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Electronic structure theory

• Born-Oppenheimer approximation: atoms are fixed at {RI}M
I=1.

• Quantum many body Hamiltonian for electrons

H = −1
2

Ne∑
i=1

∆ri −
M∑

I=1

Ne∑
i=1

ZI

|ri − RI |
+

1
2

Ne∑
i,j=1,i ̸=j

1∣∣ri − rj
∣∣

• Ground state energy: an eigenvalue problem (EVP)

H |Ψ0⟩ = E0

(
{RI}M

I=1

)
|Ψ0⟩

Linear PDE EVP in R3Ne .
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Curse of dimensionality
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Pople diagram

• Kohn-Sham density functional theory (KSDFT): best compromise
between efficiency and accuracy. Most widely used electronic
structure theory.

(Kohn, Sham, 1965); Nobel Prize in Chemistry 1998
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Kohn-Sham density functional theory

(
−1

2
∆+ Ven(r) + V DFT

hxc [ρ](r)
)
ψi(r) = εiψi(r), i = 1, . . . ,Ne

P(r, r′) =
Ne∑
i=1

ψi(r)ψ∗
i (r

′), ρ(r) = P(r, r)

• V DFT
hxc [ρ](r) depends only on density ρ

• Dimension reduction:
1 Linear EVP in R3Ne ⇒ Ne coupled nonlinear EVP in R3

[L., Lu, A Mathematical Introduction to Electronic Structure Theory, SIAM, 2019]
[L., Lu, Ying, Numerical methods for Kohn-Sham density functional theory, Acta Numerica

2019]
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KSDFT with hybrid exchange correlation functional
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KSDFT with hybrid exchange correlation functional
(Hartree-Fock-like)

(
−1

2
∆+ Ven(r) + V DFT

hxc [ρ](r)
)
ψi(r) + α

(
VX [P]ψi

)
(r) = εiψi(r),

P(r, r′) =
Ne∑
i=1

ψi(r)ψ∗
i (r

′), ρ(r) = P(r, r)

• Fock exchange operator depending on density matrix P

(VX [P]ψi)(r) = −
∫

P(r, r′)
|r − r′|

ψi(r′) dr′.

• Ne coupled nonlinear integro-differential EVP in R3.

• Repeated application of the full rank Fock exchange operator
costs >95% of the runtime in standard hybrid DFT calculations
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Adaptively compressed exchange operator (ACE)
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ACE is default in VASP (and many other packages)
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Algorithms beyond mean-field-like electronic
structure theories? (2018–present)
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Pople diagram

• Quantum chemistry methods: systematically improvable.

• CCSD(T): Coupled cluster (CC) singles, doubles and
(perturbative) triples: gold standard of molecular chemistry.

• In the ML era: more accurate training data.
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Periodic systems
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Two (equivalent) perspectives of periodic systems
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Finite-size effect (FSE)
• Thermodynamic limit (TDL): Nk = |K| → ∞. For every level of

theory.

• Convergence to TDL: E (Nk)
Nk→∞−−−−→ ETDL. Can be slow!
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Quantum chemistry methods for periodic systems
• Hartree-Fock (and variants) widely used for periodic systems

• More recent: Post-HF methods for periodic systems:
MP2, MP3, ADC, RPA, CCSD, CCSD(T), EOM-CCSD...1

• Approach TDL via power-law extrapolation

E (Nk) ≈ ETDL + CN−α
k

• Nk ∝ volume of supercell; N
1
3
k ∝ length of supercell α = 1:

Inverse volume scaling; α = 1
3 : Inverse length scaling;

• Resolve by brute force is often prohibitively expensive: cost of
CCSD(T) scales as O(N5

k ) (with crystal momentum
conservation). Inverse linear scaling: increase cost
(23)5 = 32768 times, reduce error by just 1

2 !
1Bartlett, Berkelbach, Chan, Grüneis, Hirata, Pedersen, Scuseria, Shepherd, Sokolov, Zgid..
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Status of FSE analysis and its correction

• Analysis often for special systems (e.g. uniform electron gas)1

especially from Quantum Monte Carlo community.

