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EKS = inf

{ψi}N
i=1

,〈ψi|ψj〉=δij
FKS({ψi}) + EII (2.1)(S {ψi}

N
i=1 
 (62k)Kohn-Sham �h*ziA�%q. �d - �dMVn�� EII K|N��d0O, �W
z(�vd_�96kCr. FKS 
vd4�k�`�G

FKS({ψi}
N
i=1) =

1

2

N∑

i=1

∫

Ω

|∇rψi(r)|
2 dr+

∫

Ω

ρ(r)Vext(r) dr

+
1

2

∫

Ω×Ω

ρ(r)ρ(r′)

|r− r
′|

drdr′ + Exc[P ]. (2.2)(S��szQ
vdk|�, s�Q
�d - vdMVn��, sIQ
vd - vdFvMVn�� (x� Hartree �), x,
�9B��DkvdMVn��. lRzQ
�^6\�. ,�.��GK)Y�GS, ({�|N���0= P (r, r′) =
∑N

i=1 ψi(r)ψ
∗
i (r

′). vd���~Æ��0=,XD�&^k�
�E�jf�
ρ(r) = P (r, r) =

N∑

i=1

|ψi(r)|
2.r�9� Ω �~
<D� R3, x�~
�Jk9�. ,b�Y+�, 7�UubvdkfffÆ�, ~m� Ω 4�k!���k
x. �u,b�YuI,7�,~Dk
xS1+G℄qZPi�9� Ω. )Y�Gk�^6\��C�EDk&^�

Exc[P ] = Ec[ρ] + (1− α)Ex[ρ] + αEEX
x [P ]. (2.3),;U 0 ≤ α ≤ 1 
z(x� Fock �^�, ��'>�^� (EX) k:r. Ex K Ec Lf

LDA e GGA k�^K6\�#~, ��K|N�vd�� ρ. EEX
x [P ] 
|N���0=k

Fock �^��
EEX

x [P ] = −
1

2

∫∫
|P (r, r′)|2K(r, r′) drdr′, (2.4)(S K(r, r′) 
vd - vdn�ki�J. ,"�k Fock �^n�SxS [14] K(r, r′) =

erfc(αs|r− r
′|)/|r− r

′| ��k
"�kFvMVn�, � αs 
z(x�"�D�k:r. d
αs = 0 V, K(r, r′) = 1/|r− r

′| H,%`kFvMVn�.

Kohn-Sham�J
kTY5� (2.1)��k Euler-Lagrange�J,x,
P Hartree-Fock�J�
H [P ]ψi =

(
−
1

2
∆ + Vext + VHxc[ρ] + αV EX

x [P ]

)
ψi = εiψi,

∫
ψ∗
i (r)ψj(r) dr = δij , P (r, r′) =

N∑

i=1

ψi(r)ψ
∗
i (r

′).

(2.5);U VHxc �K Hartreeb ∫
ρ(r′)/|r−r

′| dr′,~mK|N�vd�� ρk�^6\b. V EX
x [P ]Lf Fock �^� EEX

x [P ]�
V EX
x [P ](r, r′) = −P (r, r′)K(r, r′). (2.6)
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z(i� - )��Ka�Jj, (SRJ Kohn-Sham 0= H [P ] }�`F*{k^℄, �K��Cf.By` (SCF) jf.

Fock �^�d V EX
x [P ] 
z(�"{kf��d. �Æ P K K k Hadamard Iijf. �?��0= P kQK� N (N ,vdr), V EX

x [P ] kQv℄k�. ,℄fjk5ID,

Kohn-Sham�J d�Cy`��7� [31]. ~3y`v7�RJ Kohn-Sham0=n�,
�62�h {ψi}
N
i=1 L. �W��P Hartree-Fock �J, 7�9�x1
v� V EX

x [P ] n,N�0=[,�[S, �K
v� V EX
x [P ] n��62�h�

(
V EX
x [P ]ψj

)
(r) = −

N∑

i=1

ϕi(r)

∫
K(r, r′)ϕ∗

i (r
′)ψj(r

′) dr′, (2.7),;U P (r, r′) =
∑N
i=1 ϕi(r)ϕ

∗
i (r

′). ,f.By`i^D0, &^ P k�hKv7k62�h {ψi}
N
i=1 1z{M�. �W7�[�1�kuI ({ϕi}) K ({ψj}) L9(;_U62�h.��~( ψ, Æ�i�J K k5i^℄, i� ∫

