Comments, corrections, suggestions
and additional references welcomed,
as always!

Constructing division rings as modu le-theoretic direct limits

Georg e M. Berg man

If R is an associative ring, one of several known equivalent types of data determining the structure of an arbitrary division ring D generated by a homomorphic image of R is a rule putting on all free R-modules of finite rank matroid structures (closure operators satisfying the exchange axiom) subject to certain functoriality conditions. This note gives a new description of how D may be constructed from this data. (A classical precursor of this is the construction of Q as a field with additive group a direct limit of copies of Z.)

The division rings of fractions of right and left Ore rings, the universal division ring of a free ideal ring, and the concept of a specialization of division rings are then interpreted in terms of this construction.

1. Introduction. If f : R → D is a homomorp hism from a ring R to a division ring D, then it is almost a tautology that the structure of the division subring of D generated by f(R) is determined by the set of rational relations satisfied by the elements of f(R), i.e., the equations r ( f(x1), ... , f(xn)) = 0 that hold in D, where r ranges over all expressions in the ring-theoretic operations and the operation ( )–1 that can be evaluated at the indicated elements.

Some interesting results on division rings were obtained using the above point of view in [1], [2]. However, an intrinsic dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath culty with that approa ch is that the set of ratio nal expressions r that one can evaluate at a given tuple is not dete rmined in advance. Rather, to know whether r can be evaluated at f(x1), ... , f(xn), i.e., whether in performing this evaluation, the operat ion ( )–1 is never applied to a subexp ression whose value is 0, one must know, in turn, which subexpres sions equal 0, hence which ‘‘smaller’’ rational relations hold.

This problem can be avoided if R is commutative, since then every rational expression can be reduced to one of the form f(a ) f(b)–1 (a, b ∈R ), which, clearly, can be evaluated if and only if f(b) ≠ 0, and, if evaluable, has the value 0 if and only if f(a ) = 0; thus, in that case, the structure of the division subring in question is determin ed by Ker( f ). Indeed, Ker( f ) is a prime ideal of R, and the division ring in question is, up to isomorp hism, the field of fractions of the integr al domain R ⁄Ker( f ). For noncommutative R, however, Ker( f ) does not contain enough information to determine the structure of the division ring generated by f(R). For example, the free associative algebra k x, y in two indeterminate s over a field can be embedded in two division rings D1 and D2 (i.e., mapped by homomorphisms both having kernel {0}), such that in D1 the multiplicative group generated by x and y is free, while in D2 one has x–1y = (y x–1)2 [8], [7, pp.54-5 5].

The big breakt hrough in the study of the noncommutat ive case was P. M. Cohn’s insight that the prop er generalization of Ker( f ) is the set of square matrices of all sizes over R which, on applying f, yield ....................................................................................... 1991 Mathematics Subject Classifications. Primary : 05B35, 16K4 0, 16S90; secondary: 16E60, 16N 80, 16S50, 16U20 , 18A30.

Part of this work was don e in 1977 wh ile the author was supported by the Mille r Institute for Basic Research in the Sciences.

The auth or apologizes to workers in the field who were inconvenienced by the 23-year delay between his getting the main result of this paper, and his finding the time to prepare it for publication.

- 2 -

singular matrices over D. He named this set the singular kernel of f, and charact erized the sets of square matrices over a ring that can arise as singula r kernels of such maps f, calling sets satisfying his conditions prime matrix ideals ([5, Chapter 7] or [7, Chapter 4] and references at the ends of those chapters). Note that for R commutative, the singular kernel of f consists of those matrices whose determinants lie in Ker( f ), so in that case, the kernel completely determines the singular kernel.

Various translations of the information given by a prime matrix ideal have been found, as surveyed in [12]. The goal of this paper is to take one of these refor mulations and give a new, and, I hope, enlightening con struction of the division ring fro m that data.

Let me sketch what that formulation is. Note that if we know the singular kernel of a homomorphism f : R → D, then we can also say which families of elements of a free right R-module Rn map to D-linearly dependent families of elements of Dn. (Namely, all m-tuples with m > n, and those m-tuples with m ≤ n which, regarded as n × m matrices, have the property that all m × m minors belong to the singular kernel of f.) Now on any D-vect or space, the relation of linear dependence is an example of a matroid structure (definition recalled in §2 below), and given a homomorphism f : R → D, these matroid structures on the sets Dn induce matroid structures on the sets Rn (namely, the abovementione d data on which families have linearly indepen dent images), which can be shown to satisfy certain natural com patibility condit ions with the R-module structures and with homo morphisms among R-modules. An axiomatiza tion of these prop erties yields a concept equivalen t to that of a prime matrix ideal, called in [12, §4] an algeb raic matro id structure on free R-modules . It is this type of structure whic h (slightly renamed) we will take as the starting-point of our construction .

Given such a family of matroid structures on free R-modu les, we will construct a certain directed system of (gen erally non-free) right R-mod ules. We will discover that the endomorp hism ring of the direct limit DR of this system has transitivity properties which make DR the underlying right R-module of our desired division ring D.

In the last fiv e sections we shall work out some classes of examples, determine what relation between two systems of matroid structures correspon ds to the existenc e of a specialization between the correspon ding division ring s, and make some general observations on the type of functorial data we have used.

2. Matro id struct ures on fre e modul es. The concept we shall recall next is most familiar to algebraists under names such as ‘‘abstract depen dence relation’’. It goes back implicitly to van der Waerden [14], who noted that results about linear depend ence in vector spaces and parallel results on algebraic dependence in field extensions could be obtained by proving a small number of similar lemmas in the two cases, from which the main results (e.g., uniqueness of cardinalities of bases) could be deduced. The resulting unified axiomatic approa ch to linear and algebraic dependen ce has been used implicitly (as by van der Waerden), or explicitly (as in [6, §1.4]) in many subseq uent treatments of these topics.

The same concept was introduced exp licitly, and apparently inde pendent ly, a few years later by H. Whitney [16], under the name ‘‘matroid’’, an allusion to the relation of linear dependence on the columns of a matrix, with applications to graph theory and combinatorics in mind. Since subsequent research on these structures has been largely in the latter tradition, matroid is now the most common name, and the one I will use here. Combinatorists generally restrict attention to finite matroids, a choice ‘‘justified’’ by the fact that a matroid structure on an infinite set is determined by the indu ced matroid structures on its finite subsets; but it is not natu ral to make such a restriction in most algebraic contexts.

An entert aining asp ect of any introduction to matroids is the large number of way s of describing such a structure on a set F . A class of families of elements of F corresponding to the linearly independent families in a vector space; a class corres ponding to the minimal linearly dependent families; a class correspon ding to the bases; a closure operator on F satisfying conditions mimicking those of ‘‘span’’ in a

- 3 -

vector space; a class of subsets correspondi ng to the subspaces ; a class correspon ding to the subspaces of codimension 1, and a function associating to every finite subset of F an integer, corresponding to the dimension of the span of a subset of a vector space , all turn out, when app ropriately axiomatized (with surprisingly dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent-loo king sets of axioms) to be equivalent. We will not rev iew that smorga sbord of elegant characterizati ons here (see instead [16], or [15, Chapter 1]), but shall choose one charac terization and work in terms of it. (A few of the other concepts mentioned above will come up, but we will not call on the axiomatizations of matroids in terms of them.)

Defi nition 1. Let F be a set, and 2F its power set. Then a closu re operator on F mean s a function cl : 2F → 2F satisfy ing

(1) (∀ X ⊆ F ) cl(X) ⊇ X,

(2) (∀ X, Y ⊆ F ) X ⊆ Y ⇒ cl(X) ⊆ cl(Y),

(3) (∀ X ⊆ F ) cl(cl(X)) = cl(X).

If cl is a closure operator on F, then a subset X ⊆ F is called cl-closed if cl(X) = X. A closure operator cl is called finitary if

(4) (∀ X ⊆ F ) cl(X) = ∪ (finite X 0 ⊆ X) cl (X0).

A closure operator cl is said to have the exchange proper ty if

(5) (∀ X ⊆ F, y, z∈F ) z∈(cl (X∪ {y}) – cl(X)) ⇒ y∈cl (X∪ {z}).

A matroid will mean a set F given with a finitary closure operator cl having the exchange property. (Cf. [15, Theorem 1.2.4], [12, (ACXF1- 4)].)

Remarks. Conditi on (4) implies (2), so the class of finitary closure operators could be described by (1), (3) and (4). Though we are calling a closure operator satisfying (4) ‘‘fin itary’’, the term ‘‘algebraic’’ is more common (e.g ., [12], [4]), since the property is typical of constructions in algebr a of the form ‘‘subobject gen erated by X’’. Condition (4) is not include d in the hypotheses of [15, Theorem 1.2.4], which states that every closure oper ator with the exchan ge property arises from a matroid (as defined there, in terms of a relation of inde pendence), because there, F is assumed finite. (The intere sted reader can verif y that that theorem from [15] goes over to not necessarily finite sets if to the closure axioms for a matroid [15, pp.8-9, (S1)-(S4)] one adds (4) above, while to the independ ence axioms [15, p.7, (I1)-(I3) ] one adds the condition that a set is independent if and onl y if all its finite subsets are independ ent. Cf. [15, §§20.1-20.2].)

Actually, there is a condition weaker than finitenes s of F which will hold in the situation we are interested in, and which is suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath cient to render (4) automatic in the presence of the other listed conditions:

Lemma 2. If cl is a closure opera tor on subsets of a set F which has the exchan ge property (5), and if F = cl(Y) for some finite set Y ⊆ F , then cl is finitary (satisfies (4)).

Proo f. Let Y be as in the statement of the lemma, and X a set for which we wish to prove the equation of (4). If n is the cardinality of Y, we may assume that among all n-element sets with F as their closure, Y includes the larges t number of elements of X. We claim then that cl(X) = cl(Y∩ X). For if not, let z be an element of X not in cl(Y∩ X), and let Y0 be a minimal subset of Y such that z∈cl (Y0). Then Y0 must contain an element y∈ X. Applying (5) with Y0– {y} in place of X, we conclud e that y∈cl (Y0– {y}∪ {z}), hence cl(Y0– {y}∪ {z}) ⊇ cl(Y0), hence cl(Y– {y}∪ {z}) ⊇ cl(Y) =

- 4 -

F . But then Y– {y}∪ {z} contradicts our maximality assumption on the number of elements of X in Y.

This proves that cl (X) = cl(Y∩ X), so cl(X) is contained in the union shown in (4). The reverse inclusion is clear fro m (2). 1

Since the concept of a matroid structure on an infinite set is not natural without (4), I have made (4) part of our definition; but the above lemma shows why we will never need to call on that condition below .

Let us now relate these concepts to module theory. Throughou t this note, a ring will mean an associative ring with 1, ring homomorphi sms will respect 1, modu les will be unital, and, unless the contrary is stated, will be right modules. The zero ring will mean the unique (up to isomorphism) one-ele men t ring; it will not be considered a division ring. We will denote by N the set of natural numbers, {0, 1, 2, ... }.

Defi nition 3. Let R be a ring. Then by a coherent matroidal structure on free R-modules we shall mean a family (clRn)n∈N , such that for each n ∈N , clRn is a matroid structure (a finitary closure operator with exchange ) on Rn, and such that for all m, n ∈N ,

(6) All clRn-closed subsets of Rn are R-submodules, and (7) For every R-module homomorphism h : Rm → Rn and every subset X ⊆ Rm, we have h(clRm(X)) ⊆ clRn(h (X)).

By the improp er coherent matroidal structure on free R-modules, we shall mean the family of operato rs defined by clRn(X) = Rn for every X ⊆ Rn. Any other coherent matroi dal structure will be called proper.

(Note that (1) and (6) imply that, writing {e1, ... , en} for the standard basis of Rn, we have Rn = clRn({e1, ... , en}). Thus by Lemma 2, the condition ‘‘finitary’’ is redundant in the abov e definition.)

Conditio ns (6) and (7) of the above definition have useful equivalent formulati ons:

Lemma 4. Let (clRn)n∈N be a family of closure operators (not required to be matroid structures ) on finitely generated free R-modules. Then for any nonneg ative intege r n, (6) holds if and only if (8) For every subset X ⊆ Rn, clRn(X) conta ins XR, the submodule of Rn generated by X.

Likewise, for nonnegative integers m and n, (7) holds if and only if (9) For every R-module homomorphism h : Rm → Rn, and every clRn-clos ed subset N ⊆ Rn, the inverse image h–1(N ) is a clRm-closed subset of Rm.

Proo f. Assuming (6), we see that for X ⊆ Rn, clRn(X) will be an R-submodule of Rn contain ing X, hence will conta in XR, proving (8). Conve rsely, assuming (8), if N is a clRn-closed subset of Rn, i.e., if N = clRn(N ), then by (8), N contains NR, proving (6).

Assume next tha t (7) holds, and let h, N be as in the hypothesis of (9). Applying (7) with X = h–1(N ), then applying to the right-hand side of the resulting inclusion the observatio n that h(h–1(N )) ⊆ N and the fact that N is clRn-closed, we get h(clRm(h–1(N ))) ⊆ N. This is equivalen t to clRm(h–1(N )) ⊆ h–1(N ), i.e., h–1(N ) is clRm-closed, giving (9).