• To our knowledge, no rigorous analysis for general systems2.

• For quantum chemistry methods3, empirical correction methods:
ng constant; Power-law extrapolation; Twist averaging; Structure
factor extrapolation

1Fraser et al, 1996; Chiesa et al 2006; Drummond et al, 2008; Holzmann et al, 2016...
2For HF, analysis can be performed in real space but difficult to generalize. This also leads

to special correction schemes: Gygi, Baldereschi 1986; Carrier et al 2007; Sundararaman,
Arias 2013; Shepherd, Henderson, Scuseria, 2014...

3Liao, Grueneis2016; Gruber et al, 2018; Mihm, McIsaac, Shepherd, 2019; Mihm et al, 2021
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An example of new results: Fock exchange energy

ETDL
X − EX (Nk) =

a0

N
1
3
k

+
a1

Nk
+

a2

N
5
3
k

+ · · ·

Theorem (Xing–Li–L., 2024, Fock exchange energy)
In the absence of finite-size corrections,∣∣ETDL

X − EX (Nk)
∣∣ = Õ

(
N

− 1
3

k

)
.

Madelung constant correction evaluates a0 up to h.o.t. then∣∣ETDL
X − Ecorr

X (Nk)
∣∣ = Õ

(
N−1

k

)
.
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Reciprocal space treatment of periodic systems
• Periodic system with unit cell Ω and Bravais lattice L.

Reciprocal lattice L∗ and reciprocal unit cell (Brillouin zone) Ω∗.

• Monkhorst-Pack mesh K of size N
1
3
k × N

1
3
k × N

1
3
k in Ω∗

• Eigenvectors (orbitals) and eigenvalues (orbital energies) of
Hartree-Fock Hamiltonian on K{

ψnk(r) =
1√
Nk

eik·runk(r), εnk

}
for k ∈ K

unk(r) is periodic: unk(r + R) = unk(r), R ∈ L.

• Occupied orbitals, i,j,k,l; Unoccupied orbitals, a,b,c,d;
General orbitals, m,n,p,q,r,s

• Electron density: ρNk(r) =
1

Nk

∑
k∈K

∑
i |uik(r)|2
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Energies

• Pair product of orbitals

ϱn′k′,nk(r) = un′k′(r)unk(r) =
1
|Ω|

∑
G∈L∗

ϱ̂n′k′,nk(G)eiG·r.

• Two-electron repulsion integral (ERI) ⟨n1k1,n2k2|n3k3,n4k4⟩:

1
|Ω|Nk

∑′

G∈L∗

4π

|q + G|2
ϱ̂n1k1,n3k3(G)ϱ̂n2k2,n4k4(G

k3,k4
k1,k2

− G)

• Fock Exchange energy

EX(Nk) = − 1
Nk

∑
ij

∑
ki kj∈K

⟨iki , jkj |jkj , iki⟩
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Beyond Hartree-Fock
• Total energy = Hartree Fock energy + Correlation energy

• Nesbet’s theorem for correlation energy
ENk
# =

1
N3

k

∑
ki kj ka∈K

∑
ijab

(
2 ⟨iki , jkj |aka,bkb⟩ − ⟨iki , jkj |bkb,aka⟩

)
T#,Nk

ijab (ki ,kj ,ka)

where Tijab is called the T2 amplitude, # indicates level of theory.

• e.g., Møller-Plesset perturbation theory

T MP2,Nk
ijab (ki ,kj ,ka) =

1

εaka,bkb
iki ,jkj

⟨aka,bkb|iki , jkj⟩

T MP3-4h2p,Nk
ijab (ki ,kj ,ka) =

1
Nk

∑
kk∈K

∑
kl

1

εaka,bkb
iki ,jkj

⟨kkk , lkl |iki , jkj⟩

× ⟨aka,bkb|kkk , lkl⟩
εaka,bkb

kkk ,lkl
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Madelung constant correction

• Physical origin: electrostatic energy of an infinite periodic array
of point charges diverges in 3D. Madelung constant (ξ) provides
a fictitious uniform compensation charge.

