Potential Scattering on the Real Line
S1U-HUNG TANG AND MACIEJ ZWORSKI

1.1 Free Hamiltonian

We start with a systematic analysis of the simplest free scattering problem on R, namely,

when the quantum Hamiltonian is given by
Hy= D2 =-0>
where D, = %Gx. Its eigenequation is
(Hy —A>)u =0 (1.1)

with general solution given by
u=Ae + Be " (1.2)
where A and B are arbitrary constants. Also, the Schrédinger equation

{(z’@t — H)v =0 13)

U|t=0 = o

is solved by
1 / (@—?
v(t,x) = = [ e” w wy(y)dy . 1.4
(0= o(v) (1.4

In particular, when vy = u where u as in (1.2), we have

v(t,x) — A itz + Be—iAz—iA% ' (1.5)
Take A > 0 and write the phase as
ANz —At) and Az + At) .

We can think of the first term in (1.5) as a wave moving to the right and the second term

as a wave moving to the left. Consequently, we call

Ae™ for x < 0, Be ™ for z > 0

the incoming terms and

Ae™ for >0, Be ™ for x < 0



the outgoing terms.

Figure 1

Hence, the solution e, (x,\) := e* of (1.1) is incoming for z < 0 and outgoing for
x > 0. Similarly, the solution e_(x,\) := e~ of (1.1) has the opposite property. We
call them plane waves. Clearly, there exists no solution of (1.1) with only incoming terms
or only outgoing terms for A # 0. However, for A = 0, the solution v = 1 is considered
both incoming and outgoing. Although the physical intuition underlying our incoming and
outgoing convention makes sense only for A > 0, we will take the same convention for all
A € C. Note that this amounts to a convention of taking the square root of the energy A\2.

Next we consider the equation

(Hyo —A)u = f for fe€ C(R). (1.6)

It has a unique outgoing and a unique incoming solution given by

il ) = [ )=l dy (1.7)

where the plus sign gives the outgoing solution and the minus sign gives the incoming one.
Note that the uniqueness follows from the fact that there is no incoming or outgoing solution
to the eigenequation (1.1) as mentioned above.

An alternative characterization of the outgoing or incoming solution u. of (1.6) is that

uy(x,\) € L*(R) for ImA > 0

and
u_(x,\) € L*(R) for Im\ < 0.

Also, we have

uy(z, ) = u_(x,\) = u_(z, -\). (1.8)

We can now define the outgoing resolvent of Hy, Ry(A), by

uy = Ro(A)f for fe CP(R).



and Ro(—\) is then defined to be the incoming resolvent which satisfies
u_ = Ro(-\)f for fe C°(R).

by (1.8). Note that (1.7) implies

T .
A = — el 1.
Ro(N)() = o5 ¢ (19)
Clearly, the outgoing resolvent Ry()) is bounded on L?*(R) for Im A > 0. Moreover, its

norm is given by
1

dGRJra /\2) .

where d(R,, A\?) denotes the distance between A\? and the positive real axis R . This follows

[Ro(M [ p2—r2 = (1.10)

from standard facts in the spectral theory of self-adjoint operator. In our case, it can be
seen directly from the Plancherel Theorem. Indeed, for f € C§°(R), we have

Ro(\)f = F~! (HZ;_AQ J-"f)

where F is the Fourier transform. Since

1 1
Tk @-XN AR, W)

M 4

(- )2,/\2“L2—>L2

with M,(u) = gu denoting the multiplication operator, (1.10) follows.
Also, by (1.9), Ro(\) as an operator

Ro(A) : L?:omp(R> - LfOC(R)

has a meromorphic extension to A € C with a simple pole at A = 0. In fact, we have

Ro(N) = 5 + Q0N

with (P)(a) = 5 [ f)dy for f € L2onup(®) and @A) : Liomp(R) — Lo, (R) being
entire in A € C.

Formally, P = ¢ ® ¢ where ¢(z) =
(1.1) at A = 0.

wi/4

V2

can be regarded as an outgoing solution to



The spectral decomposition of Hy can be given by the Fourier transform as follows (here
we use the same symbol of the operator to denote its Schwartz kernel),

1 (o] . oo
Hy(z,y) = Dj(z,y) = —/ N? ) dy :=/ NdEx(z,y) - (1.11)
0

2m J_ o

Thus the spectral measure dF) is given by

1 . )
dEx\(z,y) = ﬁ(e“@’*y) e e )

= e e N T + e e ()N (1.12)

= 2 (Ro(N) = Ro(-N) ()N

(x0

where the last equality follows from (1.9). Note that (1.12) is a special case of a general
result in functional analysis, namely the Stone’s Formula, and of the spectral decomposition
in terms of generalized eigenfunctions. To see this, we have to clarify the convention. Write

HO:/ szz:/ NdAE, (2= )\
0 0

as usual (note that Hj is a nonnegative operator). Thus dF, = dE). In our incoming and
outgoing convention, for A > 0, Ry(\) = Ry(z +i0) and Ry(—\) = Ro(z —i0). Hence the
usual Stone’s Formula,
1
dE, = —(Ro(z +1i0) — Ro(z — i0))dz
271

coincides with our formula (1.12).
Next we mention the connection with the wave equation:

(D = D2)U = f . (1.13)

It can be solved by using the advanced and retarded fundamental solutions E. which are
characterized uniquely by the following support property.

(Dg_Di)Ei(t>$ay) = 50(t)5y(l')

(1.14)
Ei(t,z,y) = 0 for £t<0

Indeed, we have
+t > |z — y|

1
Ei<t7$7y) = {2

0 otherwise.
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Their relation with the outgoing and incoming resolvents Ro(£A\) is then given by

EL(t,z,y) = % /Ro(i)\)(a:,y)e_i’\td)\ : (1.15)

Finally, we remark that our incoming and outgoing convention is motivated by the Schrodinger
equation and is different from the wave equation approach.

1.2 Perturbed Hamiltonian and Distorted Plane Waves

We now consider the perturbed Hamiltonian on R:

Hy =D?+V for V€L, (R)

comp

We would like to establish the same results we had for H in section 1.1.
We will first show the existence of the resolvent Ry () which satisfies, for f € C§°(R),

(Hy =X)Rv(\)f = f (1.16)

with Ry (\)f being outgoing. Here, the meaning of outgoing (or incoming) can be taken as
that of section 1.1 since Ry (A)f solves (1.1) for large z.

Theorem 1.1 The operator

Ry(\) : L2, (R) — L

comp loc

(R)

satisfying (1.16) exists as a meromorphic function of operators for A € C and it has no pole
for A € R\ {0}.

Proof. For Im \ > 0, by applying the operator Hy —\? to the free resolvent, we get
(D2 +V = A))Ro(N\) = I +VRy(\) . (1.17)
By (1.10), we have

VRN || 22 << 1 for Tm A>>0.
Thus, for Im A >> 0,

(I+VRo(N) ™" =D (=VRy(\)": LA(R) — L*(R)

exists and is holomorphic in .



For Im A >> 0, let
Ry(\) = Ry(\) (I + VRy(\) ™. (1.18)

Clearly, Ry ()) is a holomorphic family of bounded operators on L?*(R) which satisfies (1.16).
We need to show that as operators Ry (A) : LEomp(R) — Lj_ (R), Ry()) continues
meromorphically from Im A >> 0 to the whole complex plane. This is the same as extending

Ry(A\)p: L*(R) — L{,.(R)

meromorphically to C for any p € C§°(R) where p denotes the corresponding multiplication
operator. Note that once the meromorphic continuation is established, it does not depend
on p in the following sense:

if py e CP(R) with py =1 on Supp p,

then we have (Ry(M)p1)p= Ry(A)p . (1.19)

In fact, this is obviously true for Im A >> 0, and then for A\ € C by meromorphic continu-
ation.
Next we observe that, for Im A >> 0 and p € C°(R) with pV =V,

Ry (N)p = Ro(MN)p(I +VRo(N)p)™ (1.20)
by (1.18) and the equality
(I+VRo(N\) 'p=p(I+VRo(A)p)™".

Hence, the meromorphic continuation of Ry (A) is reduced to that of (I + VRy(A)p)~t.
This in turn follows from the Analytic Fredholm Theory in the Appendix, once we note
that VRg(A)p = VpRy(A\)p is a meromorphic family of compact operators on L?(R) as
pRo(N)p : L*(R) — Hiomp(R) for A € C\{0} is compact and V' : L*(R) — L*(R) bounded.

