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We provide a small correction to the statement and proof of [1, Proposition 2.1]. The
key component is the Ingham inequality [3]. Suppose that λn, n = 1, 2, · · · is a sequence
of real numbers satisfying

(1) λn+1 − λn ≥ γ > 0, n = 1, 2, · · · .
Then there exists a constant A depending only on γ such that for any {an}∞n=1 ∈ `2(N;C),
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If γ in (1) satisfies γ > 1 then we also have
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for some constant B depending only on γ. Here we will only need (2) but we note that
both inequalities are very important in control theory – see for instance [2].

Going back to [1] we now correct the proposition and its proof:

Proposition 2.1 For any W ∈ L2(T1), there exists C > 0 such that for any k ∈ [0, 1),
and u0 ∈ L2(T1) the solution to the Schrödinger equation

(4) (i∂t + (∂x + ik)2 −W )u = 0, v |t=0= u0

satisfies

(5) ‖u‖L∞(T1
x;L

2(0,T )) ≤ (C0 + T )(C1 + ‖W‖2L2(T1))‖u0‖L2(T1), T > 0,

where the constants C0, C1 are independent of k.

Proof. For W ≡ 0 we put T = 2π so that , with cn = û0(n), we have
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Since for k ∈ [0, 1),

|n+ 1± k|2 − |n± k|2 = 2n+ 1± 2k ≥ 1, n = 1, 2, · · · ,
1
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we can apply (2) to get
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≤ C‖u0‖2L2 , ), 0 ≤ T ≤ 2π.

with the constant C is independent of k.

For a non-zero potential W ∈ L2(T1) we use Duhamel’s formula and write

u(t) = eit(∂x+ik)
2

u0 +
1

i
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Applying (6) (now with T > 0 to be chosen later) and the Minkowski inequality we obtain
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Hence,
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To obtain the estimate for multiples of T = KT0, T0 = 1/(1 + 4‖W‖2C2), we note that,

by the invariance of the L2
x norm of u(t),

∫ kT0
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x
. Iterating this inequality gives (5). �
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