• Madelung constant correction
1. Replace ERI by

⟨n1k1,n2k2|n3k3,n4k4⟩ − δn1n3δn2n4δk1k3δk2k4ξ.

2. (For correlation energy) Replace occupied orbital energy εik by

εik − ξ

• Physically intuitive, but no rigorous proof of its effectivess!
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Main results

Theory
Correction to

orbital energies ε
Correction to
amplitudes A

Finite-size
scaling

Reference

HF N/A ✗ N
− 1

3
k [1,Thm 3.1]

HF N/A ✓ N−1
k [1,Thm 5.1]

MP2 ✓ N/A N−1
k [1,Thm 4.1]

MP3 ✓ ✗ N
− 1

3
k [2, Cor 2]

MP3 ✓ ✓ N−1
k [3, Thm 1]

CCD(n)/CCD ✓ ✗ N
− 1

3
k / N

− 1
3

k [2, Thm 1 / Cor 3]

CCD(n)/CCD ✓ ✓ N−1
k / N−1

k [3, Thm 1 / Thm 2]

CCD(n)/CCD ✗ ✓ N
− 1

3
k / N

− 1
3

k [3, Thm 1 / Thm 2]

CCD(n)/CCD ✗ ✗ N
− 1

3
k / N−1

k [3, Thm 1 / Cor 3]

✓With Madelung constant correction; ✗Without correction
1(Xing, Li, L., Math. Comp. 93, 679, 2024)
2(Xing, L., J. Comput. Phys. 500, 112755, 2024)
3(Xing, L., Phys. Rev. X 14, 011059, 2024)
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From reviewers

“The results settle once and for all, that fully converged CCD
calculations have a finite-size error that scales inversely with
the volume considered. The results settle once and for all
the conditions that must be met for this to be achieved.. the
results are highly original and technically impressive.. the
overall presentation is bordering on superb..”
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Proof ideas for analyzing finite-size errors in
Hartree-Fock theory
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Main results

Theory
Correction to

orbital energies ε
Correction to
amplitudes A

Finite-size
scaling

Reference

HF N/A ✗ N
− 1

3
k [1,Thm 3.1]

HF N/A ✓ N−1
k [1,Thm 5.1]

MP2 ✓ N/A N−1
k [1,Thm 4.1]

MP3 ✓ ✗ N
− 1

3
k [2, Cor 2]

MP3 ✓ ✓ N−1
k [3, Thm 1]

CCD(n)/CCD ✓ ✗ N
− 1

3
k / N

− 1
3

k [2, Thm 1 / Cor 3]

CCD(n)/CCD ✓ ✓ N−1
k / N−1

k [3, Thm 1 / Thm 2]

CCD(n)/CCD ✗ ✓ N
− 1

3
k / N

− 1
3

k [3, Thm 1 / Thm 2]

CCD(n)/CCD ✗ ✗ N
− 1

3
k / N−1

k [3, Thm 1 / Cor 3]

✓With Madelung constant correction; ✗Without correction
1(Xing, Li, L., Math. Comp. 93, 679, 2024)
2(Xing, L., J. Comput. Phys. 500, 112755, 2024)
3(Xing, L., Phys. Rev. X 14, 011059, 2024)
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Electron density

ρNk(r) =
|Ω∗|
Nk

∑
k∈K

(
1

|Ω∗|
∑

i

|uik(r)|2
)

=
|Ω∗|
Nk

∑
k∈K

Fe(k, r)
TDL−−→ ρTDL(r) =

∫
Ω∗

dkFe(k, r)

Thermodynamic limit (TDL): Nk → ∞ and K → Ω∗

Finite-size error: quadrature error of trapezoidal rule.
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Trapezoidal rule in Rd

• Hypercube V = [0,L]d + b for some b ∈ Rd .

• X : an m × · · · × m uniform mesh inside V

X =

{
b +

L
m

((j1, j2, · · · , jd) + x∗) , j1, j2, . . . , jd = 0,1, . . . ,m − 1
}
,

x∗ ∈ [0,1]d : relative offset of X with respect to V .

