that we can check easily. Here is
another way of thinking about this: If Fi(s) = >~ ffLZ) then F'(z) = > 7, fn?)( logn).
Therefore, —u(n)logn are the coefficients of

() ==& = (-60) ()
¢(s) ¢(s)? ¢ ¢(s))
Note that —(’(s) has coefficients of log, so then —C—( ) has coefficients of p*log = A, and

¢
hence this shows that —u(n)logn = (1 A). Therefore, we have

M (z)log z+O(x Z,u logn:—z,u(r)/\ Z,u ( () ) Z,u

n<z rs<x r<z r<z

Observe that the final term is

dour) [ Do 1+001) | =0() + > (Z pu(r) - 1) = O(x).

r<z s<z/r n<x

Remark. So we’ve shown that

> o

n<x

In fact, the prime number theorem is equivalent to > @ — 0 as r — o0.

12
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Now, we have

| M(x)log z| + O(x) =

>0 (v (5) =3)|

r<z

We use the hypothesis that if y > z = z(¢) then |¢(y) — y| < ey. That means that we can
write this sum as (using the Chebyshev bounds for the second sum)

S ()N S (o)D)

r<z/z z/r<r<z

p(r x
<ex Z | i)‘+c Z |,u(r)];§€xlog£+0xlogz.
r<z/z x/z<r<z

Therefore, we have

x log 2

M(I)SO( )+5x+x0

log x logx’

and when z is large enough, we have that |M (z)| < 2ex.

5. 4/17

Today we will discuss the mean and variance of arithmetic functions.

5.1. Mean and variance of arithmetic functions. Recall that d(n) is the number of
divisors of n and w(n) is the number of prime divisors of n. As we'll see, these two functions
behave very differently. We will also consider €2(n) is the number of prime divisors counted
with multiplicity.

5.1.1. Mean of w(n). First, we want to find their mean. Recall that

Z d(n) = zlogz + O(x).

n<x

For w(n), we have

Sem =Y 1= 1= |7

n<z n<z pln p<z p|n p<lz p
n<x
1
= Z (E —i—O(l)) = SL’Z— +0 ( - ) = zloglogz + O(x).
p<z p p<x p log.

This means that if n ~ z then the average value of w(n) is loglog .

Exercise 5.1. The same estimate is true for Q(n): >
13

Q(n) = zloglogx + O(z).

n<x



5.1.2. Variance of w(n). Next, we will compute the variance. That is,

Z(w(n) —loglog z)* = Zw( — 2log logxz ) + 2(loglog x)* + O((log log 7)?)

n<x n<z n<z
= Z — z(loglog x)* 4+ O(z loglog ).
n<x

Also, we have

Dowm? =3 |2 1) =22 D 1= > 1

n<z n<z \ pin n<z pln q|n P,4<2 p|n,qn
n<zx
€T X
= Y (— - 0(1)) +) (— + 0(1))
paza P4 pze NP
P#4,pq<T

noting that the last sum is O(xloglog ),

_ <_ +0(1)) - P (]% +0(1)) +O(zloglog ),

and observing that the middle sum is ( ), we’ve shown that

o= 3 (5

n<x p,q<lz
pe<x

’B|%

) + O(xloglog z).

Now, we have
2

Ay gzpﬁqu@%)?

p<T p.gsT

where on the left we undercount by cases were p ~ x/2 and on the right we overcount by
cases where p,q ~ x. Approximating each side shows that they are both z(loglogx)? +
O(xloglog x), so therefore we see that > _ w(n)? = z(loglog x)? + O(z loglogz). Then

n<m

Z(w(n) —loglog r)* = O(xloglog x).

n<x

Remark. To contrast, this is very different from what the divisor function looks like. In
this case, we have

Zd = COz(logz)* + O(x(log z)?),

n<x

and
Z(d(n) —logz)* ~ x(log z)®.

This means that the variance of d(n) is much higher, and there are a few large values of d(n)

that are dominating the mean.
14



In fact, we claim that the variance of w(n) is especially small, so there are very few
large values of w(n). Let € be the exceptionally large values of w(n), i.e. € = {n < z |

lw(n) —loglog x| > Ay/loglog x}. Note that

2
xloglog z > Z(w(n) —loglog r)* > Z (A\/loglogx> = |E]*A*loglog z,

n<z ne&

so therefore |£] < 5. In fact, let A = A(x) such that A(z) — oo as v — oo, e.g.
A(z) = (loglog z)'/*. Then
3/4 X
#{n <z | |w(n) —loglogz| > (loglog z)**} <« Tloglog 2)7/4"

This means that asymptotically, almost no n have |w(n) — loglog x| > (loglog z)3/*.

Exercise 5.2. We also have
Z(a}(n) —loglogn)?® < zloglog z,

which can be done using the triangle inequality in the same way. Also,

Z(Q(n) —loglogz)? < xloglog .
Corollary 5.3. For almost all n, we have w(n) ~ Q(n) ~ loglogn.

On the other hand, d(n) has many large values. Recall that + >
but most values of the divisor function are not that big.

Observe that 2« < d(n) < 2% for all n. Then for almost all n, we have that
loglogn+O(1) < ((p) < 2loglosn+O) "gq therefore, for almost all n, d(n) = (logn)os2+e),
which is significantly less than its mean value. This is because we are throwing away a
density zero set with large values of d(n).

d(n) =logz + O(1),

n<x

5.2. Applications of Dirichlet convolution and Mobius inversion. Recall that (a %
b)(n) = >y, a(d)b() and 3_,, p(d) = 6(n). Alternatively, f(n) =>_,, g(d) if and only if
g(n) = deﬂ(d)f(%)- Morally, 17! = 4 in the Dirichlet convolution algebra, i.e. gx1 = f
if and only if fxu =g.

Example 5.4. One application is square-free numbers. Let

] 1 n is square-free
sqfree — .
4 0 otherwise.

The number of square-free numbers < z is > lsgfree(n).

Every integer n is uniquely expressible as n = a?b where b is squarefree. Then by Mobius
inversion,

1sqfree(n) = 5(&) = ZM(d) = Z /,L(d),
dla

d2|n
15



so therefore

# square-free < z = Z Lsgfree (70 Z Z,u Z p(d) Z 1

n<z n<z d?|n d<yz d?|n
n<x
x p(d)
0 (E +o<1>) — -+ 0(Va).
e i<ya
We know that @ = >, %f), so therefore ﬁ = Y “2) Then we have that

>z wd) — ﬁ + O(\/LE) Finally, this shows that
1

= @x + O(Vx).
This means that approx1mately 5> of integers are square-free.

Example 5.5. Recall that the Euler ¢-function is p(n) = #{d < n | ged(d,n) = 1}. For
example, p(p) = p — 1. What is the average value of ¢(n)? We again do this by Mobius
inversion.

Proposition 5.6. >, ¢(d) =n.

Proof. ¢ is multlphcatwe so it suffices to check this for prime powers. Then we just want
that p* = Z] 0 () = ZJ o —p’71), which is true because it telescopes. O

By Mobius inversion, we then see that

= > ud)

dln

It is slightly more natural to look at

S Ay s s S

n<zx n<z din d<z d|<n
d d 1
YD (o) = 3D o (Z a) = o+ Olloga).
d<z d<z d<z

To get information about »_ ¢(n), we apply partial summation:

gw(n)z/led<z<:$> = / ZSO
= % + O(zlogx) — /j (ﬁ +O(logt)> dt

= 241(2)x2 + O(xlog x).

n<x

16



6. 4/19

Today we will discuss some more applications of Dirichlet convolution and the hyperbola
method.
Consider the arithmetic function

Z 1.
n=aj...ag

This is the number of ways of writing n as a product of k; factors. Note that d(n) = dy(n).

Recall that 32> ¢ ") = ((s)?% it turns out that Y oo, ns = (s).

Furthermore, let 1( ) denote the constant sequence of ones; then d(n) = 1+ 1. Also,
dr(n) = (1 *dk_l)(n) = (1x---x1)(n) (k times).

Recall the hyperbola method: Say a(n) and b(n) are arithmetic sequences. Let ¢(n) =

Clx) =Y a(t)B (%) + 3 bm)A (%) _ A(y)B (g) .

<y m<z/y

We want to find the mean value of dj(n).

Lemma 6.1.

de(n) =x2P,_1(logx) + O <x1_%+5>

n<x

where Py_1 is a polynomial of degree k — 1.
Proof. We proceed by induction. The base case is k = 2, and we already showed that
S d(n) = zloga + (2y - 1)(x) + O(z*/?).

n<x
For the inductive step, we use the hyperbola method. Let a(n) = 1(n) so A(z) = [z]; let
b(n) = d_1(n), so that B(x) = zP;_s(logx) + O(xl_ﬁ“). This gives

S di(n) = S (1xdi1)(n)

n<x n<x

—Z( A (15) +0((5) 7))
+ 3 e [2] -0 (2 () <0 ()T

m<z/y
The first term is
x Z 1Pk_g(logx —logl) = xP._1(log z,logy).
14

i<y
Note that P, is some polynomial that might change from line to line. The next term is

go ((%)1‘+> . <x G) —,;1+a> |

17



Then
S dia(m) {%] Y d’“%mﬁ 3" dii(m)O(1).
m<z/y m<z/y m<z/y

The second sum is O((g)”e). The first sum can be evaluated via the induction hypothesis
and partial summation. That is,

dp1(m afy | 1 z/y 1
Z kT():/l Ed(z dk_1(m)) =7y Z dk—l(m)+/l de—l(m)ﬁdu

m<x/y m<n m<z/y m<n

o () <0 ((2) )

after a lot of bookkeeping. Finally, the last term is

s (ve5) = (0 (5)) o i) = s (e5) 0 (5) ).

Putting all of this together, we have

- " -+ 2\ e
de(n) = xP,_1(logx,logy) + Py (log 5) +0 |z <§) + (5) )

n<x

Now, pick y in terms of x to minimize the error term. Let y = x® for some o > 0; we will
solve for a. So we want the two error terms to be the same size, i.e.

1

1
iRt Ee = gl

so solving for « yields a = % Using this, we have
Z dp(n) = xPy_1(logz) + O (xl_%“) . O
n<x
An application of this is the “Selberg formula”:

Proposition 6.2.

Z(logp)2 + Z (logp)(logq) = 2xlogz + O(x).

p<w p<z,q<w
pg<z

The idea is that counting primes is hard, but counting products of two primes is easier.
The Selberg formula is the key step in elementary proofs of the prime number theorem.

Proof. Define

0 n has more than 2 distinct prime factors
Ao(n) = p* (logn)® = { (logp)(logq) n = ptq’ for k£ >0
(log p)? n=p.