Conversely, assuming (9) , let h and X be as in the hypothesis of (7). By (9), h–1(clRn(h(X))) is

- 5 -

clRm-closed, i.e., clRm(h–1(clRn(h(X)))) = h–1(clRn(h(X))). Now by (1) and (2), the left-hand side contains clRm(h–1(h(X))), which contains clRm(X), so the above equation implies clRm(X) ⊆ h–1(clRn(h(X))), equivalently, h(clRm(X)) ⊆ clRn(h(X)), the conclus ion of (7). 1

The fundamental examples of the above concepts are not ed in

Lemma 5. Let R be a ring, and for each natural number n and subset X ⊆ Rn, let clRnmod(X) = XR, the submodule of Rn generated by X. Then for each n, the operator clRnmod satisfies (1)-(4) and (6), and the family of operators (clRnmod)n∈N satisfies (7). The rings R such that all these operators satisf y the exchange axiom (5) (so that (clRnmod)n∈N is a coherent matroidal structure on free R-modules ) are precisely the division rings and the zero ring. Of these, the ones such that this coherent matroidal structure is proper are the division rings.

Proo f. (1)-(4 ) and (6)-(7) are familiar properties of the operator ‘‘submodule generated by’’, and (5) expresses a familiar property of linear algebra over division rings, and holds trivially when R is the zero ring. Let us show that, conversely, (5) implies that R is a division ring or the zero ring.

Assuming (5), let r ∈R – {0}. The case of (5) where n = 1, X = ∅, y = 1, z = r gives 1 ∈cl Rmod({r }) = r R, i.e., r is right invertible. So every nonzero element of R is right invertible, whence R is a division ring or the zero ring. Clearly, only the zero ring gives the improper coherent matroidal structure. 1

I claim now that, more generally, given any homomorphism f : R → D from a ring to a division ring, one can get a proper coherent matroidal structu re (clRn)n∈N on free R-modul es by defining clRn(X) to consist of all elements of Rn whose images in the D-vector-space Dn lie in the subspace spanned by the image of X. The devel opment of this result sketched below is a couple of pages long because I have formulated each component step in what I felt was its natural gene rality. The reader may choose to read it, or to skim it, or to think through the result for him or herse lf and skip to the next section, whe re we begin the very nontrivial devel opment of the conv erse result.

The use of the letter F for the underlying set of a matroid in Definition 1 and in similar statements in this note is meant to suggest ‘‘free module’’, although when that letter is used, we do not generally assume a free module structure given. In the next lemma, ‘‘V ’’ is likewise meant to suggest ‘‘vector space’’, though again we do not assume such a structure given.

Lemma 6. Let F and V be sets and s : F → V a set map, and let clV be a map 2V → 2V. Let us define clF : 2F → 2F by setting, for all X ⊆ F,

(10) clF (X) = s–1(clV(s(X))).

Then if clV satisfies (1), respectively (2), respectively (4), respectively (5), then clF also satisfies that condition. Furthe r, assumin g clV satisfies (1) and (2), if it satisfies (3) then so does clF .

Suppose next that we are given rings R and S, an R-module structure on the set F, and an S-module structure on the set V, such that the inverse image under s of every S-submodule of V is an R-submodu le of F, and such that, as in (6), for every Y ⊆ V the set clV(Y) is an S-submodule of V. Then clF likewise satisfies (6), i.e., for every X ⊆ F the set clF (X) is an R-submod ule of F.

Finally, suppose we have four sets (not assumed to have module-structur es), a commuting square of maps

- 6 -

F1 ____s1 → V1 , , ↓ hF , ↓ hV F 2 ____s2 → V2 ,

and two operators clV i : 2Vi → 2Vi (i = 1, 2) (not necessarily satisfying any of (1)-(5) ), and suppose we denote by clF i : 2Fi → 2Fi (i = 1, 2) the opera tors induced by clV 1 and clV 2 as in (10), via the maps s1 and s2 respectively. Then if the clV i satisfy the analog of (7) with respect to the map hV, namely

(∀ Y ⊆ V1) hV(clV 1 (Y)) ⊆ clV 2 (hV(Y)),

then the clF i satisfy the corresponding condition with respect to hF ,

(∀ X ⊆ F1) hF (clF 1 (X)) ⊆ clF 2 (hF (X)).

Proo f. The verifications are straightforward; I will merely sketch the slightly more complicated proof of the assertion abo ut (3) at the end of the first paragrap h of the lemma.

Since in that case we are assuming that clV, and hence clF , satisfies (1), we need only prove the direction ‘‘⊆ ’’ of the desired equality. If we expand clF (clF (X)) using the definition (10), the result contains two applica tions of clV, separated by the operation of taking the inverse image under s and then applying s to the result. The latter pair of operations can at worst decrease the set in question, hence, since we are assuming (2), we see that if clV satisfies the desired inclusion cond ition, so does clF . 1

The consequences of the above lemma that we will use are summarized as

Corollary 7. Suppose f : R → S is a ring homomorphism, and (clSn)n∈N is a coherent matroidal structure on free S-modules. For each nonnegative integer n, let f : Rn → Sn denote the operation of applying f entrywise to n-tuples of elements of R. Then the system of operators (clRn)n∈N defined by setting, for all X ⊆ Rn,

(11) clRn(X) = f –1(clSn( f(X)))

is a coheren t matroida l structure on free R-module s. If (clSn)n∈N is not the improper coherent matroid al structure on free S-modules, then (clRn)n∈N is likewise not the improper coherent matroidal structure on free R-modu les.

If (clSn)n∈N is merely assume d to satisfy (1)-(4), (6) and (7) (but not necessarily (5)), then (clRn)n∈N will likewise satisfy these six conditions.

Proo f. Assuming (clSn)n∈N is a coherent matroidal structure, the precedin g lemma shows immediately that the operations clRn satisfy (1)-(5). (6) also follows from that lemma given the observation that the inve rse image under f of an S-submodule of Sn is an R-submodule of Rn. We similarly get (7) from that lemma and the observation that any R-module homo morphism h : Rm → Rn forms a commuting square with the f ’s and some S-module homomorp hism Sm → Sn. (The latter can be obtained by applying the func tor – 2× R S to the homomorphism h.) We get the final sentence of the lemma by leaving (5) out of this argu ment.

To get the last assertion of the first parag raph of the lemma, suppose (clSn)n∈N is a proper coherent matroidal structure on free S-modules. Then for some n, clSn(∅) is a proper submo dule of Sn, hence it fails to contain some membe r ei of the canonical basis e1, ... , en of that module. By construction,

- 7 -

clRn(∅) will fail to contain the correspondin g basis element ei ∈R n, so (clRn)n∈N is also proper. 1

Combining with Lemma 5, we get

Corollary 8. If f : R → S is a ring homomorphism, then the system of operators (clRn)n∈N defined by setting, for all X ⊆ Rn,

(12) clRn(X) = f –1(clSnmod( f(X)))

satisfies (1)-(4), (6) and (7). If S is in fact a division ring D, then (clRn)n∈N also satisfies (5) and is proper; i.e., it constitutes a proper coherent matroidal structure on free R-modules. 1

Note that for f : R → D as in the final assertion above , the closure operator clRn takes each subset X ⊆ Rn to the inverse image in Rn of the vector subspace f(X)D ⊆ Dn; so we have established the claim made following Lemma 5.

The reader can easily check the following two exampl es of our constr uction, which we will refer to several times below:

(13)

Let R = Z , and let us write (clZn)n∈N for the system of closu re operators induced by the unique homomorphism Z → Q , and (cl ′Zn)n∈N for the system induced by the unique homo mo rphism Z → Z ⁄pZ for some prime p. Then clZn(X) can be described as the set of those elements x∈Z n such that for some nonzero integer n, nx lies in the additive subgroup generated by X, while cl′Zn(X) is the additive subgroup of Z n generated by X and p Z n.

Having veri fied that a homomo rphism of R into a division ring induces a proper coherent matroidal structure on free R-modul es, we shall show in the next two sections how, inverse ly, one can construct from any such coherent matroidal structure a division ring D and a homomorphi sm f : R → D.

3. Extending cl to non-free modules. We will begin with some arguments which do not require all the conditions defi ning a coherent matroidal structure. Hence,

(14)

Throughou t this section, we shall assume that R is a ring, and (clRn)n∈N a family of closure operators (operators satisfying (1)-(3)) on finitely generated free R-modules, which also satisfy (6) (closed subsets are submodules; equivalen tly, (8)), and (7) (functoriality, equivalent ly, (9) ).

The next lemma shows how to extend these operators to ope rators clM on general finitely generated R-modules M. Note that while in Lemma 6 we ‘‘pulled closure operators back’’ from S-modu les to R-modules, here we will ‘‘pus h them forward’’ from free R-modules to general R-modules.

Lemma 9. For each finite ly generated R-module M, let us define an operator clM on subsets of M by choosing a surjective module homomorp hism g : Rn → M, and for every X ⊆ M setting

(15) clM(X) = g(clRn(g–1(X∪ {0}))).

Then these operators are independent of our choice of n and g, agree when M is a free module Rn with the original operators clRn, and again satisfy (1)-(3), the analog of (6) with M in place of Rn, and the analog of (7) :

- 8 -

(16)

If h : M → M ′ is a homomor phism of finitely generated R-modules, and X a subset of M, then h(clM(X)) ⊆ clM′(h (X)),

as well as the following general ization of the condition by which we defined them:

(17)

If h : M → M ′ is a surjective homomorphi sm of finitely generated R-modules, and X is a subset of M′, then clM′(X) = h(clM(h–1(X∪ {0}))).

If the given operators clRn also satisfy (4), respectively (5), then so do the new operators clM.

Proo f. The occur rence of ‘‘∪ {0}’’ in (15) is an artifice to avoid anomalous behavior when X = ∅ if clRn(∅) fails to contain clRn(Ker(g )). We shall in fact prove most of our assertions for the simpler construction X → g(clRn(g–1(X))), from which the results for g(clRn(g–1(X∪ {0}))) will follow. The ‘‘∪ {0}’’ will be crucial only in dealing with conditions (3) and (5), and then only to insure that all sets to which g°clRn°g–1 is applied are nonempty.

Let us first prove that g(clRn(g–1(X))) is independent of the choice of n and g. If g : Rn → M and g′: Rn′→ M are two surjective homomorphisms, then since Rn and Rn′ are projective modules, we can find homomorph isms h : Rn′→ Rn, h′: Rn → Rn′ such that g′h′ = g, gh = g′. We see that h will carry g′–1(X) into g–1(X), hence by (7) and (2), h(clRn′(g′–1(X))) ⊆ clRn(g–1(X)); so applying g to both sides, we get g′(clRn′(g′–1(X))) ⊆ g(clRn(g–1(X))). The reverse inclusion holds for the same reason, so these two sets are equal, as claimed. In particular, we have this equality with X∪ {0} in place of X.

When M = Rn we can take for g the identity map of that module, and conclude that in this case our construction returns the original operator clRn. (In view of (6), 0 ∈cl Rn(X) for all X, so the ∪ {0} of our definition does not disturb this equal ity.)

To see (17), we evaluate clM(h–1(X∪ {0})) using any surjective homomorphism g : Rn → M, and clM′(X) using the composite map hg, and see that the latter submodule will be the image of the form er under h.

That condi tions (1) , (2), (6) and (7) are inherited by the clM with the obvious formal adjustments (e.g., (7) as (16)), and that (4) is also inherited if it was satisfied by the original operators, is straightforward to check. In each case, one may check the condition for the operation X → g(clRn(g–1(X))), and then apply it to X∪ {0}.

It rema ins to prove that clM satisfies (3), and satisfies (5) if that is satisfied by clRn. Let us first note

(18)

If g : Rn → M is surje ctive homo morphism and X is a nonempty subset of M, then g–1(g(clRn(g–1(X)))) = clRn(g–1(X)).

Indeed, the right-ha nd side is a submodule of Rn which contains the inverse image under g of a member of M, i.e., a coset of Ker(g ), hence it contains Ker(g ). Hence it is closed under adding Ker(g ), i.e., under the operation g–1g, as claimed.

Clearly, to show that the clM satisfy (3), it suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ces to show that for any surjec tive homom orphism g :

Rn → M, the operator g°clRn°g–1 is idempotent when applied to nonempty subsets X ⊆ M. Now when we square that operator and apply it to X, the result contains the composite g–1g, applied to clRn(g–1(X)). Hence by (18), that g–1g can be dropped , leaving a composite containin g the sequence clRn clRn. Since clRn satisfi es (3) we may simplify this sequence to clRn, obtaining the desired equality.

Finally, suppose clRn satisfies (5). Given X ⊆ M, y, z∈M satisfying

(19) z∈ (clM (X∪ {y}) – clM (X)),

- 9 -

let y0, z0 ∈R n be arbitrary preimages of y and z. Because of the ‘‘∪ {0}’’ in our defin ition of clM , we can assume without loss of generality that 0 ∈X and so replace clM in (19) with g°clRn°g–1. If to the resulting assertion we apply g–1, and then simplify using (18), we get z0 ∈(cl Rn(g–1(X ) ∪ {y0}) – clRn (g–1(X))). Applyin g the assumption that clRn satisfi es (5) and, taking images in M, we get the conclusion of (5) for clM. 1

(To see that the ‘‘∪ {0}’’ in (15) is needed for (3) and (5) to hold, let R = Z , so that R-modul es are abelian group s, and let (clZn)n∈N be the coheren t matroidal structure determined by the homomorphism Z → Q , described in (13). We find that the operators clM for general finitely generated abelian groups M have the same descripti on as was given there for free abelian groups Z n. Now let g be a homomorphism from Z n onto an abelian group M. We find that g(clZn(g–1(∅))) = {0}, while g(clZn(g–1({0}))) is the torsion subgroup of M, so if M has torsion, the operator g°clRn°g–1 is not idempotent when applied to ∅. Likewise, letting X = ∅, letting z be any nonzero torsion element of M, and letting y be any non-torsion element, we have a counterexample to (5).)

