
UC BERKELEY MATH 250B
PROBLEM SET 5

Last Updated: March 5, 2015. Please let me know if you find any typos.

Solutions are due on Thursday, March 12th, 2015.
As always, all rings are assumed to be commutative with identity.

1. Localization and Flatness

(1) Let f : A → B be a morphism of rings, let S be a multiplicative subset of A and put
T := f(S). Prove that T is a multiplicative subset of B and that T−1B = S−1A⊗A B.

(2) Let A be an integral domain. Prove that the following are equivalent:
(a) Every A-module M is flat over A.
(b) A is a field.

(3) Give an example of a flat module which is not projective.
(4) Give an example which shows that Nakayama’s Lemma is false for non-finitely-generated

modules over local rings.

2. Local Rings

Recall that the residue field of a local ring (A,m) is the field A/m.

(1) Let A be a ring and let p be a prime ideal; recall that Ap is a local ring, as discussed in
class. Prove that the residue field of Ap is canonically isomorphic to the fraction field of
A/p. This field is called the residue field of p and is denoted by κ(p).

(2) Let A be an integral domain and letM be a flat A-module. Prove that dimκ(p)(M⊗Aκ(p))
is constant as p varies over the prime ideals of A.
Hint: Prove that all these dimensions are precisely dimK(M ⊗A K) where K is the
fraction field of A.
Note: This corresponds to the geometric intutition that flat finitely generated modules
correspond to vector bundles all of whose fibers have constant dimension.

(3) Let A be a ring such that ArA× is an ideal of A. Prove that A is a local ring and that
Ar A× is the unique maximal ideal of A.

(4) Let A be an integral domain with fraction field K, and let M be a finitely generated
submodule of K (i.e. M is a fractional ideal of A). Prove that M is flat if and only if
Mp is free of rank 1 over Ap for every prime ideal p of A.
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