18



To show this equality, observe that
2

(1% Az)(n ZAQ Z <Z logp) (Z log q) = Zlogpk = (logn)*.

dln " kl|n pklln
q¢‘|ln

Now, we see that ) _ As(n) = 2zlogx + O(z) would imply the Selberg formula; higher
prime powers contribute almost nothing. So it suffices to prove this.

Here’s the clever part of the argument: Let b(n) = (logn)? — 2dz(n) — cid(n) — co1(n)
where ¢;, ¢; € R are constants. We choose ¢1, ¢; so that Y, b(n) < 2*/**¢. Why can we
hope to do this? Recall that > _ ds(n) = 2Q(log ) +O(z 2/3+¢) where  is some quadratic
polynomial, and 7 _ (logn)? = z(logz)* — 2z log z + 2z + O((log #)*) by Euler-Maclaurin
summation, and Y, d(z) = zlogz+ (27 — 1)z + O(x'/?). So we can pick ¢; and ¢, so that
all of the large terms cancel.

Now

Ay(n) = px (log)® = px (2d3 + c1d + ol +b) = 2d + ¢11 + 26 + (= b),

ZAQ( ) =2xlogx + O(x —I—ZZ;L <>—2mlogm—|—0 +Z“ Zb<%>

n<z n<z din d<z dn
n<x
0.7
=2zlogz + O(x —I—Z,u (( ) )—2:L‘logm+0 07Zd—07
d<z d<x
=2zlogz + O(z). O
7. 4/24

7.1. Applications. Recall from last week that we showed that w(n) is usually of size
loglogn. Here is a nice application of this.

7.1.1. Multiplication table. Take an N x N multiplication table. We get numbers < N2.
How many distinct numbers are in the table?

Theorem 7.1 (Erdos). The number of distinct elements in a multiplication table is o(N?).

Proof. The typical number up to N? has ~ loglog(N?) = log(2log N) = loglog N + log?2
prime factors. The typical entry in the multiplication table has ~ 2loglog N prime factors
(loglog N from each factor). So therefore a typical entry in the multiplication table is not a
typical number up to N2. O

Remark. In 2004, it was proved that the number of entries in a multiplication table is
actually of size
N2
"~ (log N)2(loglog N)3/2
L(1—log

log 2

where « = 0.086--- =1 —

1
10g2>‘
19



7.1.2. Consequence of Selberg. Last time, we also proved Selberg’s Identity [6.2 We have that
V(z) =3 <, logp and hence 3 _ (logp)* > ¥(x)logz. Then Selberg’s Identity becomes

x
Yxlogx + lo pﬁ(—) ~ 2rlogx.
gz + Y (logp) ;. g

p<z

This is consistent with the prime number theorem, and it is some sort of average version of
the prime number theorem. In fact, with sufficient cleverness, this can be used to prove the
prime number theorem.

We can actually say a little more than that. Recall the Chebyshev bounds where we

defined
a = liminf @, A = limsup w<x)
x x

A nice consequence of Selberg’s identity is that a + A = 2. This is because we can rewrite
Selberg’s identity as

x
2zlogx ~ ¥(x)logx + lo pﬁ(—)
ga ~ d(z)logz + » (logp) ;

p<z
< J(x)logx + Z(logp)(A + 5)% < J(x)logxr + z(A+¢)logz,
p<z

so therefore ¥(z) > (2 — A — )z and hence a > 2 — A. The other argument is similar and
yields that A < 2 — a.

7.1.3. Smooth numbers. Factoring algorithms often use smooth numbers.
We want to count ¥(z,y) is the number of n < z such that all primes p | n satisfy p < y.
Write

Uy =] - Y S i=et+001)- ¥ (f+0(1)) :x—kO(lozx)—x 3 ]1?.

y<p<w n<gz y<p<z \P y<psz
pln

Here ) L — Jog 8% 4 (L), so this is

y<p<z p logy log z
1
:x(1_1og ng) w( - )
logy log
In the case where y = z'/* for 1 < u < 2, we've shown that U(z,y) = z(1 — logu) +
O(z/logx). So if we pick a random number z, it has a prime factor of size > /x with
probability log 2.
What happens if 2 < u < 3?7 We apply the principle of inclusion-exclusion:

r— Y <%+O(1))+ > (£+O(1)>.

y<p<z y<p,q<z pq
pg<z

This will become a mess that we can tackle using partial summation.

Theorem 7.2. ¥(z,y) = (p(u) + o(1))x where y = x*/*. Here p(u) is the Dickman-de
Bruign function given by up'(u) = —p(u— 1) with the initial condition p(u) =1 if 0 < u < 1.
20



Note that solving this for 1 < u < 2 yields p(u) = 1 — logu. The function p(u) is always
positive but is small for large .

7.1.4. Connection to permutations. These kinds of elementary things that we’ve discussed
are actually very robust phenomena that appear in other parts of mathematics.

Consider the symmetric group S, of permutations on n elements. There are n! such
permutations, and we can decompose each into cycles. The number of n-cycles is (n — 1)! =
Lol
" How many cycles are there in a typical permutation? This is approximately loglogn! ~
logn. Also, the number of permutations with a cycle of length > n/2 is ~ (log2)n!. In
analogy to above, we actually get the Dickman function again.

Problem 7.3. Here’s a real world application. There are a hundred prisoners numbered
from 1 to 100. There is a room with 100 boxes numbered 1 to 100, with slips of paper
numbered 1 to 100 in some permutation. They can each open 50 boxes, hoping to see their
own number inside. If they all see their number, they are all set free. They want to pick a
strategy to maximize the probability that they can be set free.

If they did this at random, they have a 21% chance of success. But if they pick the right
strategy, they can win with probability 30%. This is kind of mind-boggling, and it is a cool
problem to think about.

7.2. Analytic methods. We will discuss more general analytic methods.

Recall that when discussing Dirichlet series, we wrote down formal series F(s) = Y | %
Now, we want to consider convergence.

One of the main things that we will study is the zeta function ¢(s) = >, . We can
write s = o + it and ask: When does this converge?

When o > 1, this series converges absolutely, and it defines a holomorphic function in this
region. We can differentiate term-by-term to get

[e.9]

)=y B

nS

n=1
which will be absolutely convergent in the same region. This isn’t a proof, but it should give
us some confidence that we can justify this differentiation.
We can also express

11 1\
C(S)—H<1+—S+Ts+"'> —H(l——s>
p p p
p P
This is true at least formally, because each number is expressed as a product of prime powers
in precisely one way, and we can sum the geometric series. This also converges absolutely
when Res = o > 1. What does this mean?
In general, we relate the convergence [[ 2, (14 a,) to the convergence of >~ | a,, because

taking the log of the product will approximately yield the sum.

Definition 7.4. Absolute convergence of [[°~ (1 + a,,) means that Y > |a,| < co.
This means that an absolutely convergent product equals zero if and only if one of the
terms is zero.

Corollary 7.5. (o +it) #0 if o > 1.
21



We want to get a definition of ((s) that is valid for all s € C (except for s # 1). The key
words here are analytic continuation
We start with ((s) = > ", -~ for o > 1, and we think of doing partial summation:

o= [ Lagy-Y - [ (y;i) = [~ 2t by
:S/m@ U2 S R B U)

-y
Y . ys+1 dy = s—1 Lyt dy.

The second integral converges absolutely when Res = ¢ > 0, and it defines a holomorphic
function in that region.

Proposition 7.6. ((s) has a meromorphic continuation to the region o > 0. It has a simple
pole at s = 1 with residue 1. The Laurent series around 1 is

+(1—/100{5—2}@)+c1(s—1)+---=%+7+c1(s—1)+

8. 4/26

8.1. Analytic continuation of the zeta function. We want to continue the zeta function
into an even larger region. To do this, we use Euler-Maclaurin summation on the integral
that remained from the preceding calculation:

o[ e ]
:/1 yjﬂ (/ ({t}—l/Q)dt) _ / Ji {t}_l/z dy+2—8.

Now, this is absolutely convergent if Res > —1, so we have a further analytic continuation
of ((s). Note that we do not have a pole at 0; we pick up a %, but it is multiplied by s. Note
that ¢(0) = —1.

Now, we can just repeat this calculation; [({t} —1/2)dt = ({y}* — {y}), and we can
subtract out the average value and do the same procedure again. Note that we do not pick
up any more poles.

In this way, we get an analytic continuation of ((s) to all of C except for s = 1, where
there is a simple pole.

It is interesting to compute various values of ((s). For example, ((—1) = 12, which was
written by Ramanujan as 14+2+3+4+--- = ;—21 An interesting feature of the computation
that we have done is that ((s) is rational at each of the negative integers.

We can now make sense of the Riemann Hypothesis. Note that ((—2) = ((—4) =--- =0,

but we don’t know much about the complex zeros.
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Here’s another way to write down this analytic continuation. We can write that

-Za [T [Pl L

n<N n<N
1 N d
=2 s+5/ s {y;}l
nen N N Y N+ Y
1 _ s AR 1 N AR
_ __Nl S+_le e
= n s—1 +y5+1 dy = r;\[ns 1—s +y3+1 dy.

This is a small generalization of what we did before, where we did the same thing, but with
N = 1. This is an expression for ((s) whenever Res > 0. This also gives us a way to
compute ( ( + 257); we can compute the sum up to a million terms, and bound the tail of
the integral.

8.2. Bounds for ((s). Now, we want to get bounds on ((s) when s = o + it for o > 0.
Consider the simplest case: ¢ > 1. Then

oo

1
Z notit

n=1

Clo +it)| =

< 2% = ((0).

This bound goes to infinity as o — 1.
Another question is to get bounds for |((1 4 it)|. When [t| is very small, we can use the
Laurent expansion:

1
C(1+it) = E+”y+cl(z’t)+~-
What about bounds for |((1+ it)| when [t| > 17 Or more generally, we might want a bound

for {(s) in the region left after removing a neighborhood of radius 1/2 around 1.
We will now bound |¢(1 + it)|. We have

Z 1+zt

by choosing N = [1+ [t]].
We can use this to bound (o + it) for 0 > 0 and |0 + it — 1| > 1/2 (i.e. away from the
pole). That is,

C(L+it)] < L+ [t

+|1+n|/ L dy <log N+0(1)+ < log(1+t))+0(1)

, 1 Ni-e * dy
(o +it)] < ZE+‘1_—.+(J+M|)/N =

= o+ it|
-0 _ l1-0o
< N 1 N N o+ ]t\N_U
l—o (1—0)+|t| o

As before, choose N = [1 + |t]] to get a reasonable bound. Restricting ourselves to the case
1l—e>0>¢, weget
[Clo +it)] < (1+]t)'
To get a uniform bound for o > ¢, we can write
(o +it)] < (1+ (1+[¢])'~7) log(1 + [¢]).

