POSITIVITY FOR CLUSTER ALGEBRAS FROM SURFACES
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ABSTRACT. We give combinatorial formulas for the Laurent expansion of any cluster
variable in any cluster algebra coming from a triangulated surface (with or without punc-
tures), with respect to an arbitrary seed. Moreover, we work in the generality of principal
coefficients. An immediate corollary of our formulas is a proof of the positivity conjecture
of Fomin and Zelevinsky for cluster algebras from surfaces, in geometric type.
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1. INTRODUCTION

Since their introduction by Fomin and Zelevinsky [FZ1], cluster algebras have been
related to diverse areas of mathematics such as total positivity, quiver representations, Te-
ichmiiller theory, tropical geometry, Lie theory, and Poisson geometry. A main outstanding
conjecture about cluster algebras is the positivity conjecture, which says that if one fixes
a cluster algebra A and an arbitrary seed (x,y,B), one can express each cluster variable
x € A as a Laurent polynomial with positive coefficients in the variables of x.

There is a class of cluster algebras arising from surfaces with marked points, introduced
by Fomin, Shapiro, and Thurston in [FST] (generalizing work of Fock and Goncharov
[FG1, FG2] and Gekhtman, Shapiro, and Vainshtein [GSV]), and further developed in
[FT]. This class is quite large: (assuming rank at least three) it has been shown [FeShTu]
that all but finitely many skew-symmetric cluster algebras of finite mutation type come
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from this construction. Note that the class of cluster algebras of finite mutation type in
particular contains those of finite type.

In this paper we give a combinatorial expression for the Laurent polynomial which
expresses any cluster variable in terms of any seed, for any cluster algebra arising from a
surface. As a corollary we prove the positivity conjecture for all such cluster algebras.

A cluster algebra A of rank n is a subalgebra of an ambient field F isomorphic to a field of
rational functions in n variables. Fach cluster algebra has a distinguished set of generators
called cluster variables; this set is a union of overlapping algebraically independent n-
subsets of F called clusters, which together have the structure of a simplicial complex
called the cluster complex. See Definition 2.5 for precise details. The clusters are related
to each other by birational transformations of the following kind: for every cluster x and
every cluster variable x € x, there is another cluster x’ = x — {z} U {2'}, with the new
cluster variable 2’ determined by an exzchange relation of the form

v’ =ytMT +y M.

Here y© and y~ lie in a coefficient semifield P, while M+ and M~ are monomials in the
elements of x — {x}. There are two dynamics at play in the exchange relations: that of the
monomials, which is encoded in the exchange matrix, and that of the coefficients.

A classification of finite type cluster algebras — those with finitely many clusters — was
given by Fomin and Zelevinksy in [FZ2]. They showed that this classification is parallel
to the famous Cartan-Killing classification of complex simple Lie algebras, i.e. finite type
cluster algebras either fall into one of the infinite families A,,, By, Cy, Dy, or are of one of
the exceptional types Fjg, E7, Fs, Fy, or Go. Furthermore, the type of a finite type cluster
algebra depends only on the dynamics of the corresponding exchange matrices, and not
on the coefficients. However, there are many cluster algebras of geometric origin which —
despite having the same type — have totally different systems of coefficients. This motivated
Fomin and Zelevinsky’s work in [FZ4], which studied the dependence of a cluster algebra
structure on the choice of coefficients. One surprising result of [FZ4] was that there is
a special choice of coefficients, the principal coefficients, which have the property that
computation of explicit expansion formulas for the cluster variables in arbitrary cluster
algebras can be reduced to computation of explicit expansion formulas in cluster algebras
with principal coefficients. A corollary of this work is that to prove the positivity conjecture
in geometric type, it suffices to prove the positivity conjecture using principal coefficients.

This takes us to the topic of the present work. Our main results are combinatorial
formulas for cluster expansions of cluster variables with respect to any seed, in any cluster
algebra coming from a surface. Our formulas are manifestly positive, so as a consequence
we obtain the following result.

Theorem 1.1. Let A be any cluster algebra arising from a surface, where the coefficient
system is of geometric type, and let 3 be any initial seed. Then the Laurent expansion of
every cluster variable with respect to the seed 3 has non-negative coefficients.

Our results generalize those in [S2], where cluster algebras from the (much more restric-
tive) case of surfaces without punctures were considered. This work in turn generalized
[ST], which treated cluster algebras from unpunctured surfaces with a very limited coef-
ficient system that was associated to the boundary of the surface. The very special case
where the surface is a polygon and coefficients arise from the boundary was covered in [S],
and also in unpublished work [CP, FZ3]. See also [Pr2]. Recently [MS] gave an alternative
formulation of the results of [S2], using perfect matchings as opposed to T-paths.
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Many others have worked on finding Laurent expansions of cluster variables, and on the
positivity conjecture. However, most of the results so far obtained have strong restrictions
on the cluster algebra, the choice of initial seed or on the system of coefficients.

For rank 2 cluster algebras, the works [SZ, Z, MP] gave cluster expansion formulas in
affine types. Positivity in these cases was generalized to the coefficient-free rank 2 case in
[Dup], using [CR]. For finite type cluster algebras, the positivity conjecture with respect to
a bipartite seed follows from [FZ4, Corollary 11.7]. Other work [M] gave cluster expansions
for coefficient-free cluster algebras of finite classical types with respect to a bipartite seed.

A recent tool in understanding Laurent expansions of cluster variables is the connection
to quiver representations and the introduction of the cluster category [BMRRT] (see also
[CCS1] in type A). More specifically, there is a geometric interpretation (found in [CC] and
generalized in [CK]) of coefficients in Laurent expansions as Euler-Poincaré characteristics
of appropriate Grassmannians of quiver representations. Using this approach, the works
[CC, CK, CK2] gave an expansion formula in the case where the cluster algebra is acyclic
and the initial cluster lies in an acyclic seed (see also [CZ] in rank 2); this was subsequenty
generalized to arbitrary clusters in an acyclic cluster algebra [Pa]. Note that these formulas
do not give information about the coefficients. Later, [FK] generalized these results to
cluster algebras with principal coeflicients that admit a categorification by a 2-Calabi-Yau
category [FK]; by [A] and [ABCP, LF], such a categorification exists in the case of cluster
algebras associated to surfaces with non-empty boundary. Recently [DWZ] gave expressions
for the F-polynomials in any skew-symmetric cluster algebra. However, since all of the
above formulas are in terms of Euler-Poincaré characteristics (which can be negative), they
do not immediately imply the positivity conjecture.

The work [CR] used the above approach to make progress towards the positivity conjec-
ture for coefficient-free acyclic cluster algebras, with respect to an acyclic seed.! Building
on [HL] and [CK2], Nakajima recently used quiver varieties to prove the positivity conjec-
ture for cluster algebras that have at least one bipartite seed, with respect to any cluster
[N]. This is a very strong result, but it does not overlap very much with our Theorem 1.1.
Note that a bipartite seed is in particular acyclic, but not every acyclic type has a bipartite
seed; e.g. the affine type Ay does not. Further, the only surfaces that give rise to acyclic
cluster algebras are the polygon with 0, 1, or 2 punctures, and the annulus (corresponding
to the finite types A and D, and the affine types D and A, respectively). All other surfaces
yield non-acyclic cluster algebras, see [FST, Corollary 12.4].

