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ABSTRACT. Now Modular invariance is one of the most fundamental prin-
ciple in mathematical physics. In this expository paper, we will discuss what
they are, and how to use them to get some formulas of characteristic forms,
which play an important role in proving Ochanine congruence.

80 Introduction
In the recent thirty years, the famous theorem of Rokhlin [R1] has been
extended to various versions. Rokhlin’s theorem states that the signature of an
closed oriented smooth spin 4-manifold is divisible by 16. In 1987, Ochanine
[O] generalized this result to manifolds of 8k + 4 dimensions, while another

generalization was given by Atiyah and Hirzebruch [AH], which states that Ql—
genus of a closed oriented smooth spin manifold is an even integer. Landweber
[La] shows that we can use the elliptic genus to get the Ochanine result directly
from the divisibility results of Atiyah and Hizebruch [AH].

In 1972, Rokhlin [R2] established a congruence formula of the type ¢(B) =
Sign(M)fssign(B'B) mod 27, where B - B is the self-intersection of B in M, and
B is an orientable characteristic submanifold of M, which is the Poincaré dual
of the scond class of tangent bundle. Ochanine [O] generalized this congruence
formula to the case of 8k + 4 dimensional closed spin® manifolds. Guillon and
Marin [GM] generalizes the result when B might be non-orientable.

On the physics aspect, when Alvarez-Gaumé and Witten [AW] directly com-
puted gravitational anomaly, they discoverd a so called ”Miraculous Cancella-

A A
tion” formula, which is actually a formula of L-class, A-class and a twisted

j/ﬁ\l—class of 12-dimension manifold. By using this formula, we can briefly deal
with the case of 12 dimensional spin manifolds to build a bridge between di-
visibility in [AH] and [O]. Liu [L] established a higher dimensional ”miraculous
cancellation” formula by developing modular invariance properties of character-
istic forms. Liu and Zhang [LZh] thus got an intrinsic analytic interpretation
of Ochanine invariant ¢(B) for any 8k + 2 dimesional closed spin manifold B,
which leads to an analytic version of Ochanine congruence formula.

The purpose of this paper is to introduce the various characteristic forms
and modular invariance, then give a proof of the Han-Zhang formula in [HZ],
i.e. a twisted "miraculous cancellation” formula. Finally we use Han-Zhang
formula to give a topological proof [HZ] of Ochanine congruence formula, where
we do not use too much analytic arguments.

81 Characteristic Forms
In this section, we introduce some fundamental knowledge for this paper and
at the end of this section, one can get a simpliest cancellation formular. Thus
one can get some sense for the following section.
Considering an m-dimensional complex vector bundle E over a smooth man-
ifold M, we denote the curvature of a connection V¥ by QF.



Definition 1.1 The (total) Chern form denoted by c(FE, VF) associated to
VZ is defined by ¢(E, VEF) = det(I + %1QF)

Property 1.2 We have the following identity for matrix

(1.1) det(1+A) = exptr(In(1+A)) = exptr(A— A +- +w+ )=
Ttr(A—A 4o ) Ltr(A—A 4 )24 = 1+trA+ L(trA)2 —trA2)2 +

Definition 1.3 The cohomology class [C(E, V)] denote (total) Chern class
of E. Write ¢(E,VE) as 1+ ¢1(E, V) + co(E,VF) + - - e (E, VE) with each
ci(E,VE) € Q¥ (M). We call ¢;(E,VF) the i-th Chern form associated to V¥
and its cohomology class [¢;(E, V)] denoted by c;(E), the i-th Chern class of
E.

Remark:1) every ¢;(E,VE) € Q% (M) is a closed differential form.

2) ¢;(E,VF) determines a cohomology class [¢;(E, V)] € Hip(M;C).

3) This class, i.e. ¢;(E) does not depend on choice of V.