We will find something of this sort very useful.
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8.2.1. Perron’s formula. We want to do something with the zeta function, such as to prove
the prime number theorem or to understand problems on arithmetic functions.

For example, we can use the zeta function to consider the k-divisor function di(n) and
estimate ) _ di(n).

The first step to doing this is called Perron’s formula:

Proposition 8.1.

ctico s 1 y>1
1 Ygs=1{1 y=1

2700 Jo iy S 2
0 y<l1

fory >0 and c > 0.

Remark. What do the bounds mean? This is a contour integral, and we evaluate on the
line ¢ 4+ it. Does this integral make sense? The integral does not converge absolutely, and
we have to be careful. We think of this integral as [~ ™ 0 img o [ etir

Let’s first do a simple case, when y = 1. In this case, we can compute the integral:

1 [ 1 [T odt IS 1 1 [ 2
— —ds = — - = — + - dt = dtu
27t Jo_ip S 2 J_pe+it 27w ), \cH+it  c—it 21 Jo 2+ t?

which is some arctangent that we can easily compute.

Note that this doesn’t depend on ¢. Why should we expect this to happen? If we integrated
along some other line, we can shift from one contour to the other. When we do this, we
don’t cross any singularities because we assume that ¢ > 0, so therefore the integral should
be the same along any contour.

We'll make this precise next time, but loosely, here’s the plan: For y < 1, we have that
y¢ — 0 as ¢ — +o00. Then we move the line of integration to the right, so the integrand
becomes small, so the integral is 0. For y > 1, we have y°* — 0 as ¢ — —00, so we move the
line of integration to the left. But the difference here is that we cross a singularity at 0, and
the residue of the singularity is y° = 1.

If we do this, then we can try to understand ) _ a(n) by analyzing A(s) = > 7, %
To do this, we look at

ﬁ A(s —dS—Q—MZan/ (—) %:Za(n).

(¢) n<z

This is what we are aiming for, and we’ll make this rigorous soon.

9. 5/1

Last time, we wanted to have a way of analytically identifying whether n < n or n > =x.
To do this, we had the Perron formula.

9.1. Results from complex analysis.
Example 9.1. We compute
1 s ds {1 - i y>1

2mi ) s(s+1) |0 y<1.
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for ¢ > 0, y > 0.

When y > 1, we move the line of integration to the left, and pick up residues for the poles
at s = 0 and s = —1; this yields a residue of 1 — i

When y < 1, we move the line of integration to the right and pass through no poles, so
we just get zero.

What happens when y = 17 We still get O because we can just move to the right. Then
the integral is bounded in size by ;ﬂ I oooo p dt = 0 as ¢ — oo

Here, our answer is nicer (continuous) because we integrated something that was nicer
than in the Perron formula. If we integrate something even nicer, we can get out something
better.

Example 9.2. We can define the Gamma function as

F(s):/ e_ttsﬂ.
0

t

This converges for Res > 0. We also have the functional equation

I(s+1) = / t*d(—e ") = s/ t et dt = sT(s).
0 0

From this, we can get a meromorphic continuation of I'(s) to C.
This gives us a function with simple poles at 0, —1, —2, —3,.... Then we have Res;—o I'(s) =

1, Ress—1 ['(s) = —1, and in general, Res;—_,, ['(s) = ﬂ

Note that dlrectly from the definition, we have |I'(1 + it)| < I'(1). This means that
rE2+at)|  T(2)

1+it]  [1+dt]

P +it)] =

and we can repeat this. In fact, this yields that |T'(1 4 it)| < 1+(|t\))

Now, we can compute

1
— *T'(s) ds.
271 (c) y (S) iy

Given that the integrand is very rapidly decreasing, we expect that the result will be C*°. In
fact, we move the line of integration to the left. Here, we run into a bunch of singularities,
but I'(s) is small on average. Moving to —oo yields

1
s)ds = — e My
2t ), VT ()5 = Zy =

This looks like some smoothed version of the functions that we were considering before.
Here’s another result that we’ll do just for fun.

Example 9.3. We won’t rigorously justify this, but it can be done and the answer is still
correct. Consider ¢ > 1, and compute

= e " 1
,Sd o 7sd — —nx _ — .
2m/ (s 5T ZQm/ y ;e l—e® er—1
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Next we evaluate this integral by moving the contour to the left. This is the step that is not
obvious and needs proof, but we can do the calculation anyway. As we move the contour,

we encounter poles at 1,0, —1,—2,..., and pick up the corresponding residues. This gives
1 1 —
- d e = — —
5 (C)C() (s)r™"ds = —— x+§((

So multiplying through by z yields

- (_1)n n
1:1+§C(—n) o L

Forgetting the complex analysis now, it seems plausible that the Taylor series expansions on
each side agree. In fact, Bernoulli numbers show up in the Taylor series expansion on the
left hand side, and these are related to {(—n) somehow.

Exercise 9.4. We can use this to prove that ((—2) = ((—4) =---=0.

9.2. Rigorous proof of Perron formula. Now, we will prove the Perron formula rigor-
ously.
Proof of Perron formula[8.1. We will work with the integral
1 [etiT d s
widow Vs

First, consider the case y < 1; we want to move the contour to the right. We can write

/chZT /d’i /'dJrZT /'d+ZT
c— c—iT

We just have to estimate the integrals on these three other sides. First, look at the horizontal
integral (and write s = o —iT)

Yy’ > y°
—do < = / Yy do = ———.
/c iT S ‘ / c |10gy|T

Exactly the same bound holds for f T The last thing to think about is

1 d—HTy T dt
— 2 ds| < Cu < CytlogT.
QWi/diT s = y/ T =Y 8

Now, let d — oo. This term goes to zero, and we already had good estimates for the
horizontal terms. So we have that if 0 <y < 1 and ¢ > 0 then

C

1 c+iT | s
= / Yigs| < Y
27t Jo_ip S 7T| log y|
Taking the limit as T" — oo yields that
1 c+iT s
lim — —ds=

T—00 270 Jo_ip S

So not only have we proved this, we’ve even proved this in a more quantitative way.
Let’s think a bit more about this log y term. It is natural to expect to get a term like this,

because we know that there is a discontinuity at y = 1, and we’ll run into problems there.
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Now, we evaluate the integral for y > 1; we want to move the contour to the left. So we

can write
1 c+iT (/—d T /‘—d+lT /c-i-zT)
21 Joir " 2mi _ d+iT

where we have picked up a pole at s = 0. Now, we have the same type of argument as before,
estimating each integral separately. We have

—d—HT
‘ / = ds

as d — oo. For the horlzontal integrals, we have precisely the same bounds as before: they

are bounded by
(& yC
< do <
N /—d T T| logy|

So therefore when y > 1 and ¢ > 0, we have

1 c+iT s c
_/ y_ds_l‘ v

T
<cy—d/ dt < Cy %logT — 0
_p L+t —

21t Jo_ir S

so therefore

0

As y — 1, our error terms currently blow up. We can show that our error terms are also
bounded by a constant, which makes sense since when y = 1 we should get % We can also
deform contours in other ways, e.g. by taking a large semicircle.

1 C+iTy5 yc
_— Z ds| < T < qf.
2m'/c_iT s S et Tl sy

So we’ve obtained the quantitative version of Perron’s formula:

Proposition 9.5.

1 c+iT | s 1 > 1 1
— v ds = y +O(ymin |1, =——— .
271 c—iT S 0 Yy <1 T‘ log y‘

We can now use this to count something.

Example 9.6. We can write ((s) = Y_ =, so we have

ns’
1 c—H'oo

1 ds Z / CHOO s Y1
271 N 27i s '

C—100 TLSZ

(note that here if x € Z then the last value should be evaluated with weight 1/2). How do
we compute this integral? We move the line of integration to the left and run into a pole at
s = 1; here the residue is . We’ll get some bounds out, and eventually get z + O(z?) for
some 0 < 1.
This example is sort of a joke, but we can apply this method to more interesting examples.
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10. 5/8
We want to apply Perron’s formula to prove some asymptotics.
10.1. A toy example.

Example 10.1. Here’s a toy example. We want to count anz 1 by considering

1 c+iT s o 1 c+iT NS ds
o ((s)—ds = Z—/ <—> —
T Joir S vt 2t Jo_i7 \n/ s

We need to choose ¢ and T. We want T to be large, and we need ¢ > 1 in order for this to
make sense. Applying the quantitative version of Perron’s formula we can write (where
dy)=1lify>1land 6(y) =0ify < 1)

32 40 (52w (o))

On the other hand, we want to move the line of integration to the left, to ddjTT for some

0 < d < 1. Here, there is a pole of ((s) at s = 1, with residue 1. The remaining integrals will
contribute an error term, so we need to bound the two horizontal integrals and the vertical
integral. The choice of T" will balance these error terms.

First, we assume that x = integer + % This allows us to drop the minimum in our error

term, leaving us
(x)c 1
an n/ T|logZ|

So we split into the following cases: (1) 0.9z < n < 1.1z, and (2) n < 0.9z or n > 1.1z.
Let’s deal with Case (2) first. Here, the error term is

el at =1 2%((c) x \ 1 zlogz
> () T<<TZE_T<<(C——1>f<< T
ST

where we have chosen ¢ = 1+ @. Now, we do case (1). Write n = [x]+k, where |k| < 0.1x.

Then we are interested in
2] + % k—2
| 2 )=l 1 2
Og([:c]+k 06 +[:c]+k

For these terms, (£)¢is just a constant, and we have that the terms are

[k = 5|
T

~
—~

T
o
n

x xrlogx
< <
Z Tk — l| T
|k|<0.12 2

Now we bound the vertical and horizontal integrals. For both of these integrals, we need
some estimate for the zeta function to the left of 1. Recall that we have |[((o + it)| <
(1+ [t log(1 + [¢|) + 1 for o > 0.

For the vertical integral, we have

T d T 1-d,.d
: T (1+[t) drpl—d
d+it)|———dt —————(logT") dt T “logT.
[ i< [ SRR o T db < T g
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Now, consider the horizontal integrals:

/dcg(aﬂ'T)

T
d
ik

o+1
o+

1 [ 1 [
< —/ 27|¢ (0 +1T)| do < —/ 27 (1+T) " (logT) do
T Ja T Ja

log T xlogw N 24T 4 log T

chfc dTlfd
(x +x ) K T T

<

Putting everything together, we have that
x xlogx 3 (7
;5(5>—;1+O< T )—x—i—O(T—i-xT logT

where the first equality comes from the quantitative form of Perron’s formula and the second
comes from shifting contours. Choose d = ¢ to be as small as possible and pick T' = /= to
get that

1
_ x+0 <J} ;gl‘ —l—xETlElOgT) — x+0(x1/2+€>.