The paper is organized as follows. We give background on cluster algebras and cluster
algebras from surfaces in Sections 2 and 3. In Section 4 we present our formulas for Laurent
expansions of cluster variables, and in Section 5 we give examples, as well as identities in
the coefficient-free case. As the proofs of our main results are rather involved, we give a
detailed outline of the main argument in Section 6, before giving the proofs themselves in
Sections 7 to 10 and 12. In Section 13, we give applications of our results to F-polynomials,
g-vectors, and Euler-Poincaré characteristics of quiver Grassmannians.

Recall that cluster variables in cluster algebras from surfaces correspond to ordinary
arcs as well as arcs with notches at one or two ends. We remark that working in the
generality of principal coefficients is much more difficult than working in the coefficient-
free case. Indeed, once we have proved positivity for cluster variables corresponding to
ordinary arcs, the proof of positivity for cluster variables corresponding to tagged arcs in
the coefficient-free case follows easily, see Proposition 5.3 and Section 11. Putting back
principal coefficients requires much more elaborate arguments, see Section 12. A crucial
tool here is the connection to laminations [FT].

lSee, however, [N, Footnote 5, page 6].
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Note that all cluster algebras coming from surfaces are skew-symmetric. In a sequel to
this paper we will explain how to use folding arguments to give positivity results for cluster
algebras with principal coefficients which are not skew-symmetric.

ACKNOWLEDGEMENTS: We are grateful to the organizers of the workshop on cluster
algebras in Morelia, Mexico, where we benefited from Dylan Thurston’s lectures. We
would also like to thank Sergey Fomin and Bernard Leclerc for useful discussions.

2. CLUSTER ALGEBRAS

We begin by reviewing the definition of cluster algebra, first introduced by Fomin and
Zelevinsky in [FZ1]. Our definition follows the exposition in [FZ4].

2.1. What is a cluster algebra? To define a cluster algebra A we must first fix its
ground ring. Let (P,®,-) be a semifield, i.e., an abelian multiplicative group endowed
with a binary operation of (auziliary) addition @ which is commutative, associative, and
distributive with respect to the multiplication in P. The group ring ZP will be used as a
ground ring for A. One important choice for P is the tropical semifield; in this case we say
that the corresponding cluster algebra is of geometric type.

Definition 2.1 (Tropical semifield). Let Trop(ui,...,u,) be an abelian group (written
multiplicatively) freely generated by the u;. We define @ in Trop(ui,...,uy) by

(2'1) H u;lj ® H u?j _ u;nin(aﬁbj) ’
J J ]

J

and call (Trop(ui, ..., un), ®,-) a tropical semifield. Note that the group ring of Trop(uy, . ..
is the ring of Laurent polynomials in the variables u; .

As an ambient field for A, we take a field F isomorphic to the field of rational functions
in n independent variables (here n is the rank of A), with coefficients in QP. Note that
the definition of F does not involve the auxiliary addition in P.

Definition 2.2 (Labeled seeds). A labeled seed in F is a triple (x,y, B), where

e x = (x1,...,Ty,) is an n-tuple from F forming a free generating set over QP,
ey =(y1,...,Yn) is an n-tuple from P, and
e B = (b;;) is an nxn integer matrix which is skew-symmetrizable.

That is, x1,...,x, are algebraically independent over QP, and F = QP(x1,...,x,). We
refer to x as the (labeled) cluster of a labeled seed (x,y, B), to the tuple y as the coefficient
tuple, and to the matrix B as the exchange matrix.

We obtain (unlabeled) seeds from labeled seeds by identifying labeled seeds that differ
from each other by simultaneous permutations of the components in x and y, and of the
rows and columns of B.

We use the notation [z]; = max(z,0), [1,n] = {1,...,n}, and
-1 ifx <0
sgn(z) =<0 ifz=0;
1 if x> 0.

Definition 2.3 (Seed mutations). Let (x,y, B) be a labeled seed in F, and let k € [1,n].
The seed mutation py, in direction k transforms (x,y, B) into the labeled seed g (x,y, B) =
(x',y’, B') defined as follows:

 Um)
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e The entries of B’ = (b};) are given by

b,“_{—bij ifi=Fkorj=k;
1]

(2.2)
bij + sgn(bir) [bikbrjl+ otherwise.

e The coefficient tuple y' = (v}, ...,y,,) is given by

-1 P
Yi if j = k;
yive - (e ® 1) i £ k.
e The cluster x' = (z1,...,27,) is given by 2, = z; for j # k, whereas 7} € F is

determined by the exchange relation
b; —b;
(24) o i ng kl+ + ng kl+
(e © D)y,

We say that two exchange matrices B and B’ are mutation-equivalent if one can get from
B to B’ by a sequence of mutations.

Definition 2.4 (Patterns). Consider the n-regular tree T,, whose edges are labeled by the
numbers 1,...,n, so that the n edges emanating from each vertex receive different labels.
A cluster pattern is an assignment of a labeled seed ¥; = (x,y¢, Bt) to every vertex t € T,

such that the seeds assigned to the endpoints of any edge t —*_ # are obtained from each

other by the seed mutation in direction k. The components of 3; are written as:
(2.5) Xt = (T1t, - Tnt) s Ve = Wity Yn),  Br = (bf).
Clearly, a cluster pattern is uniquely determined by an arbitrary seed.

Definition 2.5 (Cluster algebra). Given a cluster pattern, we denote

(2.6) X=|J)x={wiy:teT,, 1<i<n},

teTy,
the union of clusters of all the seeds in the pattern. The elements x;; € X" are called cluster
variables. The cluster algebra A associated with a given pattern is the ZP-subalgebra of the
ambient field F generated by all cluster variables: A = ZP[X]. We denote A = A(x,y, B),
where (x,y, B) is any seed in the underlying cluster pattern.

The remarkable Laurent phenomenon asserts the following.

Theorem 2.6. [FZ1, Theorem 3.1] The cluster algebra A associated with a seed (x,y,B)
is contained in the Laurent polynomial ring ZP[xT, i.e. every element of A is a Laurent
polynomial over ZP in the cluster variables from x = (z1,...,Ty).

Definition 2.7. Let A be a cluster algebra, ¥ be a seed, and z be a cluster variable of
A. We denote by [x]é the Laurent polynomial given by Theorem 2.6 which expresses x in
terms of the cluster variables from 3, and call it the cluster expansion of x in terms of X.

The longstanding positivity conjecture [FZ1] says that even more is true.