For property 1.2 and Definition 1.3, we can write down the first two term of
Chern class

cl(BE) = L XtrQP and e(B) = gstr(QF AQF — (trQF) A (trQF)]

Definition 1.4 We can also introduce the Chern character as

(1.2) ch(E) = tr(eacpgﬁE)

Property 1.5 1) ch(E) = tr(Y>_ L (%20F)* € H*(M; R)

3
3
3
3

2) ch(B) =) i) aj =D ¥ =r+) w+3) @i+ - =r+alf)+

2(c1(E))? — 2¢2(E Zchl , where x;’s are the Chern root corre-

sponding to the complex Vector bundle E.
3)i)ch(FE® F) = tr(exp‘/Q:QE@F Ze’“ + Zeyf = ch(E) + ch(F)

ii) ch(EQF) = tr(exp%QE@)F Ze“’ itV = Zezi Zeyi = ch(E)ch(F)

Let A¢(E) and Si(E) be the total exterlor and symmetrlc powers of E., i.e.
(1.3) Ay(E) = C |y +tE+t?2A?(E)+--and Si(E) = C |u +tE+tQS2(E)+
, where C' |ps denotes a trivial line bundle on M.

From Atiyah’s book we know

(1.4) Sy(E) = Ly and A(E — F) = 33

A (F)
By Preoperty 1.5/3)/ 11) we can get the formulas for Chern Character forms
(1.5) ch(Si(E)) = gty and ch(A(E — F)) = %

From the Hirzebruch and roof polynomial, we can define L -genus and A—
genus of a (real) vector bundle F as follows.

A
(1.6) L(E) = Htafiﬁz] H(l — i+ Eaf — 2o 28 +---), where x;’s are

J
the Chern roots of bundle E.



(17) ;\1( )_Hsmh ] _H 1+3' 77 %(%)4+)71

Definition 1. 6 In a snmlar way of Definition 1.1&1.3, we can also define
(total) Pontrjagin form associated to V¥ by

(1.8) p(E, VE) = det(I — —) where F is a real vector bundle over M.

We still have following decompsition for the same reason

(19) p(Ea VE) = 1+p1(Ea VE)+p2(E7 VE)+"'pk(E7 VE)? with pi(E’ VE) €
Q4i (M)

We call p;(E,V¥) the i-th Pontrjagin form associated to VZ and call the
corresponding cohomology class p;(E), the i-th Pontrjagin class of E.

Let £ ® C be the complaexification bundle of the real vector bundle E. By
comparing the total pontrjagin classes and the Chern classes of E ® C, we have
the following relation

(1.10) pi(E) = (=1)icoi(E® C)

For the above definitions and results, one can refer to [Hou] and [Zh3].

A A
Using a differential form view introduced by Zhang, the L-form and A-form
associated to V¥, denoted by
ﬁQE

A

which are just another expressrons of the above terms. (T he former one is actually
in the De Rham cohomology ring and here is a differential form).
In the fashion of Pontrjagin class, we thus can rewrite

AN
(1.12) L(E,VF) = 1+ 3p1 + (= 3501 + £5p2) + -

A
Anyway, for the same reason as stated in Remark, we can write L(E) for
convenience.

A
In a similar way, we can also rewrite A(E) as

A
(112) A(Ea VE) =1 + 5 ( (lspl) + 214 (320]9% 10p2) + -
Remark: (1) In the followmg section, we can see the prototype of all the

cancellation formulas is L =-8 A (only compare the top form of them) for the
case of dimM = 4, which can be directly derived from the above discussion.
Actually Alvarez-Gaumé and Witten [AW] directly compute these identities
(they have other appearence in physics) and then got the so called ”miraculous
cancellatlon formula for dimension 12.

(2) A and L do have geometric rneamng Integration of A is the index of a

spin complex, while Integration of L is the index of a signature complex, which
are the direct application of the Atiyah-Singer Index Theorem.

82 The main result-A twisted ”miraculous cancellation” formula
Notations: Let V be a rank 2] real Euclidean vector bundle over M and &
be a rank two real oriented Euclidean vector bundle over M, which respectively
have connection V" and Ve,
Denote E — CToF(E) by E where E is a complex vector bundle.



Set
(2.1) @1(T0M, Vc,fc) = ®S (TcM ®®A m VC 250 ®®A fc)

n=1 m=1 r=1
®A 1 (&)
O(Tec M, Ve, éc) = ®S n TcM ®®A . Vc 2§c ®®A fc ®

n=1 m=1
®Aqs (EE)
s=1

where ¢ = e2™V=IT with + € H , the upper half complex plane, and Vg
denotes the complexification of the real bundle V.