To complete the proof of Theorem 1.1 it remains to show that there is no pole for Ry ()
on R\{0}. This will come in several steps. We start with

Proposition 1.1 If Ry (A) has a pole at A = A\g # 0 and write

Py Pn_4 Py
Ry(\) =
v = G P oo T A,

+Q\) (1.21)

for X near Xo where Q(X) is holomorphic at Ao, then u € Py(Lgomp(R)) is an outgoing
solution of (Hy —A3)u = 0.



Proof. First, note that the expansion (1.21) follows from meromorphy of Ry (). Next,
by applying the operator (A — o)V (Hy —A?) to Ry ()\) and then putting A = \g, we see
that

(Hy —\)Py =0 .

It remains to show that elements in PN(Lﬁomp(R)) are always outgoing. For this, we let
p € C°(R) with pV = V. By (1.20), we can write

Py P ~
g T, TOW

(I +VRN)p) " =

for A\ near \g where P;,Q(\) : L*(R) — L*(R), j = 1,... N, and Q()) is holomorphic at
Ao. Then (1.20) also implies that

Py(pL*(R)) = Ro(\)pPx(L*(R)) € Ro(A)(Leomp(R))
which means that elements of Py (Lgomp(R)) are outgoing.

Next, we prove that there is no outgoing solution to (Hy —A?)u = 0 for A € R\{0}. This
follows from the following proposition.

Proposition 1.2 Suppose (Hy —M\*)u =0 for A € R\{0} and let

Ay e+ B e forz >>0
U(ZL’) - AT —iAx
A_e™+Bie forx << 0

Then
AL+ |Baf2 = |A_]2 + |B_P (1.2

Proof. Since ) is real, u also satisfies the equation. Thus, the Wronskian of u and @

/

| =2iM(|AL 2= |B_]) forz>>0
| —2N(A_P = |By?) forz << 0

is constant. (1.22) follows immediately.

Proposition 1.3 Suppose u € L®(R) satisfies (D2+W)u =0 for W € L>°(R) and supp
u C [0,00). Then u=0.



Proof. Fix h > 0. Let v = e #u. Then the boundedness and the support property of
w imply that v € L?*(R). Now we have

le~# (hD,)%erv| 2 = |(h2D? = 2ihD, — 1)v]|12
= ||(h& — )20 12 by Plancherel formula
> ||9| L2 since |h —i| >1 as hE € R
= lvllze -

Changing back to u, we get

le mull: < |le”mh*D2ul|gs
= He’%hQWUHLz
< Wil B2 el e -

Taking h? < ||[W]|7L, we obtain e~hu =0, i.e. u=0.

Now we can finish the proof of Theorem 1.1. In fact, assume that there is a pole of Ry ()
at A\g € R\{0}. Proposition 1.1 implies that there is a nonzero outgoing solution u of the
equation (Hy —A3)u = 0. Proposition 1.2 then implies that « is vanishing outside some
compact set in R. But Proposition 1.4 says that u = 0 which is a contradiction.

Remark. Proposition 1.2 is the only part of the proof of Theorem 1.1 which is simpler
in dimension 1, all the remaining parts work in higher dimensions.

With the construction of the resolvent Ry () in place, we can now define and obtain the
distorted plane waves which constitute the continuous spectrum of Hy, .

Proposition 1.4 For A € R\{0}, there exist unique solutions ey(x,\) to
(Hy —A3)u =0 (1.23)
satisfying es(x, \) = e + outgoing terms.
Proof. For A € R\{0}, put
ex(z, ) = e — Ry (\)(V e57) (1.24)

which makes sense because of Theorem 1.1. Clearly, ei(x, \) satisfies the equation (1.23)
and the last term in (1.24) is outgoing thanks to (1.20). Uniqueness again follows from
nonexistence of outgoing solution to (1.23) proved in Theorem 1.1.
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To establish the analogue of (1.12), we use a standard ODE technique to represent Ry ()
in terms of ey (x,\). First, recall that, in general the fundamental solution of the ODE

(a2 + b(x))E(z, y) = 5, (x)
can be written in terms of any two linearly independent solutions v;, 7 = 1,2 of
(a0 +b(x))Y; =0 j=1,2.
Namely,

B(r,5) = —o ((e)aly) @ — )} + 1 (1)) (z — 9)) (1.25)

/
where W = !

;| is the Wronskian of 11,9 and
V2 1y

0 _ 1 4z >+y
0 otherwise

denote the Heaviside functions.

We now apply (1.25) to the operator Hy —\? for A € R\{0} and solutions t¢; = e,
¥y = e_. Note that, for fixed y, both ey (z, A\)(z —y)% and e_(z,\)(z — y)? are outgoing
and hence (1.25) gives us the outgoing resolvent.

To write down Ry (\)(z,y) explicitly, we need to compute the Wronskian of e, and e_.
First, observe that, by the characterizing properties of e, , we can write

T tilz f +
eu(m,) = { L(Ne or x>>0 (1.26)

e 4 Ry(N)eTA for +1<<0

Computing the Wronskian W of e, and e_ for large x and large negative = respectively,
we get
W = —=2iAT (\) = =2i\T_()) .

In particular,

T (\) =T (\) i=T(\) . (1.27)
irz e—iAz iz
ey (z,A) i R+(‘L T%
_____ | \V4 | -
e (x’ )\) T()(Ei/\x R,&:Am 'il/\x
_____ | vV ’ U



Figure 2

T()\) is called the transmission coefficient and R.(\) the reflection coefficients. Now, we
can write down the expression for Ry (A) in terms of ey from (1.25). For A € R\{0}, we
have

Ry (N)(z,y) = m (e (z Ne—(y, V(@ = y)} +er(y, Ne—(z, M) (x —y)2) . (1.28)

This implies the following useful asymptotics

1 )
Ry (N)(xr,y) = 2N — T e_(y, \) for r>>0. (1.29)
The spectral decomposition of Hy is now given by

Theorem 1.2 Let ey be given by Proposition 1.4. Then

1 [e.e]

6w —y) = 5o | (er(@NerlyA) +e-(w, Ne-(: ) dA+ZeJ
and
Hy(x,y) = % Ooo)\Q(e+(:L‘,)\)e+(y,)\) (2, Ne_(y, \) d)\—i—ZE e;j(x

(1.30)
where E; = /\5, j=1,...,N, Ns are the poles of Ry () forIm A >0, and (Hy — Ej)e; =

Proof. According to the Appendix, Theorem 1.1 and the boundedness of V', Hy acting
on C§°(R) has a self-adjoint extension on L?(R) whose spectrum consists of finitely many
negative eigenvalues (with multiplicity) and a continuous part [0,00). Hence

N 00 N 00
HV = Z Ejej & éj +/ ZdEZ = Z Ej@j X éj ‘f‘/ /\QdE)\ (131)
j=1 0 j=1 0
where the E;’s are the eigenvalues of Hy and the e;’s are the corresponding normalized
eigenfunctions, i.e. (Hy — Ej)e; = 0, |lejllz2 = 1. (In the second equality, we use the
substitution z = A\?.)
In our convention of taking square root of z, E; = )\? where the \;’s are the poles of
Ry (A) for Im A > 0. To compute dE, we use the Stone’s Formula

dE) = %(RV(A) — Ry(=A\))dA . (1.32)
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We want to express the right-hand side by the distorted plane waves e... For this we use
(D3 +V =A)Ry(£X)(2,y) = 0(z — y)
and the symmetry of Ry (+\)(x,y) with respect to z,y to write for fixed x,y and large r,
(Ry(/\) — Ry () (2, y)
= / [Ry (M)(2,5/)(Dy Ry (-N)(y', ) — (Dy Ry (\)(2,5)) Ry (M) (Y, y)]dy'

T

= [Ev(A)(x, y') Dy Ry (-N)(y',y) — Dy Ry (V) (, 5 ) Ry (=N (s, )] 2",

= gyles(@ Vew(y, N) + e (2, Ne-(y, 1)) (1.33)

by (1.29). Theorem 1.2 now follows by putting (1.33) into (1.31) and (1.32).

As at the end of section 1.1, we can also consider the relation to the wave equation. The
advanced and retarded fundamental solutions E. are again characterized by

(D} = (D3 + V) Ex(t,z,y) = do(t)dy(z)
E (t,z,y) = 0 for £t<0.