Conjecture 2.8. (Positivity Conjecture) For any cluster algebra A, any seed X3, and any
cluster variable x, the Laurent polynomial [:L‘]“Z4 has coefficients which are non-negative
integer linear combinations of elements in P.
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Remark 2.9. In cluster algebras whose ground ring is Trop(u, ..., u,,) (the tropical semi-
field), it is convenient to replace the matrix B by an (n +m) x n matrix B = (b;;) whose
upper part is the n X n matrix B and whose lower part is an m X n matrix that encodes
the coefficient tuple via

m
bo s
(2.7) Yk = Hui(nJrZ)k‘
1=1

Then the mutation of the coefficient tuple in equation (2.3) is determined by the mutation
of the matrix B in equation (2.2) and the formula (2.7); and the exchange relation (2.4)
becomes

n m n m
(2.8) o = x;l (H xl[bik}+ H ugb(n-s-i)kbr I H xg—bikbr H U,E_b(n+i)k]+> '

i=1 i=1 i=1 i=1
2.2. Finite type and finite mutation type classification. We say that a cluster alge-
bra is of finite type if it has finitely many seeds. It turns out that the classification of finite
type cluster algebras is parallel to the Cartan-Killing classification of complex simple Lie
algebras [FZ2]. More specifically, define the diagram I'(B) associated to an n x n exchange
matrix B to be a weighted directed graph on nodes v, ...,v,, with v; directed towards
vj if and only if b;; > 0. In that case, we label this edge by |b;;b;i|. Then A = A(x,y, B)
is of finite type if and only I'(B) is mutation-equivalent to an orientation of a finite type
Dynkin diagram [FZ2]. In this case, we say that B and I'(B) are of finite type.

We say that a matrix B (and the corresponding cluster algebra) has finite mutation type
if its mutation equivalence class is finite, i.e. only finitely many matrices can be obtained
from B by repeated matrix mutations. A classification of all cluster algebras of finite
mutation type with skew-symmetric exchange matrices was given by Felikson, Shapiro, and
Tumarkin [FeShTu]. In particular, all but 11 of them come from either cluster algebras of
rank 2 or cluster algebras associated with triangulations of surfaces (see Section 3).

2.3. Cluster algebras with principal coefficients. Fomin and Zelevinsky introduced
in [FZ4] a special type of coefficients, called principal coefficients.

Definition 2.10 (Principal coefficients). We say that a cluster pattern ¢t — (x¢, ¥y, Bt)
on T,, (or the corresponding cluster algebra A) has principal coefficients at a vertex tg if
P = Trop(y1,...,yn) and yi, = (Y1,-..,Yn). In this case, we denote A = Aq(By,).

Remark 2.11. Definition 2.10 can be rephrased as follows: a cluster algebra A has principal
coefficients at a vertex tg if A is of geometric type, and is associated with the matrix Bto
of order 2n x n whose upper part is By,, and whose complementary (i.e., bottom) part is
the n x n identity matrix (cf. [FZ1, Corollary 5.9]).

Definition 2.12 (The functions Xy and Fy4). Let A be the cluster algebra with principal
coefficients at to, defined by the initial seed ¥y, = (x4, , Y1, , Bt,) With

(2.9) Xtg = (T1,..., %), Vg = W1s---1Yn), By =B= (b?j).
By the Laurent phenomenon, we can express every cluster variable x,; as a (unique)
Laurent polynomial in x1,...,%n,y1,...,Yn; we denote this by
0.
(2.10) Xpe = X000,

0.
Let Fpy = Fft 0 denote the Laurent polynomial obtained from X, by

(2.11) Foo(yi, oo syn) = Xex (Lo Liyn, o0y Yn).
Fy.e(y1,. .. ,yn) turns out to be a polynomial [FZ4] and is called an F-polynomial.
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Knowing the cluster expansions for a cluster algebra with principal coefficients allows
one to compute the cluster expansions for the “same” cluster algebra with an arbitrary
coefficient system. To explain this, we need an additional notation. If F' is a subtraction-
free rational expression over Q in several variables, R a semifield, and uq,...,u, some
elements of R, then we denote by F|g(u1,...,u,) the evaluation of F' at ui,...,u,.

Theorem 2.13. [FZ4, Theorem 3.7] Let A be a cluster algebra over an arbitrary semifield
P and contained in the ambient field F, with a seed at an initial vertex ty given by

((.1‘1, s ,.Z'n), (yfa e ayr*z)v BO)'

Then the cluster variables in A can be expressed as follows:

BY;
919 _Xg;t t0|]:(x17"'7xn;yf7"'7y;k7,)
( . ) xé;t — FBOQtO . B} .
it ‘P(ylv"'vyn)

When P is a tropical semifield, the denominator of equation (2.12) is a monomial. There-
fore if the Laurent polynomial X,.; has positive coefficients, so does .

Corollary 2.14. Let A be the cluster algebra with principal coefficients at a vertex t,
defined by the initial seed Ly, = (Xty , Yt » Bty). Let A be any cluster algebra of geometric
type defined by the same exchange matriz By,. If the positivity conjecture holds for A, then
it also holds for A.

3. CLUSTER ALGEBRAS ARISING FROM SURFACES

Building on work of Fock and Goncharov [FG1, FG2], and of Gekhtman, Shapiro and
Vainshtein [GSV], Fomin, Shapiro and Thurston [FST] associated a cluster algebra to any
bordered surface with marked points. In this section we will recall that construction, as well
as further results of Fomin and Thurston [FT].

Definition 3.1 (Bordered surface with marked points). Let S be a connected oriented
2-dimensional Riemann surface with (possibly empty) boundary. Fix a nonempty set M
of marked points in the closure of S with at least one marked point on each boundary
component. The pair (S, M) is called a bordered surface with marked points. Marked
points in the interior of S are called punctures.

For technical reasons, we require that (S, M) is not a sphere with one, two or three
punctures; a monogon with zero or one puncture; or a bigon or triangle without punctures.

3.1. Ideal triangulations and tagged triangulations.

Definition 3.2 (Ordinary arcs). An arc v in (S, M) is a curve in S, considered up to
isotopy, such that: the endpoints of v are in M; v does not cross itself, except that its
endpoints may coincide; except for the endpoints, « is disjoint from M and from the
boundary of S; and v does not cut out an unpunctured monogon or an unpunctured bigon.

An arc whose endpoints coincide is called a loop. Curves that connect two marked points
and lie entirely on the boundary of S without passing through a third marked point are
boundary segments. By (c), boundary segments are not ordinary arcs.

Definition 3.3 (Crossing numbers and compatibility of ordinary arcs). For any two arcs
v, in S, let e(vy,7’) be the minimal number of crossings of arcs « and o/, where a and
o/ range over all arcs isotopic to v and 7/, respectively. We say that arcs v and ~/ are
compatible if e(y,v") = 0.
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Definition 3.4 (Ideal triangulations). An ideal triangulation is a maximal collection of
pairwise compatible arcs (together with all boundary segments). The arcs of a triangulation
cut the surface into ideal triangles.

There are two types of ideal triangles: triangles that have three distinct sides and trian-
gles that have only two. The latter are called self-folded triangles. Note that a self-folded
triangle consists of a loop ¢, together with an arc r to an enclosed puncture which we dub
a radius, see the left side of Figure 1.

Definition 3.5 (Ordinary flips). Ideal triangulations are connected to each other by se-
quences of flips. Each flip replaces a single arc v in a triangulation 7" by a (unique) arc
~" # ~ that, together with the remaining arcs in 7', forms a new ideal triangulation.

Note that an arc v that lies inside a self-folded triangle in T cannot be flipped.

In [FST], the authors associated a cluster algebra to any bordered surface with marked
points. Roughly speaking, the cluster variables correspond to arcs, the clusters to trian-
gulations, and the mutations to flips. However, because arcs inside self-folded triangles
cannot be flipped, the authors were led to introduce the slightly more general notion of
tagged arcs. They showed that ordinary arcs can all be represented by tagged arcs and
gave a notion of flip that applies to all tagged arcs.