This is a pretty bad estimate, but it demonstrates the general method to balance various
error terms.

10.2. k-divisor function. Now let’s use this method to prove a new result.

Example 10.2. Let di(n) be the kth divisor function (where & € N); these satisfy

oy =30 20

This is absolutely convergent for o > 1 because di(n) < n® for any € > 0.
We can try to understand ) _ di(n) by estimating

1 c+i0c0 . de
o o z°((s) S
More precisely, we have
1 et L ds z\¢ d(n)
[ o - S oS () )
270 Jo_ir 7'¢(s) s ; k(n)—i—O(; n/ T|logZ|

We want to move the line of integration to the left. The main term will be
i
Rep (6001 )

Example 10.3. First, think about the Laurent expansion in the case of k = 2. This gives

22(1+(s—1)logz + —(S_I)QQ(IOW)Q
1+ (s—1)

How should we compute this?

1++
8—17

:x<(8_11)2+82’}/1—1—...)(1+(8—1)10gm—|—---)(1_(3_1)_1_...).
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Then the residue at s = 1 is zlogx + 2yx —x = zlogx + (27 — 1)z, which is the asymptotic
that we proved for the sum of the divisor function.

Now, the Laurent expansion of ¢(s)*< looks like

1 ((s—1)logx)*!
R 1 — 11 el =(s=1)+---
((s—l)k+ )x( +(s—1)logz+---+ =1 + (1—(s=1)4---),

so therefore

s

Res (€92 ) = aPuflog )

S

for some polynomial P, of degree k.
What is the error involved in doing this? We have

S () Fioes
— \n/ T|log |’
and as before, we break into two pieces. When n < 0.92 or n > 1.1x, the error is

¢ dp(n) _ z°C(e)*  wz(logz)*
STl . ST <7

where we have chosen ¢ = 1 + @. Now, in the other case, for 0.9z < n < 1.1z, we have

x° 1 xlte

X
0.9zx<n<1.lz |log 5|

We still have to bound the error from the contour shifts. The horizontal integrals won’t
be too bad, and it should be almost the same as what we did before. Let’s focus on the
vertical integral:

T iT)|* T k(1—d)+e
L d+iT)| (1 + [t])=D+ -
|vertical integral| < xd/ [C(d +iT)[" dt < xd/ dt < pATk(1-d)+e
=T 1+ |T| -T 1+ |t|

So the total error will be something of the form (choosing d = ¢ to be small and T’ = x!/(*+1)

1+4-¢ 1+4¢

x dpk(l—d)+e _ x ek _ +e
+ 2T =2 4T =gl
T T

11. 5/10

11.1. Examples of asymptotics. Last time, we found asymptotics for anx di(n).

Example 11.1. Consider > __d(n)?, which we know is of size z(logz)®. We have

n<x

IIG+@@V+d@33H”):II(LF%+é%+”>'

S 2s
= . p p . PP

Recall that ((s) = [[,(1 —i— <+ ). Then ((s)* = [],(1+ % +---). So to kill off the lower

order terms, we can write

F(s) = ()G q10+ b )Q_%f.
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Where is G(s) absolutely convergent? This product has no :z% term, so we only have higher
order terms. We have to be slightly careful; note that the coefficients of these terms only
grow polynomially, so we don’t have to worry about them. So we have

G@):H(HZ%)

where a(k) grows at most polynomially in k. This converges absolutely if Res > 1/2.
Then carrying out the same argument that we did before, we will get that

1 c+iT 8 ) x1+5
— F(s)—ds = d O
et ) TS e = 2 A ( T )
2(x\c
where the error term comes from dﬁfoé”&)‘ and we use ¢ = 1 + 1/logz. Now, we shift

contours to some d > 1/2, and we pick up a residue:

We expect this to be x times a polynomial of degree 3 in logz. We can expand in Taylor

(logz)® 1  GQ)

series to get (s — 1)? 27 171 and this gives leading term 32(logz)*G(1).

To bound the vertical line, we have (for d > 0.51, note that |G(d + it)| is bounded)

T 1\ 14 : T 4(1—d)+e

d+ it d+ it 1+t

/ [S(d + i) *|G( +z>|dt<<xd/ (L+1t) Ut < gl
7 1+t _r 1+ |t]

We should also check the horizontal integrals, which turn out to be negligible.
What should we choose d and T to be? We want d as close to 1/2 as possible, so choose
d = 1/2 +¢. Then we have a bound of < z!/2**T2*¢. Choose T = /% to see that

G
Zal(n)2 = Res <x5—<(8> (S)) +0 (x‘r’/G“) .
s=1 S
n<x
Example 11.2. What if we wanted to compute Y __ di(n)?? What power of log is this?
We write down an Euler product -

1}(1+§—j+--->.

This means that we compare to ¢(s)**, which means that we expect to see a (log z)¥*~! term.
Example 11.3. Life is not always so simple. Suppose we wanted to consider ) __ d.(z).
This is some multiplicative function, with d,(p) = 7, for example. In this case, we look at

>~ dr(n .

S M (o) = exp(rlogc(s),
n=1

We no longer have a polar singularity at s = 1, and this becomes a complicated object. At

the moment, we only know that this is defined to the right of 1. If we try to shift contours,
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we pass through a singularity at s = 1, which is a logarithmic singularity which has to be
treated carefully. This can be done, and in fact,
-1

z(logz)™
2~ T

n<x

Example 11.4. Let a(n) be the number of abelian groups of order n. This is a multiplicative
function, so we only have to observe that a(p*) = p(k) is the number of partitions of k. Then

we can write
o0
IR
n=1 n

To do this, set z = p‘s and look at

o0

Zp H1+zj+z23+ ) = Hl_lzj.

7j=1 7j=1

This product in fact makes sense for |z| < 1. Using this, the Euler product becomes (assum-

ing Res > 1)

(%) - - T

D k=0 p j=1 I
With a bit of thought, this converges for Res > 1. We want to extend this to a larger
domain. In Res > 1/2, this is analytic except for a simple pole at s = 1. If Res > 1/3,
we have poles at s = 1/2 and s = 1. So we actually have a meromorphic continuation to
Res > 0, and in this region we have poles at 1,3, 3,....

We can evaluate

Mo = o [ Lot S ~ acG)) -

271 »
n<x T =1

11.2. Return to prime numbers. Recall that we want to study ¢(z) =>_ ., A(n).
In Res > 1, we have -

P
1\ =1
log ((s) = zp:lOg (1 - E) - ; kz:; fephs
Then
—k1 A(n)
R
p n
Now we have that (for c>1)
c+ioco gl
ZA 2w /c—ioo (_Z< )) 5 o

n<x

We proceed somewhat nonrigorously at the moment; we’ll do a rigorous proof later. We

now move the line of integration to the left and compute residues. The singularities of the
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integrand are at s = 1 (a pole of ((s)), s = p for zeros of ((s), and s = 0. We compute
residues at these poles.

At s =1, we have ((s) ~ -, and hence —%(3) ~ -1 So then

(2 (o)

This is the content of the prime number theorem: the main term comes from the pole at
s = 1.
Let’s compute the other residues. At p, we have ((s) ~ ¢(s—p)™®), so then —%(s) ~

Here, we count all of the zeros with multiplicity. Finally, the residue at 0 gives — % (0).

¢
This gives us the explicit formula:

We have to be careful here: does the sum converge? In fact, it doesn’t converge absolutely,
but we can make sense of this. This sort of formula is morally true.

At the moment, we don’t know much about the zeros of ((s). There are the trivial zeros of
C(s) at —2,—4,—6,- - -. We usually ignore these; they contribute — >~ | “3_722: = % log 1_;,2.
We are left with the nontrivial zeros. We will later see that these zeros p = § + iy all
satisfy 0 < < 1. We claim that ¢(5) = ((s). This can be seen from the Schwarz reflection
principle. So this means that if g + iy is a zero, then [ — iy is too. In addition, there is a

relation connecting ((s) to ((1 — s), called the functional equation:
T 20(s/2)¢(s) = UTIPD((1 - 5)/2)¢(1 - 9).

So the zeros of ((s) are symmetric about both the real axis and Res = 1/2. The Riemann
hypothesis states that all nontrivial zeros satisfy f = 1/2.

The Riemann hypothesis is nice because looking at the explicit formula, the sum over zeros
will be as small as it can be, and hence the error in the prime number theorem is small.

12. 5/15

Recall from last time that we are studying the asymptotics of ¢ (z) through Perron’s
formula and shifting contours. We hope that for large =, the contribution from the zeros is
o(z). The explicit formula can be made precise, i.e.

1+e

V() =z — ZI—erO(xT

Theorem 12.1. If B +ivy is a zero of ((s) then B <1 (i.e. {(1+it) #0).

+ 10gx> .

Proof (Hadamard and de la Vallee-Poussin). Look at o > 1; then we claim that

C(0)*C(o + it)[*1¢ (o + 2it)] > 1
33



for all £ € R. To show this, take logs; we wish to show that
3log (o) +4Relog ((o +it) + Relog ((o + 2it) > 0.

Now, consider log ((s) = >_ #. The quantity that we want is then

k

k

Z k (ﬁ t4Re phlotit) + Re pk(cr+2it) - Z kpho (3 + 4 cos(ktlogp) + cos(2tklogp)) .
.k

p

Now, the heart of the proof is a trigonometric identity:
3+4cosf + cos(20) = 3 +4cosd +2cos” 0 — 1 = 2(1 + cos6)* > 0.

This implies the result that we needed.

Now we can complete the proof that ((1+it) # 0. Firstly, observe that {(s) = 5 +y+- -,
so in a neighborhood of 1, then ( is not zero. So we can assume that [¢| > 6.

Suppose then that ((1 + it) = 0. Then for o close to 1, we have

((o+1it) =((c —1+1+it) = C(oc — 1) + higher order terms,

so hence |((o +it)| < C(o — 1) for some constant C' = C(t). Also, |((o + 2it)| < log(2+ [¢]).
We also know that (o) = ﬁ + v+ ---. So putting these estimates together, we see that

1< Colelo +il'eto + 2] < (27 ) (o -,

so C(t)(c —1) > 1 for all o > 1, which is false if o is sufficiently close to 1. O

Remark. Why did we look at this inequality? We have three poles at ¢ = 1 and four zeros,
and then some regular holomorphic thing. So there are more zeros than poles, so we cannot
have ¢(0)3|¢(o + it)|*|¢(o + 2it)| > 1.

What’s a good heuristic for this? We have
-1

1
pltit

p
p

1—

carin) =] R

p

|C(1+3t)] is large when p'* & 1 for many p, and |¢(1+it)| is small when p* &~ —1 for many p.
When ((1+it) = 0, then p* ~ —1 for many primes p. This means that p?* ~ 1, so ¢(1+ 2it)
will be large. But we know that ((s) cannot have a pole there. This is the heuristic that
suggests the inequality that we considered above.