We can expand ©1(TcM, Ve, éc) and ©2(TeM, Ve, €c) as formal Fourier
series with respect to q%

(2.2) ©1(Tc M, Ve, &c) = A\(Te M, Ve, &c) + AL(Te M, Ve, Ec)ge + -+ -

Os(TeM, Ve, o) = Bo(TeM, Vo, éc) + Bu(ToM, Ve, Ec)a? + -

where the A;’s and B;’s are elements in the semi-group formally generated
by Hermitian vector bundles over M.

Let ¢ = e(&, V¢) be the Euler form of ¢ canonically associated to V.

Now we can state the main theorem of this article as follows.

Main Theorem 2.1(Han-Zhang) Assume M is a manifold of dimension
8k + 4. If the equality of first Pontrjagin class of tangent bundle and real vector
bundle V holds, i.e. p1(TM,VTM) =p,(V,V"), then we have

A ! (8k+4)
93 14+2k+1 | A(TM,vTM) det 2 (2 cosh(4=20QV))
( ) ( ) cosh?(g)

(8k+4)
_ZQ 67‘{ (TM,VTM)eh (b, (Tc M, VC,fC))COSh(S)}

with each b (TeM,Ve,éc), 0 < r <k, is a canonical integral linear combi-
nation of B;(TcM, Ve, 6c), 0 <j <.

Remark:

1) In (2.3), we compare two top-dimensional differential forms on M.

2) If we let ¢ be the trivial bundle, i.e. ¢ = R?, thus we have ¢ = 0 and
recover Liu’s main result.

3) If we consider a 12-dimensional manifold M with V = TM and VV =
VTM  which means that the conditional equality automatically holds, we just
recover the "miraculous cancellation” formula of Alvarez-Gaumé and Witten.

83 Modular forms and its property

Let T be a subgroup of SLy(Z) = {( Ccl Z ) :a,b,c,deZ,ad—bc:l}

Defnition 3.1 A modular form over I' is a holomorphic function f(7) on

HU{oo} which, for any g = ( i Z

) € I, satisfies the transformation formula



(3:1) f(97) = £ (£225) = M) (er + ) f(7)
where x : I' — C* is a character of I" and k is called the weight of f.
Defnition 3.2 Four J acobioctheta—functions are defined as follows

(3:2) 6(v,7) = 24* sin(ro) [ (1= )1 = 2mVTTogr) (1 — 27 Togi) |

01(0,7) = 2% cos(mo) [] [(1— 7)1+ 27V Tgi) (1 + 27V Togi)|
=1

AN

02(0,7) = [] [(1 = )1 = e2mVTTogi-d)(1 — -2V TToginh)|
j=1

bsto,) =TT [(1= @)1 + Vg1 4 e-2r/ gt
j=1

where ¢ = e2™V=I7 with 7 € H.

Remark: All these Jacobi theta-functions are holomorphic functions for
(v,7)eC x H.

Proposition 3.3 ¢/(0,7) := 2207 | — 76, (0,7)65(0, 7)03(0,7)

Let S, T be the two generators of SLo(Z) defined by ST=—=, Tt =7+ 1.

Property 3.4 We have the following transformation laws of Jacobl theta-

functions with respect to two generators S, T.
1

(3.3) (v, T7) = =7 0(v,7), e(v,ST)zL( r )ie—fvze(mﬁ)

=1 \v=T
(3.4) 0, (v, T7) = =50, (v,7), 01 (v, ST) = (ﬁ) e~ 0y (v, 7)
(8:5) 02(0,T7) = O5(v,7), B3, 87) = ( f_ﬁ) e~ 0, (rv, 7)
(3.6) 03(v, T7) = =T 0(v,7), O3(v, ST) = (m) e~ 04 (v, 7)

84 Proof of the Main Theorem
Lemma 4.1 If {w;} are the formal Chern roots of a Hermitian vector bundle
E carrying a Hermitian connection V¥, then we have the following formula for
the Chern character form of A;(E)
(4.1) ch(A(E)) = [J (1 + evit)
i
Proof. From the Property 1.5/2), we know ch(FE Zewf Because {w;}

Jj=1
are the formal Chern roots of E {w; + wj}iz; are the formal Chern roots of

A2E. Thus we get ch(A’E Z ewitwi,
i,j=1
i#]
Thus we have the following formula,
(4.2) ch(AL(E)) = ch(C |m) + tch(E) + t2ch(A%E) +



=1+ tZe“’J + ¢ Z evites o =TT+ evit)

3,7=1 %
i#]
Set -
[ A@MYTM) det (2 cosh(L22QY)) O (oM Vo £0)
(4.3) Pi(7) = ey e (01(Te M, Ve, Ec), VO (Tet Ve te))

A (8k-+4)
Py(r) = {A(TM, VTM Y (O4(Te M, Ve £c), VOTM Vo o)) cosh<;>}

where VO1(TeM.Vege) ;= 1,2, are the Hermitian connections with ¢Zz-
coefficients on ©1(TcM, Ve, &c) induced from those on the A;’s and B;’s.