Definition 3.6 (Tagged arcs). A tagged arc is obtained by taking an arc that does not
cut out a once-punctured monogon and marking (“tagging”) each of its ends in one of two
ways, plain or notched, so that the following conditions are satisfied:

e an endpoint lying on the boundary of S must be tagged plain
e both ends of a loop must be tagged in the same way.

Definition 3.7 (Representing ordinary arcs by tagged arcs). One can represent an ordinary
arc [ by a tagged arc () as follows. If 5 does not cut out a once-punctured monogon,
then ¢((3) is simply 8 with both ends tagged plain. Otherwise, 3 is a loop based at some
marked point a and cutting out a punctured monogon with the sole puncture b inside it.
Let a be the unique arc connecting a and b and compatible with 3. Then «(3) is obtained
by tagging « plain at a and notched at b.

Definition 3.8 (Compatibility of tagged arcs). Tagged arcs « and (3 are called compatible
if and only if the following properties hold:

e the arcs o’ and Y obtained from « and 3 by forgetting the taggings are compatible;

o if a® = 3° then at least one end of o must be tagged in the same way as the
corresponding end of [;

e ' # % but they share an endpoint a, then the ends of o and 3 connecting to a
must be tagged in the same way.

Definition 3.9 (Tagged triangulations). A maximal (by inclusion) collection of pairwise
compatible tagged arcs is called a tagged triangulation.

Figure 1 gives an example of an ideal triangulation T" and the corresponding tagged
triangulation ¢(7"). The notching is indicated by a bow tie.

3.2. From surfaces to cluster algebras. One can associate an exchange matrix and
hence a cluster algebra to any bordered surface (S, M) [FST].

Definition 3.10 (Signed adjacency matriz of an ideal triangulation). Choose any ideal
triangulation 7', and let 71,79, ..., T, be the n arcs of T'. For any triangle A in T" which is
not self-folded, we define a matrix B® = (b%)lgign,lgjgn as follows.
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FiGure 1. Example of an ideal triangulation on the left and the corre-
sponding tagged triangulation on the right

° b% =1 and bﬁ = —1 in the following cases:
(a) 7; and 7; are sides of A with 7; following 7; in the clockwise order;
(b) 7; is a radius in a self-folded triangle enclosed by a loop 7, and 7; and 7, are
sides of A with 74 following 7; in the clockwise order;
(c) 7 is a radius in a self-folded triangle enclosed by a loop 7, and 7, and 7; are
sides of A with 7; following 7, in the clockwise order;
° b% = 0 otherwise.

Then define the matrix By = (bij)lgign,lgjgn by bij = ZA biAj, where the sum is taken
over all triangles in T that are not self-folded.

Note that Br is skew-symmetric and each entry b;; is either 0,£1, or &2, since every
arc 7 is in at most two triangles.

Remark 3.11. As noted in [FST, Definition 9.2], compatibility of tagged arcs is invari-
ant with respect to a simultaneous change of all tags at a given puncture. So given a
tagged triangulation 7', let us perform such changes at every puncture where all ends of
T are notched. The resulting tagged triangulation T represents an ideal triangulation 7°
(possibly containing self-folded triangles): T = t(T?). This is because the only way for a
puncture p to have two incident arcs with two different taggings at p is for those two arcs
to be homotopic, see Definition 3.8. But then for this to lie in some tagged triangulation,
it follows that p must be a puncture in the interior of a bigon. See Figure 1.

Definition 3.12 (Signed adjacency matriz of a tagged triangulation). The signed adja-
cency matrix By of a tagged triangulation T is defined to be the signed adjacency matrix
Byo, where T? is obtained from T as in Remark 3.11. The index sets of the matrices (which
correspond to tagged and ideal arcs, respectively) are identified in the obvious way.

Theorem 3.13. [FST, Theorem 7.11] and [F'T, Theorem 5.1 Fiz a bordered surface (S, M)
and let A be the cluster algebra associated to the signed adjacency matriz of a tagged
triangulation as in Definition 3.12. Then the (unlabeled) seeds X of A are in bijection
with tagged triangulations T of (S, M), and the cluster variables are in bijection with the
tagged arcs of (S, M) (so we can denote each by x., where 7y is a tagged arc). Moreover,
each seed in A is uniquely determined by its cluster. Furthermore, if a tagged triangulation
T’ is obtained from another tagged triangulation T by flipping a tagged arc v € T and
obtaining v, then X1 is obtained from L by the seed mutation replacing x~ by x.

Remark 3.14. By a slight abuse of notation, if v is an ordinary arc which does not cut out
a once-punctured monogon (so that the tagged arc ¢(+y) is obtained from + by tagging both

ends plain), we will often write z,, instead of z,(,).
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Given a surface (S, M) with a puncture p and a tagged arc 7, we let both ) and ~?
denote the arc obtained from ~ by changing its notching at p. (So if 4 is not incident to
D, ’y(p) = ~.) If p and ¢ are two punctures, we let 'y(pq) denote the arc obtained from =y
by changing its notching at both p and ¢. Given a tagged triangulation T" of .S, we let TP
denote the tagged triangulation obtained from T' by replacing each v € T by v,

Besides labeling cluster variables of A(Br) by x., where 7 is a tagged arc of (S, M), we
will also make the following conventions:

e If / is an unnotched loop with endpoints at g cutting out a once-punctured monogon
containing puncture p and radius r, then we set xy = x,2,.@) 2
e If 3 is a boundary segment, we set g = 1.

To prove the positivity conjecture, we must show that the Laurent expansion of each
cluster variable with respect to any cluster is positive. In the context of surfaces, the next
result will allow us to restrict our attention to clusters corresponding to ideal triangulations.

Proposition 3.15. Fiz (S,M), p,~v, T = (11,...,7n), and T? = (71,...,7}) as above. Let
A = Ao(Br), and AP = A4(Brr) be the cluster algebras with principal coefficients at the
seeds Xp = (X>Y>BT) and Xp = (vaypaBTp)y where x = {xTi}; y = {yﬂ-}y xP = {'I‘Tip}7
and y? = {y,»}. Then

AP A
[$7P]2Tp = [iv]ET ‘xTinT_p, Yr =Y. p
k2 1

That is, the cluster expansion of x» with respect to xP in AP is obtained from the cluster
expansion of x~, with respect to x in A by substituting v, = x» and y,, = y.».

Proof. By Definition 3.12, the rectangular exchange matrix By is equal to BT(p). The
columns of Br are indexed by {z,} and the columns of B are indexed by {ar}; the rows
of By are indexed by {z,,} U{y,} and the rows of BY. are indexed by {wr}U{yr}

To compute the x-expansion of ., we write down a sequence of flips (i1,...,%,) (here
1 <i; <n) which transforms T into a tagged triangulation 7" containing . Applying the
corresponding exchange relations then gives the x-expansion of 2, in A. By the description
of tagged flips ([FT, Remark 4.13]), performing the same sequence of flips on T? transforms
T? into the tagged triangulation 7'P; which in particular contains 7. Therefore applying
the corresponding exchange relations gives the xP-expansion of x,» in AP.