Again we have
1 |
Baltizy) = = 5 [ Bu(EN(@y)e Pdr.
s

We have more or less established in the perturbed case all the results we proved in
section 1.1. We end this section by discussing a class of intertwining operators A satisfying
Hy Ay = ALHy which will be useful later. More precisely, we want to find distributions
Ay (z,y) satisfying

(D2 +V)As(z,y) = DiAL(z,y)

Ap(z,y) = d(z—vy) tx>>0. (1.34)

To show their existence, we will first construct solutions of the stationary equation, for
A€ER,
(D2 +V =N)gs(z,\) =

0
dr(z,\) = e +2>>0. (1.35)



Figure 3

Lemma 1.1 There exist unique solutions ¢4(x,\) to (1.35) and for fized x, ¢+(x,\) are
tempered functions in A € R.

Proof. Put 1
QS:E(ZL‘, )\) = m Gi(l’, :F)\> (136)

where T'()\) is defined in (1.26) and (1.27). Then ¢4 (x,\) are meromorphic in A € C.

We claim that ¢(z,A\) are holomorphic on R. Indeed, for A € R\{0}, T(\) # 0
otherwise ex(x, \) would be identically zero by Proposition 1.3. Next, suppose ¢ (z, A) has
a pole of order m > 0 at A = 0. Then \"¢,(x,\) is holomorphic for A near 0. Let

D) = lim A6 (2, A)

then ¢4 (z) is a solution of

(D?MLV)@:(ZE) =0
¢i(x) = 0 £x>>0.

Hence ¢ (x) =0 by Proposition 1.3 which is a contradiction. Although we don’t need this
fact in the proof of the Lemma, we remark that the above argument actually shows that
¢+(x, A) is defined and holomorphic for A € C. As ¢, (x,\) clearly satisfy (1.35), it remains
to verify the temperedness of ¢4 (z,A) as |A\| — oco. For that, recall by (1.9),

(VRN ()] <

for |A| >>0
[Al

where p € C°(R) with pV = V; also from (1.20) we have
Ry (A)p = Ro(A pZ (Ro(A

(1.29) then shows that
lex(z, \)| < C for |A[>>0. (1.37)

Moreover, we have

T <O for [A>>0.

This follows from a similar argument as
TA) =1— e Ry(\)(Ve?) for |\ >>0

12



which implies
1

T()\):1+O<|/\|

) as |\ — oo . (1.38)
This completes the proof of our lemma.

Proposition 1.5 There exist unique solutions Ay(x,y) to (1.34). Moreover, they satisfy
the following properties:

(a) Supp Ai(z,y) C {(z,y) € R?: Fz > Fy}

(b) 6,A_(x,y) =X(y—2)+Y(x+y) x>>0.
Here X,Y are distributions with compact support with

supp X C [—2(b—a),0]

supp Y C [2a, 2b] (1.39)

where |a,b] = ch supp V.
Proof. Rewriting (1.34) slightly, we have

Di = (Dy = V(2))As(z,y) =0
Ai(z,y) =6z —y) for £2>>0

Thus Ai(z,y) satisfies the wave equation with z taking the place of time (this choice is
dictated by the forcing condition imposed). The uniqueness part then follows from the energy
estimates of the wave equation proved in the Appendix.

For the existence part, we put

1 [ :
Ai(:c,y):% / b, N)e?dN | (1.40)

which is well defined, thanks to Lemma 1.1.

Now Ay (z,y) satisfies (1.34) because of (1.35). (a) is then a direct consequence of the
energy estimates, that d,A_(z,y) is of the form given in (b) for  >> 0 is simply because
it satisfies the wave equation there:

(D2 — D;)ayA_(x,y) = 0 forz>>0.

The support properties of X and Y can now be seen from Figure 4 which shows the support
of 0,A_(z,y) (the region enclosed by the thick lines) and with the supports of X(y — z)
and Y (y + x) indicated.
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X C[-2(b—a)0
Chsuppv — [a,b} Supp C [ ( a)? ]

8yA— (ZE, y)

supp Y C [2a, 2b]
for x < a 2a —b

T=-y+2a

Figure 4

Remark. A direct construction of the intertwining kernels Ay(x,y) is important in
inverse problems.
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1.3 Scattering Matrix and Wave Operators

We start with the definition of the scattering matrix associated to the Hamiltonian
Hy=D2+V Ve Lgmp(R)
in section 1.2. For any solution u of
(D2+V =Xu = 0, (1.41)

it has the expansion

A iAT B_ —iAT f >> 0
w(z,\) =47 ‘ e , o (1.42)
A_e™ 4+ B e for . <<0.
B+ efi)\z A_ ei)\z B_ efi)\z A+ ei)\z
— — — —
R |V ———
Figure 5

Then the scattering matrix is defined to be the operator which maps the incoming coef-
ficients to the outgoing coefficients, i.e. S(\): C?* — C2.

(5)~(5) n48

Theorem 1.3 The matriz S(\) is meromorphic for X € C where poles with ITm A\ > 0
correspond to the square roots of the eigenvalues of Hy . In the notation of Proposition 1.5

we have A
i YW
X X
S(A) = (1.44)
V(=) ix
X\ XN

where X denotes the Fourier transform of X and

SOVS(V* = SAJS(NJ = I with J = < - ) (1.45)

Proof. To find S(\), we use the two linearly independent solutions ¢4 (z, A) of (1.41)
given by Lemma 1.1. Write

AN)eM + B(A\)e ™ for z >> 0
b (0, ) = AT B
e for x << 0
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and

eI for © >>0
¢+ (ZE, )\> - i\ —iAx
C(N)e™™ + D(Ne for x << 0
where A(N),...,D(\) satisfy
AN) = A(=N),...,D(N) = D(=)\) (1.46)
and the unitarity conditions
AN +1= BN, [CN)+1=[DN). (1.47)

The definition (1.43) of the scattering matrix gives

—AN) A
BNC(K) B
S(\) = (1.48)
BDN-1 1
c(NB(A) B

From (1.40) and Proposition 1.5(b), we find, for A € R,
IN_(2,0) = X(N)os (2, A) + Y (x, ) . (1.49)

Using (1.49) we can express A()), ..., D(A) in terms of X (\) and Y'(\). A simple calculation
gives

YW
TN

By = XN oy Y oA

AN
) 2 )

In the calculation, we have used the fact that X and Y are real and the unitarity condition
|A(N)]? + 1 = |B(\)[* which implies

XNX(-N) = N +Y (V)Y (=) . (1.51)
Putting (1.50) into (1.48) we get (1.44). In particular, S(A) is meromorphic on C as both
X and Y are compactly supported distributions. Suppose S(A) has a pole at Ag where Im
Ao > 0, then X ()\) has a zero at Ay, thus B()\) has a zero at Ay and ¢_(x, \¢) becomes an
eigenfunction of (1.41), i.e., Ao is a square root of the eigenvalues of Hy . Finally, relations
(1.45) can be checked directly by using (1.44) and (1.51).

The scattering matrix S(A) also relates the incoming and outgoing distorted plane waves
e+(z, ), defined in Proposition 1.4.
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Proposition 1.6 We have the following “functional equations” for the distorted plane waves

ex(z, A)
£ (A S()\)t‘]( ig :ig ) - ( ig i% ) where J = ( (1) (1) ) (1.52)

Proof. We first recall the relations between ¢4 and ey from (1.36)

¢z, —A) = ﬁ&r(?ﬁ A) = —)€+(I A)
where we have used "
7
T\ = X(A) (1.54)

which can be obtained, for example, by comparing e_(z,\) and ¢_(x,\) for z >> 0 and
(1.50). For later use, we also record

R.(\) = ig?ﬁ)) (1.55)
which by (1.44) implies that
T(A)  R_(\)
S(\) = ( R.) TN ) . (1.56)
Now, putting (1.53) into (1.49) we obtain
ide_(z,A) = =X (N)eq (2, -A) + Y (Ney (2, ) . (1.57)

Then, we compute

(von ") (L6
_ ( ide_(z,-\) + ?(—‘A)@(x, -\) )
Y(Ne_(z, =\) +idey(z, —N)

where we have used (1.57) in the last equality.

Our notion of incoming and outgoing behavior was motivated by the Schrodinger equation
(see section 1.1) while the above definition of the scattering matrix is purely stationary. Now,
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we would like to connect it back to the dynamical point of view. Recall that if H is a self-
adjoint operator, then the initial value problem

0y — H)v =10
(10 — H)o (1.58)
U|t:0 =u
is solved by the 1-parameter unitary group e i.e.,

v(t) = e My .