So now we know that there are no zeros of ((s) on Res = 1. Let’s try to complete the
proof of the prime number theorem.
Instead of looking at 1 (z), we will look at a slightly smoother thing:

n(z) = 3 An)(z —n) = /0 ") d.

2

We hope to show that ¥y (z) ~ %

Proposition 12.2. 9 (x) ~ % implies Y (x) ~ x.
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Proof. For h < x, consider
z+h
(e + )2 dale ) = (o) = [ 0l d > hula).
By hypothesis,

Yr(z +h) —i(r) =

From this, we see that

CLIV oot 0 = 2 4 ola®) = ha + 2 4 ola?).

b(x) < +h+ 7 < +h+5a:2
)setgto{ ) <zhg+
Choosing h = \/z gives then that this error term is 2 + 0(%) < e O

Theorem 12.3. () ~ %

1 ¢’ s ds
ilz) = (2m’ /(C) e s(s + 1)) v
This is true because it is

(3 ) )~ S )

n<z

Proof. For ¢ > 1, write

Now, we want to show that

1 / ¢’ (5)2° ds x
— —=(s)r’ —x ~ —.
211 (c) C S(S + 1) 2
To see that we're on the right track, we expect the main contribution to be from the residue
at 1, which is precisely 7.
We shift the contour to be along
l—ico—=1—iT - 1-=6(T)—il - 1—-0(T)+iT - 1+iT — 1 +ic0
where T is some large parameter. This allows us to shift contours while only passing through
the pole at s = 1. To do this, find §(7") such that ((s) # 0 in the region Res > 1 — (T
and | Im(s)] < T. This can be done because there exists a neighborhood of [1 — T, 1+ T

that is free of the zeros of ((s).
So now our integral becomes

21 Jio (€ s(s+1) 270 Joontour € s(s+1) 2

where we’ve picked up the residue at s = 1. So it remains to bound this contour integral,
which we can do in five pieces.
First, consider the middle vertical piece:

1=5(T)HT s 1=6(T) 44T
/ ——(S)IS S xl—é(T) /
1—s(r)y—ir G s(s+1) 1—s(r)—ir |S(s+1)]

~$(s)

|ds|| < F(T)x*=90)
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because the remaining integral depends only on 7" and not on z. For example, we could take
F(T) = maxp_sr)—im1-sry+ir) |5 (5)]-

Now, consider the horizontal pieces:
14T / d 1
/ S| < p) / 27 do < F(T)—~—.
1—s(T)+ir G s(s+1) 1-8(T) log z

The last piece to consider are the remaining vertical integrals, where we have to be more

careful. Consider
. C’ .
1+i00 CI s o) )?(1 + Zt)‘
—= ds| < —dt
/1+iT C(S)3(3+1) s x/T 14 ¢2

This is where we used the extra smoothness; otherwise working with Perron’s formula would
be hopeless. At this point, we want an upper bound for

¢t
=

We already know that |¢'(1+it)| = O((log(1+]¢|))?). We still need some kind of lower bound
for |C(1+41t)|. We'll do this later, but for now, let’s assume that |[¢(1+it)| > (log(2+¢]))1°.
Making this assumption, we have that

¢ e+
Z““t)‘ =)

This would mean that we have

e ! s > ’C_l(1+it)’ 00 1 t12 1 T12
/ g <<x/ <_dt<<x/ (log)'2  _ (logT)2
1r G s(s+1) . .

1+1¢2 12 T
Now, we’ve proved that
1 ¢’ x®

< (log(2 + |t)*.

1 T 12
ds==+0 <x15(T)F(T) + F(T) + x&> .
log

, s
2mi Jio ¢ s(s+1) 2 T

We want to make the error term < ez for large . To do this, first choose T such that

w < 1g5- For such a choice of T', choose z so large that (;7 + ' PO F(T) < £

That completes our proof of the Prime Number Theorem. To estimate the error term more

carefully, we need to analyze F'(T'), which is something that can be done. 0
13. 5/17

13.1. Finishing the proof of the Prime Number Theorem: Lower bounds for
|C(1 +it)|. Recall that we are proving the prime number theorem. Last time, we completed
the proof, but we assumed that

g/

Z(1 +it)| < (log(2 + [t])*2

in the range [t| > 1. This is what we will now consider.
Recall from the homework that we know that |¢’(1+it)| < (log |t| +1)2. Finally, we need
a lower bound for |¢(1 + it)| > (log |t|)7'°. Note that |((1 + it)| is not bounded below, and
in fact, liminf |((1 +4t)| = 0.
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Last time, we showed that
((0)*I¢(o +at)*|¢(o + 2it) > 1,

which gives us a lower bound

L\ 34
6o + i8] 2 [¢(o -+ 200 g(a) ¥ = (Clog(1 + 1)) (1)
> (o~ 1) (l0g(1 + 1)

This is already fairly good; for example, this is > (log(1+t|)™%) solong as o > 1+ Toa(

1
1+[¢[))t0
We can also write
1+ L i) ¢
— e
(log [¢[)*° ~ (log [t])7™

I4+it)=¢ |1+ L + it s "(1+ N +it)dA
C( 2 - ( (10g t)lo ? A C ? )

Then

and hence
] 1/(log )10
1+dt)| > 14+ ——— +4t )| — "1+ X+ it)] d)
vl z|c (14 gt i) |- [ s asn)
C C 1
> — log |#])? _
= Mog i)™ ~ Gog )0 "8 )" > {og iy

The point of the proof is that we are still making use of the lemma that we proved last time,
where we said that four is more than three. At this stage, we have a complete proof of the
prime number theorem.

13.2. Making the error term quantitative. It is true that {(5+it) #0if 5 > 1— I
Moreover in this region we have
!
%(ﬁ + zt)‘ = O((log [t| +2)").
Knowing these facts, we can choose 0(T) = 1o§T in the proof of the prime number theorem.
We can then estimate our integrals more carefully. Then
1-6(T)+iT s /
/ ’ (—C—(s)> ds| < 270D
1-6(T)—iT s(s+1) ¢
1+4+4dT S /
z ¢ z 12
——(s)) ds| < —(logT)
/1—6(T)+z‘T s(s+1) ( ¢ 17

141400 xs C/ (10g T) 1
/1+iT s(s+1) <_Z(S)) dS’ < a:T

et 1+ L (log T2
21T 4 2 (log T

So the error is of size

Choose T = x®T and logT = S28% 5o that T = exp(y/Iogz). Then the error is

logT 7’
O(ze=cvIoe) Hence we have the following result:
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Theorem 13.1.
01() = 2+ 0 (a exp(—cy/loga))
— b(@) =2+ 0 (zexp(—cy/log z)
— 7(z) = li(z) + O (x exp(—c@)) .

The best known result has an error term something like O(x exp(—c(log z)*/®)), and it is
an outstanding problem to show an error term of O(z'7%), for any § > 0. The Riemann
Hypothesis says that the error should be O(x'/?). Proving better error terms is therefore
related to progress on the Riemann Hypothesis by expanding the zero-free region for ((s).

Question. Does there exist a prime p in [n? (n + 1)%]?

We don’t know how to do this, even assuming the Riemann Hypothesis. Here, we have
(x4 h) —¢(x) = h+ O(E(z))

for some error term. If the Riemann Hypothesis is true, then this is  + O(z/?*), so
hence [z, z 4+ 2'/%*¢] contains a prime. But this isn’t good enough; [n?, (n + 1)?] looks like
[,z + 2¢/x]. But we can get a related result.

Theorem 13.2. There exists a prime in [n3, (n + 1)3].

This uses the explicit formula and more information on the zeros of ((s).

13.3. Functional equation for ((s). Earlier, we mentioned the symmetry of the zeta

function about the line Res = %:

Theorem 13.3 (Functional Equation for ((s)).
s(s — D)a /2T (s/2)C(s) = s(s — D)a~=920((1 — 5) /2)¢(1 — s).
Let £(s) = s(s — 1)7~*/2I'(s/2)((s); then £(s) = £(1 — s) and &(s) is analytic in C.

The fact that £(s) is analytic in C should be clear from the functional equation. When
Res > 0, ((s) has the only pole at s = 1, and this is canceled by (s — 1). Also, I' has no
poles here, so £(s) is analytic. But £(s) = (1 — s), so &(s) is also analytic when Res < 1.
These two regions overlap, so therefore £ is analytic in C.

We also know that I'(s/2) has poles at 0, —2,—4,—6,.... The pole at 0 is canceled by
the term s; the other poles must all be canceled by the zeros of ((s). That’s the reason why
((=2) =((—4) = --- = 0. These are the trivial zeros of the zeta function.

Recall that we also know that ((—n) € Q for n = 1,2,3,.... The functional equation
gives ((1 +n) = ((—n), which produces an evaluation of ((2),((4),... as some rational
multiples of powers of 7. So the functional equation also encodes Euler’s evaluation of these
values.

The proof of the functional equation for ((s) requires the Poisson Summation Formula,
which we will recall here.

Suppose that f: R — R is smooth and rapidly decreasing at |z| — oo, e.g. f € S(R) is a

Schwartz class function. Then we can define the Fourier transform:
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Definition 13.4.

= /Oo f(z)e 2™ d.

Here, if f € S(R) then f € S(R) as well.

Theorem 13.5 (Poisson Summation Formula).
Yo f)y=2" f(k)
nez kEZ

Proof. Think of F(x) = 3" _, f(x 4+ n). This is a nice and convergent sum, so the sum is
absolutely convergent. Also, note that

F(z+1) fo+1+n Zf(z%—n)zF(x)
nez neL

So F'(x) is a nice smooth function with period 1; F': R/Z — R. Now we can write down the
Fourier series for F'. The Fourier coefficients are

A

1

F(n) :/ F(x)e 2™ dy
0

for n € Z, so therefore the Fourier series is

> F(k)e”™ = F(x).

keZ
Now
= / Z fz+n) | e 2mikletn) 4o — Z/ f(z 4 n)e 2kt g
0 0
n+1
_ Z f —27rzky dy / f —27rzky dy _ f(k})
nez v mn
So now

=" ) = 3 P =3 f(h)

neZ kEZ keZ

O

A function and its Fourier transform has some sort of inverse relationship; a function with
a peak will have a Fourier transform that is spread out and conversely. In some sense, we
can think of 37 f(n) as some sort of Riemann sum; f(0 = [ f(z)dz,s0 > f(k) is like saying
that the integral is equal to the Riemann sum, with some error term.