Since in both cases we start from the same exchange matrix and apply the same sequence
of mutations, the xP-expansion of z,» in AP will be equal to the x-expansion of z, in A
after relabeling variables, i.e. after substituting xr, = z.» and yr, = y,».

O

Corollary 3.16. Fiz a bordered surface (S, M) and let A be the corresponding cluster
algebra. Let T be an arbitrary tagged triangulation. To prove the positivity conjecture for
A with respect to xr, it suffices to prove positivity with respect to clusters of the form
X,(10), where T° is an ideal triangulation.

Proof. As in Remark 3.11, we can perform simultaneous tag-changes at punctures to pass
from an arbitrary tagged triangulation 7" to a tagged triangulation T representing an ideal
triangulation. By a repeated application of Proposition 3.15 — which preserves positivity
because it just involves a substitution of variables — we can then express cluster expansions
with respect to xr in terms of cluster expansions with respect to x;. ]

2There is a corresponding statement on the level of lambda lengths of these three arcs, see [FT, Lemma
7.2]; these conventions are compatible with both the Ptolemy relations and the exchange relations among
cluster variables [FT, Theorem 7.5].
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The exchange relation corresponding to a flip in an ideal triangulation is called a gen-
eralized Ptolemy relation. It can be described as follows.

Proposition 3.17. [FT] Let «, 3,7,d be arcs (including loops) or boundary segments of
(S, M) which cut out a quadrilateral; we assume that the sides of the quadrilateral, listed
in cyclic order, are o, 3,7,0. Letn and 0 be the two diagonals of this quadrilateral; see the
left-hand-side of Figure 2. Then

Tyrg = Yoy + Y’xgacg
for some coefficients Y and Y.

Proof. This follows from the interpretation of cluster variables as lambda lengths and the
Ptolemy relations for lambda lengths [F'T, Theorem 7.5 and Proposition 6.5]. O

Note that some sides of the quadrilateral in Proposition 3.17 may be glued to each other,
changing the appearance of the relation. There are also generalized Ptolemy relations for
tagged triangulations, see [FT, Definition 7.4].

3.3. Keeping track of coefficients using laminations. So far we have not addressed
the topic of coefficients for cluster algebras arising from bordered surfaces. It turns out
that W. Thurston’s theory of measured laminations gives a concrete way to think about
coefficients, as described in [FT] (see also [FG3]).

Definition 3.18 (Laminations). A lamination on a bordered surface (S, M) is a finite
collection of non-self-intersecting and pairwise non-intersecting curves in .S, modulo isotopy
relative to M, subject to the following restrictions. Each curve must be one of the following:

e a closed curve;

e a curve connecting two unmarked points on the boundary of S;

e a curve starting at an unmarked point on the boundary and, at its other end,
spiraling into a puncture (either clockwise or counterclockwise);

e a curve whose ends both spiral into punctures (not necessarily distinct).

Also, we forbid curves that bound an unpunctured or once-punctured disk, and curves with
two endpoints on the boundary of S which are isotopic to a piece of boundary containing
zero or one marked point.

In [FT, Definitions 12.1 and 12.3], the authors define shear coordinates and extended
exchange matrices, with respect to a tagged triangulation. For our purposes, it will be
enough to make these definitions with respect to an ideal triangulation.

Definition 3.19 (Shear coordinates). Let L be a lamination, and let T' be an ideal trian-
gulation. For each arc v € T, the corresponding shear coordinate of L with respect to T,
denoted by b, (T, L), is defined as a sum of contributions from all intersections of curves
in L with ~. Specifically, such an intersection contributes +1 (resp., —1) to b,(T, L) if the
corresponding segment of a curve in L cuts through the quadrilateral surrounding v as
shown in Figure 2 in the middle (resp., right).
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FIGURE 3

Definition 3.20 (Multi-laminations and associated extended exchange matrices). A multi-
lamination is a finite family of laminations. Fix a multi-lamination L = (Ly11, ..., Lptm).
For an ideal triangulation T of (S, M), define the matrix B = B(T,L) = (b;;) as follows.
The top n x n part of B is the signed adjacency matrix B(T), with rows and columns
indexed by arcs v € T (or equivalently, by the tagged arcs ¢(v) € «(T)). The bottom m
rows are formed by the shear coordinates of the laminations L; with respect to 7"

bn+i7»y = b’y(T, Ln+l) if 1 S ) S m.
By [FT, Theorem 11.6], the matrices B(T) transform compatibly with mutation.

Definition 3.21 (Elementary lamination associated with a tagged arc). Let v be a tagged
arc in (S, M). Denote by L, a lamination consisting of a single curve defined as follows.
The curve L, runs along « within a small neighborhood of it. If v has an endpoint a on
a (circular) component C of the boundary of S, then L. begins at a point a’ € C' located
near a in the counterclockwise direction, and proceeds along v as shown in Figure 3 on the
left. If v has an endpoint at a puncture, then L, spirals into a: counterclockwise if 7 is
tagged plain at a, and clockwise if it is notched.

The following result comes from [FT, Proposition 16.3].

Proposition 3.22. Let T be an ideal triangulation with a signed adjacency matriz B(T).
Recall that we can view T as a tagged triangulation «(T). Let Lt = (L) e, (1) be the multi-
lamination consisting of elementary laminations associated with the tagged arcs in o(T).

Then the cluster algebra with principal coefficients Aq(B(T")) is isomorphic to A(B(T, Lt)).

4. MAIN RESULTS: CLUSTER EXPANSION FORMULAS

In this section we present cluster expansion formulas for cluster variables in a cluster
algebra associated to a bordered surface, with respect to a seed corresponding to an ideal
triangulation; by Proposition 3.15 and Corollary 3.16, this enables us to compute cluster
expansion formulas with respect to an arbitrary seed by an appropriate substitution of
variables. Our formulas are manifestly positive, so this proves the positivity conjecture for
any cluster algebras associated to a bordered surface. Since our formulas involve principal
coeflicients, this proves positivity for any such cluster algebra of geometric type.

We present three slightly different formulas, based on whether the cluster variable cor-
responds to a tagged arc with 0, 1, or 2 notched ends. More specifically, fix an ordinary
arc v and a tagged triangulation 7" = ¢(T°) of (S, M), where T° is an ideal triangulation.
We recursively construct an edge-weighted graph Gre , by glueing together tiles based on
the local configuration of the intersections between v and 7°. Our formula (Theorem 4.9)
for x, with respect to X7 is given in terms of perfect matchings of Gro . This formula
also holds for the cluster algebra element z; = z,z,), where £ is a loop cutting out a
once-punctured monogon enclosing the puncture p and radius r. In the case of v, an
arc between points p and ¢ with a single notch at p, we build the graph G- ¢, associated
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to the loop ¢, such that ¢(¢,) = ~). Our combinatorial formula for T 1s then in terms

of the so-called y-symmetric matchings of Grey,. In the case of A9 an arc between
points p and ¢ which is notched at both p and ¢, we build the two graphs Gro 4, and
Gro 4, associated to £, and £;. Our combinatorial formula for T (pa) is then in terms of the
v-compatible pairs of matchings of Grop,. and Gre g, .