By using the terminology of formal Chern roots (c.f (1.7)), we can rewrite
Py (1) as follows,

Ak+2

wyh@ =2 | 1 = (H costrn ) o oty
j=

where we denote the formal Chern roots of (Ve VVC)(resp.(TcM, vTely)

by {£27v/—1y, }(resp.{£27v/—1z;} and let ¢ = 2m/—1uw.
From (1.5) (2.1), we can write ch(@l(TCM Vc,fc)) expllcltly7

ch(A_gn (CBFF1)) ch(Agm (Ve)) T { ch(A_gn (C2) ) 2
(45) ch(@l(TCM, VCafC')) - H ch(A q,L(TCM H ch(Aqm(CCm (ch(A,qn(gc))>
n=1 t=1
> ch(A 1 (&) > ch(A o1 (&0))

Hch(A L0 H ch(A7 GO

By (3. 2) ( 1) (4.4) (4 5) and Proposition 3.3, we can get following identities.
Proposition 4.2

(8k+4)

(8k+4)
£23 (0,7) l 01 (yw,7) | 07(0,7)03(u,m)02(u,T)
— 9! 0'(0,7 vy T ,T u,T u,T
(4.6) P (1) =2 H L5 50,7 R Elo,r) elf(u,f)ez(o,f)é(o,f)
v=1
In a similar way, we can also compute P»(7) and thus get
Proposition 4.2’
(8k+4)

4k+2 1
! 20,7 u,T w,T
0y o) =23 | [T ( js;z’oi;?) s 071,071
=1 v=
Now we’d like to introduce some terminology.
Let Mg(T") denote the ring of modular forms over I' with real Fourier coef-
ficients.
Definition 4. 3 We defined ¢ and € functions as follows
(4.7) 01(7) = §(02(0,7) +05(0,7)), e1(7) = 15 94(0 7)05(0,7)
da(7) = —*(94(0 7)+03(0,7)), e2(7) = 1501(0,7)65(0,7)
where 60;’s are Jacobi theta-functions.
We can expand them as formal Fourier series
(4.8) 61(7) = %+6q+-~-, e (1) = %S—q—i—-“
G2(7) = -2 —3q3 + -, e(T) =qF +- -
Let T'9(2), T'°(2) be two subgroups pf SLy(Z) defined as



Z ) € SLy(Z) | ¢=0 mod QZ}
b
d

) € SLy(Z) | b=0 mod QZ}

Property 4.4 1) T', ST?ST are two generators of ['g(2); while ST'S, T?>STS
are the two generators of I'°(2).

2) 52(7%) = T2 51(7’), 52(T+2) = 52(7’), 51(7%) = T2 52(7’)7 51(T+1) = 51(

ea(—1) =71 ei(7), 2(T+2) = e2(7), e1(—7) = 7" e2(7), e1(7+1) = ex(

3) 62 and ey are modular forms of weight 2 and 4 respectively over I'(2);
while 01 and €; are modular forms of weight 2 and 4 respectively over T'o(2).
Moreover, we have Mg(T'°(2)) = R[62(7), e2(7)].

Proof. 1) 2) trvial

3) We can check directly on denerators of I'°(2) and T'g(2), where we
will use 1) and 2)
The last result need to refer lemma 2 in [L]

Proposition 4.5 If p; (TM,VTM) = p,(V, V") holds, then P;(7) is a mod-
ular form of weight 4k + 2 over T'(2); while P»(7) is a modular form of weight
4k + 2 over T'°(2). Futhermore, we also have the following formula

(4.10) Py (—1) = 2!k 2 Py(7)

Proof. For the first part, we only need to check

P (T7) = Pi(7) and P, (ST?STT) = Pl(E:J:ll) = (27 + D)*+2Py (1)

PQ(STST) = PQ(—ﬁ) = (T — 1)4k+2P1(’7') and PQ(T2STST> = PQ(%) =
(7 — 1)**+2Py(7), which are trivial. (by Prop 4.2 and Property 3.4)

For the second part, it is still a routine to check.