(Note, incidentally, that we would not have needed this ∪ {0} if we had restricted our closu re operators to act on subm odules rather than arbitrary subsets, and that these restricted operators would have given the same informati on as the operators we have defined. But I am using a formulation in terms of operators on arbit rary subsets to keep the connection with the standard con cept of matroid straightforward. )

Below, we shall und erstand clM to be defined for every finitely generated R-module M via (15), and shall call a submodule of a finitely generated R-module M ‘‘cl-closed’’ if it is closed under clM. As in the preceding section, the analog of (6) for these extended ope rators gives us the analog of (8), i.e., that any closed subset of M is a subm odule, while the analog of (7), i.e., (16), gives the analog of (9), namely

(20)

The inverse image of a cl-closed submodule under a homomor phism of finitely generated R-modules is cl-closed.

Corollary 10. If M is a finitely generated R-module and N a cl-closed submodu le, then in M ⁄N, the zero submodule is cl-closed.

In particular, for any finitely generated R-modul e M, if we write T(M ) = clM({0}), then T(M ⁄T(M )) = {0}.

Proo f. To get the first statement, apply (17) with h the quotient map M → M ⁄N and X = {0} ⊆ M ⁄N. The second statement follows. 1

Remarks. The above corollary, together with the observation that for any morp hism h : M → M ′ of finitely generated R-modules, (16) gives h(T(M )) ⊆ T(M ′), says that T is a radic al on the category of finitely generated R-modules [10, p.2]. In fact, to give a family of closu re operators (clRn)n∈N as in (14) is equivale nt to giving such a radical T, via the above construction. (Radicals are usually studied on the category of all modu les over a ring R. A radical on finitely generated R-modules has a canonical extension to a radical on all R-modules, but we will not need this.)

The radicals most often considered in the literature are those correspo nding to torsion theories . These are characterized by the additional property that for any submodule A ⊆ M, T(A) = A∩ T(M ); a larger class, definin g what are called pre-t orsion theories , is charact erized by the idempotence condition T(T(M )) = T(M ) [10, p.3]. But the cases we will be interested in will not in general have either of these properties. For instance, if (clZn)n∈N is the coherent matroidal structu re on Z -modules induced by the homomorphism Z → Z ⁄p Z for p a prime (see (13) above), we find that for all M, T(M ) = pM, which is not an idempotent operato r. We will not, exce pt in an appendi x, §10 below, use the notation T(M ) or any results from the literature on radicals; but let us borrow from that subject a name for the

- 10 -

concep t we will be concerned with next.

Defi nition 11. A finite ly generated R-module M will be called cl-semisimple if clM({0}) = {0}.

It is easy to verify

Lemma 12. The catego ry of cl-semisimple R-modules (i.e., the full subcatego ry of the category of all R-modules having the cl-semisimple modules as its objects ) has colimits of all diagrams with finitely many objects; in particular, it has pushouts. Such colimits can be constructed by forming the colimit of the given modules as R-modul es, and then applying the construc tion M → M ⁄clM({0}). 1

(The abo ve lemma is stated only for diagrams with finitely many objects to guarantee that the colimit as R-modules is finitely generated . We could avoid this restriction if we extended our radical to the category of all R-mod ules; howeve r, pushou ts are the only case we will need.)

The term ‘‘semisimple’’ in torsion theory harks back, I believe, to the study of the Jacobson radical, where a semisimple ring or module is a subdirect prod uct of simple objects. In the abstract theory of radicals, there is no such relationship between ‘‘semisimple’’ and ‘‘simple’’; but in this not e, a con cept of ‘‘simple’’ object will also be of importance:

Lemma 13. Let M be a nonzero cl-semisimple finitely generated R-module. Then the following conditions are equivalen t: (i) The only cl-closed submodules of M are {0} and M. (ii) Every nonzero homomorphism from M to a cl-semisimple R-module is one-to-one. (iii) Any two homomo rphisms from M to a cl-semisimple R-module which agree on a nonzero element are equal.

Proo f. (i)⇒(ii) because by (20), the kernel of a homomorphism to a cl-semisimple module is cl-closed. The conve rse is obtained by app lying (ii) to the can onical map M → M ⁄N where N is any cl-closed submodule of M. The equivalence of (ii) and (iii) is seen by looking at dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erences of homomorphisms. 1

Defi nition 14. A finite ly gener ated R-module M satisfying the equivalent condi tions of Lemma 13 will be called cl-simple.

A pointed cl-simple module will mean a pair (M, p) where M is a cl-simple module, and p a nonzero element of M. For pointe d cl-simple modules (M, p) and (M ′, p′), we shall write (M, p) ≤ (M ′, p′) if there exists a homomorphism M → M ′ which takes p to p′. (Note that if such a homomorphism exists, it is unique by point (iii), and one-to-o ne by point (ii) of the preceding lemma. ) By the partially ordered set of pointed cl-simple module s we shall mean a set consisting of one representative of each isomorphism class of pointed cl-simple modules, partially ordered by the rest riction of the above preordering.

Note that althoug h the finitely gen erated R-modules form a proper class, not a set, there is a set containing at least one representative of each isomorphism class of such modules, name ly the set of factormodules Rn⁄N. Within this set we can take a subset consisting of one representative of each isomorphism class of cl-simple modules, and we can then form a set containi ng one representative of each isomorphism class of ‘‘pointings’’ of such mod ules. Hence the last paragraph of the above defi nition makes sense.

(If along with the conditio ns of (14) one assumes (4), then one can deduce by Zorn’s Lemma that every nonzero cl-semisimple R-module, by defini tion finitely generated, has a maximal proper cl-closed

- 11 -

submodule, and hence has a cl-simple homomorphic image. But we do not need this observation, since we shall later get a stronger result assuming (5).)

4. The construction of D. We now pass to the full hypothesis we will want.

(21)

In this section, R will be a ring, and (clRn)n∈N a prope r coherent matroidal structure on free R-modules (Definit ion 3). As in the preceding section, we shall understand this family of operators to be extended by Lemma 9 to operators clM on arbitrary finitely generated R-modu les M, which by the last sentence of that lemma will now be matroid structures.

The excha nge axiom has the conseq uence,

Lemma 15. Let M be a nonzero cl-semisimple module, and y any nonzero element of M. Then M is cl-simple if (and only if ) clM({y}) = M.

Proo f. Suppose clM({y}) = M, and N ⊆ M is a nonzero cl-clo sed submodule. Then applying (5) with X = ∅ and z any nonzero element of N, we conclude that y∈cl M({z}). Hence M = clM({y}) ⊆ clM({z}) ⊆ N, proving cl-simplicit y. The converse is immediate, without the exchange axiom. 1

Lemma 16. The pair (R ⁄clR({0}), [1]) (where [1] denotes the image of 1 ∈R in R ⁄clR({0})) is a pointed cl-simple module, and constitutes a least element of the partially ordered set of such modules. In particular, that partially ordered set is nonempty.

Proo f. Since R ⁄clR({0}) is cl-semisimple, and is generated as a module by [1], the preceding lemma will give the first assertion if we can show that this module is nonzero, i.e., tha t clR({0}) ≠ R.

Now the assumption that our coherent matroidal structure is proper says tha t for some n, Rn has a proper cl-closed submod ule N. Let h : R → Rn be a homomorphism taking 1 to an element not in N. Then h–1(N ) is a proper cl-closed submodule of R, so the least cl-closed submodule, clR({0}), is proper, as required.

The rema ining assertions are straightforward. 1

Strictly speaking, we shoul d have said that the chosen representa tive of the isomorphism class of (R ⁄clR({0}), [1]) is a least element of our partially ordered set; but we shall assume this sort of point understoo d; likewise in the statement of the nex t result.

Lemma 17. If (M1, p1) and (M2, p2) ar e point ed cl-simple modules, and we set

M = M1 2+ M2, M3 = M ⁄clM({(p1, – p2)}) p3 = image in M3 of (p1, 0), equivalently, of (0, p2),

then (M3, p3) is again a pointed cl-simple module, and is a least upper boun d of (M1, p1) and (M2, p2) in the par tially ordered set of such modules.

In part icular, the partially order ed set of pointed cl-simple modules is directed.

Proo f. Note that the submod ules M1 2+ {0} and {0} 2+ M2 of M are the kernels of homomorph isms to the cl-semisimple modules M2 and M1 respectively, hence are cl-closed. This shows, on the one hand, that their intersection {0} is cl-closed, so that M is cl-semisimple, and, on the other hand, that M has nonzero proper closed submodul es, so it is not cl-simple. Hence by Lemma 15, the closur e of the singleton

- 12 -

{(p1, – p2)} cannot be all of M. Thus M3 is nonzero.

To show, next, that clM 3 ({p3}) is all of M3, note that its inverse image in M will contain both (p1, 0) and (0, p2). Thes e are the images of p1 and p2 under the natural embeddings of M1 and M2 in M; hence the indicated inverse image module will contain the images of the closures of {p1} and {p2}, which are all of M1 and M2. So that inverse image is all of M, so clM 3 ({p3}) = M3, proving cl-simplicity.

If we write (M0, p0) for the initial pointed cl-simple module constructed in the previous lemma, we see that M3 is the pushout in the category of cl-semisimple modules (as described in Lemma 12) of the unique distinguished-element-res pecting maps M0 → M1, M0 → M2. The asserted characteri zation of (M3, p3) as least uppe r bound to (M1, p1) and (M2, p2) follows. 1

Defi nition 18. The direct limit of the directed system of all pointed cl-simple R-modules will be denoted DR. The element of this module which is the common image of the distinguished elements of these pointed modules will be denoted 1.

From the above definition and Lemma 13(ii), we have

(22)

Every pointed cl-simple modu le (M, p) admits a unique homomorph ism of pointed modules (i.e., mo dule homomorphism respe cting distinguished elements) to (DR, 1), and this homomorphism is one-to-o ne.

Note that DR is in general not finitely generated, hence is not, under our definition, a cl-simple module. However the fact that it is a direct limit of such modules via one-to-one map s will allow us to apply to it what we kno w abou t such modules.

Let us now prove

Lemma 19. Every nonzero module endomorphis m of DR is one-to-one, and for each nonzero element d ∈D R, there exists a unique endomorp hism md : DR → DR car rying d to 1.

Proo f. The first assertion is clear from the definition of cl-simple module and our construction of DR as a direct limit of such modules, and implies that if there exists an endomorphi sm of DR taking a given element d to 1, it is unique.

For the pro of of existence, we need some notation. Let J be the directed partially ordered set of pointed cl-simple modules. Each j ∈J , as an ordered pair, will be written (Mj, pj). For j ≤ k∈J, hj,k will denote the unique distinguished-element-respecting homomorp hism Mj → Mk, while for j ∈J, hj will denote the unique distinguished-element-respecting homomorp hism Mj → DR.

Now given nonzero d ∈D R, let us choose j0 ∈J and xj 0 ∈M j 0 such that hj 0 (xj 0 ) = d. For each j ≥ j0, let xj = hj 0,j (xj 0 ) ∈M j. Thus for each such j, (Mj, xj) is a pointed cl-simple modu le, and so by (22) there is a uniq ue module homomorphism mj : Mj → DR sending xj to 1. These homomorphisms to DR will form commuting triangles with the maps hj,k (j0 ≤ j ≤ k), for by construction, the requ ired equali ties are satisfied at the elements xj, so by the unicity assertion of (22), they hold at all elements. Since these maps mj are defi ned for j in a cofinal subset of J, and a direct limit of a cofinal subsystem of a directed system is the same as the direct limit of the whole system, they induce a map from the direct limit module DR to their common codomain DR. This is the desired endomorph ism md. 1

Since DR is a right R-module, we shall write its endomorphisms on the left, and regard DR as a left module over End(DR). From Lemma 19 we can easily deduce

- 13 -

Theorem 20. The endom orphism ring of DR is a division ring, over which DR is 1-dime nsional as a left vector-space , with basis {1}.

Proo f. If a is a nonze ro endomorph ism of DR, then by the first assertion of the preceding lemma it takes 1 ∈D R to a nonzero element d. By the second assertion of that lemma, there exists an endomorph ism b of DR taking d to 1; hence ba will be an endomorphism fixing 1, hence by the unicity statement of the lemma, ba is the identity endomorphism. So every nonzero element of End(D R) is left invertible, so End(D R) is a division ring.

From the preceding lemma and the above invertibility observations, we see that the group of nonzero elements of End(D R) will act transitively on the set of nonzero elements d ∈D R, hence DR must be one-dimensional as a left vector space over this division ring. Since 1 ∈D R is nonzero, {1} is a basis. 1

Thus, the map a → a(1) is a bijection betw een elements of End(D R) and of DR. This allows us to transfer the structure of division ring of the former set onto the latter. The reader should verify tha t the resulting operati ons are as described in the next definition.

Defi nition 21. We shall denote by D the division ring having the underlying additive group of DR, and with multiplication such that for d, e ∈ DR, the product de is the element obtained by applyi ng to e the unique R-module endomorphism of DR which carries 1 to d (the inverse of the endomor phism constructed in Lemma 19 if d is nonzero; the zero endomorphism otherwise ).

The set-map R → D taking r ∈R to 1r (product defined using the right R-module structure of DR) will be denot ed f.

Note that the multiplicative identity element of the above div ision ring will be the element we have nam ed 1 ∈D R.

Theorem 22. (i) The map f : R → D is a ring homomorphism, with kernel clR({0}). (ii) The original right R-module structure of DR is the same as the right R-module structure induced on the division ring D by this homomorphism f. (iii) D is generated as a division ring by the subring f(R).

Proo f. That f respects addit ion is clear; from Lemma 16 we see that it has kernel clR({0}), and by construction it takes 1 to 1.

In pro ving that it respects multiplication and satisfies (ii), let us temporarily write . for the internal multiplication of D specified in Definition 21, while continuing to use juxtaposition to denote the internal multiplication of R and the right R-module structure of DR . By Definition 21, left multiplication by any fixed element d ∈D acts by an R-module endomor phism that takes 1 to d. Hence for any such d, and any r ∈R ,

(23) d . f(r ) = d . (1r ) = dr.