We want to compare the free and perturbed evolutions corresponding to the self-adjoint
operators Hy and Hy respectively. First, we want to show that for any initial data u € L*(R)
orthogonal to the space of eigenfunctions of Hy , there exist uy € L?(R) such that

e MV g e HO st — +o00 .

This is given by the following classical theorem whose proof does not depend on the space
dimension. Hence, we present the general case in our simple setting for V' &€ Léomp(R”).

Theorem 1.4 Let Hy = —A+V, where V € L2 (R"). If u € L*(R"), the following

comp
limits exist

Wiu = tligfn ety gmitHoy, (1.59)
Also, we have
WiHy = HyW, (1.60)
and
WLz = flullze (1.61)

.e., Wi are partial isometries intertwining the operators Hy and Hy .
Proof. We first prove the existence of W, . Let
U(t) — eitHV e*’itHQ )

Since €™V and e~ are unitary operators on L?*(R™) which follows from the spectral
theorem of self-adjoint operators, U(t) is also unitary, i.e.,

1U ) wl 2@y = [wll2@ny — for any w € L*(R"),
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Hence by a standard density argument, it suffices to prove the existence of limits in (1.59)
for u in a dense subset of L*(R"). We take

D ={uec L*(R") : 4 € C°(R™\{0})} .

D is dense in L*(R") because C5°(R™\{0}) is dense in L*(R™) and Fourier Transform is
unitary on L?(R"). Now, for u € L*(R"),

d . ) ) )
%(eltHV e*ltHo u) — ,l'eltHV (HV o Ho)efltHou
— ,l'eitHV V efitHou
Thus .
U(s)u =u+ 2/ v 7 e itHoy, gt
0
and W exist if
/ [ Ve o | o gy dt = / |V e " ou|| pogny dt < 0o (1.62)

for all w e D.

Take u € D, then there exists 0 < r < R such that for £ € supp 4, we have r < || < R.
Let us(x) = (e”®ou)(z), then (1.62) follows if for some constant C' which may depend on
u, we have

C
Jur ()] < e (1.63)

for z € supp V and for ¢ sufficiently large. To see this, we apply integration by parts to
1

wle) = ¢ Mou(r) = — e () dg
2m r<|¢|<R

2
- 5 (%é&) e i (¢) dg

2 r<|¢|<R ZL’j — 2t§j)

_ 1 iw-g—itlgl [ 1 2 ;
oo 7"<\£|<Re ( 5" (M)) wE)dg -

We obtain (1.63) if we observe that, as r < |{| < R,

1
rj — 21¢;

C
< =
g
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for x in some compact set and ¢ sufficiently large. As we have proved the existence of W,
(1.61) is clear as they are strong limits of unitary operators.
Finally, (1.60) can be seen as follows. For any s € R,

estVWi e—sto — lim ez(s+t)Hv e—z(s+t)H0 — W:t
t—+oo

Thus,

1 : .
0= - ag (BZSHVWi €_ZSHU) = H\/W:t — WiHo
]

which is (1.60).

The operators Wy defined in Theorem 1.4 are called wave operators. They can be
defined in situations with greater generality. To illustrate this, we present the following
simple example.

Example. Let Hy=D,, Hy=D,+V, V € C(R). Then ¢Hoy(z) = u(x +1t) and
since Hy = e ' Hye'r” where F' =V, we have
eitHvu<x) _ e—z‘F eitHo e’Fu(:zr)

_ e—z‘F(ac) 6z‘F(:v-‘rt) u<w + t)
Thus,

WiU(Z‘) — tEimm eitHv efitHO U(.Z')

_ tll;illoo e—iF(;t) 6Z'F(ac) 6iF(m+t) U(ZE)

_ ei(F(ioo)fF(x)) u(x)

Now, using the same wave operators, we can define the scattering operator by
S=Wiw_ (1.64)

In our simple example above, § is simply the multiplication operator by the constant
et Sz V(2)dz )

The following theorem relates the scattering operator to the scattering matrix defined in
(1.43).

Theorem 1.5 The scattering operator S : L*(R) — L*(R) is unitary and is given by the
Fourier multiplier

S=dS(-)® (1.65)
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where ® : L*(R) — (L*([0,00))? is defined by
al-)
O(u) = . 1.66
w={ ) (166
Proof. We first prove (1.65). Take any v € C3°(R), let u = (®*S(-)®)v. Thus

( ﬂﬁ((—AA) ) =5 ( vv((—)\)?) ) (1.67)

and u € S(R). We need to prove Sv = u or equivalently W,yu = W_v. Let

1 o0
w(x) = 2—/ [es (2, \)O(N) 4 e—(z, \)o(=N\)]dX . (1.68)
T Jo
We claim that
W_ov=w. (1.69)
Indeed, we have
) 1 o .
M) = o | fer(@, NI + (2, A)o(N)] e d\
T Jo
. 1 o° )2
= ou(a) 4 o [T + S AN e dy
0
where fi(z,)\) = ex(z,\) — e = —Ry(N\)(V e**) are outgoing and holomorphic in

{Ae C:ReX >0, Im\ >0} as shown in Proposition 1.4. Now, deforming the contour
of integration in the last integral from R, to I'y = {u +ip : p > 0}, we see that the last
integral tends to 0 in L?(R) as t — —oo once we observe the bounds

1F (N ||e < CeCIMA T 5(£0)] < ¢ CIm A (1.70)

on I'y . The first estimate comes from the bound

1
Ry 2 < —— on I
[Ry (M)l z2—r2 < ) N
by the Spectral Theorem and the second estimate comes from the fact that v is compactly
supported. Thus, our claim is proved.

Next, we let
1

() = 5 /0 les (2, VA=A + e (, ~\)a(\)]dA (1.71)
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and we can prove by similar argument that
W+U =w .

Note that the sign switch comes from the fact that es(x, —\) — eT*? is incoming and hence
we have to deform the contour of integration into the lower half plane. we also remark
that although the second estimate in (1.70) may not hold for u which is only known to be
Schwartz a priori, (1.71) can still be obtained by an approximation argument.

(1.65) will follow if we can prove w = w. Now

B(x) = % OOO(€+(x,—)\),e_(x,—)\))(aﬁ((_)\);) )d)\
_ % Ooo(e+(a:,/\),e_(x,/\))S(A)_lJ(%((_;S) )d)\ by (1.52)
_ % Ooo(e+(x,)\),e_(x,/\))<gz(_)\)?) )d)\ by (1.67)
= w(z) .

Finally, the unitarity of S follows from (1.65) and the unitarity of S(\) and &.

Remark. A different proof not specific to dimension 1 will be given in Chapter 2. In
the more general context, the multiplier we used is related to the spectral decomposition of
the free Laplacian in section 1.1, namely,

dES = O (\)Do(\)dA

with
Po(Au = (a(A), a(-A)) -

Since S commutes with Hy = D2, we have formally
S = /Oo S(\)dEY  and S =®;5(-)P .
0
As an application, we give the weak asymptotic completeness of the wave operators.
Proposition 1.7 We have Ran W, = Ran W_.

Proof. This is a consequence of the unitarity of & and can be seen clearly from the
following diagram.
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S S* =1
Yy Wizx =y
/ X
W_ W W W
L*(R) L}(R)— L(R) = [}(R) = L2(R)

Figure 6

Take any x € Ran W, , the existence and uniqueness of = is clear from Figure 6. Now
we have
W+W:i =X
which implies & = x since W, is a partial isometry. Thus Ran W, C Ran W_. Similarly,
by considering §*S = I instead of S§* = I, we get Ran W_ C Ran W,.

In fact, the range of W, (or W_) is characterized as the orthogonal complement of the
eigenfunctions of Hy . More precisely,

Proposition 1.8 We have

(Ran W)™ = Ker W} = Span {¢_(z,i\/—E})} (1.72)

where the Ey’s are eigenvalues of Hy .

Proof. The fact that ¢_(x,iv/—E}) gives an eigenfunction corresponding to the eigen-
value F is explained in the proof of Theorem 1.3. Note that all the eigenvalues of Hy are
simple because of the uniqueness theorem of ordinary differential equation, see Proposition
1.3.