Example 13.6. Consider the Gaussian f(z) = e ™. Then the Fourier transform is (via
completing the square)

P o o0 oo+1i€
flo = [~ ermitar [T ettt gy e [T g

o0 —00

Since the integrand is analytic, we can move this contour and see that

f(©) = e </_0<> e dx) =
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Here, we either remember that this final integral is 1, or apply the Poisson Summation

Formula:
Z ™™ = O Z e~

nez keZ
implies that C' = 1.

14. 5/22
We finish the proof of the functional equation for ((s):

14.1. Proof of functional equation Last time, we computed the Fourier transform
of a Gaussian. Through substituting y = /tx, we have that f,(z) = e~ ™t has Fourier

1 —7mx?/t
transform 7€ .

Proposition 14.1.

()= e ™" = %9 (%) .

nel

Proof.
=S e Ly <1>
0J

This should make sense. For large t, we have 6(t) ~ 1. For small ¢, we can think of

replacing the sum by an integral, and we get [ e ™t g = \/Li
This implies the functional equation for (s). Recall that we are interested in the quantity

77%/2I'(s/2)((s). Start with the situation Res > 1. Then we have

7T (s/2)((s) = 7T (s/2) i ni - i /ooo (#)w L

Y

and substituting y = mn?z yields

_ Z/OO €_7rn2zzs/2% _ /OO Ze_ﬂ_nQZ 25/2%'
n=1"0 < 0 <

n=1

2

Note that w(z) => "~ e ™% = 9(271, so therefore

0 2

z

We want an expression for this that makes sense for all s # 1. But for now, the integral
makes sense for z large and for any s. We have to worry about the integral near 0. So we

have to look at
1 0
-] 0:) — 1 ds / o) =1 e
0 2 z 1 2 z
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For the first integral, we use the relation 6(z) = \%6’(%) So then

1 1
/1 0() =1 ooz _ / G 1 pde
0 2 z 0 2 z

B 1 %(0( ) ].) 3/2%4_/1 1 S/de /1 ZS/de
0 2 s 0 2\/_ z 0 2z

AORIEE =

and applying the substitution y = % gives
s(s —1) 1 2 Yy

Adding our two integrals together, we have

s/ =y [ (ML) (v )

This is holomorphic for all s. Replacing s by 1 — s, we notice that the right hand side does
not change, so therefore this is symmetric under s <+ 1 — s, which proves our functional
equation.

14.2. Further ideas about ((s). This was one of Riemann’s original proofs, and it also
gives another proof for the analytic continuation of ((s). This also shows that if p is a zero,
then 1 — p is also a zero.

Now, from this, we can also see that

E(s) = s(s — 1) (s/2)7*%((s)
has moderate growth properties: [£(s)| < exp(C|s|log|s|) if |s| is large.
Functions of the type F(s) = O(exp(]s|*)) are called functions of finite order. So here,
&(s) is an entire function of order 1.
From this, we can also say one more thing about the zeta function. We use a fact from
complex analysis, called Hadamard’s factorization formula. Then

s
£(s) = P (1——) /P
(=5
P
where the product is taken over all nontrivial zeros of ((s). Using this type of fact, we see
that

T T
#{p=PF+iv:0<PB<1,0<y<T}=—log— +O(logT).
2m 2me

The Riemann Hypothesis has been checked for trillions of zeros already. How can we tell
if a zero has Res = 1 instead of just being very close? We can check that

N )

so therefore, if t € R then f (3 +it) € R as well. Then we can count sign changes of £(s)

while varying s from 1 to % 5 +it. By counting sign changes, we get a guaranteed number of
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zeros on the Res = % line. We can also estimate precisely how many zeros we should have,
by further estimating the O(logT') error above; then, we can just see if we get the right
number of sign changes.

Riemann computed 3 or 4 zeros in this way, and Turing computed around 500 zeros using
one of the first computer calculations.

If we get a double zero, then this technique for verifying the Riemann Hypothesis would
fail; however, all zeros found so far have been simple zeros, and it is conjectured that all
zeros are simple zeros.

14.3. Dirichlet’s theorem on primes in arithmetic progressions. This is all a special
case of a more general class of functions called L-functions. These come up in the proof of
Dirichlet’s theorem on primes in arithmetic progressions. There, we have (a,q) = 1, and the
theorem says that

Plaiga)= > A(n)~—~

as x — 0o. To do this, Dirichlet introduced Dirichlet characters, which are some functions

X : (Z/qZ)" — C* satisfying x(n+q) = x(n), x(n) = 0if (n,q) > 1, and x(mn) = x(m)x(n).
In the case ¢ = 4, we have characters

1 nisodd
Xo(n) = .

0 nis even,

or more interestingly,
1 n =1mod 4
X-4(n) =< -1 m=3mod4
0 n is even.
In this second case, we can define the L-function

S50 1 (-2) L () )

p=1 mod 4

This also satisfies the functional equation

(4) T (25 s - (%)s/zn—s/ma ).

Now, we see that some combinations of x_4(n) picks out arithmetic progressions:

0 otherwise

X-a(n )

1 n=3mod4
0 otherwise.

X-4(n) +X4 {1 n =1 mod 4

We can consider the logarithmic derivative
L’ A
(8, x-4)
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Then }, ., A(n)x—4(n) corresponds to singularities of L'(s,x_4). It turns out that L(s,x_4)
has no pole, and the crucial fact is that L(1 + it, x_4) # 0. How would we show this? We

can write that
1
Lt +it,x-0) =[] (1 - Xp‘ff?) .

For this to be nonzero, we expect that

X-4(p) _ 1
pit ~
or equivalently, that X—pg—E{’)Q ~ 1 a lot of the time. Now, we consider

C) Lo + it, - |G (o + 2it)] = 1

We need to check that L(1,x_4) # 0, which is true because it’s an alternating series:
L(l,x_4) = 1— % + % — .- = 7. This is a crucial point, and this gives that there are
no zeros on Res = 1.

This argument generalizes for all g. There are ¢(q) characters y mod q. They form an
abelian group isomorphic to (Z/qZ)*, and every arithmetic progression mod ¢ can be written
in terms of these characters:

R Z x(n)mz{l n = a mod q

0 otherwise.

Then we have

S @ (ZAm)x(m) — Y AW

SO(C]) x mod ¢q n<x n<z
n=a mod q
We consider
x(n)
ns

L(s,x) =

There is always a principal character

o = {1 (n,q) =1

0 otherwise,

which looks almost like ((s). It happens that L(s, xo) has a pole at s = 1, and all other
L-functions are analytic. This pole gives the main term, and everything else gives an error
term. The main crucial point is that L(1+it, x) # 0, which we do by a generalization of the
argument above; we consider

C(0)3|L(o +it, x)|*|L(o + 2it, x?)|.

This requires knowing that L(1, x) # 0, and pushing through this calculation yields Dirich-
let’s theorem for primes in arithmetic progressions.
These L-functions all have functional equations like that for ((s), and they are also ex-

pected to satisfy the Riemann Hypothesis; their zeros should also all lie on Re s = %
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15. 5/24

For the next few lectures, we will discuss the number of partitions of n, which we will
denote p(n).
Recall that this had a generating function:
oo

Y pm)zt =1l —2)"

j=1
Hardy and Ramanujan proved an asymptotic for the partition function.
Theorem 15.1 (Hardy and Ramanujan (1918)).
e”\/g\/ﬁ
p(n) ~ W

15.1. Rough estimates for an upper bound. First, where do the product and series con-
verge? The product converges absolutely in |z| < 1, and the series also converges absolutely
in |z| < 1.

Let

F(z)=]Ja-2)",
j=1
and we will think of this as a function of a complex variable z. If z is a real number r < 1, an
immediate upper bound is p(n) < C(g)e®". This is because if z = e, then we are studying
> p(n)es™ < oo, which converges.

We can even formalize this like so: For any 0 < r < 1, we can say that p(n)r" <
S~ p(j)r? = F(r), which means that p(n) < F(r)r~". In particular, the best that we can
do is p(n) < ming<,<1(F(r)r~™). So we want to find the value of r where this minimum
is attained; this will allow us to obtain some bounds for p(n). The point here is that from
bounds for F(r) as r — 17, we can obtain bounds for p(n).

Our first guess is that the minimum is attained at r = r(n) — 1 as n — oco. We expect
that F'(r) will be increasing as r increases, and it should become very big. But ™ decreases,
and by calculus, we should be able to find a minimum.

For the moment, let’s adopt the notation that r» = e='/V; then letting » — 1~ is equivalent
to letting N — oo. Then

F(ry=]J@—e™)"
j=1
There are two things here, when j is large or j is small. When 7 is large, we don’t have to
care too much, and when j is small, this looks like some sort of expansion, and we can write

F(r)= H(l — e IN)Tlx H <—> ~elV.
j=1 i<n \J
So then F(r)r=" ~ eN*"N_ Setting N =~ y/n yields that F(r)r—™ ~ ¢*V® which explains
the eV™ term in the asymptotic. Here, this was a very rough estimate, and we didn’t keep

track of our constants.
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Now we do a more precise version of this. Here, we have

(e 9]

Here,

We want to minimize log(F(r)r~") = log F(r) —nlogr, and by calculus, this means that we

/
want to solve for £-(r) = 2. Here, we have

F/

so we are trying to solve

15.2. Obtaining an asymptotic formula. So far, we were just trying to get upper bounds,
but we claim that this can also give us an asymptotic formula. We have F(z) = > p(n)z".
Then we have

1 dz

— F = p(n).

We write z = r¢® and —m < @ < 7. Then this integral that we want to evaluate will be
L F(re®)yr—me ™% qp.

2 J .
Observe that we have a bound |F(re?)] < S p(n)r® = F(r), but we might have some
cancellation; for example, if 6 = 7, this might be some alternating series. Using this bound,
we have that our integral is bounded by F(r)r~". Our goal is to evaluate this integral
asymptotically for the value of r which minimizes F'(r)r—".

The method by which we will do this is called the saddle point method or the method of
stationary phase. The integrand is F'(re?)r="e="?  If we go along the real axis, we know that
this function attains a minimum at some r = ro(n) that is a solution to Y>>, o(n)r" = n.
What happens if we fix r and vary §? Here, r e~ doesn’t change size; F'(re?) has a local
maximum at § = 0. This explains the name “saddle point”; there is a local minimum on the
real axis, and a local maximum upon varying 6. Note also that

if d if 0> d if
log(F(re”)) = log(F(r)) + 0 —-(log(F(re®)))| 4+ - —75(log(F(re”)))|  +---
de o—o 2 dO? 90
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The first derivative comes out to be purely imaginary:
F/
F
at r = rg. This justifies the name “stationary phase”. The second derivative looks like
— () %, which means that this drops off quickly as # moves away from 0. For small values

of 6, we will see that the higher derivatives are negligible, and we will end up with some
Gaussian fe*('”)eQ/z do.