Now if in (23) we tak e for d an element f(s) = 1 s (s ∈R ), we get f(s) . f(r ) = (1 s) r = 1 (s r) = f(sr), so f respects multiplication, complet ing the proof of (i). Since DR and D have the same additive struc ture, (23) is now equivalent to (ii).

To prove (iii), supp ose that f(R) were contained in a smaller division ring E ⊂ D. Then as a right E-vector-space, D would have dimension > 1, hence it would have a nontrivial direct sum decomposition, which by (ii) would be a direct sum decomposition of DR as an R-module. But the existence of such a decomposition would imply that End(D R) had zero divisors, contradic ting Theorem 20. 1

- 14 -

This complet es the promised construction!

Let us note a few fac ts about the R-module structure of DR. In view of its constru ction as a direct limit, every finitely generated R-submodule of DR lies in a cl-simple (hence cl-semisimple) submodule, hence is cl-semisimp le. Suppo se M1 and M2 are cl-simple submodules of DR, both containing 1. Then the sum M1+ M2 will be a nonzero cl-semisimple module generat ed by images of M1 and M2, in which the copies of the element 1 are iden tified. It easily follows that (M1+ M2, 1) must be isomorphic to the object constructed as in Lemma 17 from the pointed cl-simple modules (M1, 1) and (M2, 1); that is, (M1+ M2, 1) is, up to isomorphism, the least upper bound of those elements in the directed partially ordered set of pointed cl-simple R-modules. From this we see that the submodule of DR generated by any family of cl-simple submodules each of which contains 1 is the direct limit of some directed subsyste m of the system we used to construct DR. We record for later use a property of such submodules.

Lemma 23. Suppose CR ⊆ DR is the direct limit of a nonem pty directed subsystem of the directed system of cl-simple modules used above in constructing DR. Then the restriction map Hom(D R, DR) → Hom(C R, DR) is an isomorphism. In particular, every endo morphism of CR extends uniquely to an endomorph ism of DR, so End(C R) can be identified with a subring of the division ring End(D R) =∼ D.

Proo f. That the restriction map Hom(D R, DR) → Hom(C R, DR) is one-to-one follows merely from the facts that End(D R) is a is division ring, and CR a nonzero R-submodule of DR. To show that this map is sur jective, let h ∈Hom(C R, DR). If we write h′∈Hom(C R, DR) for the restriction to CR of the unique end om orphism of DR takin g 1 to h(1), then (h – h′)(1) = 0, when ce by the final assertion of (22 ) and the hyp othesis on CR, h = h′, as required.

The first half of the last sentenc e of the lemma is seen by regar ding End(C R) as a subset of Hom(C R, DR); the remaining assertion clearly follows. 1

5. Tying up loose ends. We saw in §2 that a homo morphism f from a ring R to a division ring D induces a coherent matroidal structure on free R-modules; we have just seen how to construct from such a matroidal structure a homomorphism into a division ring. It remains to prove that when we restrict the former construction to homomorphi sms such that D is generated as a division ring by f(R), the two constructions beco me inverse to one another.

As in the last two sections, whenever we introduce a family (clRn)n∈N satisfying the cond itions of (14), we shall understand this family to be extended via Lemma 9 to operators clM on general finitely generated R-modules M.

A key step in proving our constructions to be inverses will be a compari son of two characterizations of semisimple R-module s. The first of these is

Lemma 24. Let R be a ring, (clRn)n∈N a coherent matroida l structure on free R-modules, and D the division ring of Definition 21, given with the R-module structure of Theorem 22 (ii).

Then for any finitely generated R-modu le M, the following conditions are equivalent: (i) M is cl-semisi mple. (ii) M is embedd able in a direct product of (possibly infinitel y many ) cl-simple R-modules. (iii) M is embedda ble as an R-module in a (possibly infinite-dimensi onal ) vector spac e over D.

Proo f. The implications (i)⇐(ii)⇔(iii) are straightforward , the first by (20), the remaining double implication using the fact that DR is a direct limit of ‘‘all’’ cl-simple R-modules, and the conse quence

- 15 -

that every finitely gen erated subm odule of DR is contained in a cl-sim ple submodule. To prove (i)⇒(ii), it will suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ce to show that if (i) holds, and z is a nonzero element of M, then there exists a homomorphism from M to a cl-simple module not having z in its kernel.

To do this, let X be a finite subset of M of least cardinality such that clM(X) = M, and X0 a minimal sub set of X such that z∈cl M(X0). Since M is semisi mple and z ≠ 0, X0 is nonempty. Now from the exchange axiom (5) it follows that in X0, we can replace any element y by z without changin g the closure; hence in X we can replace any element of X0 by z without chang ing the closure; thus we can assume z∈X . By the minimality of card(X ), z∈ clM(X– {z}); calling the latter submodule N, we see that M ⁄N is cl-semisimple, and is the closure of the image of z, hence is cl-simple. The canonical map M → M ⁄N is the required homomorp hism. 1

(Inci dentally, one can deduce from the fact that M is a finitely generated module, hence finitely generated as a matroid, that in (ii) and (iii) above it suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ces to refer to finite products and finitedimensional vector spaces. But we will not need this fact.)

Our next result, which we will play of

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath against the prec eding one, concerns a system of closu re operators induced by a ring homomorphism.

Lemma 25. Suppose f : R → S is a ring homomorph ism, and (clRn)n∈N is the family of closure operators on free R-modules induced by f as in Coro llary 8.

Then for any finitely genera ted R-module M, the cl-closed submodules of M are precisel y the kernels of R-module homomo rphisms of M into S-modules (regarded as R-modules via the ring homomor phism f ). Thus, M is cl-semisimple if and only if it is embeddable in an S-module; equivalently, if and only if the extens ion-of-scalars map M → M 2× R S is one-to-on e.

Proo f. Straightforward from the definition of (clRn)n∈N . 1

From the above two lemmas, we can now prove

Proposition 26. Let (clRn)n∈N be a coherent matroidal structure on free R-modules, and f : R → D the homomorph ism to a division ring constructed therefrom as in the preceding section. Then the coherent matroid al structure on free R-modules induced as in Corollary 8 by this map f is again (clRn)n∈N .

Proo f. Comparing the characterization in Lemma 24(i)⇔(i ii) of R-module s semisimple with respect to our given matroidal structure, and the characterization in Lemma 25 of R-modul es semis imple under the matroidal structure induced by f, we see that these both consist of the modules embeddable over R in right D-vector-s paces.

But I claim that a coherent matroidal structure on free R-modules, or more generally, a system (clRn)n∈N of closure operators as in (14), is determined by its class of semisimple modu les. Indeed, the cl-semisim ple mod ules determine the cl-closed subsets of Rn, since N ⊆ Rn is cl-closed if and only if Rn⁄N is cl-semisimple; and any closure operator on a set is determ ined by the class of closed subsets, since the operator sends each subset to the least closed subset containing it.

Hence the two matroidal structures in question are equal. 1

It remains to show that the composite of our constructions in the oppos ite ord er, division ring to coherent matroidal structure to division ring, is also isomorphi c to the identity. For this we will use the following criterion for division rings to be isomorphic over R:

- 16 -

Lemma 27. Let R be a ring, and f1: R → D1, f2: R → D2 homomorph isms into division ring s. Then the division subring of D1 generated by f1(R) and the division subring of D2 generated by f2(R) are isomorphic as rings with homomorp hisms of R into them if and only if the abelian group D1 2× R D2 is nonzero; equivalently, if and only if 1 2× 1 ≠ 0 in that group.

Proo f. If the division subrings of D1 and D2 generat ed by the images of R are isomorphic over R, then identifying them, and calling their common value D, we can map the abelian group D1 2× R D2 onto D1 2× D D2 by x 2× R y → x 2× D y; and the latter abelian group, being a tensor product of nonzero vector spaces (right and left respectively) over a common division ring, is nonzero. So we hav e the implication ‘‘⇒’’.

To prove the conve rse, consider the set of pairs

i = {(d1, d2) ∈D 1× D2 ! d1 2× 1 = 1 2× d2 in D1 2× R D2 }.

Note that if i contained distinct pairs with the same second component, (d1, d2) and (d1′,d2), then we wou ld have (d1– d1′) 2× 1 = 0, hence, recalling that the abelian group D1 2× D2 has a natural struc ture of (D1, D2)-bimodule, and multiplying on the left by (d1– d1′)–1, we would have 1 2× 1 = 0. So assuming the contrary, each second component correspon ds to at most one first compon ent, and by the symmetric argument, each first component corresponds to at most one second component. Thus, i is the graph of a bijection between a subset of D1 and a subset of D2.

Now let (d1, d2) and (d1′, d2′) be any two elements of i. We see from the linearity of 2× in each argument that i will also contain (d1+d1′, d2+d2′), so our subsets of D1 and D2 are each closed under addition and our bijection respects this operation. To get the corresponding conclusion for multiplication, we again use the (D1, D2)-bimodule structure of D1 2× D2:

(d1d1′) 2× 1 = d1(d1′2× 1) = d1(1 2× d2′) = d1 2× d2′ = (d1 2× 1) d2′ = (1 2× d2) d2′ = 1 2× (d2 d2′),

showing that (d1d1′,d2d2′) ∈i . Similarly, if (0, 0) ≠ (d1, d2) ∈i , then multiplying the equation d1 2× 1 = 1 2× d2 by d1–1 on the left and d2–1 on the right, we get (d1–1, d2–1) ∈i .

We also note that by definiti on of the tensor product , i contains all pairs ( f1(r ), f2(r )) (r ∈R ). The above results together say that i is the graph of an isomorphis m between a division subring of D1 and a division subring of D2, under which elements f1(r ) correspo nd to elements f2(r ). Thus, the division subrings generated by the respective images of R are isomorphi c over R. 1

We can now complet e the proof that our constructions are invers e to one another by prov ing

Proposition 28. Let f1 : R → D1 be a homomorphism from a ring to a division ring, let (clRn)n∈N be the cohere nt matroidal structure on free R-module s determin ed by f1 as in Corollary 8, and let f2 : R → D2 be the homomorphism into a division ring constructed from that cohere nt matroidal structure as in Theorem 22. Then the division subring of D1 generated by f1(R) is isomorphic to D2 as division rings with homomorp hisms of R into them.

Proo f. D2 was constructed as a direct limit of one-to-one homomorphisms of cl-simple (hence cl-semisim ple) R-module s, and by Lemma 25, for each such R-module M, the canonical map M → M 2× R D1 is an embedd ing. Hence the canonical map D2 → D2 2× R D1 is also an embedding. The precedin g lemma, and the fact that D2 is generated by f2(R) now yield the asserted conclusion. 1

Though we shall not need the fact, it is interesting to note

- 17 -

Lemma 29. In the context of Lemma 27, the condition D1 2× R D2 ≠ {0} is also equivalent to the condition Hom Mod R (D1, D2) ≠ {0}.

Proo f. Hom Mod R (D1, D2) =∼ Hom Mod D2 (D1 2× R D2, D2), and by standard properties of vector spaces,

this abelian group is nonzero if and only if the D2-vector-spac e D1 2× R D2 is nonzero . 1

(It might be of interest to con sider a ring R with homomorp hisms R → S1, R → S2 where S1 and/or S2 belong to classes of rings wider than or dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath eren t from the class of division rings, and see what relations between these two objects can be expressed in terms properties of S1 2× R S2 or Hom Mod R (S1, S2).)

6. Easy examples: division rings of fractions of Ore rings. Recall that a right (respectively left) Ore ring is a nonzero ring without zero-diviso rs in which any two nonzero elements have a nonzero common right (resp ectively left) multiple. These are the rings for which there exi st simple classical construc tions of emb eddings in division rings. And in fact, we can characterize rings of the se two sorts by statements that they admit coheren t matroidal structures with particular natural desc riptions.

Lemma 30. Let R be a nonzero ring without zero-divisors, and for all n ∈ N and X ⊆ Rn let

(24) clRn(X) = {y∈R n ! (∃ r ∈R – {0}) yr ∈X R}.

Then the following conditions ar e equivalent: (i) For all n ∈N, clRn is a closure operator on Rn. (ii) For all n ∈N and X ⊆ Rn, clRn(X) is closed under addition. (iii) For all n ∈N and X ⊆ Rn, clRn(X) is closed under right multiplication by elements of R. (iv) (clRn)n∈N is a coherent matroidal structure on free R-modules. (v) R is a right Ore ring.

When these equival ent conditions hold, the division ring construc ted from (clRn)n∈N as in §4 is the classical division ring of right fractions of R.

Proo f. Let us first show that assuming (v), the coherent matroidal structure induced by the homomorphism of R into its division ring D of right fractio ns is described by (24). Given X ⊆ Rn the closure of X with respect to the matroidal structure induced by D consists of all elements y∈R n such that in Dn we can write y = Σ xi di for some x1, ... , xn ∈X , d1, ... , dn ∈D . Since R is right Ore, we can bring d1, ... , dn to a common right denominator, and so write this relation y = Σ xi sir–1 with si ∈R , r ∈R – {0}. The existence of such a relation is equivalent to saying that yr ∈ XR for some r ∈R – {0}, as required.

This yields the implication (v)⇒(iv), and (pending the equivalence of the other condition s with (v)) the final assertion of the lemma. Clearly (iv)⇒(i), and since clRn(X) ⊇ XR, (i)⇒(ii) ∧ (iii). The proof will be comple te if we can show that each of (ii) and (iii) implies (v).