The first equality in (1.72) is a standard fact, we only need to prove the second equality
there.
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First, we show Span{¢_(z,iv/—E;)} C (Ran W)+, Of course, we only need to show it
for Ran W_ in view of Proposition 1.7. For this, it suffices to check (w(x), p_(z,iv/—E))) =
0 for all w(z) of the form

1

w(x) = Py

/ ey (2, N)0(N) + e (2 N)p(=\]dN v e CR(R)
0
see (1.68),(1.69). This in turn follows from, for A > 0

(ex(z N6 (2, in/—Br)) = Eik(ei(a:,)\),quﬁ_(x,i “E)

_ Eik<Hvei(x,)\),¢(ﬂf,i\/—Ek)>

A2 NS
= Ek<€:t(x7 /\),Qb_(]37l _Ek)>
implying (e (z, ), o_(z,iv/—Ex)) = 0 as ]’;—i # 1. Tt remains to show (Ran W_)* C
Span{¢_(z,i\/—Ey)} or equivalently (Span{¢_(z,iv/—Ey})t C Ran W_. By the spectral
decomposition of Hy, Theorem 1.2, a generic element of (Span{¢_(z,iv/—Ex})* is of the

form
i) = - / e N Fe(N) + e— (2, A)F- (V)] dA

" or
where

Fe() = / TGN/, feCRR) .

o0

Note that fi(\) € L*(R,) as ex(y,A) is uniformly bounded by (1.37). We can then find
g € L*(R) such that §g(A\) = f,(\) and §(-=\) = f_()\) for A > 0. Thus @(z) € Ran W_
and this completes the proof of Proposition 1.8.

1.4 Resonances

We have seen in Theorem 1.2 that the poles of the outgoing resolvent Ry () in the upper
half plane {Im X\ > 0} corresponds to the eigenvalues of Hy . In Theorem 1.1, we saw that
Ry (X) as operator

Ry(A): L%omp(R) - LTOC(R>
has a meromorphic continuation to C. Its poles are some most important objects in scatter-
ing theory and are called resonances or scattering poles. We will provide more motivation

and justification later. We start with some preliminaries on multiplicity.
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Proposition 1.9 If the multiplicity of a pole Ao # 0 of Ry (\) is defined by

1
mpg(Ao) = rank Py Ry (N)dA | (1.73)

e o

then

1 [ X'
ma(l) = —,]{ SO
211 X(N)
= the order of vanishing of X(\) at Ao (1.74)
where X € E'(R) s defined in Proposition 1.5.

Proof. Recall that ¢ (z,\) are a pair of linearly independent solutions to (Hy —A?)u = 0
defined in Lemma 1.1.

Apply (1.25) to the operator Hy —\? and use ¥ = ¢, (z,-\) and ¢, = ¢_(z, -\), we
get

1
2X(\)

Ry (N)(z,y) = (04 (2, =N)o—(z M) (@ = )T + ¢+ (y, “N)o-(z, )z —y)2) . (1.75)

Using (1.49), namely
N (2,0) = XNy (2, 2) + Y (N (w7, -N)
we obtain from (1.75) and (1.73) that

= rank Res & = :
mR<)‘0)_ k R Ao <2Z)\X()\) (b—i-(a >‘)®¢+(=)‘)> :

Now suppose the order of vanishing for X (M) at A\ is k+ 1, then the residue of
Y ()

—— . () ® YA

ey N BN

at Ao is given by, as Y(-) and ¢, (z,-) are entire,

ﬁ oN (YE\M ¢+(+, =) ® o4 (-, A))

A=Xo

k ~
et s (PE)gec )]
£=0

J1,j220,j1+j2+0=k A=\o

for some nonzero constants c;, j, . The above operator is of rank k 4 1 because
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(i) 8§¢+(x, “Ar=rs J = 0,1,2,...k, are linearly independent functions in z
since ¢4 (x, —\)|a=p, = (ix)? €207 for z >> 0

and

(i) the coefficient of @ (x, ~N)|reag, 7 = 0,...k, since Y (\o) # 0 by the
unitarity relation (1.51).

This finishes the proof of Proposition 1.9.

Theorem 1.3 shows that the poles of the resolvent coincides with the poles of the scattering
matrix. For matrix-valued meromorphic function (or more generally, for operator valued
meromorphic function), the natural notion of multiplicity of poles is given by

ms(No) = — — ¢ tr(S(\) 1S (A))dA (1.76)

which is the same as the order of the poles of det S(\) because

(det S(A)" iy
“Tersy ~ TENTSO). (1.77)

Proposition 1.10 The definition of multiplicities given by (1.73) and (1.76) are related by
mg(A) = mgr(\) — mg(=\) (1.78)

Proof. Using (1.44), we compute
det S(\) = ———= 1.79
2 X ( )

Proposition 1.10 then follows from Proposition 1.9.

Remark. If Im A < 0, mg(\) # 0 only for A? being an eigenvalue of Hy . With a slight
abuse of terminology, we say that the poles of S(\) and Ry (\) coincide with multiplicities.

We will now give some motivations for the study of resonances. We start with the time
delay operator. For simplicity, write x,(x) = Ljjzj<ry. For f € C5°(R), put

o0

S0 = [ e W d

[e.9]

and

S(f) = / I €=t £2 dt
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where W_ is one of the wave operators studied in section 1.3.
Define an operator T, by its corresponding quadratic form

(T.f, ) = S:(f) = S)(f)

then the time delay operator T is given by

(Df.f) = him (L1, f)

(1.80)

The next proposition guarantees the existence of the limit. Here we note that, by definition

of W_,
eV _f Tt gt —00 .

Hence W_f and f evolve the same way under the perturbed and free propagation respec-

tively for large negative times.

Proposition 1.11 (Eisenbud-Wigner Formula) The operator T given by (1.80) exists and

T=oT()d
where T(X) = —2XiS(A\)*£S(X) and ® is as in Theorem 1.5.

Outline of proof. (1.81) is equivalent to, for f € C§°(R)

TrN \ _ pivsinrgin ()
(T/’;‘(—/\)>_ sy s ( f3))

which in turn is equivalent to

(Tf.f) = / () @) fla)da

—00

1 0~

= — Tf(N)f(\)d\ by Plancherel formula

~ ~

27
- = / Z(T?(A)fw L THNFA)dA
1 oo

= | G070 ( i >dA
. TN
1 [~ =

- GO FA) (—20A8(0) S’ (V) ( oy ) i

2r ) o

27
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for f € C5°(R). Now, using the expression of S(\) in terms of the transmission and reflection
coefficients given in (1.56), we get

. _( T(-NT'(N) + R (RN T(-N)RU(A) + R (=T (V)
SN = (R_(—)\)T’()\)Jr%(—)\)RQF(/\) R_(-\R. (/\)+T(—)\)T’()\)>

- (i Z) (1.84)

Thus, we need to prove that lim (S,(f) — S2(f)) exists and

r—00

lim (S,(f) — 57(f)) (1.85)

r—
1 o0

:§ |

(~2iX) [aﬂw?w + df (N F(N) +0F(NFO) + ef ) F (=N [ dA
To compute S,(f) — S°(f), we use the formula for W_ given by (1.68) (and (1.69)), we get
S = [ e WP
— [ hewee P

- (%)2 | [ 1] et ) + e, 0 (-6 dat

by (1.68)

- (%) | 1] e e 0f© + e twof-eac dua
_ (L

27)3 / /Z | /OOO Fomle ™ (e4(2,€) F(6) + e_ (2, ) f(—6))de | dpudac

by Plancherel formula

// |/ So(p+ ) (e (2, ) f(€) + e_(,€) f(—€))dE ] dpdz

- / / Aes (2, Nea (2, A)fmﬁ+e_<x,A>e_<x,—A)f(—A)f(—A)

e-(w, New (2, =N F(NFO) + ex(w Ne (2, N F)F(-N)dwd) — (1.86)
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Similarly, we have

U0 = [ e (187

o0

— o [ [ AGOTO + TN + e NTO0 + ¢ FT N

Thus, to prove (1.85), we need

T—00

lim /0 /_ 2\ (ex o e, =) = Do fEN NN

- / T2 TNTO) + Re(N)Re(N]FENFENA

and

~

lim /0 h /_ I\ (e (z, Nex(z, —\) — e dx f(£N) f(TA)dA

r—00

= /Ooo(—QM)[T(—A)R’i(A) + R (=0T V)] (EA) f(FA)dA

These can be proved by exactly the same type of computation as we prove the Birman Krein
formula in section 1.5. Since we are going to give a detailed exposition there, we will not
carry out the computation here. Indeed, the first equality above follows directly from the
computation there.