• Trapezoidal rule: QV (g,X ) =
|V |
|X |

∑
xi∈X g(xi)

• Quadrature error

EV (g,X ) = IV (g)−QV (g,X ) =

∫
V

dxg(x)− |V |
|X |

∑
xi∈X

g(xi),
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Euler-Maclaurin formula1

Theorem (Euler-Maclaurin formula)

For g ∈ C l(V ), quadrature error:

EV (g,X ) =
l−1∑
s=1

Ls

ms

∑
|β|=s

cβ(x∗)

∫
V

g(β)(x) dx +
Ll

ml × bounded.

with Bk (x) the periodic Bernoulli polynomial of order k and

cβ(x) = −
Bβ1(x1)

β1!

Bβ2(x2)

β2!
· · ·

Bβd (xd)

βd !
.

Corollary
g(x) periodic and smooth w.r.t. V , quadrature error:∣∣∣∣∣∣

∫
V

dxg(x)− |V |
md

∑
xi∈X

g (xi)

∣∣∣∣∣∣ = O
(

m−l
)
, ∀l > 0.

1Results can be improved for complex analytic functions in 1D, see e.g., (Trefethen,
Weideman, SIAM Review 2014)
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Quadrature error in electron density

• Electron density: ρNk(r) =
|Ω∗|
Nk

∑
k∈K

(
1

|Ω∗|
∑

i |uik(r)|2
)

• Quadrature error:

ρTDL(r)− ρNk(r) =
∫
Ω∗

dkFe(k, r)−
|Ω∗|
Nk

∑
k∈K

Fe(k, r)

• Properties of integrand: Fe(k, r) = 1
|Ω∗|

∑
i |uik(r)|2

periodic and smooth w.r.t. k ∈ Ω∗

Lemma ∣∣ρTDL(r)− ρNk(r)
∣∣ = O

(
N−l

k

)
, ∀l > 0.
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Quadrature error in Fock exchange
• Quadrature error:

ETDL
X − EX (Nk) =

∫
Ω∗×Ω∗

dki dq − |Ω∗|2

N2
k

∑
ki∈K,q∈Kq

Fx (ki ,q)

• Momentum transfer q = kj − ki .

• Kq = K −K always contains q = 0
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Singular integrand

Fx (ki ,q) ∼
∑

ij

1
|Ω|

∑′

G∈L∗

4π
|q + G|2

∣∣ϱ̂iki ,j(ki+q)(G)
∣∣2

• smooth and periodic with respect to ki

• periodic with respect to q but discontinuous at q = 0.
Euler-Maclaurin formula is not applicable.

• Punctured summation
∑′

G∈L∗

excludes the singular term with q + G = 0.

|Ω∗|
Nk

4π
|q|2

∑
ij

∣∣ϱ̂iki ,j(ki+q)(0)
∣∣2 −→

∫
Ω∗

0

dq
O(1)
|q|2

= O
(

N
− 1

3
k

)

• Finite-size error is at least O
(

N
− 1

3
k

)
.
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Algebraic singularity

Definition
g(x) has algebraic singularity of order γ ∈ R at x0 ∈ Rd if ∃δ > 0,∣∣∣∣ ∂α∂xα

g(x)
∣∣∣∣ ⩽ Cα|x − x0|γ−|α|, ∀0 < |x − x0| < δ, ∀α ⩾ 0.

Example Singular point and order γ

1
|q|2

q = 0 order −2

qT Mq
|q|2

q = 0 order 0

qT M1q
|q|2

(q−z)T M2(q−z)
|q−z|2

q = 0, z order 0
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Analysis of “punctured” trapezoidal rule with singular
integrands in d-dimension

• (Lyness, Math. Comp. 1976), generalized Euler-Maclaurin,
homogeneous function

• (Xing, Li, L., Math. Comp. 93, 679, 2024) generalized
Euler-Maclaurin, functions with algebraic singularity

• Improvement
(Xing, L., J. Comput. Phys. 500, 112755, 2024)
(Xing, L., Phys. Rev. X 14, 011059, 2024) Poisson summation
inspired by (Izzo, Runborg, Tsai, Adv. Comp. Math., 2023)
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Generalized Euler-Maclaurin formula

Theorem (Xing–Li–L., 2024, simplified)

V = [−1
2 ,

1
2 ]

d . g(x) = f (x)
(xT Mx)p for some M ≻ 0. f (x) smooth in Rd ,

f (x) = O(|x|a) near x = 0, and γ = a − 2p > −d. Then

EV (g,X ) =

d+γ−1∑
s=1

1
ms

∑
|β|=s

cβ(x)
∫

V
g(β) dx

+O
(

lnm
md+γ

)
.