Assuming (ii) or (iii), let a, b ∈R – {0}; we want to prove that these elements have a nonzero common right multiple in R. First take n =1 and X = {a}. Then 1 ∈cl R({a}), so (iii) implies that b ∈cl R({a}). App lying the definition (24 ) of clR, we get the desired common multiple asserti on. Likewise, if n = 2 and X = {(a, 0), (0, b)}, then (1, 0), (0,1) ∈cl R2(X), so (ii) implies that (1,1) ∈cl R2(X), which by (24) again says tha t a and b have a nonzero common right multiple. 1

In the above lemma, we found that if the operators clRn we defined had any of the most elementary

- 18 -

desired properties, then the y had them all, and R was right Ore. In the next lemma, on the other hand, where we define the operators appr opriate to left Ore rings, we shall find that these automatically have most of the desired propert ies, and tha t the Ore condition is equivalent to the final key property.

Lemma 31. Let R be any nonzero ring, and for n ∈N and X ⊆ Rn let

(25) clRn(X) = ∩ {Ker h ! h : Rn → R is an R-linear map with X in its kernel }.

Then (clRn)n∈N satisfies (1)-(3), (6) and (7); and the following conditions are equivalen t: (i) (clRn)n∈N also satisfies (5) (and hence, by Lemma 2, (4)); i.e., constitutes a coherent matroidal structure on free R-modu les. (ii) R is a left Ore ring.

When these equival ent conditions hold, the division ring construc ted from (clRn)n∈N as in §4 is the classical division ring of left fractions of R.

Proo f. That (25) satisfies (1)-(3), (6) and (7) is straightforward. Also note that if a ring R is embedded in a division ring D, and we regar d Rn as a subset of Dn, then by elementary linear algebra, the closure of X ⊆ Rn with respect to the coherent matroidal structure on R-modules determined by D is equal to the intersection of Rn with the kernels of all D-linear maps h : Dn → D having X in their kernels. If we now assume (ii), and let D be the division ring of left fractions of R, then for each such D-linear map h, we can bring a finite set of generators of the R-submodu le h(Rn) ⊆ D to a common left denominator, getting h(Rn) ⊆ r–1R for some r ∈R – {0}. Now comp osing h with the right vector space endomorphism of D given by left multiplication by r, we get a D-linear map with the same kernel which carries Rn into R, and hence restricts to an R-linear map h′: Rn → R. This shows that the closure ope rator induced by D is indeed (25), yielding the implication (ii)⇒(i) and (pending the reverse implication) the final assertion.

To show (i)⇒(i i), let us first note that the operator define d by (25) for n =1 satisfies clR(∅) = {0} and clR({1}) = R. Hence (5) implies that for every nonzero a ∈R we have 1 ∈cl R({a}). Thus, every R-linea r functional on R, i.e., every left multiplication operation , if it annihilates a, also annihilates 1, i.e., is zero; which shows that R has no zero divisors. Second, taking n = 2 and a, b ∈R – {0}, consideration of the first-coordinate functional shows that the operator (25) satisfies (a, b) ∈ clR2({(0, 1)}). Hence (5) gives (0, 1) ∈ clR2({(a, b)}), so there is some R-linear functi onal h annihilatin g (a, b) but not (0, 1). The relation 0 = h((a, b)) = h((1, 0))a + h((0, 1))b now shows that R is left Ore. 1

In proving the above lemmas, we called on the known resu lt that right and left Ore rings have division rings of right and left fract ions. We could instead hav e proved directly that for such rings, the defin itions (24) and (25) yielded coherent matroidal structures on free R-modules, and hence embeddings in division rings; but we wanted to establish the connection with the elegant standa rd constructions. The next section, on the other hand, will give a class of examples for which embeddab ility in div ision rings was not known until Cohn proved it by describing the corresp onding prime matrix ideals; we shall likewise prove it by describing the correspond ing coherent matro idal structures.

7. Application: the unive rsal division ring of a fir. Recall that a free right ideal ring or right fir is a ring R such that every right ideal of R is free as a right R-module, and such that Rm =∼ Rn as right R-modules only when m = n [5], [7]. In this section we will assume R a right fir; ‘‘modul e’’ will continue to mean ‘‘right module’’ .

If F is a finitely generated free R-modul e, we shall write rank (F ) for the unique n such that F =∼ Rn. From the freeness of right ideals, one easily deduces that submod ules of free R-modu les are also

- 19 -

free . Below, we will regularly speak of the rank of a finitely generated submodule M of a free R-module F without an explicit reminder that this makes sense for the above reaso n.

If M and M ′ are finitely generated submodules of a free R-module F , then the standard short exact sequence {0} → M ∩ M ′→ M 2+ M ′→ M+ M ′→ {0} splits, by the freeness of M+ M ′. Hence M ∩ M ′ is finitely generated, and

(26) rank (M ∩ M ′)+ rank (M+ M ′) = rank (M ) + rank (M ′).

Now let X be a subset of Rn for some n ∈N , and let m ≤ n be the least among the ranks of all finitely generated submodules of Rn containing X. (This may be less than rank (XR). For instance, if x is a nonzero element of Rn, and s, t are right R-linearly independent elements of R, then taking X = {xs, xt}, XR has rank 2, but is contained in xR, so m = 1.) It is easy to see from (26) that the sum of any two submodules of F that contain X and each have this least rank m will also have rank m. Let clRn(X) denote the sum of all submodules of Rn that contain X and have rank m.

I claim that clRn(X) is finitely generated. To see this, choos e any rank-m submodule M0 ⊆ Rn containing X. Taking a free generating set (possibly infinite) for clRn(X), we see that the finitely generated submod ule M0 can invol ve only finitely many members of that generating set, hence will lie in a finite-rank direct summand N ⊆ clRn(X). If N were a proper summand, then since clRn(X) is a directed uni on of submodules of rank m containing X, we could find a rank-m submodule M1 prope rly containing N. Then N would also be a proper direct summand of M1, hence would have rank < rank (M1) = m, contradict ing our choice of m. So we must have N = clRn(X), proving the latter finitely generated , as claimed. Hence, being a directed union of free modules of rank m, it must be one itself. So clRn(X) is the largest submodule of Rn containin g X and having this rank.

I claim now that the family of operators clRn so defined satisfies (1)-(7). (1), (3), and (6) are clear. To see (2) , let X ⊆ Y, and let us apply (26) with M = clRn(X) and M ′= clRn(Y). The minimality assumption on the rank of M = clRn(X) shows that M ∩ M ′ will have at least that rank, hence M+ M ′ will have at most the rank of M ′= clRn(Y). The minimality condit ion on that rank, and the fact that M ′ is the largest submodu le containing Y and having that rank, now show that M+ M ′= M ′, i.e., that M ⊆ M ′, as required.

To see (4), recall that for Y ⊆ Rn, rank(cl Rn(Y)) ≤ n. Hence given X ⊆ Rn, we can choo se among all finite subsets X0 ⊆ X one that maximizes rank(cl Rn(X0)). We see easily that for every finite subset X1 ⊆ X contain ing X0, clRn(X1) = clRn(X0). Henc e X ⊆ clRn(X0), so by (2) and (3) we have clRn(X) = clRn(X0), giving (4).

To prov e (5), let X, y and z be as in the hypothesis of that cond ition. Let m = rank(clRn(X)). Since clRn(X∪ {y}) is properly larger than clRn(X), it must (by definition of clRn(X)) have larger rank. On the other hand, since X∪ {y} is contained in the submodule clRn(X) + yR of rank at most m +1, the rank of clRn(X∪ {y}) can’t be larger than m +1; so that is precisely its value. By the same argument clRn(X∪ {z}) has rank m +1. But by assumption, clRn(X∪ {y}) contains z, hence contains clRn(X∪ {z}), so by the maximality condition in the definition of the latter, these must be equal, giving (5).

To prove (7), let h and X be as in the hypo thesis of that statement. Since any submodul e of Rn is free , if we restrict the domain and codomain of h to get a surjective homomorphism

h′: clRm(X) → h(clRm(X)),

this map splits. Now if the desired inclusion h(clRm(X)) ⊆ clRn(h(X)) fails, then clRn(h(X)) + h(clRm(X)) must have larger rank than clRn(h(X)) (again by the definition of that closure), hence by (26 ), clRn(h(X)) ∩ h(clRm(X)) must have smaller rank than h(clRm(X)). Takin g the inverse image

- 20 -

of this submodu le under the split surjection h′, we get a submodule of clRm(X) containing X and having smalle r rank than clRm(X), a contradiction.

This shows that the above system of closure operators constitutes a coheren t matroidal structure on free R-modules; hence the constru ction of §4 leads to a homomorphi sm f of R into a division ring D. Clearly, clR({0}) = {0}, so f is an embedd ing.

The resulting division rings D have been studied by Cohn [7] and others. Cohn constructs the correspon ding prime matrix ideal (cf. §1 above) as the set all square matrices over R whic h can be factored into a matrix with fewer columns times a matrix with fewer rows. (Cohn also briefly describes in [5, pp. 241 (bottom) to 243] the direct-limit approach of this paper, communicated to him by the present author, for the case of firs, without the general matroid formulation.)

Free associative algebras over fields are exampl es of firs, and as we mentioned in the Introducti on, such free algebras in general admit many embeddings in division rings. How ever, Cohn [7, §4.5] shows (and we will see toward the end of the next section) that for any fir R the map R → D just obtained is characterized by a uni versal pro perty.

The above constru ction of a coherent matroidal structure on free mod ules over a fir admits straightforward generalizations in two direct ions, for which the interested reader can easily work out the details (or cf. [7], [13]). On the one hand , we can weaken the assumption that all right ideals of R are free to say that all finitely generated right ideals are free, i.e., replace our right fir by a semifir . In this case, we cannot say, after defining clRn(X) as above, that this submodule is finitely generated, and hence free of rank m; but clearly it is still locall y free of rank m (meaning that every finite subset is contained in a free submodu le of rank m, and some finite subset is not contained in any free submod ule of smaller rank); and we can use this in our remaining argu ments, repl acing calculations involvin g this module with calculations involving ‘‘suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ciently large’’ submodules; or, essential ly equivalently, generalizing (26 ) to a statement abou t ‘‘local ran ks’’ of submodules .

On the other hand, we can replace the assumption that R is a right (semi)fir by the conditi on that it is right (semi )hereditary , i.e., that all its right ideals (respecti vely, finitely generated right ideals) are projective as right modules, and also assume that it admits an additive function from isomorphi sm classes of nonzero fin itely generated projective modules to positive integers, which takes the free modu le on one generator to 1. Regarding such a function as defining the ‘‘ran k’’ of a finitely generated projective module, we can duplicate the above constr uction. Suc h a projective rank function is not in general unique; when a semiheredi tary ring R admits dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath erent rank functi ons, these determine dif division rings D.

There are also general izations of the above construction which cannot be so briefly summarized; cf. [13, Chapte r 5].

For some results on a dif

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath eren t class of modules over firs that use arguments of a similar flavor to those of this section, see [5, §§3.3, 5.3].

8. Specia lizations. Given closure operators cl and cl′ on a set F , it is natural to write cl ≤ cl′ if for all X ⊆ F , cl(X) ⊆ cl′(X). Using this definit ion, we find that if we take a ring homom orphism S → T and let clSn = clSnmod (as defined in Lemma 5), while we let cl′Sn be the closure operator on Sn induced via f from clTnmod as in Corollary 8, then clSn ≤ cl′Sn. From this we can see, more generally, that for a ring R, if clRn, cl′Rn are the closure operators on Rn induced via ring homomorp hisms R → S, R → T from the respe ctive operators clSnmod, clTnmod, and if there exists a homomorp hism S → T making a commuting triangle with these two homo mo rphisms from R, then clRn ≤ cl′Rn.

However, given homomorph isms from a ring R to two division rings D1 and D2 generated in nonisomorphi c ways by the images of R, there can be no homom orphism between D1 and D2 making

- 21 -

such a commuting triangle; so we should not expect such inequalit ies between the induced coherent matroidal structures. For example, for R = Z , if we define clZn and cl′Zn to be the coherent matroidal structures ind uced by the hom omorphisms Z → Q and Z → Z ⁄p as in (13), we have

clZ ({0}) = {0}, cl′Z ({0}) = p Z ,

clZ (pZ ) = Z , cl′Z (pZ ) = p Z ,

so neither closure operator majorizes the other.

Neverthele ss, one has the fee ling that Z ⁄pZ satisfies ‘‘mo re rational relations’’ than Q . This idea of com paring sets of rational relations can in fact be formalized, and related to the following conce pt.

Defi nition 32. If f : R → D, f ′: R → D′ are homomorphi sms of a ring into two division ring s, then a specialization s from D to D′ over R means a homomorph ism from a subring Ds of D, containing the image of R, to D′, which makes a commuting triangle with the maps from R, and which has the property that

(∀ a ∈D s) s(a ) ≠ 0 ⇒ a–1∈D s,

equivalently, that Ds is a local subring of D and Ker(s ) is its maximal ideal.

For instance, we see that over R = Z there is a specialization in this sense from Q to Z ⁄pZ , whose domain is the local ring Z(p) of rational numbers with denominator prime to p. It is shown in [1, §§1-2] that if one formalizes appropriat ely the concept of rational relation, then a specialization from D to D′ over R exists if and only if D′ satisfies all rational relations in the elements of R that hold in D .

We shall not develop here the theory of rational relations; but below, we shall determine the condition that must be satisfied by two coheren t matroidal structures on free R-modules for there to exist a specialization over R between the correspon ding division rings.

Defi nition 33. If cl is a closure operator on a set F, let us call a finite family of elements x1, ... , xn ∈F dependent with respect to cl if for some i, xi ∈cl ({x1, ... , xi–1, xi+1, ... , xn}); otherwise we will call x1, ... , xn independent. We shall likewise call a set (as distinct from an indexed family ) of n elements dependent (indepen dent ) if, when indexed in any one-to-one fashion by 1, ... , n, it becomes a dependent (independent ) family.