K(r, r′)ϕ∗
i (r

′)ψ(r′) dr′ �~�C7� N (P0��Jjf. ~��,��,X, EBXD�RJk'ur, Ng, [�H� Fourier #^
(FFT), ~(P0��J7�k`}, O(Ng logNg). ,vd�1Sxkr�S, &^~(�d
vkfÆ��~<nz(Cr,�W� Ng ∼ O(N), 
~ V EX

x [P ]n��
�62�hk`}, O(Ng logNgN
2) ∼ O(N3). ,s 1 �S, 7��fC[�Tfj7�P Hartree-Fock�Jkr�`}
 O(N4). |R�y`Xr� N 96, �|d N i3℄V, [�℄fjSM���[�Tfj,Hq7�P Hartree-Fock �J. ?�, ,C;kr���S, V EX

x [P ] n��62�h

kr�V�''6hr�V�k 95%~L.;,�/a��uk`d��,)Y�G DFT k7�V�
�.��G DFT 7�V�k 20 �~L. ;℄℄JPb)Y�G, )��Sk��.,b�TP Hartree-Fock �Jkr�`}, zU��
[�℄;�k*_r�. ;
�,,~3y`
v7� N2 (~ZkP0��J.�WH1r�℄`},7��~[� O(N2)(US,*_7� [32, 33]. x,
y, d N = 1000 V, �1L�[�% 106 (US,7�P Hartree-Fock �J. ?�, Rb
v℄`kr�b!#, ℄;�*_r�k=u
Rbn�
V EX
x [P ]k4�, Kohn-Sham�J7�k(��GM��W[�p/(US,. �W;uk℄;�*_r�*1�$<�Wk[�r�b!.mzP�Tr�`}k��
[�.�Y�S [34, 35]. V��62vd�h!_KajNjf Wannier Gr, V EX

x [P ] n�� Wannier Grk`}�~	, O(N), x,
Ka%�.Ka%��Zv���℄�Bk8#��� [36, 37]. ���e�K�n��, Wannier Gr,XD�ku���''C{, �WKa%��x1+e�.�2ZvYI(
�
xEM	oP Hartree-Fock �Jr�`}: fe�l��^�d�� (ACE), �	k C-DIIS �� (PC-DIIS) ��, ~m?F����#~�� (ISDF). ;X��v�~��,8#�, x�~��,�e�K�n��S. P���k=s, 7�K,;U*Pz(rF�XLy	��k�Wa. ��E 1000(=�dk�� ( 1),[� PWDFTG�� (DGDFT G�� [38] Skz(d�G) K 2000 ( CPU *_r�, Y�hOFP
,

GGA �Gi^

vkr�V�
 360 �. Y GGA �Gi^k�BP
, [�V�k��!_ HSE )Y�G [14] r�

kV�
 12425 �. ��;(��, EB[� ACE ��z�,i^

vkV�
 1659�. EB�V[� ACE/ISDF/PC-DIIS,

vkV�	M 280�. �W�;(��, 7�}(�)Y�Gkr�`}	Mb GGA �Gr�kw�.
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! 1 �F 1000 )>�elF��
3. ������}
�yx (ACE),P Hartree-Fock �Jk7�CJS, ~3 SCF y`
v+[�E Davidson �� [39]my`�7�KaYRk�J (2.5) (,;UKaYHk5{ P jfkKa�>F5�). �~3�y`}
vn� Fock �^�d, x,
v7� N2 (P0��J. ?�, ~3�y`��vd�hk,[
��Tk, 
~~Xn� Fock �^�djfk℄>�#�~,�Wq[�. ,s 2 �S7��f, Fock �^�d1
z(oQ�d. fe�l��^�d��

(ACE) [40] kO�
1/z(� Fock�^�dkQ N �# Ṽ EX
x . Æ� Ṽ EX

x kQ$o� V EX
xkQ, 7�Kv7;_(�dn�,62�hLjfkF�#M�.,b�O ACE ��, 7�F=sEDkKa�>F5�

(A+B)vi = λivi, i = 1, . . . , N. (3.1)(S A,B ∈ CNb×Nb 

�0=. ,;U Nb 
RJ Kohn-Sham 0=k.�. ,02�fk��,fjS, Nb %m�XD�RJk'ur Ng. 7�k
%
r�lok N (�>�
(λi, vi), *|R�B λg := λN+1 − λN > 0. ,;U B �~<H
 Fock �^�d, � A 
RJ Kohn-Sham 0=R; B k4�. 7�|R B 
"{0= (un B ≺ 0), *30= A k%�* ‖A‖2 $℄� ‖B‖2, 
0=S`(� Bv k`}v$℄� Av k`}. ;
Æ� A RJfz(9�k)��d. � B RJf Fock �^�d, 
z(��ki��d.,[�y`�7��>F5� (3.1) kCJS, {� V = [v1, . . . , vN ], 7�Fr�0=
W = [w1, . . . , wN ], (S wi := Bvi. fe�l�k|O
1/EDk0=�

B̃[V ] =W (W ∗V )−1W ∗. (3.2)

B̃[V ] 
Q N k
�0=, *zi
B̃[V ]V =W (W ∗V )−1W ∗V =W = BV. (3.3)�W�*{k V , B̃[V ] n�, spanV Lm}� B, �W�G, B kfe�l�. �(k,

B̃[V ] 
zi (3.3) k+zk
��Q N k0=.|Rs k 3y`k#~�>S`
 V (k), (��kfe�l��d
 B̃[V (k)]. ACE ��7�EDk1|u5�
(A+ B̃[V (k)])v

(k+1)
i = λ

(k+1)
i v

(k+1)
i , i = 1, . . . , N. (3.4)|R1|u5�i^, (�>S`, V , �|+2 B̃[V ]V = BV , ACE ���~jf'>k�>FK�>S`. ��*{k k, �J (3.4) ℄
v�Cy`�7�. ?�, M��z
k�
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0=S`(� Av K Bv k<n9�:L, Y��Tb Bv (�kXrL�Tr�`.`fP Hartree-Fock �J, 7�F
 V EX
x n�,d0k62�h {ϕi}

N
i=1 L�

Wi(r) = (V EX
x [{ϕ}]ϕi)(r) i = 1, . . . , N (3.5)�|

Ṽ EX
x (r, r′) =

N∑

i,j=1

Wi(r)(M
−1)ijW

∗
j (r

′), (3.6)(S
Mij =

∫
ϕ∗
i (r)Wj(r) dr. (3.7)

ACE ���~℄℄�N Fock �^�dkn�Xr. #��}(�E Quantum ESPRE-

SSO [41, 42], PWMat [43] mvd�1G��
9�.YrF�<k
�, z(f?k5�
1|u5� (3.4) 
�i^f�5� (3.1) k�.EBi^k[, i^��
�a��&. 7��;(5�jfbA�k\	 [44]�n P (k) =

V (k)(V (k))∗, P = V V ∗, �|1|uy`5� (3.4) �EDk.4i^aR�
‖P − P (k)‖2 . γk‖P − P (0)‖2, ,;U γ ≤

‖B‖2
‖B‖2 + λg

. (3.8)FjHPk
,.4i^��K|N� ‖B‖2, λg, �� Ak%�*96.f�.3i^k�<,7�℄jfb,z
k<.i^�B���pT
�k A,B KOF V (0), ACE ���<.i^a [44].

4. 
�v C-DIIS yx (PC-DIIS),`dYik�S, ��l9�k SCF y`��
 Pulay , 1980 �`�Pk�^d
- y`dD�SE�7� (C-DIIS) �� [45]. ��Ka5�, DIIS ���rF`rSmCk
GMRES���E�k\� [46, 47]. C-DIIS��k
u
(rLi^��H (�?1��Bi^), (=u

vE�[TRJ Kohn-Sham 0=���0=, ~m��k��dk℄>�

R[P ] = H [P ]P − PH [P ]. (4.1),s 2 �S7��f, ,℄fjk5ID, ;X0=
1�~N�k^℄[Tk. �W%7Zpk`dYiG�}XHb C-DIIS ��, #��,`d:SK6dk�PN[�. ,℄fjS,C�k
2Æ SCF y`k�� [42], (i^��M��.J�Gkb> SCF y`��v{zX. , [48] S, 7��Pb�	k C-DIIS �� (PC-DIIS), [jP C-DIIS ���~���7�℄fjDkP Hartree-Fock �J.P~� C-DIIS ��, PC-DIIS ��kf�O�
[�p3y`S��d R[P ] k℄>jfl
kbN�r, Y�bN0p3 H [P ] e P k℄>jf[k0=. Æ� P 
z(Q N 0=, z(f?kO�
[� Kohn-Sham �h Ψ = [ψ1, . . . , ψN ] n,bN#`!_y`. ?�
Kohn-Sham�hLf� Kohn-Sham�>F5�k�. �W~z(�>S` ψi I~A�kb0 r eıθ, θ ∈ R |?
�>S`, ;( rx1%#��0=. ,z
k, EB=s�0=
U ∈ CN×N , �| Ψ � ΨU ����uk��0=. ,`d:SS, ;(fÆ� U �G,;
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A�k, EBbN#`|N�;�, �|Yz3y`fDz3y`SkbN#`,1z{,℄ea, x,1��Wq?F.,b�7;(5�, PC-DIIS kO�
g0�Cg0z(:=0= Φref ∈ CNb×N Ljf;�1#kbN#`:

Φ = PΦref = Ψ(Ψ∗Φref). (4.2),;U Φ ∈ C
Nb×N K Ψ �M�k[T`}. Æ� P 
;�1#k, Φref 
z(5{k0=,
~ Φ x
;�1#k. :=0= Φref �1L�~A�g:, ( v��
,~3y`S Φ�#
z(fzQk0=. P Hartree-Fock�Jkr�''[��.��Gk�n,O\F,
~7�,�~�"qg:
��k Kohn-Sham �hn, Φref. ,;(VQ, P x�~Æ ΦKV1PL:

P = Φ(Φ∗Φ)−1Φ∗. (4.3),;(��L, P K Φ zz��, *E��uk℄>., PC-DIIS ��S, s k + 1 3y`Sk Φ �~Æ0 ℓ + 1 3k℄> Φk−ℓ, . . . ,Φk nKajNjf�
Φ̃k+1 =

k∑

j=k−ℓ

αjΦj . (4.4),bjfbN�r {αj}, C-DIIS |R��dx�~Æ0 ℓ+ 1 3k��dn�ukKajNjf�R :=
∑k

j=k−ℓ αjRΦj
. ,vd�1r�S, ℓ k:Fz
, 5 ∼ 20. ,b�Tr�`,

PC-DIIS !z3|���dx�	f:=0= Φref L�
RΦ = H [P ]PΦref − PH [P ]Φref = (H [P ]Ψ) (Ψ∗Φref)−Ψ((H [P ]Ψ)∗Φref) . (4.5)?R7�EDklT�I5�jf {αj}

min
{αj}

∥∥∥∥∥∥

k∑

j=k−ℓ

αjRΦj

∥∥∥∥∥∥

2

F

, s.t.

k∑

j=k−ℓ

αj = 1 (4.6),�(r�CJS,7�1
v� P,R,H n,N�0=[T,�K
v� H n�, Ψ L. �W
�k<nKQmf Nb ×N K N ×N ℄Tk0=, zi℄fjr�kv7.%7 C-DIIS ��,`dYik�:jbP℄kH/, (i^aKi^��k�<
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0= Λ &^(��k�>F, �|�	k��d�~&^,
RΦ = H [P ]Ψ−ΨΛ. (4.7)x,
y, �	k��d�~<n
"9��Lk�>F5�k;`. 7�Ch,Ka�>F5�ky`��S, ;`kTY
z(Vvk-4. ;,z(=�L�gb PC-DIIS ,XwrFr�Sk�Wa.

5. s��z�w�	yx (ISDF)L2Sk ACE K PC-DIIS ��k
k}
�C%Cy`r�k��, 9�q�&r�Wt. +2�J (2.7), P Hartree-Fock �JkZvkr�`}
��h~(�h� {ϕ∗
i (r)ψj
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�℄���q, ; N2 (�h�
Ek℄>��
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Nµ
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∫
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NUMERICAL METHODS FOR HARTREE-FOCK-LIKE

EQUATIONS

Lin Lin

(Department of Mathematics, University of California, Berkeley, and Computational Research

Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA)

Abstract

The main goal of this paper is to introduce some recent developments of numerical

methods for solving Hartree-Fock-like equations in the context of large basis sets. Hartree-

Fock-like equations are an important type of equations in electronic structure theory. They

appear in the Hartree-Fock theory, as well as the Kohn-Sham density functional theory

with hybrid exchange-correlation functionals, and are widely used in electronic structure

calculations of complex chemical and materials systems. Because of its high computational

cost, Hartree-Fock-like equations are typically only used in systems consisting of tens to

hundreds of electrons. From a mathematical perspective, Hartree-Fock-like equations are a

system of nonlinear integro-differential equations. The computational cost is mainly due to

the integral operator part, namely the Fock exchange operator. Through the development of

the adaptive compression method (ACE), the projected commutator-direct inversion in the

iterative subspace (PC-DIIS) method, and the interpolative separable density fitting (ISDF)

method, we demonstrate that the cost of Kohn-Sham density functional theory calculations

with hybrid functionals can be significantly reduced. Using a silicon system with 1000 atoms

for example, we have reduced the cost of hybrid functional calculations with a planewave
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basis set to a level that is close to the cost of semi-local functional calculations, which do

not involve the Fock exchange operator. Meanwhile, we find that the structure of Hartree-

Fock-like equations provides new insights for the iterative solution of one type of eigenvalue

problems.

Keywords: Hartree-Fock-like equation; nonlinear eigenvalue problem; integro-differen-

tial operator; quantum chemistry; electronic structure theory; Density

functional theory
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