This finishes our outline of the proof of Proposition 1.11.

Another motivation for the study of resonances is the fact that in a weaker sense, reso-
nances replace eigenvalues in expansion with modes (eigenfunctions). We recall that if we
have Hy = D? 4+ V on [a,b] with Dirichlet (or Neumann) boundary condition, then the
problem

(Hy —=X*)u=0 on (a,b)
u(a) =u(b) =0
has a distinct set of solutions (iv/—Ek, vg), (Aj,u;) with Exy < -+ < B1 <0< AN < M <
- — 00, fab lu;|*de = fab |vp|?dz = 1. If we consider the wave equation

(D? — Hy)w =0 on R x (a,b)
w(0, ) = wp(x) on [a,b]
Oyw(0,z) = wy(x) on [a, b]
w(t,a) =w(t,b) =0 on R,
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then

w(t,r) = Zcosh(t —Ek)akvk(x)—i—Zsinh(t —Ej)brvg(x)

k=1 k=1
+ 3 cos(thy)cjuy(x) + Y sin(th;)dju;(x) (1.88)
j=0 Jj=0

where
ar = /abwg(x)vk(x)dx, by = /abwl(a:)vk(x)dx,
¢ = / (@) (@)dr  d = / ()it (2

We now give an analogue of (1.88) for problems on open domains involving resonances. In
its proof we need the following

Lemma 1.2 Suppose V € Lgymp(R). Then for any p € Cg°(R) satisfying pV =V, there
are constants A, C, T depending on the support of p such that

C
rm&x»mmﬁmsTﬂémmA (1.89)

for ImA > —A" — dlog(\) and X\ sufficiently large. Here § is a constant depending only on
the support of V. In particular there are only finitely many resonances in the region

{ImA > —A —log(\)}
for any A.

Proof. First, note the following obvious estimate of the free resolvent

1
HmwwmwsmﬂmM (1.90)

for some constant 7' depending on the support of p, see (1.9). Since we have, from (1.20),
pRy(N)p = pRo(A\)p(I +V Ro(N)p1) ™"
where p; € C§°(R) is any function satisfying pp1 = p1, (1.89) holds in the region where

|V Ro(N)p1lr2—r2 < % )
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Our lemma clearly follows from (1.90). Note that the constant ¢ does not depend on p as
we can choose p; with support as close to that of V' as we like.

Remark. Here, we draw a consequence of Lemma 1.2. Since
(D2 +V =A)pRy(Np = p*I + [DZ, Ry (A)p
we have
Di(pRv(N)p) = p*I + (D3p +2D.p- D) Ry(N)p — VpRy(N)p + NpRy (V) -
Thus
lpRv(Npllzzrz < ClIDZpRy (A)pllr2— 2

< 0(1 + o1 Rv(Npllr2—r2 + [ Dopllre || p1 By (N pl| 2

N

H+ 2R Nl 210
where p; € C°(R) with p1p = p. If || Dyp|lre is small, we have for large A,
loRy (A\)pll 2 < CJA| 710N (1.91)
in the region Im A > — A’ — dlog(\).
Now we can state the analogue of (1.88).

Theorem 1.6 Suppose w(t,x) is the solution of

(D? — Hy)w(t,z) =0 onR xR
w(0,z) = wp(x) on R (1.92)
Oyw(0, ) = wq(z) on R,

where wy € Heomp(R), wi € Liomp(R) with supp wo, supp wi C {|z| < R}. Then, for
any A >0,

w(t,z) = > Res[(iRy(\)wi + ARy (Mwp)e ]
Imax>o
+ > Res|(iRy (N wy + ARy (Nwo)e™™] + Ea(t) (1.93)

0<—Ima<A+slog(n)

where E4(t) satisfies the estimate
1L aj<y Ea(O)]] < Crere™ 2T ([Jewo | + [ 22) (1.94)

for any € > 0 and some constants T', K sufficiently large.
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Remarks. 1. For any A > 0, the sum in (1.93) is finite because of Lemma 1.2.
2. The first term on the right-hand side of (1.93) corresponds to the eigenvalues of Hy
and can be written as

N

Z(ak coshty/—FEy ¢_(x,in/—Ey) + by sinht\/—Ey ¢_(x, i/ —E}))

k=1

where Ej, k = 1,... N are the eigenvalues of Hy and ¢_(x,iv/—F})) the corresponding
eigenfunctions as explained in Theorem 1.3, the a;’s,by’s are given by

1 .
a = HQS_(Q:’Z,\/__E]C)“LQ/wo(x)qﬁ_(x,z\/—Ek)dx

1 :
by = ||¢_(x,z'\/—_Ek)||L2/w1($)¢_(x72\/_Ek)dx

Proof of Theorem 1.6. For simplicity, we assume that Hy has no negative eigenvalues
as their contribution to (1.93) is clear. Also, we will only consider (1.92) with wy = 0 as the
proof below clearly works in the case w; = 0 if we replace % by costA in the formula for
w(t,z). The general case is then obtained by taking linear combinations.

With the above simplications understood, by the Spectral Theorem, the solution of (1.92)

can be written as % gin £\
sin
w(t):/ 3 dE)(wy)
0

Using Stone’s Formula to write dE) in terms of Ry (\), we get

1 oo
w(t) = — sintA(Ry (X)) — Ry (—\))widA
s
1 OOO eit/\ o e—itA
1,1 R S
= E(;) |:/ €Zt)\Rv()\))w1d)\ —/ €_lt/\Rv()\))’LU1d)\

Now, as Ry(\) is holomorphic in the upper half-plane, we can deform the contour of inte-
gration of the first term on the right-hand side of (1.95) to the contour illustrated in Figure
7.
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z plane

M

0

Figure 7

By letting M — oo, we can eliminate it from (1.95).
Next, for K large enough, we can choose p € C°(R) with pV =V, pll{z<ky = p,
pL{jz<ky = L{z<k} such that (1.89) holds, we then have

pult) = = / " iRy (A) s

2w J_ o

By (1.91), we can deform the contour of integration to the contour illustrated in Figure 8

A plane

ImA=—-A—-dlog <\ >

Figure 8

and we have

puw(t) = > Res((ipRy (\wi)e™™) + Ea,(t)

0<Im a<—A+5log(N)

with
1Eap ()l < Cpe™ T ([l | 12)

Letting K and support of p go to infinity, we obtain (1.93) and (1.94).
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Comparison of Theorem 1.6 with the normal mode expansion (1.88) shows that resonances
are the natural analogue of eigenvalues for scattering problems. Now, it is classical that for
Hy on [a,b], with either the Dirichlet or Neumann boundary conditions, we have

#{)\j:)\jgr}:b

—a

r+0O(1) .
o)
There is also an analogous result for resonances.

Theorem 1.7 Let mg()\) be the multiplicity of resonances given by (1.73), then
2|ch V
3" ma(h) = %(Ho(m (1.96)
A<y

where ch suppV' is the convex hull of the support of V.

Proof. By Proposition 1.9, Theorem 1.7 is a statement about the distribution of zeros of
the entire function X (\). To prove it, we need the following generalization to distributions
of a classical result of Titchmarch.

Lemma 1.3 If u € &'(R), then

Na(r) = m(r +o(1)) (1.97)
where
s L I
f(”_; 2m7€f(w) v

1s the counting function of the zeros of f.

Proof. Recall that the classical Theorem of Titchmarch gives Lemma 1.3 when u €
Léomp(R). We need to extend it to u € £'(R). First, observe that Titchmarch’s Theorem
implies that for u,v € Liomp(R), we have

ch supp(u * v) = ch suppu + ch supp v . (1.98)
In fact, since u * 0 = 49, (1.97) implies

|ch supp u * v| = |ch suppu| + |ch supp v

and we easily have
ch supp uw* v C ch suppu + ch suppv .
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Thus, (1.98) follows. Now (1.98) can be generalized easily to compactly supported distribu-
tions. To see this, let u,v € &'(R) and ¢. € C°(R) be supported in (—¢,¢). Then

ch supp(u * ¢.) + ch supp(v * ¢.)
= ch supp((u * v) * (¢ * ¢.)) C ch supp u v + (—2¢,2¢) .

By letting ¢. — dyp as & — 0, we obtain
ch supp u + ch suppwv C ch supp(u * v) .