In the preceding sections, I avoided calling on even basic results from the theory of matroids, but used only direc t arguments from the concep t of closure operator together with the exchange axiom; but in the discussion below, I will take for granted some basic facts; in particular, that in a matroid F which is the closure of a finite set of elements, if n is the least cardinality of such a set, then sets of n elements having F as closure, minimal subsets having F as closure, indep enden t subsets (Definition 33) having F as closur e, independent sets of n elemen ts, and maximal independe nt subsets, all coincide. Such sets are usually called bases of F , and n the rank of F , but since we will also be dealing with modu le-theoretic bases and the module-t heoretic rank of a free modu le, we will introduce a distingu ishing prefix for the matroidal concepts. As the lemma that follows show s, however, there are relations between the two kinds of bas es and rank.

Defi nition 34. In the situation of the preceding parag raph, a set with the indicat ed equivalent properties will be called a cl-basis of F, and the integer n will be called the cl-rank of F.

- 22 -

Lemma 35. If (clRn)n∈N is a proper coherent matroidal structure on free R-module s, then for each n, any module-t heoretic basis {b1, ... , bn} of Rn is also a cl-basis.

In part icular, the cl-rank of Rn is n.

Proo f. By (8), clRn({b1, ... , bn}) = Rn, so we need only prove that b1, ... , bn are independen t, i.e., that no bi is in the cl-closure of the set formed by the others.

From Lemma 16 we know that R ⁄clR({0}) is a nonze ro cl-simple (hence cl-semisimple) R-module. Hence for each i, the kernel of the homomorphism of Rn onto that module takin g bi to [1] and all other bj to 0 will be a cl-closed submodule. This submodule contains the other bj but not bi, proving the desired independence. 1

We are now ready to look at order relations between coherent matroidal structures. The following definition includes both the relation which we noted did not hold between the coheren t matroidal structures of (13), and the relation which we will soon see corresponds to the existence of a specialization, and so does hold in that case.

Defi nition 36. If cl and cl′ are two finitary closure operators on the same set F, we shall write

cl ≤ cl′

if for all X ⊆ F we have cl(X) ⊆ cl′(X), while we will write

cl cl′

if every finite family of elements of F which is dependent with respect to cl is also dependent with respect to cl′; equivale ntly, if every family indepen dent with respect to cl′ is independ ent with respect to cl.

If R is a ring and (clRn)n∈N , (cl′Rn)n∈N are families of finitar y closure operator s on free R-modules of finite rank, we shall frequently abbreviate the names of these families to cl and cl′, and write cl ≤ cl′ as an abbre viation for the statement that for all n, clRn ≤ cl′Rn, and cl cl′ as an abbreviation for the statement that for all n, clRn cl′Rn.

Clearly, ≤ is a partial ordering on the closure operators on a set, and is a preord ering. In general, is not a partial ordering. For instance, if we let cl be the closure operator on {0,1} having closed sets ∅, {0} and {0,1}, and cl′ the operator having closed sets ∅ and {0,1}, then for both operators the only dependent subset is the whole set, so they are equivalen t und er . On the other hand, a matroid structure is kno wn to be determined by its set of dependent families [15, §1.2], so distinct matroid structures cannot be -equiv alent; hence when restricted to the set of matroid structures, is a partial order.

Lemma 37. Suppose cl, cl′ are closure operators on a set F. Then cl ≤ cl′ ⇒ &( x1, ... , xn, one has cl({x1, ... , xn}) ⊆ cl′({x1, ... , xn}) for every n and every cl′-independent family ∋ ) ⇒ cl cl′.

Moreover, if cl′ is a matroid structure, the last implication is reversible. Thus, on matroid structures, the relation is equivalent to the middle condition.

Proo f. The first implication is trivial. To see the second, assume the middle condi tion and let x1, ... , xn be a cl′-independent family. If it were cl-depe ndent, i.e., if for some i, xi ∈cl ({x1, ... , xi–1, xi+1, ... , xn}), this would be a contradiction to the middle condition applied to the cl′-independ ent family x1, ... , xi–1, xi+1, ... , xn.

- 23 -

Finally, assume cl′ is a matro id structu re, cl cl′, and x1, ... , xn is a cl′-independent family. If xn+1 is any element of cl({x1, ... , xn}), then the family x1, ... , xn+1 is cl-dependent, hence as cl cl′, it is cl′-dependent. Thus we have some relation xi ∈cl ′({x1, ... , xi–1, xi+1, ... , xn+1}) (i ≤ n +1). If i ≠ n +1, the exchange axiom (5) and the cl′-independence of x1, ... , xn allow us to get from this relation the con dition xn+1 ∈cl ′({x1, ... , xn}), while if i = n+1, that is given. This proves the middle condition of the display. 1

Comparing the leftmost and the middle conditions of the above lemma, we see that the distinction between the relations ≤ and on matroid structures is a subtle one. In view of the apparent unnaturaln ess of the relation compared with ≤ , the reader should be properly skeptical, and verify that for the matroidal structures of (13), even though, as noted at the beginning of this section, cl ≤ cl′ fails, cl cl′ holds.

We remark that one can have two proper matroid structures on a set that are comparable under ≤ . For instance, if k ⊆ K are fields, then on any K-vector-space, the matroid structures arising from the k- and K-vector-space struc tures are ≤-comp arable. Howeve r, the matroid structure arising from the k-vector-space structure fails to satisfy (6) for R = K; so this is not an example of two ≤-comparable coherent matroidal structu res on free K-modules. The interested reade r can in fact prove that no two proper coherent matroidal structures on free modules over a ring R can be comparable under ≤ , using the results of the preceding section, in particular, Lemma 27. But I have defined ≤ here only to provide perspective on the less obv ious relation , which we shall now study. Thu s,

(27)

In this section, unless the contrary is stated, R will be a ring, and (clRn)n∈N , (cl′Rn)n∈N will be two proper coherent matroidal structures on free R-modules, satisfying cl cl′.

Cavea t: Thi s does not imply that for all finitely generated R-modules M, clM cl′M. For instance, again considering the matroidal structures of (13), which satisfy cl cl′, we find that in M = Z ⁄p Z , the 1-element family ([1]) is cl-dependent but cl′-independen t; so clM cl′M. Hence below, in studying the relation between clM and cl′M for a general module M, our method will be to write M as an image of a free module Rn, and apply the definition of there. Our key concept will be that of

Defi nition 38. By a cl′-stable pointed cl-simple R-module, we shall mean a pointed cl-simple R-module (M, p) such that, writing p- for the image of p in M ⁄cl′M({0}), the pair (M ⁄cl′M({0}), p-) is a pointed cl′-simple R-module.

In that situation, we shall denote the latter pointe d module (M, p)′.

Let us show that these objects are plentiful. Suppose we take any pointed cl′-simple R-module (M ′, p′), and write M ′ as Rn⁄N′ for some cl′-closed submodule N′ ⊆ Rn. Then taking a cl′-independe nt subset of Rn having cl′-closure N′, and adjoining to it an inverse image of p′, we get a cl′-basis x1, ... , xn of Rn such that N′ = cl′Rn({x1, ... , xn–1}), and p′∈M ′ is the image of xn. In view of the relation cl cl′, the n-tuple x1, ... , xn is also cl-ind epende nt, hence as Rn has the same rank, n, with respect to cl as with respect to cl′ (by Lemma 35), this family will also be a cl-basis of Rn. If we now let N = clRn({x1, ... , xn–1}), the final paragraph of Lemma 37 shows that N ⊆ N′, whence cl′Rn(N ) = N′. Letting M = Rn⁄N and letting p be the image of xn in that module, we find that (M, p) is a cl′-stable pointed cl-simple module with (M, p)′ = (M ′, p′). Thus, every pointed cl′-simple module (M ′, p ′) arises as (M, p)′ for some cl′-stable pointed cl-simple modu le (M, p).

Now by (7) applied to cl′, every homomo rphism f : M1 → M2 of finitely generated R-modu les induces a hom omorphism f ′ of cl′-semisimple R-module s making a commutative diagram,

- 24 -

(28) M1 __________f → M2 , , ↓ , , ↓ M1 ⁄cl′M 1 ({0}) __f ′ → M2 ⁄cl′M 2 ({0}) .

In particular, any map (M1, p1) → (M2, p2) of cl′-stable pointed cl-simple R-modules induces a map (M1, p1)′→ (M2, p2)′ of pointed cl′-simple R-modules.

In Lemma 17 we described the least upper bound (M3, p3) of two pointed cl-simple modu les (M1, p1) and (M2, p2). Suppose now that (M1, p1) and (M2, p2) are cl′-stable. It is not hard to see from its explicit des cription in Lemma 17 that the least upp er bound construction ‘‘commutes’’ with the (M, p)′ construction, in the sense that (M3, p3) will also be cl′-stable, and (M3, p3)′ will be the least upper bound of (M1, p1)′ and (M2, p2)′ in the partially ordered set of pointed cl′-simple modules. (Key step in verification: if (M1, p1) is expressed as above in terms of a free module Rm and a cl′-basis x1, ... , xm, and (M2, p2) similarly in terms of Rn and y1, ... , yn, then (M3, p3) may be expressed using Rm+ n and the cl′-basis x1, ... , xm–1, y1, ... , yn–1, xm – yn, xm.) Hence the cl′-stable pointed cl-simple modules form a directed subsystem of the system of all pointed cl-simple modules, and the canonical morphisms M → M ⁄cl′M({0}) map this system onto the directed system of all pointed cl′-simple modules.

Since all maps in the directed system of pointed cl-simple modules are one-to-one, so that objects of that system embed in the direct limit object DR, the direct limit of our subsystem of cl′-stable objects can be identified with a submodule of DR; let us call this (Ds)R ⊆ DR. If we denote by D′R the direct limit of all poi nted cl′-simple modules, our map between directed systems gives us an R-module homomorphism

(29) sR : (Ds)R → D′R.

Let m denote the kernel of (29). We note

(30)

Let x∈(D s)R be the image in the direct-limit module (Ds)R of an element q of a cl′-stable pointed cl-simple module (M, p). Then x∈m if and only if q ∈cl′M({0}).

From this we can deduce

Lemma 39. Let a be any endomorp hism of the R-module (Ds)R. Then (i) a(m ) ⊆ m. (ii) There exists a unique endomorp hism a′ of D′R such that sR a = a′sR . (iii) Either a has range in m, or it carries (Ds)R – m into (Ds)R – m .

Proo f. The idea of (i) is to apply (7) to the closure shown in (30). In detail: Given x∈m , take (M1, p1) and q ∈M 1 such that the unique basepoint-respecting map h1 : M1 → (Ds)R carries q to x. Now a(h1(M1)) is a finitely generated submodule of (Ds)R, hence lies in the image h2(M2) of some cl′-stable pointed cl-simple R-module (M2, p2); so as h2 is one-to-one, we have a module homomorphism b : M1 → M2 such that a h1 = h2b. By (30), q ∈cl′M 1 ({0}). Applying (7), we get b(q) ∈cl′M 2 ({0}), so h2b(q) ∈m ; but h2b(q) = a h1(q) = a(x), so a(x) ∈m , as required.

Since sR is surjective with kernel m , (i) implies (ii). Combining this with the fact that every endomorph ism of D′R is eithe r zero or one-to-one (Lemma 19), we get (iii). 1

The above result relates (Ds)R and D′R; let us now relate (Ds)R with DR. Mimicking the proof of Lemma 19, we find that for eve ry d ∈(D s)R – m , there will be an endomorp hism of (Ds)R taking d

- 25 -

to 1. Now by Lemma 23, every endomorph ism of (Ds)R is the restriction of a unique endomorp hism of DR, so the above result means that (Ds)R is closed under left multiplication in D by d –1. Since the image of (Ds)R under that left multiplication map contains 1 ∈ m , point (iii) of the above lemma tells us that that map takes (Ds)R – m into itself; so in particular, the image of 1 under that map, d –1, is in (Ds)R – m . Hence we can apply the same result with d –1 in the role of d, and conclude that (Ds)R is closed under left multiplication by (d –1)–1 = d.

Thus the set of elements d ∈(D s)R such that (Ds)R is closed under left multiplication by d contains (Ds)R – m . But that set is closed under addition, hence is all of (Ds)R; i.e., (Ds)R is the underlying R-module of a subring Ds ⊆ D. Since 1 R ⊆ (Ds)R, this subring contains f(R).

From the definition of the ring structures of D and D′, we see that the module homomorph ism sR is a ring homo mo rphism, which we will write s : Ds → D′. We have seen that its kernel, m , has the property that Ds contains the inverses of all elements of Ds – m ; hence Ds is a local ring, m its max imal ideal, and D′ its residue ring. Since s clearly makes a commuting triangle with our maps of R into Ds and D′, we have proved

Proposition 40. Let R be a ring, let cl, cl′ be coherent matroidal structures on free R-modules, and let D, D′ be the division rings constructed from these. Then if cl cl′, there exists a specialization s from D to D′ over R. 1

The converse is easier to prove. I have left it to the end because the shor test proof from standard results invo lves matrix arguments, and I wanted to do as much as pos sible without these.

Proposition 41. Let f : R → D and f ′: R → D′ be homomorp hisms from a ring R into two division rings, and cl, cl′ the coherent matroidal structures on free R-modules that these induce , and suppose there exists a specialization s from D to D′ over R. Then cl cl′.

Proo f. Given x1, ... , xm ∈R n such that (in the notation of Corollary 7) f ′(x1), ... , f ′(xm) ∈D ′n are linearly indep endent over D′, we need to prove that f(x1), ... , f(xm) ∈D n are linearly independent over D.

