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Quantum advantage: Shor’s algorithm
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Quantum advantage: Quantum dynamics
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• Feynman’s original vision

• 𝜓𝜓 𝑡𝑡 = 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 𝜓𝜓 0  (Hamiltonian simulation)

• Often simple initial state (such as product state) 𝜓𝜓 0

• Observe 𝜓𝜓 𝑡𝑡 𝑂𝑂 𝜓𝜓 𝑡𝑡

• Challenging for classical simulation beyond 1D



Scientific computing: mathematics
• Linear systems of equations 𝐴𝐴𝐴𝐴 = 𝑏𝑏

• Linear differential equations (Ordinary / Partial / Stochastic)  
𝜕𝜕𝑡𝑡𝑢𝑢 = 𝐴𝐴𝐴𝐴

• Linear eigenvalue problem 𝐴𝐴𝐴𝐴 = 𝜆𝜆𝜆𝜆

• (Nonlinear equations)

…

Most of these are non-unitary processes

Ingenious ideas to “shoehorn” into unitary processes
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Scientific computing: applications
• High dimensional problems (ℝ𝑑𝑑 ,𝑑𝑑 ≫ 3)

 Quantum many body system: condensed matter physics, quantum 
chemistry, materials science, quantum field theory.. (Schrödinger 
equation, Lindblad equation, Dirac equation..)

 Control theory, game theory (Hamilton-Jacobi equation)
 Probability theory, sampling (Fokker-Planck equation)
 Optimization theory

• Low dimensional problems (ℝ𝑑𝑑 ,𝑑𝑑 ≤ 3)

 Molecular dynamics (Newton’s equation)
 Fluid dynamics (Navier-Stokes equation)
 Electromagnetism (Maxwell equation, Helmholtz equation)
 Approximate models for high dimensional problems (Kohn-Sham 

density functional theory, Mean-field games..)
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Quantum advantage in scientific computation
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Quantumly easy, classically hard

• Low quantum input cost

• Low quantum output cost

• Low quantum running cost

• High classical cost



Quantum advantage hierarchy (as of now)
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Quantum advantage hierarchy (as of now)



End-to-end complexities
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Cambridge Univ. Press (to be published)

https://sinews.siam.org/Details-Page/quantum-advantages-and-end-to-end-complexity



Towards quantum advantage for simulating non-unitary 
quantum processes
• Non-Hermitian quantum dynamics

𝜕𝜕𝑡𝑡𝑢𝑢 𝑡𝑡 = −𝐴𝐴𝐴𝐴 𝑡𝑡 = − 𝑖𝑖𝑖𝑖 +
1
2𝐾𝐾

+𝐾𝐾 𝑢𝑢 𝑡𝑡

• Lindblad dynamics (think 𝜌𝜌 𝑡𝑡 = 𝔼𝔼 |𝑢𝑢 𝑡𝑡 ⟩⟨𝑢𝑢(𝑡𝑡)|)

𝜕𝜕𝑡𝑡𝜌𝜌 𝑡𝑡 = −𝑖𝑖 𝐻𝐻,𝜌𝜌 −
1
2

{𝐾𝐾+𝐾𝐾, 𝜌𝜌} + 𝐾𝐾𝐾𝐾𝐾𝐾+

• Empirically challenging for classical computation. 
• Rich potential for algorithms
• Interplay between open and closed quantum systems (open 

boundary condition, thermal states, ground states) 
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How to solve non-Hermitian dynamics 

with optimal state preparation cost?

(Reduce input cost)



Linear differential equations
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Linear combination of Hamiltonian simulation (LCHS)
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Express non-unitary dynamics                (Level III)
as Hamiltonian simulation problems       (Level II)

[An, Liu, Lin, Phys. Rev. Lett. 131, 150603, 2023] (QIP24)
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How to prepare ground state 

starting from zero initial overlap?



Challenge in quantum phase estimation
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𝜕𝜕𝑡𝑡𝜌𝜌 𝑡𝑡 = −𝑖𝑖 𝐻𝐻, 𝜌𝜌 −
1
2

{𝐾𝐾+𝐾𝐾,𝜌𝜌} + 𝐾𝐾𝐾𝐾𝐾𝐾+



Jump operator: linear combination of 
Heisenberg evolution
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Single ancilla simulation of discrete-time dynamics
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Outlook
• Likely to achieve quantum advantage in 

Level I (cryptography) and Level II (unitary quantum).

• A lot more quantum algorithms may be discovered at 
Level III (non-unitary quantum) and Level IV (classical).

• Co-design perspective: 
Interplay between algorithmic design, circuit synthesis, 
error correction, error mitigation 

• Find better ways to communicate with the public on 
what have been achieved and what are achievable!

23


	Road to Quantum Advantage: Theory
	Slide Number 2
	Quantum advantage: Shor’s algorithm
	Quantum advantage: Quantum dynamics
	Scientific computing: mathematics
	Scientific computing: applications
	Quantum advantage in scientific computation
	Quantum advantage hierarchy (as of now)
	Slide Number 9
	End-to-end complexities
	Towards quantum advantage for simulating non-unitary quantum processes
	Slide Number 12
	Linear differential equations
	Linear combination of Hamiltonian simulation (LCHS)
	Slide Number 15
	Slide Number 16
	Challenge in quantum phase estimation
	Slide Number 18
	Slide Number 19
	Jump operator: linear combination of Heisenberg evolution
	Single ancilla simulation of discrete-time dynamics
	Slide Number 22
	Outlook