At any point © € M, up to the volumn form determined by the metric of
T,.M, Py(7) can be considered as a formal power serise of q% with real Fourier
coefficients.

By Property 4.4 and Proposition 4.5, we can expand P»(7) in such a way

(4.11) Py(7) = ho(882)% T + hy(802)% teg + - - +hy,(852)€s

where each hj, 0 < j <k, is a real multiple of the volumn form at x.

By (4.10) and (4.11), we can rewrite P;(7) as follows

(412) Pi(7) = -z Pa(—})

= 2 [ho(862(— 1))y (805 (— 1)) Lea(— L)+ hy,(802(— 1)) (eaf

By using Property 4.4/2), we get the similar expression as (4.11)

(4.13) Pi(7) = 2'[ho(861)% T + h1(861)* ey + - - +hi(81)ef]

Setting ¢ = 0 in both (4.3) and (4.13) and by using (4.8), we get the following
identity

7)
)

T

A

A(TM, V™M) det 3 (2 cosh(X=LQ" (r )
(4'14){ (TM,VT™M) det 3 (2 cosh( Y=L ))}

cosh?(%)

k
— 21[h0(2)2k+1 + ]11(2)216—11716 4. +hk(2)(Tlfi)k] — 21+2k+122—6rhr
r=0
Then the remain thing is to prove that the above h, can be expressed as a

1

T

A (8k+4)
canonical integral linear combination of {A(TM, VIM)ch(B;, VBi) cosh(g)}

)]



,0<j <.

By (4.8) (4.11), we have the following Fourier expansion for Py(7) with
respect to q%

(4.15)

Py(7) = —[ho(1+24q% +-- )1 4 hy (14247 +- )2 1(gz + )+ ho(1+
24(1% 4. .)2k—3(q% 42 (1 24(]% 4. )(q% + .. )k]

= —[ho(1+24(2k+1)q2 +288(2k +1)(2k — 1) +---) + h1 (2 +24(2k — 1)q +
...)+h2(q+...)+...} )

= —ho — [24(2k + 1)ho + hu]qF — [576k(2k + 1)ho + 24(2k — 1)hy + halg + - -

By (2.2) (4.3) and Property (1.5)/3), we have another Fourier expansion for
Py(7) with respect to ¢z

(4.16)

A 1
Py(1) = {A(TM,NT"M)ch(Bo(Te M, Ve, éc)+Bi(TeM, Ve, £0)qz +Ba(Te M, Ve, £0) g+
o) COSh(%)}(8k+4)

A AN 1
= {A(TM,VTM)ch(Bo(Te M, Ve, &0)) cosh(§)+A(TM, VM) eh(By (Te M, Ve, &c)) cosh(§) gz +

A
A(TM,VTM)ch(Bo(Te M, Ve, éc)) cosh(§)q + - - -} B+
By comparing (4.15) with (4.16), we can get the following equations

A (8k+4)
(4.17) —ho = {A(TM, VTM)eh(Bo(Te M, Ve, éc)) cosh(g)}
A (8k+4)
—[24(2k+1)ho+hy] = {A(TM, VIM)ch(By(Te M, Ve, &¢)) cosh(;)}
A (8k+4)
—[576k(2k+-1)ho+24(2k—1)hy+hs] = {A(TM, VIMYeh(Bo(Te M, Ve, £c)) cosh(g)}

Then we can find all the h, can be determined in this way by indection
method. For example, we have

N (8k-+4)
(4.18) ho = — {A(TM, VIMch(By(Te M, Ve, &) Cosh(é)}
N (8k+4)
hy = {A(TM, VIM)[24(2k + 1) — ch(By(Te M, Ve, £0))] cosh(;)}

A (8k-+4)
hy = {A(TM, VIM)[—576k(2k + 1) + 24(2k — 1) — (ch(Ba(Te M, Ve, £¢)) cosh(g)}

Remark: From the above identity and assuming V = TM, VV = VI'M,
k =1 and ¢ = 0, we can get original "miraculous cancellation” formula which
stated in [Al, W].

