Solutions to the first midterm

Christian Zickert

Problem 1 (20 points). Find the radius of convergence for the Taylor
expansion of the function f(z) = 3/(1 — 5iz) at the origin.

Solution: First note that f is holomorphic in C \ {—i/5}. The Taylor
expansion at the origin converges to f in any open disk, centered at the
origin, in which f is holomorphic. The largest such disk has radius 1/5.
Hence, the radius of convergence is 1/5.

Problem 2 (25 points). Let C} and Cy be the circles in C of radius 1
centered at 0 and 1, respectively. Show that there can not exist a linear
fractional transformation taking C; to RU {oco} and Cy to iR U {oo}.

Solution: From the figure below it follows that the tangents of the two
circles make an angle of 120 degrees at both the points of intersection. Since
the real and imaginary axis make an angle of 90 degrees, it follows from
conformality that no such function exists.
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Problem 3 (25 points). Let U be the open subset of C consisting of
the complex numbers z for which |z] < 1. Let f: U — C be given by
f(z) = =2/(1 — z). Show that f has a logarithm in U, i.e. show that there
exists a holomorphic function g: U — C such that exp(g(z)) = f(z) for all
zeU.

Solution: A simple computation shows that f satisfies

FE) = —1F4, f(1) =00, f(0)=—2.

Since f is a linear fractional transformation, f preserves circles in C U {o0},
and it follows that f must map U to the set V = {w € C | Re(w) < —1}.
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Let log, denote the branch of logarithm with argument in [0, 27). Then log,
is holomorphic in V| and we can set g = log,of.

Problem 4 (30 points). For r > 0 let v,.: [0,7] — C be the half circle
given by y(t) = re®.
(a) (15 points). Show that ‘fv z—leiZdZ} < [T o= sin(t) gt

Solution: We have

|/ e dz| = ‘/W%(t)_le”r(t)v;(t)dﬂ
Ir
_ irett - gt
‘/ e ire dt|
/ |2r cos(t)+isin(t )|dt
:/ _TSIH(t)dt.
0

(b) (15 points). Show that f% z7te *dz — 0 when r — oo.
Hint: fOﬂ e—rsin(t)dt — fOE e—rsin(t)dt + fsﬂ'*f 6—rsin(t)dt + f:ﬁe e’ Sin(t)dt.

Solution: Let ¢ be a small positive number. We have

™ € mT—E s
/ —rsin(t dt / e sm(t)dt + / e~ sin(t dt + / e’ sin(t) dt
0 0 € T—¢€
5 ) m—€ _
—9 / e sin(t) dt + / e’ sin(t) dt.
0 €

Note that sin(t) > t/2 for 0 < t < e, and that sin(¢) > sin(e) for
e <t <7 —e. It now follows that

™ T—e
/ —rsin( dt <2 / 77't/2dt + / e " sin(e) dt
0 0 €
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which clearly tends to 0 when r tends to co.