Letting Ds denote the domain of the specialization s, and writing yi for f(xi) ∈(D s)n, we see that it suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ces to prove that if y1, ... , ym ∈(D s)n ⊆ Dn are any elements such that s-(y1), ... , s-(ym) ∈D ′n are D′-linearly independent, then y1, ... , ym are D-linearly indep enden t.

Translating this into matrix terms, we need to show that if A is an m × n matrix over Ds whose image over D′ has rank m, then A has rank m as a matrix over D. Now from general linear algeb ra we know that by dropping columns fro m our m × n image matrix over D′, we can get an m × m matrix which still has rank m, i.e., is invertible. Dropping the correspon ding columns from A, we get a matrix B over Ds which is ‘‘invertible modulo the maximal ideal m ’’. But the maximal ideal of a local ring is its Jacobson radical so, being invertible modu lo this ideal, B will be invertible as a matrix over Ds. Hence it is invertibl e as a matrix over D, hence its m rows are right linearly independent over D, hence so were the m rows of the original matrix A, as required. 1

Propo sitions 40 and 41 toge ther give the desired criterion for the exi stence of specializations.

Let us now look bac k at the construction we gav e in the preced ing section of a coherent matroidal structure (clRn)n∈N on free modules over any right fir R. I claim that that structure is a -least element in the set of all coherent matroidal structures on free R-module s. Indeed, let x1, ... , xm be any family of elements of Rn which are cl-dependent. Then from the definition of cl we can see that x1, ... , xm lie in a submodule of Rn generated by fewer than m elements, say {x1, ... , xm} ⊆ {y1, ... , yr}R with r < m. Hence if cl′ is any other coherent matroidal structure on Rn, we have

- 26 -

{x1, ... , xm} ⊆ {y1, ... , yr}R ⊆ cl′({y1, ... , yr}).

That is, x1, ... , xm lie in the cl′-closure of a set of fewer than m elements, from which it follows (by general fac ts abou t matroids, e.g., by look ing at extensions of independen t subsets to bases) that x1, ... , xm are cl′-dependent. Thus cl cl′, as claimed.

By Pro position 40 this means that the division ring D constr ucted from cl admits specializations over R to all division rings with homo morphisms of R into them. This is the universal property proved by Cohn, referred to near the end of the preceding section. In particular, if we take for R a free associative algebra on a set X, the resulting universal property makes D a ‘‘free division algebra on X’’ [7, p.224].

If R is a commutative integral domain, I claim that the coherent matroidal structure cl on free R-modules induced by the homom orphism of R into its field of fractions K is, similarly, a -least element of the partially ordered set of all coherent matroidal structures on free R-modules, and hence that K is similarly universal with respect to specializations. One can verify that cl is a -least element with the help of the observatio n that if a squa re matrix over R is singular over K, it has determinant zero over R, hence the same is true of its images over all rings R ⁄P (P a prime ideal). Alternatively, one can prove the universal property of K directly by construc ting the necessary specializations using the theory of localizations of commutative rings.

On the other hand, the division ring of fractions of a noncommutati ve right or left Ore ring does not in general have the above universal propert y. To get a counterexample, let S be any ring admitting emb eddings in two division rings E1, E2 such that there is no specialization from E1 to E2 over S. Adjoining to E1 a central indeterminate t, we get a polynomial ring E1[t ]; let R be the subring of E1[t ] consisting of elemen ts with constant term in S. This will be right Ore, for given two nonzero elements a, b ∈R , they will have a nonzero common right multiple a u = b in the Ore polynomial ring E1[t], and so aut = b t will be a common right multiple of these elements in R. (Similarly, R will be left Ore. )

Now the (right and left) division ring of fractions D of R clearly coincides with the division ring of frac tions E1(t) of E1[t], so the division subring of D = E1(t) generated by the subring S ⊆ R of constant polyn omials is isomorphic to E1. On the other hand, we get a homom orphism R → E2 by com posing the augmenta tion (constant-term) map R → S with the embedding S → E2. If D were universal with respe ct to spe cializations over R, it would admit a specialization to E2 making a com muting diagram with this composite homomorphism, and this would restrict to a specialization from E1 to E2 over S, which by assumption does not exist. (This example is [5, Exercise 7.2.10, p.395].)

It is noted in [2] (= [7, Chapter 7]) that the condition ‘‘there exists a specialization from D to D′ over R’’ is just the two-division- ring case of a class of conditions that become much more varied as the number of division rings being compared increases. In [2, Theorem 12.1] [7, Theorem 7.6.10 ] it is noted how to translate these conditions into statements abo ut rank s of matrices. The module-theoretic approach of the present section can probably be adapted to the study of the se conditi ons; but I have not examined this ques tion.

I will end this note with two app endices, which give additiona l perspectives on a couple of the concepts we have introduc ed. These depend , for the most part, only on §§2-4 above.

9. Appendix: another look at cl-simple R-modu les. The approach of §§2-4 was, roughly,

&homomorphism ∋

( division ring )

! from R to ! →

&oper- ∋ !ation s! ( clRn) → &oper- ∋ !ations ! ( clM )

→ ! cl-semisimp le !

& concept of ∋

( R-modu le ) → &concept of ∋ ! cl-simple ! ( R-module ) → &homomorphism ∋

( division ring )

! from R to ! .

- 27 -

(But not all the steps were as disjoint as this might suggest; e.g., in working with simple and semisimpl e modules we also referred to the operati ons clRn.) In §5, for the purpos e of showing that these constructions compo sed cyclically to appropriate identity constructions, we briefly consid ered the comp osite construction

&homomorph ism ∋

( division ring )

! from R to ! → ! cl-semisimple !

& concept of ∋

( R-module ) .

In this section we shall take a somewhat more detailed look at the compos ite

&homom orphism ∋

( division ring )

! from R to ! →

&concept of ∋ ! cl-simple ! ( R-module ) .

Supp ose first that f is a homomorphi sm from R to any ring S (not necessarily a division ring) and cl the closure operator on fin itely generat ed R-modules that it leads to. We saw in Lemma 25 that the class of cl-semisimple R-modules could be nicely characterize d in terms of the homomorp hism f. But the analogo us conditions do not give characteriza tions of the class of cl-simple R-module s; rather, one can show that

(31)

For any cl-semisi mple R-module M : M 2× R S is a simple S-module ⇒ M is cl-simple ⇒ M can be embedded in a simple S-module, but neither implication is rever sible. (To see that the first implication holds , observe that every homomorphism of M into an S-module factors through M 2× R S; for the second, map M to a simple homomorphic image of M 2× R S. Examples showing that both implications are irreversible are easily obtained with R any field and S the 2 × 2 matrix ring over R.)

However, we shall see that things are better when S is a division ring.

(32)

In this section, R will be a ring, and f : R → D a homomorp hism to a division ring, such that D is generated as a division ring by f(R).

Lemma 42. If cl is the coherent matroidal structure on free R-modules determined by f, then a finitely generated R-module M is cl-simple if and only if the canonical map M → M 2× R D is one-to-one and M 2× R D is one-dimensiona l over D.

In particul ar, a finitely generated R-submodule M of D itself is cl-simple if and only if the D-vector-space M 2× R D is one-d imensional; equivalently, if and only if the map M 2× R D → D induced by the inclusion M → D is an isomorphism.

Proo f. If M is cl-simple, then by cl-semis implicity it embeds in M 2× R D, which is therefor e positivedimensional. If M 2× R D had dimension > 1, we could find two nonzero elements x, y∈M whose images in this vector-space were linearly independent, hence we could find a vector-space homomorphism M 2× R D → D which annihilated x but not y. The intersection of M with the kernel of this homomorphism would be a proper nonzero cl-closed submodule, contradicting cl-simplicity.

The reverse implication holds by the first half of (31). The final sentence clear ly follows. 1

Since we have here taken f : R → D rather than cl as the given data, and have characterize d what we had name d cl-sim ple modules in terms of – 2× R D, we shall call them ‘‘D-simple’’ modules for the rest of the section. By the last sentence of the above lemma, we see that

- 28 -

(33) Every nonzero cyclic R-submo dule xR ⊆ D is D-simple.

However, the sum of two D-simple R-submodules of D need not be D-simple. For example, if f is an embedding (say an inclusion) and R is not right Ore, and we take two right linearly independent elements x, y∈R , then xR and yR are D-simple R-submodules of D, but their sum M is free of rank 2 over R, so M 2× R D is 2-dimensional over D.

Now by the results of §4, the D-simple R-submodules of D form a directed system with union D, which is equivalent to saying

(34) Every fin ite subset of D is contained a submodul e of D that is D-simple.

Since we have just seen that the class of D-simple submodu les of D is not closed under sums, (34) is not evident from our present point of view. If we take the first sentence of Lemma 42 as our definition of D-simple module, can we prove (34) directly, without recourse to the construction of §4?

We can. The key observation is

(35)

If M1 and M2 are D-simple submod ules of D having nonzero intersection , then M1+ M2 is also D-simple.

Indeed, in the abov e situation, (M1+ M2) 2× R D is a non-one-to-on e image of the 2-dimensional D-vector-space (M1 2+ M2) 2× R D, and is nonzero becau se M1+ M2 embeds in D, hence it is 1-dime nsional.

It follows that to prove that every finite subset {x1, ... , xn} of D is contained in a D-simple submodule of D, it suf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ces to show that each succ essive pair {x1, x2}, {x2, x3}, ... , {xn–1, xn} is contained in such a submodule; then (35) applie d repeatedly will imply that the sum of these modules is D-simple. So it suf to show that every pair {x, y} of elements of D is contained in a D-simple submodule of D. Since the case x = 0 is trivial, let us assume the contrary, and left multiply by x–1, thus reducing the problem to the case of pairs of the form {1, d }.

Now note that if {1, d1} ⊆ M1 and {1, d2} ⊆ M2, where M1 and M2 are D-simple, then {1, d1– d2} ⊆ M1+ M2, which is D-simple because M1 and M2 have the nonzero element 1 in com mon. Similarly, {1, d1d2} ⊆ M1+ d1M2, which is D-simple because M1 and d1M2 have d1 in com mon; and if d1 ≠ 0, then {1, d1–1} ⊆ d1–1M1, which is D-simple because it is isomorphic to M1. Thus, the set

(36) {d∈D ! {1, d } is contained in a D-simple submodule of D }

is a sub-division -ring of D. It also contains f(R), since for every r ∈R , {1, f(r )} is contained in the cyclic submodule 1R ⊆ D. Hence (36) is all of D, as required to complete the argument.

The above discussion sugge sts that an interesting invariant of an element d ∈D is the smalles t numb er of gene rators of a D-simple submo dule of D containing {1, d }. Invariants of this sort are studied in Cohn [5, p.386 and §7.7], where they are described in terms of sizes of matrices over R that must be inverted in D to obtain (in appro priate ways) the element d, and where they are called (with one or another qualifying word) the ‘‘depth ’’ of d.

We end this section with some tangen tial remarks. We saw in Lemma 42 that for S a division ring, the first implication of (31) was reversible. But reversibility of the other implication is uncommon:

Lemma 43. For f : R → D as in (32), the following conditions are equivalent. (i) Every finitely generated submodule of a D-simple right R-module is D-simple.

- 29 -

(ii) f(R) is a right Ore ring.

Proo f. Replacing R by f(R) if necessary, we may assume that f is an inclusion. Note also that since D is the right R-module direct limit of ‘‘all’’ D-simple right R-modules, (i) is equivalent to (i′) Every finitely generated right R-submodule of D is D-simple.

Now assuming (i′), we see that D cannot contain any right R-submod ule free of rank 2, hence neith er can R, proving (ii). Conversely, if (ii) holds, note that any nonzero cyclic right submodule wx–1R of D contains a nonzero cyclic submo dule of R, namely wR, hence by the Ore condition any two such submodules of D have nonzero intersection . It follows using (35) that a sum of cl-simple submodules of D is cl-simple, from which (i′) follows. 1

The above proof shows that if f(R) is not right Ore, then D contains free right R-modules of all finite ranks. It is natural to ask whether under that hypothesis it must in fact contai n isomorphic copies of all D-semisimp le right R-modules. The answer is in general negat ive. For it is shown in [3] that there exists a division ring D with a subring R which is not right Ore and which generates D as a division ring, such that D is finitely generated as a right R-module. In that situation, D will itself be a D-semisimple right R-mod ule, hence so will D2, but an embedd ing of the latter in D as R-modu les wou ld also be an emb edding as D-vector-spaces, which we know cannot exist.

On the other hand, if R is a left Ore ring it is not hard to prove from Lemma 31 that every D-semisimple R-module M is embeddable in a free R-modul e of finite rank, hence, if R is not right Ore, is embeddable as an R-modu le in D. (It follows that the latter conclusion holds, more generall y if there exists a ring S with R ⊆ S ⊆ D such that S is left Ore but not right Ore.)

We remark that a D-semisimple module need not be a direct sum of D-simple modules. Indeed, if R is a commutative integral domain and D its field of fractio ns, the D-semisimple R-modules are the finitely generated torsion-free R-modules, and for R not a Dedekind domain, these are not in general direct sums of submo dules of rank 1. For an exp licit counterexample, one can take for R a polynomial ring k[x, y, z] and for M the submodule of R2 generated by (x, 0), (0, y) and (z, – z), though the proof that this is not a direct sum of proper submodule s is somewhat tedious.

10. Appendix: subfunctors of identity functors. This final section will examine the context to which the systems of closure oper ators considered in this note, and the systems of operators considered in the subject of torsion theories on R-module s, both belong, and raise the question of possible analogs of the concep t of coherent matroidal structures for other sorts of objects than modules.