4.1. Tiles. Let T° be an ideal triangulation of a bordered surface (S, M) and let v be an
ordinary arc in (S, M) which is not in 7°. Choose an orientation on v, let s € M be its
starting point, and let ¢ € M be its endpoint. We denote by s = pg,p1,p2,...,Pd+1 = 1
the points of intersection of v and 7 in order. Let 7;; be the arc of T containing p;, and
let Aj_1 and A; be the two ideal triangles in T on either side of 7;;.

To each p; we associate a tile G;, an edge-labeled triangulated quadrilateral (see the
right-hand-side of Figure 4), which is defined to be the union of two edge-labeled triangles
A7 and A} glued at an edge labeled 7;;. The triangles A and Aj are determined by A;_;
and A; as follows.

If neither A;_; nor A; is self-folded, then they each have three distinct sides (though
possibly fewer than three vertices), and we define A} and A} to be the ordinary triangles
with edges labeled as in A;_; and A;. We glue A} and A}, at the edge labeled Ti;, 50 that

the orientations of Af and A}, both either agree or disagree with those of A;_; and Aj;
this gives two possible planar embeddings of a graph G; which we call an ordinary tile.

If one of A;_; or Aj is self-folded, then in fact 7° must have a local configuration of a
bigon (with sides a and b) containing a radius r incident to a puncture p inscribed inside
a loop ¢, see Figure 5. Moreover, v must either

(1) intersect the loop ¢ and terminate at puncture p, or
(2) intersect the loop ¢, radius r and then ¢ again.

In case (1), we associate to p; (the intersection point with ¢) an ordinary tile G consisting
of a triangle with sides {a,b,¢} which is glued along diagonal ¢ to a triangle with sides
{€,r,r}. As before there are two possible planar embeddings of G ;.

In case (2), we associate to the triple of intersection points p;_1,p;, pj+1 a union of tiles
Gj-1UG; UG, 11, which we call a triple tile, based on whether v enters and exits through
different sides of the bigon or through the same side. These graphs are defined by Figure
5 (each possibility is denoted in boldface within a concatenation of five tiles). Note that
in each case there are two possible planar embeddings of the triple tile. We call the tiles
Gj—1 and Gj41 within the triple tile ordinary tiles.

Definition 4.1 (Relative orientation). Given a planar embedding éj of an ordinary tile

Gj, we define the relative orientation rel(éj, T°) of éj with respect to T° to be 1, based
on whether its triangles agree or disagree in orientation with those of T°.

Note that in Figure 5, the lowest tile in each of the three graphs in the middle (re-
spectively, rightmost) column has relative orientation +1 (respectively, —1). Also note
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FIGURE 5
Tj+1
T]' Tj+1

;1

7

FIGURE 6. Glueing tiles éj and G’j+1 along the edge labeled 7y,

that by construction, the planar embedding of a triple tile éj_l U éj U Gj+1 satisfies

rel(éj_l, To) = rel(éj_H, TO).

Definition 4.2. Using the notation above, the arcs 7i; and T, form two edges of a
triangle A; in 7°. Define 7}, to be the third arc in this triangle if A; is not self-folded,
and to be the radius in A; otherwise.

4.2. The graph Grs,. We now recursively glue together the tiles G1,...,Gy in order
from 1 to d, subject to the following conditions.

(1) Triple tiles must stay glued together as in Figure 5.
(2) For two adjacent ordinary tiles, each of which may be an exterior tile of a triple
tile, we glue Gj41 to éj along the edges labeled 7, ), choosing a planar embedding
Gy1 for Gy 1 so that rel(Gy 1, T°) # rel(Gy, T°). See Figure 6.
After glueing together the d tiles, we obtain a graph (embedded in the plane), which we
denote ﬁToﬁ. Let G7o , be the graph obtained from @Toﬁ by removing the diagonal in
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each tile. Figure 5 gives examples of a dotted arc v and the corresponding graph @To,,.
Each ~ intersects T° five times, so each Gro , has five tiles.

Remark 4.3. Even if v is a curve with self-intersections, our definition of Gro . makes
sense. This is relevant to our formula for the doubly-notched loop, see Remark 4.22.

4.3. Cluster expansion formula for ordinary arcs. Recall that if 7 is a boundary
segment then z, = 1, and if 7 is a loop cutting out a once-punctured monogon with radius
r and puncture p, then z, = x,2,). Also see Remark 3.14. Before giving the next result,
we need to introduce some notation.

Definition 4.4 (Crossing Monomial). If v is an ordinary arc and 7, 7i,,..., T, is the
sequence of arcs in T° which ~ crosses, we define the crossing monomsial of v with respect
to T° to be

d
cross(1°,7v) = Hazﬂ.j.
j=1

Definition 4.5 (Perfect matchings and weights). A perfect matching of a graph G is a
subset P of the edges of G such that each vertex of GG is incident to exactly one edge of P.
If the edges of a perfect matching P of G7e , are labeled 7j,,...,7;., then we define the
weight (P) of P to be zr, ... %, .

Definition 4.6 (Minimal and Mazimal Matchings). By induction on the number of tiles
it is easy to see that G'ro , has precisely two perfect matchings which we call the minimal
matching P = P_(Gro ) and the mazimal matching Py = P,(Gre ), which contain
only boundary edges. To distinguish them, if rel(Gy,T°) = 1 (respectively, —1), we define
e; and ey to be the two edges of @To,7 which lie in the counterclockwise (respectively,
clockwise) direction from the diagonal of G1. Then P_ is defined as the unique matching
which contains only boundary edges and does not contain edges e; or es. Py is the other
matching with only boundary edges.

For an arbitrary perfect matching P of Grpe ,, we let P_ © P denote the symmetric
difference, defined as P~ & P = (P_UP)\ (P-NP).

Lemma 4.7. [MS, Theorem 5.1] The set P_© P is the set of boundary edges of a (possibly
disconnected) subgraph Gp of Gro , which is a union of cycles. These cycles enclose a set
of tiles Uje jGy;, where J is a finite index set.

We use this decomposition to define height monomials for perfect matchings. Note that
the exponents in the height monomials defined below coincide with the definiton of height
functions given in [Prl] for perfect matchings of bipartite graphs, based on earlier work of
[CL], [EKLP], and [Th] for domino tilings.

Definition 4.8 (Height Monomial and Specialized Height Monomial). Let T° = {7, 72, ..., Tn}
be an ideal triangulation of (S, M) and 7 be an ordinary arc of (S, M). By Lemma 4.7, for
any perfect matching P of Gro 4, P © P- encloses the union of tiles UjeG;;. We define
the height monomial h(P) of P by

h(p) = [,
k=1

where my, is the number of tiles in UjesGi; whose diagonal is labeled 7.
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We define the specialized height monomial y(P) of P to be the specialization ®(h(P)),
where @ is defined below.

Yr, if 7; is not a side of a self-folded triangle;
®(h,,) = It 7; is a radius r to puncture p in a self-folded triangle;
¢ Yrw

Y, if 7; is a loop in a self-folded triangle with radius r to puncture p.

