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George M. Bergmen
Throughout this note, R will be a Z -graded ring, that is an asso=

ciative ring given with a @ecomposi’cion R = 622. R; such that RiRj g Ri+j'

Our main result will be

Proposition 1. If P is a momzero prime ideal of R, then any 2~sided

~ideal T &R properly conteining P contains a nonzero homogeneous-elemantp
We small make fregquent use of

Definition 2. If O ;5 r € R, then r, € R will demote the NONEETo homogeneous

componsnt of T of highest degree (the "leading térm" of r), and r.€R
the nonzero homogeneoﬁs componenti of lowest degree.

| We define the breadth of r to be the non%nteger

() = deg(r+) ~ deg(r_). Note that this is 0if and only if r is

" homogeneous. We also make the convention br(0) = - o,

Dﬁring most of the proof of Froposition 1 we shell want 4o
assume R itself is a prime ring. This will be possible because in the

contrary case, a stronger result is in faot trues

Iemms, 3., If R is not a prime ring, then every prime i-dea.l' of R contalns
‘nonzero homogeneous elements. (Equixralently; if P .is any prime ideal of a Z=
graded.ring R, and H(P)- the hrgest'-hémogéneous ideal of R contained in
P, then H(P)}) is agein & prime ideal of R.) |
Proof. - If R is not prime,'--le-b & and b be nonzero elements such thatb
@R Db=0. Then it is oasy to deduce that o, R b, = 0, honce any prime

ideal of R must contein one of the homogeneous elements 2.5 b . To deduce




the parenthetical assertion, note that R/H(P) will agein be a Z ~graded ring,
and in this ring B/H(P) will be prime and have no homogeneous elements. Hence

this ring must be prime, hence H(P) is a prime ideal. i -

(Remar_k 4,_. The key 1déa in the above proof is that a & ~graded rizig is

prime &5 a ring if and only if it is prime as e graded ring, i.e. for all nonzero
homogeneous a, b there eocist.s. homogeneous ¢ with ach ;4 0. The same results are
true if the grading group % is replaced by amy right orderable group, or

8t1l1l more generally any serﬁigroup with the w.p. property.}

Lemme, 5. Le’o T be ayy nonzero two~sided ideol of By, and wel s nonzero
element of minimal breadih. Then :f.‘or allr € R, ur = v, r o

Proof. Tt will sufifice to prove.'bhe indicated eqoation for r homogeoeous.
In ’G]ois CBSe, 'or 7 o-u rou will c'lea,l_"ly‘be an element of .I of ‘breadth
less than tr{u), hence it is zaro. |

. NnoNnzeroc '
-Digression: Suppose we call elements u, ¥ of a ring R parallel if wry = -

vru for all r e R, (If R'is prime, this is.eqxivalentl to being associates
over the extended centroid.) The conclusion-of the above Lemmae implies that
all homogeneous components of the element W are perallel to wu . This

lends ‘to another special case in which we can get a stronger result tha.o
Proposition 1 {though we vrill not need it below), nsmély

Corollary 6. I)ét R be & % -graded ring in which any two parallel homogeneous

anth same centi alipem !
elements have the same degree. (B.g. a free associebive algebra.) Then any
A -

~ nonzero two-sided idesl of B ‘contains nonzero homogeneous elements. |




To see hrMr to proceed with the proof of Propesition 1, let us zzot'e .why'
_ the result is true for the special case of a polynomal ring over a faeld, k["b]
'Here an element of minimal degree in any :Ldea,l turns out to be a gemra’cor,
and an 1nclus.10n of ildeals c.orresponds to a dlﬂs:l_blll‘hy relatlon among
generators » but & nonzero pr:,me :1.dea1 will have 1rreduclh1e generator, hence
any lerger ideal must be generated by & unit, hence contain 1, which is
homogeneous.

The next fésult is an amlog of the statement that an ideal of k[t] is |
" generated by aﬁy element u of minimel degree. {To se_e'th;i.é amlogy, consider .
- (L),%™ignoring® the homogeneous elements h apd ﬁ+., and also the » which may

without loss of generality be taken homogenous. )

iemma 7. Suppose R 1is prime, I is a nonzeroc two-=sided ideal of R, and
u a nonzero element of I of minimel bi'ead“bh. Then for every nonzere w € I
there exists nonzero x € R, land homogeneous h € R, such that
(1) F r & R, 'x»r'uﬂwhru_&, | |
Proof, Ve shall uée induction on br{w), the case br(w) < 0 being vacuoﬁs
becﬁuse W is required to be nonzero. |

Given w as above, let us take s.n,y homogeneous element 5§ ¢ R and def:l.ne
(2)‘ W EwWE R W B W |
Beeause of the cancellation of the terms w,_ g u,_ we see that ur(w') <
max(br(w), br(u)), which equals Tr(w) by choice of w. Yow if w' = O
for all choices (_).f.‘ g, we é;e'b wWorus=wr u, .for all ueR, and wel .
get (1) by teking x = w,, | h'= 1, In the contrary cese let us use eny g such
that oWt # 0. Then applying owr inductive hypothesis to wi, |
we can find a nonzero x* & R and & homogeneous h' € R sﬁch_ that

(3) ¥reR, ¥ru= whtru.




' If we substitute (2) imbo (3), end epply Lemme 5 to the last term, we get

Ta‘reR':, X ru= wgu_l_‘h"-z_c'u*,-: w*.‘gﬁi_h'_ru.
If we now put h = g u, h* and x = X+ w, g u, bl this bocomes (1), It
‘rem;i.ns only to wverify that =x ,‘4 0.
Because R is prime, (3) tells-us that deg x' = deg wiht o< deg w' 4
deg h'. By '(2), deg w' < deg w + deg g + dog uw, SO wé.ge’c
: deg x! <'I deg w + deg g + deg u (ieg h'; hence ‘addli_ng; to xv .‘che
homogeneous element w, g u, ht camnob send it to zero, i.e. x # 0.}

: shall
We can now prove Proposition l.  We }\begih with the amlog of the obseriabion

that in k[t], larger ideals have generators oi" smaller degrees. This is not
. true in genersl for graded rings (consider (.t--l) and (2t~é) in Z [t]) but it
is when 'bhe. soaller idesl is ;;rime'anrl without ho_mogeneotis e lements. (Mofe
generally, if it is right or left "homogeneous-prime", i.e. & Rh S @

(resp. h R a ¢ Q) implies ‘= € Q when h is homogeﬁeous.) '

Proof of Proposition l. We may clearly assume that P 1tself has no nonzero
homogengous elements, and hence that R is prime. |

Lot w denobe an elemenb of minimsl breadth in P.= {0}, and u an
element 0:?' minimel breadth in I - P. Since 7w, is homogeneous'-, w, ﬁ‘f P', 50 as
P is.'.pr'ime, we can find nonzero homeogeneous g € R | such that W, B U ;«e’ R
Honcs W, OB U WE u"*; is an e-le‘ment of I - P qf ;uread'th < max(br(w), br(u)).
| Bub it mush heve breadth > br(u), by choice of wu, hence br{u) < Br{w).

It follows that wu - is of minimal bresadth in I = {.O}', and we can apply
Lemme. 7 te This u and w, gebting (1). This result, together with the prime'ness |
,Of R, implies thet tr(x) + r{u) < br(w), but it also seys' xR @ S'l:",
ii'llence\ x € Fy hence br(x) > br(w). 1-t'fo_11dws that bz?(u) = 0y i.e. U is

homogeneous. ||