(r)-r-i=in

15.3. Determining the saddle point. Now, the question is to determine the saddle point.
We have

log F(r) = Z ngn) r,

and we want to solve >~ o(n)r"™ = N. We write r = e~ %, so that r — 1~ corresponds to
xr — 0o. Now, we have

log F(e-2) = S~ 2 arn
og(e)zne

n=1
As a bit of a review, by Perron’s formula, we can write
o(n 1 o(n ds
soln) _ L[ (go) b
n 27 nl+s S

n<x (o)
Then our sum converges when Res > 1, and we can write o(n) as a Dirichlet convolution
o = 1 n, and therefore,

n=1
So hence () X
o(n L ds
ZT =5 (C)C(S)C(S+ Da®— ~((2)z

since that is approximately the residue for the first pole that we encounter.
Then we can do partial summation to evaluate

_2m > U(n) _ogn o —ogt U(n)
log F(e" =) = —Le M = e "z d —
re¥) =3 et a7
o 2Qx  Twx
~ ((2 275 gt = g -
‘) /0 ‘ or 12
At the moment, we haven’t kept track of our error terms, but let’s assume that something
like this is correct. So differentiating, we see that

F/ —27/x 27 —27/x ™
F(ew)'(ﬁ>62/_ﬁ’

6—27T/CE . %/ (6—27r/m) — N = l’_27

so therefore
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which means that we should pick # ~ v/24N and hence r ~ e~>7/V24N  This means that

V24N 2 2V N

T + m \/N = exp —W\/_\/_ ,
12 V24 V3

which is already very close to the right asymptotic. One thing that we’ve neglected here is

to keep track of the error terms.
Now, we go back to the real problem, which is

p(N) < F(r)r=™ = exp (

10gF (67271'/90) _ Z O-SZL) 67271%/:13'
n=1

The answer is much nicer than we might expect. Recall that for ¢ > 0

1
— | D(s)z*ds=e/",

211 (c)
The point is that the Gamma function has rapid decay, and we pick up the residues of the
Gamma function at its poles, picking up the Taylor expansion for e~'/#. That means that
we can write

IOgF (6—27r/x> _ Z O'E’Ln) 6—271—n/x _ % /() Z ZS:LZ (27T)_SF(S>JIS ds
n=1 ¢) n=1
= 5 [ R TEs + 1ds

We do this carefully next time, but crudely, the main term should be the residue from the

pole at s = 1, which gives us % There is also a double pole at s = 0, which we have to

evaluate. A miracle that happens is that we will be able to exactly evaluate this. We will
find that there is a relation between log F(e~2"/%) and log F(e~"®).

16. 5/29
We continue the discussion from last time. We wanted to understand
> 1
log F —2m/x\ _ 0'(77,) —2mn/z _ _/ 27) T 12 ds.
o (e72r7) = 3 et = o [ om T+ s

We do this by shifting contours. There is a pole at s = 1 from ((s), there is a double pole at
s =0 from ((s + 1) and I'(s), and there is a pole at s = —1 from I'(s). These are the only
poles.

Let X (s) = (2m)7*T'(s)¢(s)((s + 1).
Proposition 16.1. X(s) = X(—s).
Proof. We claim that we can write
X(s) = C (7*T(s/2)¢(s)) (a1 + 5)/2)¢(1 + 8)) -

This uses the duplication formula for T'(s):
22z71

L) (z+1/2) =T'(22),
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and we can rewrite this to become

D(s/2)T((s + 1)/2) = T(s)

which gives us the product that we want.
Using the functional equation for the zeta function yields that

X(s) = C (a~"7P0((1 = 5)/2)¢(1 = 5)) (77720 (=5/2)((—5)) = X (—s),

which is what we wanted to show. [l

Now, for ¢ > 1, we have to evaluate
1
log F(—e*™/*) = —/ X (s)x®ds.
271 (c)

Moving contours to (—c), we pick up residues at s = 1,0, —1 of X (s)x®. Let’s evaluate these
residues.
The residue at 1 is

1 T
X S = —((Qx=x—.
Res X (s)2" = 3=((2)a = o3
The residue at —1 is
T 1
Res X S = ———
Res X(s)x 122

because of our expression X (s) = X(—s). Finally, we consider the residue at s = 0. Since
X (s) has a double pole, we should have X(s) = 5 + ¢’ + higher order terms (since X(s) is
also even). Then we have that

1
Res X (s)z® = ((0) logx = —3 log x.

s=0
So the residues give us that the residues are 75 (z — %) -3 Llogz. We do a change of variable
w = —s on the remaining integral:
1 c—100
— X(s)z*ds = X(w)z™ (—dw) = — [ X(w)z™"dw. = log F(e ™).

271 (—c) 2_71'2 211 ()

c+ioco

Theorem 16.2. For all x > 0,

1 1
log F(e=2/%) — log F(e™2™) = 11 <{E - —) — —logx.

2
Why is this useful? We want to understand log F'(e2™/*) for large z, but when x is large,
we observe that

o(n)

) 7271'171:):

log F(e2m) = — ) T g-2mine,
n

which is incredibly small. So as a corollary, we have:

Corollary 16.3.

—2m/zy _ 1 . l . 1 —27x
log F'(e ) D (x $) 210gx+0(e ).
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Now we can understand how to choose the radius r. Differentiating gives

F 27 F’ T 1 1
T (,2n/x\ —27m/x “n S (,2mx\ 27z o) = — [14+ — | — —.
<F(6 )e )(x2)+F(e ) e (2m) 12( +x2) 2z

We ignore the exponentially small term, and we want to solve

2r o 1 1
N—=—|14=|——.
x?2 12 ( +x2) 2z

Then canceling things properly, we have

2 1 x

21 T I

3 1 6>
— 2 4 24 /4(24N — 1 el
g 7r+2\/( )+(7r)

So now we know precisely how to find the saddle point, and evaluate our function at the
saddle point. We make this choice of z, and we have an asymptotic formula for log F'(e=27/*).
Then

so therefore

e (/118 = 1)+ ()
- |

This could be a good upper bound for the number of partitions. At the moment, we have
that

P (27 = (7 -~ Joer) =

Py %N
p(n) < NI

but the true asymptotic has 4N V3 in the denominator. We need to figure out where this
comes from.
The last step is to understand (for this particular choice of )

1 dz 1 (7 ‘ :
Ja -N %~ - F 10\ —iNO _—N de
57 - (2)z e (re”)e ""r

Here, if we look at

, * o(n) . .
log F 0y n znﬁ.
og F(re") nz::l e
This is maximized at # = 0, and as we move away from 6 = 0, this takes on substantially
lower values.
To understand this better, we will consider the cases where |6 is small and |f| not small

separately.
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First, let’s consider the case where || is small. We write out the first few terms in the
Taylor series of €. So we have

% 202
log F(re?) = Z UEZOT” (1 +inf — n29 + O(n3|9|3))

n=1

=log F'(r) + iNO — % <Z 0(n)m°”> +0 <|9]3 ana(n)r”) .

n=1

Observe that we have 3 2™ e=2m/% ¢z and Y- o(n)e /% = N ~ ca?, so the final two
sums should be of size cz® and cz? respectively. Of course, we have to work out what this
constant is.

So for small |0], we have that the integrand

Fre®)e=N? — F<T)e_§(cx3)+0(|e|3x4) _ F(r)6_§(0N3/2)+0(|9|3N2).

F(T)/ ¢~ B O1OPN?) gy
27 16]<?

Then we have

which suggests that we should consider [#] < N =579 s0 that the error is small. So long as
0| < N—+9 this integral will contribute substantially. So we consider |#] < N=°7. Then
this integral is almost the full Gaussian integral, so we have

F(r) /Nm 6_%(CN3/2)+O(N70'1 V2T

) df ~
2 J_n-or v eN3/2

T/ 2N
We had that F(r)r— ~ ecN—li, and we have that this is significant only on an interval
0] < N3 ~s71- Multiplying these gives the asymptotic that we want.
We now have to consider the second case, where 7 > |0] > N 07 Here, we can’t just

write down a Taylor expansion or the error terms will become big. Here, we want bounds on
1

27 772|9‘2N70'7

We expect that |F(re?)| is much smaller than |F(r)], so therefore

log | F'(re?)| = Z agln)

Now 6 is not too close to zero, so we expect cos(nf) should often be away from 1. In
particular,

|E(re) |~ db

r" cos(nd).

log F(r) — log | F(re® E o(n) "(1—cosnf) > E "(1 — cosnb)
n
n=1

_ T R 7"6"9' :Rer—ree rew+r27’9_ " Re 1—6"(" |
1—7r 1 —re® (I —=7r)(1—re?) 1—r 1—re?

and now it should be straightforward to give a good lower bound, which we expect to look

like 82N3/2. There are some details here to work out, but the idea of the proof should be

intuitive. We want to understand the value of something by integrating around a circle. We
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have a saddle point which is a maximum in 6 and a minimum in 7. As we go around the
circle, it falls off in 6 at some rate that we can control.
Observe that

1 z,—N-—1 1
— ez dz = —.
21 |z|=r N!
So maybe we can use the saddle point method to find some asymptotics for % We want to

find r so that e"r~% is minimized, which occurs when r = N. Then we choose r = N, and
consider the integral as a function of #. That is, we hope to control

1 s

0 _ i
o 6Ne N N€ iNO do.
2w 9

We write e = 1 + i — % — --- and note that the phase cancels out. So now we get

the integral of a Gaussian over an interval of length v/N, which is another way of finding
Stirling’s formula.

17. 5/31
These notes are typed from Ravi’s notes.

17.1. Recap of the saddle point method. We start with the example that we started
last time: Finding Stirling’s formula via the stationary phase method.

Example 17.1. We have that
1 1 edz 1 T

_ & de re —N_—iNg
N 2mi Jio, 2% 2 2mi ,,,e (r"e™7) df.

N sor = N. Then we want to control
L. " eNe“’—z'NeN—N do.
2mi J_,
When |6] is small, we use Ne —iN§ = N — $N6? + O(N|0]*), while for |6] not too small,
we have [eNe| = eN st < eNe=eNO*  Op || < N4, the error is small but the other terms
are large. On this interval, we then get

We choose r to minimize e"r~

1 <%>N /|9|§N0<4 e*N92/2(1 + O(N*O.z)) df = g]v\_/ﬁ@ (1+ O<N70.2>)'

o
Now, we return to the example of partitions. Recall that we defined
F(z) = Zp(n)z" = H(l — 27
j=1

—2r/x

We chose r = e , and we determined that

1 1
log F(e=2™/*) — log F(e™2™) = l (x - —) — —logx.
T

We then showed that




is optimal, and from there,
exp(5V24N)
(24N)1/4

From here, we did a more careful estimate. The ideas behind this are connected to modular
forms.