Theorem 4.9. Let (S, M) be a bordered surface with an ideal triangulation T°, and let
T ={n,72,...,7n} = t(T°) be the corresponding tagged triangulation. Let A be the cor-
responding cluster algebra with principal coefficients with respect to Y = (xp,y1, Br),
and let v be an ordinary arc in S (this may include a loop cutting out a once-punctured
monogon). Let Gro  be the graph constructed in Section 4.2. Then the Laurent expansion
of x, with respect to X is given by

1
23], = ——— > @(P)y(P),
T cross(1°,7) XP: Y

where the sum is over all perfect matchings P of Go .

Sections 7 - 9 set up the auxiliary results which are used for the proof of Theorem 4.9,
which is given in Section 10. See Section 6 for an outline of the proof.

Remark 4.10. This expansion as a Laurent polynomial does not necessarily yield a reduced
fraction, which is why our denominators are defined in terms of crossing numbers as opposed
to the intersection numbers («|3) defined in Section 8 of [FST].

4.4. Cluster expansion formulas for tagged arcs with notches. We now consider
cluster variables of tagged arcs which have a notched end. The following remark shows that
if we want to compute the Laurent expansion of a cluster variable associated to a tagged
arc notched at p, with respect to a tagged triangulation 7', there is no loss of generality in
assuming that all arcs in T are tagged plain at p.

Remark 4.11. Fix a tagged triangulation T of (S, M) such that T' = +(T°), where T° is an
ideal triangulation. Let p and ¢ (possibly p = ¢) be two marked points, and let « denote
an ordinary arc between p and ¢. If p is a puncture and we are interested in computing
the Laurent expansion of of ) with respect to 7', we may assume that no tagged arc in
T is notched at p. Otherwise, by changing the tagging of T and ) at p, and applying
Proposition 3.15, we could reduce the computation of the Laurent expansion of T toour
formula for cluster variables corresponding to ordinary arcs. Note that if there is no tagged
arc in 1" which is notched at p, then there is no loop in T cutting out a once-punctured
monogon around p. Similarly, if p and ¢ are punctures and we are interested in computing
the Laurent expansion of T (pa) with respect to T, we may assume that no tagged arc in 7' is
notched at either p or ¢ (equivalently, there are no loops in 7° cutting out once-punctured
monogons around p or ¢q). We will make these assumptions throughout this section.

Before giving our formulas, we must introduce some notation.

Definition 4.12 (Crossing monomials for tagged arcs with notches). If p is a puncture,
and 7®) is a tagged arc with a notch at p but tagged plain at its other end, we define the
associated crossing monomial as

cross(1°, 4p)

crOSS(TOfY(p)) = crosS(TO ’7)

 cross(1°. ) [T
T
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FIGURE 7. Possible local configurations around a puncture

where the product is over all ends of arcs 7 of T° that are incident to p. If p and ¢ are

punctures and % is a tagged arc with a notch at p and ¢, we define the associated

crossing monomial as

cross(1°,4,) cross(T°, £y)
cross(T°,v)3

cross(T°,yP?) = = cross(1°,7) H Zr,
T

where the product is over all ends of arcs 7 that are incident to p or q.

Our formula computing the Laurent expansion of a cluster variable L) with exactly one
notched end (at the puncture p) involves y-symmetric matchings of the graph associated
to the ideal arc ¢, corresponding to ) (so ¢(£,) = 7). Note that ¢, is a loop cutting
out a once-punctured monogon around p.

Our goal now is to define vy-symmetric matchings. For a tagged arc 7 € T and a puncture
p, let e,(7) denote the number of ends of 7 incident to p (so if 7 is a loop with its ends at p,
ep(7) = 2). Welet e, = e,(T) = > o ep(7). Keeping the notation of Section 4.1, orient y
from q to p, let 7, 7,,...,7;, denote the arcs crossed by 7 in order, and let Ay, ..., Ag41
be the sequence of ideal triangles in T° which ~ passes through. We let ¢; and (., denote
the sides of triangle Agyq not crossed by v (by Remark 4.11, (1 # (), so that 7;, follows
Ce, and (e, follows ¢; in clockwise order around Agyq. Let (2 through (.,—1 denote the
labels of the other arcs incident to puncture p in order as we follow £, clockwise around
p. Note that if T° contains a loop 7 based at p, then 7 appears twice in the multiset
{¢15- -+, e, }- Figure 7 shows some possible local configurations around a puncture.

Definition 4.13 (Subgraphs Gro ~,1, Gro 5,2, Hro 1, and Hro 2 of Groy,). Since
¢y is a loop cutting out a once-punctured monogon with radius v and puncture p, the
graph Gro ¢, contains two disjoint connected subgraphs, one on each end, both of which
are isomorphic to Gre 4. Therefore each subgraph consists of a union of tiles G, through
GTid; we let Gro 1 and Gro 4, 2 denote these two subgraphs.

Let v; and vy be the two vertices of tiles Gﬂ'd in GTo,gp incident to the edges labeled
¢1 and (,. For i € {1,2}, we let Hro,, ; be the connected subgraph of Grs ,,; which is
obtained by deleting v; and the two edges incident to v;. See Figure 8.

Definition 4.14 (y-symmetric matching). Having fixed an ideal triangulation 7° and an
ordinary arc y between p and ¢, we call a perfect matching P of Gro ¢, v-symmetric if the

restrictions of P to the two ends satisfy P| Hro > P| Hpo ot
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FIGURE 8. Groy,, with subgraphs Gro , ; and Hre ,, ; shaded as indicated

Definition 4.15 (Weight and Height Monomials of a ~y-symmetric matching). Fix a -
symmetric matching P of Grop,. By Lemma 12.4, P restricts to a perfect matching of
(without loss of generality) Gro ,,1. Therefore the following definitions of weight and
(specialized) height monomials Z(P) and g(P) are well-defined:

—py— P y(P)
=(P) = z(Plago )’ ()= Y(Plers 1)

We are now ready to state our result for tagged arcs with one notched end.

Theorem 4.16. Let (S, M) be a bordered surface with puncture p and tagged triangulation
T ={r,712,...,7n} = t(T°) where T° is an ideal triangulation. Let A be the corresponding
cluster algebra with principal coefficients with respect to Y. Let v be an ordinary arc with
one end incident to p, and let £, be the ordinary arc corresponding to vP) (so 1(£,) = vP)).
Without loss of generality we can assume that T contains no arc notched at p and that
v & T (see Remarks 4.11 and 4.17). Let Gre g, be the graph constructed in Section 4.2.
Then the Laurent expansion of T (p) with respect to X is given by

S— O]

[2y]8, = —— o
YRR cross(T°,y(P)) I

where the sum is over all y-symmetric matchings P of Gre g,

Remark 4.17. Note that if v is in T" (so x is an initial cluster variable), then since Ty (p) =
xyg,, we obtain the Laurent expansion of T (p) with respect to X7 by dividing the Laurent
expansion of 2y, (which is given by Theorem 4.9) by .

We prove Theorem 4.16 in Section 12.1. For the case of a tagged arc with notches at
both ends, we need two more definitions in the same spirit as the above notation.

