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PROBLEM SET 1

Last Updated: February 2, 2015. Please let me know if you find any typos.

Solutions are due on Tuesday, Feb. 3rd, 2015.

1. Representable Functors

(1) Let C be any category, and suppose that F is a presheaf on C (i.e. a contravariant functor
C → Sets), and suppose that F is representable by an element A ∈ C. Prove that A is
unique up-to a unique isomorphism. I.e. if B is another object of C which represents F ,

then there is a unique isomorphism f : A
∼=−→ B in C, which makes the following diagram

commute:

F
∼= //

∼= $$

Hom(•, A)

Hom(•,f)
��

Hom(•, B)

Note: this shows that we can phrase some usual “universal property” type definitions
in category theory, in terms of representable functors.

(2) Let A be a commutative ring (with unity, as always), and let C denote the category of
A-algebras:
(a) objects in C are commutative rings B endowed with a ring homomorphism A→ B.
(b) morphisms between two A-algebras B and C are ring homomorphisms B → C which

commute with the structure maps A→ B resp. A→ C.
Prove that the following functors C → Sets are representable, and find objects in C
which represent them:
(a) B 7→ B[ (here B[ = B as sets, so this is the “forgetful functor”).
(b) B 7→ (B[)n.
(c) B 7→ B×.
(d) B 7→ GLn(B).

(3) Let S be a set.
(a) Prove that the functor Groups → Sets, defined by G 7→ HomSets(S,G), is repre-

sentable; what is its representing object?
(b) Prove that the functor R − mods → Sets, defined by M 7→ HomSets(S,M), is

representable; what is its representing object?

2. Adjoint Functors

Let F : C → D be a functor. A functor G : D → C is called a right adjoint of F (and/or
F is a left adjoint of G), provided that the following two conditions hold:

(1) For all A ∈ C, one has an isomorphism of functors: HomD(F (A), •) ∼= HomC(A,G(•)).
(2) For allB ∈ D, one has an isomorphism of functors: HomD(F (•), B) ∼= HomC(•, G(B)).
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One way to think about adjoint functors is via representable functors. Namely, if F is a
left-adjoint of G, then F (A) represents the functor HomC(A,G(•)) for all A. So A 7→ F (A)
is a functorial way to choose a representing object of HomC(A,G(•)).

Complete the following problems concerning adjoint functors:

(1) Consider the forgetful functor (•)[ : Groups→ Sets, defined by G 7→ G[ (where G[ = G
as sets) Prove that (•)[ has a left adjoint Sets→ Groups.

(2) Consider the category of abelian groups Ab, and its inclusion ι : Ab ↪→ Groups. Prove
that ι has a left adjoint Groups→ Ab.

(3) Suppose that F is a left adjoint of G. Prove that there exist morphisms of functors
ε : 1→ G ◦ F and η : F ◦G→ 1 such that the following hold:

(a) The composition F
Fη−→ FGF

εF−→ F is the identity morphism on F .

(b) The composition G
ηG−→ GFG

Gε−→ G is the identity morphism on G.
(4) Conversely to the previous problem, suppose that η and ε exist as above. Prove that F

is a left adjoint of G.
(5) Consider the category of (small) groupoids Groupoids, and recall that for a group G,

we associate a groupoid ∗G with one object ∗ and Hom(∗, ∗) = G.
(a) Prove that G 7→ ∗G is a functor Groups→ Groupoids.
(b) Does this functor have a left-adjoint? a right-adjoint?

Note: this might be a hard problem. You should still spend some time thinking
about this, just to get a handle on the definitions, but don’t worry if you don’t have
a complete answer (just write down any progress you made).

(c) What if instead we consider the category Groupoids∗ of groupoids with a distin-
guished object ∗? Does the functor Groups→ Groupoids∗ have an adjoint?
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