Solutions to the final exam

Christian Zickert

Problem 1 (35 points). Let f(z) = —(z:)((:ii;)‘

(a) (15 points). Compute the Laurent series expansion of f in the annulus
A={1<|z| <3}

Solution: By splitting f into a sum of partial fractions, we obtain the
following expression which holds for all z € A.

1 1

f(z) =
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This is the desired Laurent series expansion.

(b) (10 points). Determine the radius of convergence for the power series
expansion of f at the point zg = 2 4 1.

Solution: Since the power series expansion of f at zg converges to f
in any open disk centered at zy in which f is holomorphic, the radius
of convergence is the distance from 2y to the nearest singularity. One
easily checks that 3 is the nearest singularity at a distance of /2 from
2o. Hence, the radius of convergence is v/2.

Problem 2 (15 points). Let (a,)3°, be a bounded sequence of complex
numbers. Show that the power series > 7 ja,2" converges when |z| < 1.

Solution: Suppose |a,| < M for all n. We may assume that M > 0. Letting

R denote the radius of convergence, we have

1/R = limsup |a,|"™ < limsup MY/™ =1,
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from which it follows that R > 1. Hence, ) > j a,2" converges when |z| < 1.

Problem 3 (15 points). Let f: C — C be a non-constant holomorphic
function. Show that the function

M:[0,00) = R, ¢+~ max|f(2)]

|2|=t
is a strictly increasing function.

Solution: Let ¢; < ty. We wish to show that M(t;) < M(ty). By the
maximum modulus principle, the maximum of |f(z)| in the disk {|z| < 5}
must occur on the boundary, i.e., we must have

|f(2)] < M(ty), for |z] <ts.
In particular, this holds when |z| = ;. Hence,

M(t) = ma [1(:)] < M),

zZ|=t1
Problem 4 (35 points). Let f be a complex-valued function that is holo-
morphic in an open subset of C containing the integers.

(a) (10 points). Show that the function g(z) = f(z)cot(nz) has an iso-

lated singularity at each integer n € Z, and show that res,—,(g) = i)

.

Solution: Let n € Z. Since g(z) = L&) e see that n is

sin(mz) ?
an isolated singularity of g. By Exercise VIII.12.1, the residue is
f(n)cos(mn) __ f(n)

mcos(mn) ~  w

For the rest of this problem, we let f(z) = 1/(2z — 1)2

(b) (12 points). Show that g(z) = f(z)cot(nz) has a simple pole at
z = 1/2 with residue —7/4.
Solution: Clearly 1/2 is an isolated singularity of g. We have
z—1/2 cos(mz) 1 1 cos(mz) — cos(m - 1/2)
(22 —1)2 sin(wz) 4 sin(nz) z—1/2 ’

(2=1/2)g(z) =

which implies that
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ZErlr}Q(z —1/2)g(z) = 1 sm(n2) (—msin(7/2)) = —n/4.

Hence, z = 1/2 is a simple pole of g with residue —7/4.
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For each natural number N € N, let 74, 7%, 74, and +% be parametrizations
of the top, bottom, left and right edges of the square Sy with vertices at
+(N +1/2) + (N + 1/2).

(c) (18 points). Show that each of the integrals fﬁv g, f%,v g, f%v g, and
fvT g tends to 0 as N tends to infinity.
N

Hint: First show that cot(nz) is bounded on Sy by a constant inde-
pendent of N. Then show that this implies the result.

Solution: As hinted, we first show that cot(mz) is bounded on Sy: We
may parametrize the horizontal edges of Sy by t £ (N 4 1/2)i, and the
vertical edges by £(N + 1/2) + ti. For the horizontal edges we have

ieﬂi(ti(N+1/2)i) + Z'efwi(ti(N+1/2)i)

emi(tE(N+1/2)i) _ o—mi(tE(N+1/2)i)

cos (m(t £ (N +1/2)i)) _
sin (7(t £ (N + 1/2)i))

eFr(N+1/2)) +€jmr(NJrl/Q)
— | eFr(N+1/2)) _ pEm(N+1/2)
e™(N+1/2)) 4 o—m(N+1/2)

en(N+1/2)) _ o-n(N+1/2)’

which tends to 1 when N tends to co. Hence, cot(nz) is bounded on
the horizontal edges. Similarly,

sin (7(£(N + 1/2) + i)

cos (m(£(N +1/2) + ti)) ' cos(m/2 + ti)
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and it follows that cot(mz) is bounded on the vertical edges as well.
Let M denote the bound. We have

L 9= /ﬁv (;Zt(ﬁ))?