I mentione d in §3 that what are called torsion theories, pretorsion theor ies, and radica ls on the category Mod R of R-modules corresp ond to operators T taking every R-module to a distinguished submodule, satisfying successively weaker lists of con ditions. A still weaker concep t is that of a preradica l, meaning an arbitrary subfunctor T of the identity functor on R-modules; i.e., an operator associating to every R-module M a submodule T(M ) such that for all module homomorphisms h : M → M ′, one has h(T (M )) ⊆ T(M ′).

Now every such functor T leads to a class of operators clM on submodules of R-modu les. Namely, given a submodule N of an R-module M, we define clM(N ) to be the inverse image in M of the submodule T(M ⁄N) ⊆ M ⁄N. These operators will always satisfy (1) and (2), but will not in general satisfy (3). For instance, if R = Z , p is a prime, and T is the subfuncto r of the identity given by T(M ) = AnnM(p) = {x∈M ! px = 0}, then clM(N ) = {x∈M ! px∈N }, so clM(clM(N )) = {x∈M ! p2x∈N }, which is in general larger than clM(N ). (Note that, consequently, in this section we must not think of ‘‘cl’’ as really meaning ‘‘cl osure’’ except whe n (3) is explicitly assumed.) It is easy to check that

- 30 -

the systems (clM)M∈Ob(Mod R) of operators arising in this way from subfunctors T of the identity are precisely those that satisfy (1) and (2) and the analogs of (6), (7), and (17) (with Rn etc. replaced by arbitrary R-modules in (6) and (7), the finite generation assumption deleted in (17), and subsets X etc. replaced by submodules N etc. in all conditions), and that such a family is determined by its restriction to operators on free R-modules (not necessarily of finite ranks), which can be any family of operators satisfying (1), (2), (6) and (7) (again, minus the finite-rank restrictions).

There is a symmetry that it is useful to note. To give a submodule T(M ) ⊆ M is equivalent to giving a factor-module M ⁄T(M ), or, viewed symmetrically, a short exact sequence

{0} → T(M ) → M → M ⁄T(M ) → {0}.

If a submodule T(M ) is associated to every module M in a functorial way, we see that this exact sequence is also functorial in M. A consequence of this symmetry is that there are two natural ‘‘ide mpot ence’’ conditions such a functor can satisfy: the submodule construc tion might be idempotent, meaning that

(37) (∀ M ) T(T(M )) = T(M ),

or the factor-module construction might be idempote nt, which is equivalent to sayin g that

(38) (∀ M ) T(M ⁄T(M )) = {0}.

If we thin k in terms of the correspon ding families of operators clM, now viewing these symmetrically as associating to every pair, N ⊆ M, of a module and submodule, a module clM(N ) with N ⊆ clM(N ) ⊆ M, then each idempotency condition can be thought of as saying that this construction ‘‘stabilizes’’ after one step: (37) in the sense that it again gives clM(N ) when applied to the ‘‘lower’’ pair N ⊆ clM(N ), (38) in the sense that it gives clM(N ) when applied to the ‘‘upper’’ pair clM(N ) ⊆ M. (So (38) is the condition saying that the operators clM satisfy (3), i.e., are closure operators.)

A functor may satisfy (37) but not (38) (e.g., the functor noted above taking every Z -module M to the submodule Annp(M )), or (38) but not (37) (e.g., the functor associating to a Z -module M the submodule pM; this corresponds to the operator cl′M of (13)), or both (e.g., the functor associating to a Z -module M the submodule of all its elements of pth-power order), or neither (e.g., the functor associating to such an M the submod ule generate d by all elements pnx, where n range s over the positive integers, and x over elements satisfying p2nx = 0). If T satisfies (37), it is natural to call T(M ) ‘‘the torsion submodule of M ’’, since if we call a module L satisfying T(L) = L a ‘‘torsion module’’, then T(M ) is the largest submod ule of M with this property. Similarly, when (38) is satisfied, M ⁄T(M ) is the ‘‘largest’’ homomorphic image of M having the property T(L) = {0}, and may be called ‘‘the semisimple image of M ’’. When both (37) and (38) hold, namely, when T corresponds to a pretorsion theo ry, then every M is an exten sion of a torsion submo dule T(M ) by a semisimple factor module M ⁄T(M ).

As mentioned in §3, T corresponds to a torsion theory if and only if it satisfies not only both (37) and (38), but also the strengthening of (37) saying that for every sub module A ⊆ M, T(A) = A∩ T(M ). This means, in particular, that for every x∈M one can determine whether x lies in T(M ) by checking whether T(xR) = xR; in other words, by examining the module structure of xR, equivalently, the annihilator ideal of x in R. Thus, the property of being in T(M ) is entirely ‘‘local’’, unrelated to how the an element fits into the global structure of M . This contrasts strong ly with the behavior of functors of the form T(M ) = Ker (M → M 2× R S) for ring homom orphisms R → S, considered in the body of this note. We have seen that these satisfy one of the idempoten ce conditions, namely (38), and that functors of this sort arising from homomorp hisms in wh ich S is a division ring are characterized by the further

- 31 -

condition that the corresp onding families of closure operators satisfy the exch ange axiom (5). (In translating (5) into a statement about operators on modules, one would replace the subset X by a submodule N, the subset X∪ {y} by the submod ule N+ yR, etc..)

Can we define analo gs of the concept of coherent matroidal structure for other sorts of entities than modules – for instan ce, for obje cts of a general variety V of algebras in the sense of universal algebra?

A factor-algebra of an algebra M in a general variety V has the form M ⁄C, where C is a congru ence on M ; but congruences do not in general corresp ond to subalgebras of M. A consequence is that the various ways that one can characterize a preradic al on a module category have three inequivalent analogs for a gen eral variety V: the concept of a subfun ctor of the identity functor; that of a construction associating to every pair consi sting of a free obj ect F and a subob ject N a subobjec t clF (N ) subject to (1), (2) and (7), and that of a functor associating to every object a factor- object. The last of these concepts is equivalent to that of a con struction associating to every object M a congruence E(M ) satisfying the analog of (7), and also to that of a construction cl associating to every pair consisting of a free object F and congru ence C ⊆ F × F a congru ence clF (C ) satisfying the analogs of (1), (2) and (7).

For a subfun ctor T of the ident ity functor of a variety V, there is no obvious way to formulate analogs of conditions (3) and (5). On the other hand , these condition s do make sense for operators cl taking a free algebra F and a subalgebra N to an algebra clF (N ), or taking a free algebra F and a congruence C to a congruence clF (C ). So one might investigate operators of either of these sorts (perhaps on free algebras of finite ran k) satisfying the analogs of (1) -(7). It is not clear wh at we could do with such operators if we found them; howeve r, we might be able to answer this bette r if we had mo re examples.

Let us look at two particular varieties of algebras where we can character ize structures of these sorts, though we shall find that neither will give us anything really new .

In the variety of groups , though cong ruences do not correspond to arbitrary subgrou ps, they cor respond to normal subgroups; moreover, it is easy to see that a subfunctor of the identity must associate to every group a subgroup that is complete ly invariant (carried into itself by all group endomorph isms), hence normal . As a result, the three concepts not ed abov e reduce in the case of groups to the last two mentioned, i.e., an operator cl associating in a functorial manner to every free group F and subgro up N an intermediate subgrou p clF (N ), respectively (translating congruen ces to normal subgroups) an operator cl associating in a functorial manner to every free group F and norma l subgrou p N an intermediate normal subgroup clF (N ).

If we do not requi re our operators to satisfy (5), there are interesting classes of such constructions, including many that satisfy (3). (Example: The operator associating to every subgroup or normal subgroup N of a free group F the least subgroup M containing N and satisfying xn∈M (n > 0) ⇒ x∈M .) But suppose now that cl is an operator of either sort which satisfies both (3) and (5).

Assuming cl is proper (does not carry every pair N⊆ F to F ), the free group x on one generator must satisfy cl x ({e}) ≠ x . Consider now the two homomorph isms from the free group x1, x2 on two generators onto x that act by taking one of the generators to x and the other to e. The inverse images of cl x ({e}) under these maps will be distinct nontri vial proper cl-closed normal subgroups of x1, x2 . Since x1, x2 is generated as a group by two elements, it has cl-rank at most 2. (Recall that the ran k of a matroid F can be characterized as the minimum cardinality of a set whose closure is F .) Hence by rank considerations, the intersection of the two kernels mentioned must be cl x

1,x2

({e}). Hence x1, x2 ⁄cl x 1,x2

({e}) embeds in a direct product of two copies of x ⁄cl x ({e}). But x ⁄cl x ({e}) is abelian, hence so is x1, x2 ⁄cl x 1,x2

({e}). From this one can deduce that for any free group F , any cl-closed subgro up of F contains the commutator subgroup F ′.

- 32 -

It follows that the operat or cl is actually induced by an operator on abeli an groups, i.e. , a coherent matroidal structure on free Z -modules, and gives no more information than such an operator.

For our other example, let R be a ring, and for every R-module M, let Maf

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath den ote the algebra with the underlying set of M, and with operations br (x, y) = xr + y(1– r) (r ∈R ) and t (x, y, z) = x– y+ z. This is essentially ‘‘an R-mod ule which has lost track of its 0’’, since every translation map x → x+ a (a ∈M ) is an autom orphism of Maf

, but once 0 is specified, the module-structure can be recovered using the above two operations. The algebras of the form Maf

, together with the empty algebr a, form a variety, called the variety of ‘‘af

newpath 376 320 320 0 360 arc 660 320 moveto 376 320 284 360 0 arcn closepath ne

R-modules’’ by universal algebraists (e.g., [9]). Now the congruences on Maf are the same as tho se of M, and hence correspond to the (ordinary ) submodules of M. One can deduce that a functorial way of associating to each free af

R-module of finite rank a congruence so that the analogs of (3)-(5) hold is equivalent to what we have bee n calling a coherent matroidal structure on (ordinary) free R-modul es. Though this example, like the precedin g, gives nothing new, it does show that in situations where cong ruences do not correspon d to subobjects, congruence-valued matroidal closure operators can be reasonable entities.

For a discussion of a concept equivalent to that of a system of operators cl on subalge bras satisfying the analogs of (1)-(7) (and based, incidental ly, on a novel axiomat ization of the matroid concept, thou gh it is not so named), see [4, §VII.2]. (Notes: The display near the bottom of [4, p.254] should read X θ = Xθ , and the assertion on p.255, lines 5-6 that the ‘‘standard’’ dependence relation always satisfies (ii) should be deleted.) It would be of interest to examine variants of the ‘‘standard dependence relation’’ introduced there; e.g., the relation, suggested by the considerations of §7 above, under which a family of n elements of an algebra is called dependent if it is contained in a subalgebra generated by fewer than n elements.

The concept of matroid, though beautifully uniting the theories of linear algebra over division rings and of transcendental field extensions, has shown an embarrassing scarcity of algebraic applications that do not reduce to one of those two examples. This makes particularly tantalizing the question of whether there exist ‘‘unexpected’’ coherent matroidal structures (in one sense or another) on classes of algebras other than modules.

REFERENCES

1. George M. Bergman, Rational relations and rational identities in division algebras, I, J. Alg. 43 (1976) 252-266. MR55#56853a. 2. George M. Bergman, Rational relations and rational identities in division algebras, II, J. Alg. 43 (1976) 267-297. MR55#56853b. 3. George M. Bergman, Sfields finitely right-generated over subrings, Communications in Algebra 11 (1983) 1893-1902. MR85e:16032. 4. P. M. Cohn, Universal Algebra, second edition, Reidel, 1981. MR82j :08001. 5. P. M. Cohn, Free Rings and their Relations, 2nd edition, London Mathematical Society Monographs, No. 19, 1985. MR873:16006. (First edition was London Mathematical Society Monograph No. 2, 1971; MR51#8155. Third edition is in preparation.) 6. P. M. Cohn, Algebra, second edition, v.3, Wiley & Sons, 1991. MR92c:00001 (first edition, MR58#26625). 7. P. M. Cohn, Skew Fields. Theory of general division rings, Encyclopedia of Mathematics and its

- 33 -

Applications, v. 57, Cambridge University Press, 1995. MR97d :12003. 8. J. L. Fisher, Embedding free algebras in skew fields, Proc. Amer. Math. Soc. 30 (1971) 453-458. MR43#7465. 9. Keith A. Kearnes, Idempotent simple algebras, pp.529-572 in Logic and Algebra (Pontignano, 1994) Lecture Notes in Pure and Appl. Math., v.180, Dekker, 1996. MR97k :08004. 10. Joachim Lambek, Torsion Theories, Additive Semantics, and Rings of Quotients, Springer Lecture Notes in Mathematics, v.177, 1971. MR44#1685. 11. Peter Malcolmson, A prime matrix ideal yields a skew field, J. London Math. Soc. (2) 18 (1978) 221-233. MR80d:16003. 12. Peter Malcolmson, Determining homomorphisms to skew fields, J. Algebra 64 (1980) 399-413. MR81k:16005. 13. A. H. Schofield, Representation of Rings over Skew Fields, London Mathematical Society Lecture Note Series, No. 92, 1985. MR87c:16001 14. B. L. van der Waerden, Moderne Algebra, Bd. I, Springer-Verlag, 1930. Jahrbuch 56, p.138. (There have been several later editions, and English translations, e.g., Modern Algebra, .I, transl. Fred Blum, Frederick Ungar Publishing Co., 1949, MR10,587b. Starting with the 1955 4th edition, the title was shortened to Algebra.) 15. D. J. A. Welsh, Matroid Theory, London Mathematical Society Monographs, No. 8, 1976. MR55#148. 16. H. Whitney, On the abstract properties of linear dependence, Amer. J. Math. 57 (1935) 509-533.

Department of Mathematics

University of California Berkeley CA 94720-3840, USA E-mail: gbergman@math.berkeley.edu