F(ryr™ ~

17.2. Modular forms. Let H be the upper half plane. There is a group action of SLy(R)
on H. If g = (2%) for ad — be = 1, then g acts by

az+b
z = )
g cz+d

These are the linear fractional transformations.

Exercise 17.2. Check that this acts on H. To do this, observe that Im(gz) = |C£mTZ|2.

SLy(R) has a nice subgroup SLo(Z).

Our goal is to understand functions on H which transform nicely under SLy(Z). For
example, we might want functions such that f(vz) = f(z) for all v € SLy(Z). We might
ask for meromorphic, holomorphic, or C* functions satisfying this condition. It turns out
that there are no holomorphic functions for which this is true, so we instead ask for f(yz) =
J(7, z) f(z) for some multiplier systems j.

Observe that we need to have

f(nez) = j(nve, 2) f(2) = 5, 722)5 (2, 2) f(2),

so we must have j(y17y2,2) = j(71,722)j (72, 2), which looks like a chain rule. What kinds of
j satisfy this? The main example that we will consider is j(7, z) = (cz+d)* where y = (¢ }).

Exercise 17.3. Check that this satisfies the relation above.

For fixed & > 0, we will now study holomorphic functions f : H — C satisfying f(yz) =
(cz+d)*f(2) for all y = (24) € SLy(Z).

Note that I and —I have the same action on H, so therefore f(—I1z) = f(z), and hence k
Is even.

There are a nice class of elements of SLy(Z) given by (3 7). These send z — z+n. In this
case, we have (cz + d)* = 1, so therefore f(z +n) = f(2) is periodic with period 1, among
many other relations.

Another nice matrix is (9 '), representing the map z — —1/z and hence giving that
f(—=1/z) = 2*f(z). This relation should look like the functional equation for 6(z, x).

Definition 17.4. If f satisfies the above conditions, then f is a modular function.
Definition 17.5. A modular form is a modular function that is also holomorphic at oco.

Why is this definition necessary? Suppose z € H, and consider ¢ = ¢*™* € D(0,1)*. Here,
ico corresponds to 0, so define “hole at 0o” to mean “f(e?™#) has a removable singularity
at 0”. Equivalently, this condition means that f is bounded as Im z — co. Here, k is called

the weight of the modular form.
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Example 17.6. Recall that

j=1
A related example is
g[[( =g =) r(n)g" =) 7(n)e’™
n=1 n=1 n

where 7(n) is Ramanujan’s tau function. This is a modular form of weight 12.

Theorem 17.7. PSLy(Z) = SLy(Z)/{£I} is generated by (§7) and (9 4'). Moreover,
there exists a fundamental domain. Here, draw the lines Rez = £1/2, and take the region
between them and above |z| = 1. Include the right half but not the left half of the boundary.

Remark. This is related to the reduction of binary quadratic forms, which was studied by
Gauss.

The idea of the proof is that we start with z, and we translate to (%, %] +iR. If necessary,

we invert. Repeat this if necessary. We claim that after finitely many operations, we’ll get
into the fundamental domain, and we claim that no two points in the domain are equivalent.

18. 6/5
Last time, we had the upper half plane H = {z = x 4+ iy : y > 0}. There is a group

SLy(R) = {(Z Z) :ad—bc—l,a,b,c,deR}

that acts on the upper half plane via

az+b
7= —
g cz+d’

sending H — HL

We in particular considered SLy(Z) C SLy(R), and we considered modular forms of
weight k, which are given in the following way: Take v = (25) € SLy(Z), and let f(yz) =
(cz+d)kf(2). We require that for (} %), n € Z, we have f(z+n) = f(z), and that k is even,
f is holomorphic in H, and as Im z — oo, | f(2)| is bounded.

For ¢ = €*™*, we have f(z) = > .-, are®™* and f(q) = ao + a1q + azq® + -+ -

Theorem 18.1. SLy(Z)/ £ I is generated by (§7) = (§1)", and inversion (V 3'). There
is a fundamental domain F, which is the region between Rez = +1/2 and above |z| = 1.
More precisely, if Ty = ((§1), (")) then for all z € H, there exists v € T'y with vz € F.
Further, if z1, 20 € F with 21 # z5 then 2y # vzy for all v € SLy(Z).
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Proof. Note that for v = (25), we have

Im(2)
tm(yz) = lcz 4+ d|*

Note that if either ¢ or d gets large, then the imaginary part is small. Now, look at all
matrices where ¢ and d lie in some bounded set; then the imaginary parts will lie in some
bounded set.

So there is some maximal value for Im(yz). Pick the largest value of Im(vz).

By translating, we can assume that the —1/2 < Rez < 1/2. We claim that vz now lies in
the fundamental domain. If not, replace z — —1/z, and observe that Im(—1/z) = Im(z)/|z|?,
which increases the imaginary part above, which contradicts the assumption that we picked
the largest value of Im(yz). So we can translate to get inside the fundamental domain. [

Now, we give examples of modular forms and see how they look. We only have to check
that f(z+ 1) = f(z) and f(=1/2) = 2" f(2).

Example 18.2. A nice set of modular forms are called Fisenstein series. Here, we take
k > 4 to be even, and let

1
Gu(2)= > ——.
marz00) M2 1)

The first thing to notice is that this series actually converges absolutely. To see this, observe
that we are summing over a two-dimensional lattice, and we can sum over annuli. In fact,
this converges for £ > 2, and barely fails to converges for k = 2.

We claim that Gi(z) is a modular form of weight k. First, observe that trivially, Gi(z+1) =
Gr(z). Also,

Ge(—1/2)= > _ ﬁ ’fz e - = 2FG(2).

(m,n)#(0,0) (

What does this have to do with what we have considered in this class? Let’s compute the
Fourier expansion for Gy (z).

Note that
Grl2) +2Z Z (mz +n)k

m=1n=—

So let
1
Fw)= 2 G

for w = mz € H; we hope to understand this formula. By the Poisson summation formula

[13.5] we can write
F — —2mitd dt
=2 (/_oo (w8

ez
The Fourier coefficients can be rewritten as

0o i Im(w)+oo i Im(w)+oo
/ (;627%% dt = / i€727ri(z7w)f dz = 627"in/ 1 6727rzz€ dz.

00 w+t>k i Im(w)—oo 2 i Im(w)—o0 zF
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This now has a singularity at z = 0, so we can try to evaluate this using contour shifts. We
should either move up to go to zero and pass through no poles, or move down to pick up a
pole. When should we do each?

In the integrand we have

‘627”',26’ _ 627r(Im z)

So if ¢ < 0, we should move the line of integration upwards, encounter no poles, and get a
result of 0. But if £ > 0, if we move upwards, we get something growing exponentially, which
is no good. So we move downwards. Note that we flip orientation when we do this; then we
get
(=2mil)* ! e (2mi)ReR

-1 © = (k-1

So now we have a very pretty formula. Poisson summation tells us that

1 - (Qﬁi)k —1_2milw
F(w)zzm:;mgk Q2w

nez

) 1 )
—(27TZ) 2miwl Res _6—27rzz€ (27T ) 2milw

Plugging this in one step further, the Eisenstein series becomes

Gk<z>=2<<< o) ,ZZ e m)

m=1 (=1

i (20)

Letting oy_1(n) = >_4, d*=1, we see that

Ti)F -
Gk(z) =2 <<(l€) + <§€2_ )1)' 231 Uk_l(n)€27rmz> .

We know that ((k) is a rational number times 7%. So for example, in the case that k = 4,

we have that
167t -
-9 ’ 2minz .
Gy(2) (—90 + 1 (n)e )

Sometimes it is convenient to define this series without the 2¢(k) term, and we might write

G4(Z) - 2
1 4 mTinz
1(2) 20(4) +2 Ogag(n)e
Eg(z) =1— 5042 os5(n)q"
n=1
Eg(z) = 1+480) o7(n)q"
n=1
65520 —
E(z) = 6ol 11(n)q"



Here, the constants preceding each summation have a connection with Bernoulli numbers;

—2k T zk
there are 7= where 55 = > By i

If f has weight k and g has weight ¢, then fg is a modular form of weight k + ¢.
For example,

E,3 . E2 oo oo
g At =AR) = g[Ja - =D r(n)g"
n=1 n=1
is a modular form of weight 12. Here 7(1) = 1, 7(2) = 24, --- is known as Ramanugjan’s T

function, and it is the beginning of a rich theory. In fact, 7(m)7(n) = 7(mn) if (m,n) = 1,
and |7(n)| < n''/?*¢ and for prime p, we have |7(p)| < 2p''/2.
First, we prove that this object is a modular form. Recall that we considered

F(z) =[] -2)"
j=1
Define
F(z)=F(e™) =] -9
Then previously, we had previously obtained a connection between F(iy) and F'(i/y). This

is exactly what the modularity condition is about: if z — —1/z then iy — i/y. So the
relation that we proved

—27/x\ —2mx\ __ 1 . l . 1
log F'(e ) —log F'(e™“™) = T (1: x) 210g1:
can be converted with a little bit of algebra; defining the Dedekind eta function n(z) =
/AT — ¢), we get that |n(iy)|y/? = |n(i/y)|, so 1 is like a modular form of weight
1/2. So we've shown that A(z) = n(2)** and A(i/y) = (iy)'2A(iy). If A is holomorphic,
we claim that it must satisfy this relation for all values of z. To see this, observe that
A(—1/z) = 2"2A(z) = 0 on iR, which implies that this is true for all z € H. So this implies
that A is a modular form of weight 12.

There is one more feature that makes A more interesting than Eisenstein series. There is
a cusp form of A that makes the constant Fourier coefficient equal to 0. This is a special
feature of A.

These modular forms are sources of functions that are very similar to zeta and L-functions;
these have nice functional equations. We saw the theta function, which can also be thought
of in this framework. We can define

This has an Euler product because the 7(n) are multiplicative. We also claim that this has

a nice functional equation. Consider (27)~*T'(s)L(s,A). Then since A(iy) = > 7(n)e 2™,
we have

—S oo . de - > —2mn sdy

(2m) T (s)L(s, A) = [ Alig)y*—= =D 7(n) [ e>™y*—=

0 vy 4 0 Y

* L Ldy . . dy s N

= [ty [ syt = [ s+

1 Y 1 Y 1 Y
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which is now invariant under s <+ 12 —s. There is even a version of the Riemann hypothesis
for this.
Observe that

oo

3 —“’“;;(") = ((s)C(s — k+ 1),

Replacing s — k—s makes this look like the functional equation for zeta, which gives another
nice connection.

We've only scratched the surface of the theory of modular forms.
E-mail address: moorxu@stanford.edu
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