As the reverse inclusion is clearly true, we obtain (1.98) for u,v € £'(R).
Now, to see (1.97) for u € £'(R), we apply Titchmarch’s Theorem to ¢ € C§°(R) and
ux ¢ € C°(R), so that

= Na(r) = = (N

- s (1) — ]Vq;(r)) ~ |ch supp u * ¢| — |ch supp ¢| = |ch supp u|

where we have used (1.98) in the last equality.

Going back to the proof of Theorem 1.7, it is now clear that it suffices to show that
ch supp X = [-2(b—a),0] where [a,b] =chsupp V . (1.99)
Assume the contrary, that is, for some ¢_,e, >0, e_ + ¢, > 0, we have
chsupp X =[-2(b—a)+¢e_,e4] .
We first need the following
Lemma 1.4 Suppose that V € L, (R). Then X — §y(x) € C([-2(b—a),0]).

That immediately shows that €, = 0 and to obtain a contradictions we assume that
e_ > 0. Recall the unitarity relation,

A~

XX (=N =X 4+YNY(N).

The density of zeros of the left hand side is given by 2¢/7, where ¢ = 2(b—a) — 2¢_. Since
the convex hull of Y'Y (—e) — §” is the same as ch supp Y — ch supp Y it follows that

chY =[d_,d,] # [2a,2b].

Suppose that d_ > a. Then 0,A_(x,y) must vanish in | —d_/2| < d_/2 —y by causality.
But that means that V(z)d(z—y) = 0 for < d_/2 > a which contradicts ch suppV = [a, b].
A similar argument using A, shows that d, = 2b.
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Thus, our proof of Theorem 1.7 is completed.

Y rT=Y
supp X
C[-2(b—a)+e_,eq]
Ey J
a b
P
ayA*(‘razﬁ
=—(z—1y) - —X suppY
for x < a

Finally, we discuss an important characterization of resonances which comes from the
method of complex scaling. It is particularly clear in the case of compactly supportd potential
on R. To introduce it, we first review the restriction of holomorphic differential operator on

C [2CL+ 8_,2b — €_|_]

r=—-y+2a

Figure 9

C to smooth curves.
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Let 0, = 3(0, —i9,). If T C C is a smooth curve and v € C*(I), we define
(0:lr)u = (£'(t)) "' Opu

where I' = {z(¢)} is some parameterization of I'. Clearly, our definition of 0,|r is indepen-
dent of the choice of the parameterization.

With this preliminary, by regarding D? as the holomorphic differential operator 9% on
C, we can restrict the operator Hy to any curve I' C C with the property that

Supp VCI'NR.

The curve I' inherits a measure from the Lebesgue measure on C. We define L*(T') using
this measure.

Theorem 1.8 Fiz 0 < 6 < 5. Assume Supp V C {|z| < R}. Let I'y be a curve on C

— i |zl =2R | _ |,
satisfying Do N {|z| < R} = [-R,R] and TyN { 4Rez>0 [ +e[2R, 00).
z plane Lo
J
—2R -R 0 R 2R

— :

Figure 10
def 9 .
Put Hy = Hylr,. Then for —0 < arg A\ < 0 (recall z = \* is the spectral parameter),
the spectrum of Hy coincides with the resonances of Hy in agreement with multiplicity.
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Proof. For simplicity, we write I'y as I' below. First we want to show that the spectrum
of Hy is discrete or, in other words, (Hy —A?)~! is meromorphic for —0 < arg A < e, where
€ is any positive number. As in the proof of Theorem 1.1, this is the same as showing that
(I +V(D?|r —A?)71)~! is meromorphic for —0 < arg A < ¢. By analytic Fredholm theory
from the Appendix, it will follow from the compactness of the operator V(D?|r —A?)~! on
L*(T) for —0 < arg A < ¢ and the bound

<

VD2 =X ol <

for ITm A >0 (1.100)
for any p € C§°(R) with pV =V which will guarantee the existence of
(I +V(D?|r —X*)"1~! for large A with Im A > 0 by a Neumann series argument.

Now by (1.9) we have

— 22 i r— 2l
(D2 =) () = [ X u)ay
r

where the branch of square root is chosen to be positive on the positive real axis.
For |y| >> 0 on I', we have
y = +er for r>0,

thus ((z —y)?)2 ~ e?r for |z < R and r >> 0. Hence, for —0 < arg\ < ¢, |z| < R, we

have L
. _ 2 _ .
‘ez)\((x y) )7’ ~ e r|A| sin(6+arg A)

decays exponentially as 7 — oo. From this, we see that V(D?|p —A?)~! defines a compact
operator on L?(T"). Next to see (1.100), we simply observe that

V(D =N)p=V(D2-2)"1p  if suppp C {|z] < R}

and (1.100) then follows from (1.90).

Having now established that the spectrum of Hy is discrete for —0 < arg A < €, we have
to show that it coincides with the resonance set of Hy there. To make the argument clear,
we will assume simple eigenvalue or resonance. The argument for multiplicity follows the
same line.

Now, suppose A is a simple resonance of Hy which means that X (A) has a simple zero
at \g and hence (see (1.50))

Ce?? g >>(
emMT ()

¢_<$, )\0) = {
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For |z| > R, ¢_(x,\g) clearly continues analytically in x to C and satisfies
(D? —Xo)p_(2,A9) = 0 there. This means that (Hy —A3)(¢_|r) = 0. Note also that

6iiZ/\O’Fﬂ{|Z‘ZR,:I:R,ezZO} € L*(T'N{|z| > R, £Rez > 0})
thus ¢_|r € L?(T') and is an eigenfunction of H, with eigenvalue A3. The eigenvalue is
simple otherwise the solution of (Hy —A3)*w = 0, u € L*(T") would give a solution to
(Hy —A3)?v = 0 with
Ae?r g >>(
v = , :
Be 0t p << ()

contradicting the simplicity of the resonance (compare with the proof of Proposition 1.9).
Similarly, a simple eigenvalue of Hy corresponds to a simple resonance of Hy .

1.5 Trace Formulae

To motivate the trace formulae, we again consider the Dirichlet realization of Hy on a com-
pact interval [a, b], denoting the corresponding self-adjoint operator by H{. The spectrum
of HY is discrete, Exy < Exy 1 <+ < E; <0< M <A <--- — oco. Then for f € S(R),
we have

tr f(HY) = va Z( ) (1.101)

k=1
and

tr f(HY) = /OOO g(A)Cfg )\ + Z f(Ey) (1.102)

where N(A) = #{\? : A7 < A\?} is the positive elgenvalues counting function and g(\) is
the even function defined by g(\) = f(\?).

In this section we prove the scattering theoretical analogues of (1.101) and (1.102). Our
purpose is to present the simple one-dimensional case as a preparation to the results in higher
dimensions. In higher dimensions, trace formulae link the ”geometry” of the scatterer with
the spectral and scattering data. More precisely, trace of f(Hy ) can be related to dynamical
information. We will see this later.

Although for H{, (1.101) and (1.102) are essentially the same once we observe that

N ) =360 A,

their scattering analogues are nevertheless quite different. We start with the analogue of
(1.102).
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Theorem 1.9 (Birman Krein Formula) Suppose f € S(R) and g(\) = f(N\*). Then
f(Hy) — f(Ho) is a trace class operator and

()~ FH) = [T A+ Y fB) + Fal0) (Lo
where 0 =1 if X(0)#£0 or 0if X(0) =0, also
o(A) = %log detS(X)  with o(0) =0 (1.104)

Proof. To see the trace class property, we apply the Helffer-Sjostrand formula in the
Appendix and the relevant identity to get

f(Hv) = f(Ho) = _71 /5zf(2)(Hv —2)'W(Hy—2)"'dz  feS(R). (1.105)

Recall that f is an almost analytic extension fo f and satisfies |0f(2)| < Cy|Imz |V (z)~N
for all N € N.
Since Ho(Ho — z)"' =1+ z(Hy — z)~', we have

1 Holl 22| (Ho = 2) M lz2mm: = | Ho((Ho — 2) ™" | z2—re
— z
= H[+Z(H0—Z) lH[/Q_,[/QElﬁ‘%
which implies
z
V(Hy—2)'=0 (|1|le|> 1 L? = Heomp([—R, R]) (1.106)

where Supp V C [-R, R].
The results in the Appendix implies that V(Hy — 2z)~! is of trace class and

_ _ C(z)
[(Hy — 2)7'V(Hy — 2) ¢ < T 2

(1.107)

Combining (1.105), (1.106), (1.107), we have
f(Hy) = f(Ho) € Li(L*(R), L*(R)) .