• If g is periodic in V , then EV (g,X ) = Õ(m−(d+γ)).

• Proof sketch: Separate into bad domain VT = [− 1
m ,

1
m ]d

and good domain V\VT .
Apply Euler-Maclaurin in each volume element of size |VT |.
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Quadrature error in Fock exchange

• Fx (ki ,q) with non-smooth terms O(1)
|q|2 ,

O(q2)
|q|2 ,

O(q4)
|q|2 , . . .

=⇒ ETDL
X − EX (Nk) =

a0

N
1
3
k

+
a1

Nk
+

a2

N
5
3
k

+ · · ·

Theorem (Xing–Li–L., 2024, Fock exchange energy)
In the absence of finite-size corrections,∣∣ETDL

X − EX (Nk)
∣∣ = Õ

(
N

− 1
3

k

)
.

Madelung constant correction evaluates a0 up to h.o.t. then∣∣ETDL
X − Ecorr

X (Nk)
∣∣ = Õ

(
N−1

k

)
.
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Conclusion and future works

• First rigorous analysis of FSE in HF (in reciprocal space) and
correlation energy for a range of quantum chemistry methods

• Gapless systems and finite temperature analysis requires new
tools. Green’s function based ideas.

• Other physical properties. Charge gap and optical gaps.

• Analysis inspired algorithms: (1) staggered mesh method (2)
singularity subtraction method (superalgebraic convergence)

• Staggered mesh method implemented in PySCF and QChem.
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Pole expansion and selected inversion (PEXSI)
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Pole expansion and selected inversion (PEXSI)
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FSE can be both significant and hard to pin down
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Inverse volume scaling in coupled cluster calculations
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Two common misinterpretations

CC exhibits superior FSE scaling because
• CC is size extensive.

A: No. (1) size extensivity is only a necessary condition for
periodic calculations. (2) HF, MP2, MP3 etc are all size
extensive.

• CC can be reformulated without referring to orbital energies.
A: Yes. This is along the right track, but many steps in between
are still missing.
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Proof sketch of inverse volume scaling result

• Key step: Madelung constant correction1 improves N
− 1

3
k to N−1

k
for CCD(n).

• Upon convergence of the CCD amplitude equations, Madelung
constant corrections cancels out.

Conclusion: Without finite size corrections, FSE of any CCD(n) is

N
− 1

3
k , and only at convergence, it improves to N−1

k .

1Must be properly applied to both orbital energies and ERI contractions.
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Singular integrand

• Asymptotic non-smooth form near q = 0

Fx (ki ,q) ∼
∑

ij ϱ̂iki ,j(ki+q)(0)
|q|2

+
∑
G ̸=0

· · ·
|G + q|2

∼
Nocc +

∑
|α|=2 cαqα +O

(
|q|4

)
|q|2

+
∑
G ̸=0

· · ·
|G + q|2

• Non-smooth integrands:

1
|q|2

,
qα

|q|2
=

qα1
1 qα2

2 qα3
3

|q|2
, |α| = 2,4, . . .
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Anisotropic singularity ∫
Ω∗

f (q)
|q|2

dq.

• f compactly supported in Ω∗ with isolated singularity at q = 0.

• f (q) = O(|q|2) ⇏ f (q) = C |q|2 + o(|q|2)
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Staggered mesh method for Fock exchange
• Two staggered meshes Ki and Kj for iki and jkj :

New Kq with half-mesh-size shift

• Staggered mesh method:

Estagger
x (Nk) =

1
Nk

∑
ij

∑
ki∈Ki ,kj∈Kj

−1
2
〈
iki , jkj | jkj , iki

〉
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Staggered mesh method for Fock exchange

(Xing, Li, L., Math. Comp. 93, 679, 2024)
(Quiton, Wu, Xing, L., Head-Gordon, J. Chem. Theory Comput. 2024)
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Staggered mesh method for MP2

• Two staggered Monkhorst-Pack meshes for occupied orbitals
and virtual orbitals1 .