85 Application in Topology
Now we use this twisted ”miraculous cancellation” formula to Spin® mani-
folds to give a direct "topological” proof of the analytic version of the Ochanne
congruence stated in Theorem 4.2 of [Liu, Zh].
Let M be an oriented and closed 8k + 4 dimensional Riemannian manifold
and B is an 8k+2 dimensional closed oriented submanifold whose Poincaré dual



is the second Stiefel-Whitney class of TM, i.e. ¢ € H*(M,Z) is the Poincare
dual of B and
(5.1) ¢ = wo(TM) mod 27
Then we can find an oriented real rank two Euclidean vector bundle £ over
M having a Euclidean connection V¢ s.t. ¢ = [¢] = [e(§,V®)] € H?(M, Z).
Let V. =TM and VV = V™ then (2.3) becomes
A rape ) (BEFD) k N
(5.2) {“TMV)} =8) 20k—0r {A(TM, VIM)eh(b,(Te M, £¢)) cosh(g)}
r=0

cosh?(%)

(8k+4)

In this section, we briefly use b, (Tc M, &¢) for b.(Tc M, TcM,&c) and same
for B; and ©;.
There is an important identity in [O]
2 ™
(5.3) /ML(“{I*VH) —Sign(M)—Sign(B - B)
By (5.2) (5.3), because only the top form can contribute to the integral, we
have the following formula

. . k AN
(5.4) SiznM)_Sien(B-B) _ / D obk—or {A(TM, VIM)eh(by (Te M, Ec)) cosh(;)}
M’I’_O

Another important result we need to use is given by [AH]

A
/ A(TM,VTM)ch(b,(Tc M, £¢)) cosh(§) € Z,0<r <k
M

In (5.4), thus all the term r < k mod 64Z are zero and the only remain term

isr==k.
Then we have the following congruence formula
Theorem 5.1

. . A
(5.5) SiznM)_Sien(5-B) _ / A(TM, V™M) ch(b,(TeM, £¢)) cosh(£) mod 642

where by (Tc M, &) is just the same term as in our Main Theorem and can be
can be canonically expressed as an integral linear combination of B;(Tc M, {¢),0 <
i<k

Finally we prove our analytic version of the Ochanine congruence stated in
Theorem 4.2 of [LZh], where we translate it to our notataion.

Theorem 5.2 (Theorem 4.2 of [LZh])

A

Sen(M)_Sien(B-8) — /MA(TM, VIM)eh(bp(TeM + C? — &, C?)) cosh(§)

mod 27
Proof. By (2.1), we can get the following identity through direct computa-

tion . .
Qn .y <€c>®(§)Aqs<€c>

(5.6) O2(Tc M, &) = Ox(TeM+C? =&, C?) @ ===

®Aiqm_% (&)@émqn (€c)

m=1 n=1

By (1.4) and rk({) = 2, we can verifies the following identity .
(5.7) Agr(€c) = A—gr(€c) mod 2¢"¢cZ[[g"]) and A .y (c) = A_ .} (&c)
mod 29"~ 26c Z[lq" 2]



From (5.6) and (5.7), we have

(5.8) Ox(Te M, ) = Oo(TeM + C? — &6, C?) mod 2q2Ec Z[Te M, £0)[[q7]]

By (2.2) and (5.8), we get the relation between B;’s

(59) Bj(TcM, fc) = Bj(TcM+02 —¢c, 02) mod 2§Cz[TcM, fc] forj>1

Because the b,’s are defined by induction as those in section 4, we have the
same realtion for b,’s as follow N

(5.10) b.(TeM,&c) = bT(TcM-I-C? —¢o, 02) mod QSCZ[TcM, fc] forj>1

Then we can have the expression as .

(5.11) b.(TcM,éc) = b (TcM + C? — £0,C?) + 2600, for some C, €
Z[Te M, &c)

On another hand, [AH] states that

(5.12) / ATM, V™M) ch(EaC,) cosh(S) € Z, 0 < r < k

Combin%g (5.5), (5.11) and (5.12), we fufill the proof of Theorem 5.2.

Finally, we want to point out that

(1) By using this "miraculous cancellation” formula, we also can deal with
the Finashin congruence, which need some knowledge of n — invariants.

(2) We also have the such kind of twisted cancellation formula for 8% dimen-
sion.
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