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Math 128a Midterm Exam 1
- Sample Solutions

"Dt 26, 2003 K-HARE

1 a: (4 pts) Let f(z) be a continuous function on [2,3].. Furfher,
assume that for all z € [2,3] that f(z) € [2,3]. Prove that f(z) has a
fixed point p € [2, 3].

Write g(x) = f(x)—xz. Notice that g(2) = f(2)—2 >0 as f(2) € [2,3].
Further notice that g(3) = f(3)—3 < 0 as f(3) € [2,3]. Thus
by the intermediate value theorem, g(x) has a root p € [2,3]. So

0 = g(p) = f(p) — p from which it follows that f(p) = p. Thus p is
the desired fized point . '

b: (3 pts) Further assume to part (a) that |f/(z)] < ¢ for all
r € [2,3]. How many steps of the fixed point method are needed
to find the fixed point of f(z) between [2, 3] to an accuracy of 1072

- Let po be the initial guess somewhere between 2 and 3. Let p be the.
“unique fized point. Then we know: |

b (3 st < 8
Dn p 11 - |Po D : 11

So to ensure an accuracy of 1072, we would need 3 steps of the fived
point method.
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2 a: (3 pts) Let g(z) = az + b for some fixed, non-zero constants a
and b. How many steps of Newton’s method are needed to find a root
of g(z) to an accuarcy of 1075, Why?

Notice that the Newlon iterate 1s then

g(x) ax + b
T

g(z) a

So after one ilerate, you get the exact solution of ﬁg.

Alternately: Newton’s method find the intercept of the tanget of g(a)
at the starting point. As the tangent to g(x) is g(x), this means thot
Newton’s method finds the intercept of g(x) in one step.

b: (4 pts) Give an example of a, b and ¢, such that when using three
digits rounding,

a+((b+c)# (a+b)+c

Let a = 1.00, b = 0.004 and ¢ = 0.004.
Notice thqt

a+ (b+c¢) =1.00+ f1(0.008) = 1.00 4 0.01 = 1.01.
Further notice that

(a4 b) + ¢ = f1(1.004) + 0.004 = 1.00 + 0.004 = fI(1.004) = 1.00
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3 a: (3 pts) Define what it means for a sequence {p,}%, to converge
linearly to p. B

Dn, converges to p linearly if there exists 0 < A <1 such that

lim —r~—|p“+1 —pl = A
e |pn - p]
b: (3 pts) Let p, = 103", What order of convergence does pﬁ have‘?

Notice that p, — 0. Further notice thal

3n+1

1- ]F%P+1 - Eﬂ . 1- 1()—
nLnélo _ml3 - nan}o 1 —3n\3
|Pn pl (0 )
| 1078
= b Ty
- 1()_3n+1
= i o
= lim1
T NnN— o0
1

So we see that thié converges to 0 with order 8.

c: (4 pts) Give two situatioiis. where you would use Bisection method
over Newton’s method. |

Any two of the following

" 1. You would use Bisection method if you don’t have a sufficiently
good approzimation of the root to use Newton’s methbd. (For
Newton’s method, you must start “close” to the rool to guarentee
convergence). D

2. You would use Bisection method if the function was not differen-
tiable, or if you did not know the derivative of the function.

3. 1f f'(p) = 0.
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4 a: (3 pts) Let p, — p. Give two conditions that are necessary to
use accelerated convergence to compute pr,.

1. p, must converge to p linearly.
2. pn > p for alln, or p, <p for alln

3. Alternately, lim%ﬂ—;p must exist
n

~ b: (2 pts) Given p; = 9,py = 7,p3 = 4, compute p.

f1 = p1— (102—13’1)2
| p3 — 2p2 + M

_ 9 (7 —9)?
N 4 -2%x7T+9
_ 4
N 4-—-1449
— 9 4
= 9-—
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5 a: (3 pts) Explain how to derive Secant Method from Newton's
method. | o

For Newton’s method we start use the fived pomt iteration

F(zn)

mn—|—l :.mn | f (xn)

For Secant method we apprommatzon the derwatwe fzy,) by

f'lan) ~
Thus we get the Secant method of

f(ﬂfn)( ~ Tn-1)
f(@a) = f(@n-1)

xn+1 = Xn —

b: (2 pts) Let f(z) = 2! —17. ‘Compute the first two steps of Bisec-
~ tion method on the interval [0, 4].

 Notice f(0) = —17, f(4) = 44— 17 > 0. So there is a root somewhere
~in [0,4]. o o
Notice J(2) = 22 =17 =16 — 17 = —1 < 0. So there is a rool

somewhere in [2, 4] | |

~Notice f(3) = 3* - 17 = 81 — 17 > 0 So there 15 a root somewhere in
2. 3]. |
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6 a: (4 pts) Use Horner’s method to evaluate p(z} = 2 + 2% —z — 1
at z = 2.

Using Horner’s method gives:

Coeffient of z° Coeffient of z? Coeffient of * Constant term
az =1 | as = 1 ap = —1 ag = —1
by =1 by =3 by =5 bg =9

Thus p(2) = by =9

b: (2 pts) Using the results of part (a), find ¢(z) where
plz) = (z - 2)q(z) +c

where ¢ is your answer in part (a).

We see that q(z) = baz® + bez + by = 2% + 3z + 5 So
?4a—z—1=(z—2)(a® I 3z+5)+9

Simple expansion of the right hand side ensures that we did our cal-

culation correctly.