N
which tends to zero when N tends to co. Together with an identical

M M
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analysis of the other integrals, this yields the result.



(d) (15 points). Show that the series > ° _ res,_,(g) converges to m/4.

Solution: Since the only singularities of g are at the integers and at
z = 1/2, it follows from the residue theorem that

/s g =2mi (reszzl/z(g) + Z reszn(g)> )

n=—N

Letting N tend to oo, the left hand side tends to 0, and we obtain

e}

Z res.—n(g) = —1es.—1/2(g) = 7/4.

n=—0oo

(e) (10 points). Show that >~ ° ; =m2/8.

2n 1)

Solution: By (a), we have reszzn(g) = m Hence, by (d), we
have . .
=7/4
nz_:oow 2n —1)2 Z 2n — 1)2 =7/4

and the result follows.

Problem 5 (10 points). Let zp € C and let f: C\ {2} — C be a holomor-
phic function. Show that the derivative f" of f has an isolated singularity at
zo with residue zero.

Solution: Let Y7 a,(z — 20)™" + > 0o o bu(z — 20)™ be the Laurent series
expansion of f at zp. Since the convergence is uniform, we may differentiate
term by term, so we have

o
g —na,(z — zp) ”1+E nby(z — 20)" "
n=1 n=0

= d (—a)(z — 20) 2+ by +2by(2 — 20) + ... .,

from which it follows that the residue is 0.
Problem 6 (35 points). Let D ={z € C||z| <1} be the unit disk, and
let U={z€C|0<Re(z) <

(a) (10 points). Show that D and U are conformally equivalent.

Solution: Since U is simply connected, this follows immediately from
the Riemann mapping theorem.



(b) (10 points). For each real number s consider the function
¢s: U — U, Z 2z 4 18.

Show that ¢ is a conformal equivalence and that ¢4, = @5 0 ¢, for all
s,t € R.

Solution: Since ¢, is obviously holomorphic, and since any vertical
translation of U is bijective, ¢, is a conformal equivalence. By defini-
tion, we have

Gsit(2) = 2+ (s+1t)i = z+ti+si = ds(z+1i) = ds(Pi(2)) = Psodi(2).
Since this holds for each z, the result follows.

(c) (15 points). Let G be the set of conformal equivalences D — D. Show
that there exists an injective function W: R — G such that U(s+t) =
U(s) o W(t) for all s,¢ € R (in the language of algebra this means that
the group G has a subgroup isomorphic to R).

Solution: Let f: D — U be a conformal equivalence and consider the
map

U:R— G, s flop,of.
This map satisfies

U(s+t)=flopsof=f"o(pso¢)o0f=
(ftogsof)o(fogiof)="T(s)oW(t).

Since ¢; # ¢, for s # t, it follows that W is injective.

Problem 7 (20 points). Evaluate the integral [ %dz.

Solution: The singularities of the integrand in the upper half plane are
+1/2/2 +i1/2/2. Since these are simple zeros of the denominator, it follows
from Exercise VIII.12.1 that the residues are given by

A(£2 427 40T 2 2

| ST R
clearly tends to zero when R tends to oo. By the residue theorem,

/°° 22 V2 &?

T = i) =

Let v = Re', 0 <t < 7. For z on ~yg, we have ‘ 22 ’ < B — L which

o0



and since the integrand is an even function, the desired integral equals #.

Problem 8 (15 points). Let f(2z) = sin(z), and let ¢; and ¢ be the curves
¢1(t) — t€7ri/87 sz(t) = i+ 627ri(1/4—t).

Let v1 = fo¢; and let v9 = f o ¢o. Compute the angle between the tangent
vectors 1(0) and ~5(0).

Solution: By conformality, the angle equals the angle between ¢/(0) and
5(0). Since ¢ is a clockwise parametrized circle tangent to the real line at
®2(0), ¢'(0) is a positive real number (a computation shows that it is 2m).

Since ¢)(0) = e™/8, the desired angle is 7/8.