• Avoid the zero momentum transfer q = ka − ki = 0.

1(Xing, Li, L., JCTC 17, 4733, 2021)
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MP2 correlation energy

(Xing, Li, L., J. Chem. Theory Comput. 17, 4733, 2021)
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RPA correlation energy

(Xing, L., J. Chem. Theory Comput. 18, 763, 2022)
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MP2, direct term

• Momentum transfer q = ka − ki = kj − kb

• Change of variable ka → q

• Reduction of error (singularity only along q direction)

E(Ω∗)×3

∑
ijab

F ijab
mp2,d(ki , kj , ka), (K)×3

 ≲ E(Ω∗)×3

(
F̃mp2,d(ki , kj ,q),K×K×Kq

)
≲ max

ki ,kj
EΩ∗

(
F̃mp2,d(ki , kj ,q),Kq

)
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MP2, exchange term

Error sources: integrand and quadrature error
• Momentum transfer q1 = kb − ki and q2 = ki − ka

• Change of variable ka → ki − q2 and kj → ki + q1 − q2.

• Reduction of error (singularity only along q1,q2 direction)

E(Ω∗)×3

∑
ijab

F ijab
mp2,x(ki , kj , ka), (K)×3

 ≲ E(Ω∗)×3

(
F̃mp2,x(ki ,q1,q2),K×Kq ×Kq

)
≲ max

ki
EΩ∗×Ω∗

(
F̃mp2,x(ki ,q1,q2),Kq ×Kq

)
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Boils down to quadrature error of singular integrals

• MP2 direct: ∫
Ω∗

f1(q)
|q|2

dq,
∫
Ω∗

f2(q)
|q|4

dq.

f1, f2 compactly supported in Ω∗. Isolated singularity at q = 0.
f1(q) = O(|q|2), f2(q) = O(|q|4)

• MP2 exchange: ∫
Ω∗×Ω∗

f3(q1,q2)

|q1|2 |q2|2
dq1 dq2.

f3 compactly supported in Ω∗. Isolated singularity at q1 = q2 = 0.
f3(q1,q2) = O(|q1|2 |q2|2).
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Diagrams in CCD (linear in t)
Fix I, J,A,B, focus on K = (kkk )

1

Dotted line: ERI. Solid line: t amplitude

1C = (ckc) is determined by crystal momentum conservation.
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Bounding quadrature error in CCD
Description Singular points and order Estimate∫

V dxf (x) None Super-Algebraic∫
V dxf (x) x = 0 of order γ m−(d+γ)∫
V dxf1(x)f2(x) f1(x): x = 0 of order γ;

f2(x): x = z of order 0
m−(d+γ)

∫
V×V dx1 dx2f1(x1,x2)f2(x1,x2) fi(x1,x2): xi = 0 of order γi ,

i = 1,2
m−(d+mini γi )

∫
V×V dx1 dx2f1(x1,x2)f2(x1,x2)f3(x1,x2 ± x1) fi(x1,x2): xi = 0 of order γi ,

i = 1,2; f3(x1, z): z = 0 of
order 0

m−(d+mini γi )

Type Terms Error Estimate

Energy
∑

IJAB ⟨IJ|AB⟩ tAB
IJ ,

∑
IJAB ⟨IJ|BA⟩ tAB

IJ N−1
k

Amplitude

constant ⟨AB|IJ⟩ 0

linear
⟨KL|IJ⟩ tAB

KL , ⟨AB|CD⟩ tCD
IJ , ⟨AK |CI⟩ tCB

KJ , ⟨AK |CJ⟩ tBC
KI N

− 1
3

k
⟨AK |IC⟩ tBC

KJ N−1
k

⟨AK |IC⟩ tCB
KJ Super-Algebraic

quadratic
⟨LK |DC⟩ tAD

IL tCB
KJ Super-Algebraic

all other terms N−1
k
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