Now we can prove (1.103). For simplicity, we assume that Hy has no negative eigenvalue
(as their contribution is quite clear). Thus, by Theorem 1.2, we can write

f(Hy)(z,z) = L /Ooo(e+(3:, Ney(z, =N) +e_(x, Ne_(z, —=\))g(N)dA , (1.108)

2
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and we also have

F(Ho) () = %/OOO 29(\)d . (1.100)

Using Lidskii’s Theorem in the Appendix and (1.108),(1.109), we get
() = f(Ho) = i [ (7(Ho)w,2) = f(Ho) o )
~ 1 im / / o1 (2 Ve (2, N+ (e (2, Ne_ (2, -A) — 2Jdz g(\)dA (1.110)

27‘(‘ r—00

=L / / [eslm e, ) + (e Ae—(r. ) — 2dz g(A)d

471 r—oo

To eliminate the integration in x, we apply the following “reduction to boundary” trick.
The resulting formula (1.114) is known as the Maass-Selberg Formula. We have

(Hy —\ex(z,)) =0 . (1.111)
Differentiating with respect to A, we get
(Hy —A?)0xex(z,\) = 2Xes(x, \) . (1.112)
Hence, for A # 0,

ex(z, Nex(x,=N)

= (HV2—)_\>\)(8>\ei(x, A)es(x,=\) — i(0,\ei(;15, N)(Hy —Aex(z, —\)
21/\(D2(8Aei(x New (2, —N) — (Onew (2, \) D2es (2, =) (1.113)

where we have used (1.111) and (1.112) in the first equality. Thus,

/_T ex(z, Nex(x, =\)dx

- % / [~82(Ohe (e, e (2, -A) + dres (, NoPes (v, —\)da
1

= 2—/_r8 (Orex(z, N)Opes(x, —\) — 0z0rex (x, Nes(z, =N))dx

[(Orex(z, N))(Ozes(x, =N)) — (OrOrex(z, N))ex(x, =N\)]", . (1.114)
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Put this into (1.110), we get

t(f(Hy) — f(Ho) = —  Tim (1.115)

8T e—0,r—00 R\(—¢.¢)

(Z[(@Aei(x, M) (e (2, —N)) — (8,00ex(x, N))ew(x, —N)]", — m) @dx
+
Now, as we know the behaviors of ey (x, \) for |x| >> 0 precisely, the remainder of the proof
amounts to a direct, but quite tedious computation.

First, we record the formulae of ey (z, \) and their first derivatives for |z| >> 0. In the
following formulae, as a rule, the upper row gives the behavior for x >> 0 and the lower
row for x << 0,

(1.116)
—ide™AT L IAR_(N\)et®
_iINT(\)e i

(T'(\) + iz T(N))e®
@)\6+($, /\) izehT + (R/_~_<)\) . Z'J}R_F()\))G*Mx
—ize” A + (R (\) +izR_(\))e®

8»5, (SC, >‘) = (T/()\) o imT(}\))e—i)\m

I
—
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Now, by using (1.116), we compute

> (Ores (@, M) (e (z, —N)|",

= (T'(A\) 4+ irT(\)e (—iNT (= \)e™™")
—(=ire™™" + (R, (\) +ir Ry (\)e™) (—ixe™ + iAR (=N)e ™)
+(—ire™™ 4+ (RL(N\) +irR_(A\)e™) (iAe™ —iAR_(—=X\)e™ ™)
(T'(\) + irT (X)) (GAT (= X)e™™")

= —iNT' V)T (=) +irT(\)T (=) = [=rA + AR (=) (R, (\) + irRy(\))
FrAR L (= A)e 2 — A (R(N) + ir R (X))e*™]
INT VT(=X) + irTT(=A) — [=rA + AR (=) (R_(\) + irR_()))
PAR_(—N)e 2" — AR () +irR_(\))e*?]

= —IAN2T'(N)T(=A) + RL(A) Ry (=A) + RL(N)R_(—=))) + 4rA

+ terms of the form Ah(r, \)e*?*" with smooth and tempered function h

Note that

lim Mh(r, )\)eim’”ﬂ d\ =0
e—0,r—00 R\(—¢,¢) )\

as g € S(R). Thus,

1 lim e <Z(8Aei(a:,)\))(8xei(m, M), — 4r)\> @d)\

87 e—0,r—00

= L @I O)T(N) + R VR (=N + RC()R_(—A)g(\dA  (L117)

- 8mi Jg
1 do

= - — g(N)dA
4/deg()

. . . do
Here, we have used the expression of S(\) given in (1.56) to compute 5. Next, we look
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at

R\ (—¢&,¢)

lim ( [Z — (8,004 (. \))es(, —)\)] - 4m) &AA) dX

= lim - )[Z —@((@%(%A))ei(%—k)]

b

_ (Z(axei(x, A ((Dres) (@, =N, —4m) @cu

=:(I)+ (II)

where the splitting into two sums corresponds to the two summation signs. By a change of

11
variables, lim -—— is exactly the same as the term computed in (1.117). Thus, so far we
r—00 m

obtain
tr(f(Hy) — f(Hy)) = %/g()\) %dwr 8i lim (1) . (1.118)
R T r—00
Finally, we have to compute
L im(n =L tim S —0n(@res (w M)es (a, ~ ) I an
8T r—oo 8 e=0r—00 Jp\(—ee) T ’ ’ A

Using (1.116) we get
> —0A(Opes (@, N)ex(z, —N)[",
-

= —OLNRL ) + R_(N)e*™ — (Ry(=A) + R_(=\))e M7}

As before, if we integrate the term

—iIAZ{(Re(N) + R_(\)e?™ — (Ry(=\) + R_(=)\))e %} @

in A and let r — oo, we get zero. Hence

1 .
1 o
- gdm [ S e Destr o S
’ —&¢) 1
. I 2iAr —2iAr g(N\)
" Breir (R () + Ro(Q))EY = (Ry(=A) + R (W) ] £ ax
e—U,r—00 R\(—a,g)
= - lm [(Re(\) 4+ R_(\))e* g(\) A\ L.115)
Ami e=0r=o0 Jo( ey - ) .
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In computing (1.119), we may assume ¢ is entire by approximating f by Schwartz functions
with compactly supported Fourier transform side, and deform the contour of integration as
shown in the following Figure 11.

A plane

|
(@)
o
™

Figure 11

This is admissible as Ry (A) and R_(A) are holomorphic in the upper half plane and

e?" decays exponentially when r > 0 there. Hence

L () = = (Rl + B 1)
- G " ):((O)ZO (1.120)
Lm0 1070 |

Y (FA
as Ri(\) = )é(;/\)).

Finally we obtain (1.103) by putting (1.120) into (1.118) and observe that % is an even
function and Y (0) = —X(0) by (1.49) and (1.51).

Remark. o(\) defined in (1.104) is called the scattering phase which is a natural
analogue of the eigenvalue counting function N(A).

We now give the analogue of (1.101) in terms of resonances.

Theorem 1.10 (Poisson Formula) Let f()\) be a function such that if g(\) = f(\?), we
have §(t) € t*C5°([0,00)), then

tr(f(Hy) = f(Ho)) = 5 ) mr(\g(A) + 9(0)

AeC
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1 if X(0)

=0
0 if X(0)#£0

where mg(0) = {

Proof. By using Theorem 1.9, we need to show that

N

o do
| a0 0ix = 3 magh) = 23 F(E) - ma(0)g(0)
— AeC k=1
where we have used the evenness of g and Z—K.
Recall that .
—X (=X
det S(A) = )
X(N)
Then by using Theorem 1.7 and Hadamard factorization, we have
R(A) = @A P(A)  where P()) = 11 1= 2%
=e where = %, e

Aj 's areresonances

Let G be a function such that G’ = g. Note that such G exists and is unique as §(0) = 0.
Then, we have

/Oo g(A)j—i(A)d)\ = —/OO G(/\)j—;d/\

o0 —00

- /Z oW (Z ((A —1Aj>2 e +1Aj>2)) "

Since G € 2C°([0,00)), |G(N)] < % for Im A < 0. Again, by using the estimate on

the number of resonances in Theorem 1.7, we can deform the contour of integration along

the lower half plane. We get

o do
A)— dA
/ 9=

o0

= Y mrWgN) = Y mr(Ng(\)

AEC_\0 AeC,
= ZmR()\)g()\) —2 Z f(Ey) —mp(0)g(0)

which completes the proof.
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