Definition 4.18 (y-compatible pair of matchings). Assume that the tagged triangulation
T does not contain either v, v®, or 4@, Let P, and P, be y-symmetric matchings of
Grey, and Groy,, respectively. By Lemma 12.4, without loss of generality, PP‘GTO,'\/F,I
and PQ‘GTO,'yq,l are perfect matchings. We say that (P, P;) is a y-compatible pair if the
restrictions satisfy

PP|GT°,7,,,1 = P‘]‘GTO,'yq,l'
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FIGURE 9. Analogues of £, and ¢, for a loop notched at its basepoint

Definition 4.19 (Weight and Height Monomials for y-compatible matchings). Fix a -
compatible pair of matchings (P, P;) of Grop, and Groy,. We define the weight and
height monomial, respectively T(P,, P,) and §(P,, F,), as

z(Pp) z(F) y(Pp) (%)

T(Bp, Py) = s Y(Bp, Py) = :
re x(PP|GT°,~,,1)3 pe y(PP‘GTO_,,,l)B

For technical reasons, we require the (S, M) is not a closed surface with exactly 2 marked
points for Theorem 4.20 and Proposition 5.3.

Theorem 4.20. Let (S, M) be a bordered surface with punctures p and q and tagged tri-
angulation T = {11,T2,...,mn} = t(T°) where T° is an ideal triangulation. Let v be an
ordinary arc between p and q. Assume v ¢ T, and without loss of generality assume T
does not contain an arc notched at p or q. Let A be the corresponding cluster algebra with
principal coefficients with respect to Xp. Let £, and £y be the two ideal arcs corresponding
to ’y(p) and ’y(q). Let Gro g, and Gro g, be the graphs constructed in Section 4.2. Then the
Laurent expansion of .y (pa) with respect to X is given by

1

oo ) 2 PEn P U(Ey o)

P> ‘1)

[x’y(pq) ]éT =

where the sum is over all yy-compatible pairs of matchings (Pp, Py) of (Groe,,Gro,)-

Proposition 4.21. Let (S, M), p, q, T, A, v be as in Theorem 4.20, except that we assume
that v € T. Then [J:V(pq)]éT is a positive Laurent polynomial.

We prove this theorem and proposition in Section 12.3.

Remark 4.22. If in Theorem 4.20 the two endpoints p and ¢ of v coincide, i.e. 7 is a loop,
then we let ¢, and ¢, denote the loops (with self-intersections) displayed in Figure 9 for
the purpose of the formula for [J:V(pp)]“z“T.

5. EXAMPLES OF RESULTS, AND IDENTITIES IN THE COEFFICIENT-FREE CASE

5.1. Example of a Laurent expansion for an ordinary arc. Consider the ideal tri-
angulation in Figure 10. We have labeled the loop of the ideal triangulation T° as ¢ and
the radius as r. The corresponding tagged triangulation has two arcs, both homotopic to
r: we denote by 71 the one which is notched at the puncture, and by 75 the one which is
tagged plain at the puncture. The graph éTO,Y1 corresponding to the arc 7; is shown on
the left of Figure 11. It is drawn so that the relative orientation of the first tile rel(Gy, T°)
is equal to —1. Gro 5, has 19 perfect matchings.

Applying Theorem 4.9, we make the specialization x; = x122, T, = T2, Yo = Y1, Yr =
y2/y1, and x11 = 212 = 13 = 14 = 1. We find that z,, is equal to:
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F1aure 10. Ideal Triangulation 7°° of (S, M)
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FiGure 11. The graphs @Tom and ETO&)
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5.2. Example of a Laurent expansion for a singly-notched arc. To compute the
Laurent expansion of x,, (the notched arc in Figure 10), we draw the graph @T% asso-
ciated to the loop £,, where £, is the ideal arc associated to y2. Figure 11 depicts this
graph, embedded so that the relative orientation of the tiles with diagonals labeled 5 is +1.
We need to enumerate y-symmetric matchings of Gro .y, 1.6. those matchings which have
isomorphic restrictions to the two bold subgraphs. Splitting up the set of y-symmetric
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FIGURE 12. Ideal triangulation T° and doubly-notched arc -3

5 4 6 8
g \8 3 4 6
4 5 2 5 7
7 10
5 3 4
7\8 |6
6 3
9 4
6
6 N |8 7 5
8
5N\8 |7 8
4

FIGURE 13. Graphs Gro ., and Gro ¢, corresponding to ideal arcs £, £,

matchings into three classes, corresponding to the configuration of the perfect matching
on the restriction to G, we obtain

1

A
[24,]8, = ————— (z4xs(zeweas + y7 Toxg + Yrys ToT7T10)
T5TELTTTY

+  yeyr zaxio(Tox7 + Ys Trx10TT + YsYo T7TT6)
+  ysyeyr z6(To7 + Ys T7T10T7 + Ysyy T7T8Te)).

Since the initial variables appearing in this sum correspond to ordinary arcs, no special-
ization of variables was necessary in this case (except for the boundaries z13 = z14 = 1).

5.3. Example of a Laurent expansion for a doubly-notched arc. We close with an
example of a cluster expansion formula for a tagged arc with notches at both endpoints.
We build two graphs associated to the doubly-notched arc 73 in Figure 12: each graph
corresponds to a loop £, or £, tracing out a once punctured monogon around an endpoint
of v3. Note that in the planar embeddings of Figure 13, the relative orientations of the first
tiles are both +1. So each minimal matching uses the lowest edge in @T% and aTo,gq,
respectively. To write down the Laurent expansion for z.,, we need to enumerate the ~-
compatible pairs of perfect matchings of these graphs. There are 12 pairs of v-compatible
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perfect matchings in all, yielding the 12 monomials in the expansion of x.,:
[waé} = ;gg;g?%g;;;g($3$4$§$8*-951€$6$8*-y718$4$6$8$9
+  YsYs TaTAT5T6Ts + YsY7 TYTET9 + Y3YsYr ToT4T5TeTo
+  YsYsYr TaT5T7T9 + Y3YsYeYr TaTETTT + YsYeYTYs TaT5TeTT
+ Y3YaysYeY7 T3T5TeX7T9 + Y3Ys5Y6Y7Ys 3321‘§336337 + Y3Y4Ys5YeyrYs 1‘33351%957)'
5.4. Identities for cluster variables in the coefficent-free case.

Remark 5.1. Note that if we set all the y;’s equal to 1 in Section 5.2, then z., factors as

(azlom + g8 + :1:9) (xﬁm + 47210 + x4x5:1:9)'
T7L8T9 T5T6
The first term depends only on the local configuration around the puncture p (at which end
v is notched). The second term is exactly the coefficient-free cluster variable associated
to the ordinary arc homotopic to vs.
Also, if we set all the y;’s equal to 1 in Section 5.3, then ., factors as

(1‘31‘6 + x4 + le‘g,) (xﬁ + xg) (:1:43:8 + 135.%7).
T3T4T5 718 Ze
The first and second terms correspond to local configurations around the punctures ¢ and
p, respectively, and the third term is exactly the coefficient-free cluster variable associated
to the ordinary arc homotopic to vs.

These examples hint at a general phenomenon in the coefficient-free case:

Definition 5.2. Fix a bordered surface (S, M) and a tagged triangulation T' = ¢(T°) of
S. For any puncture p we construct a Laurent polynomial with positive coefficients that
only depends on the local neighborhood of p. Let 7,79, ..., 7, denote the ideal arcs of T°
incident to p in clockwise order, assuming that h > 2. (If a loop is incident to p, it appears
twice in this list, once for each end.) Let [r;, 7;41] denote the unique arc in an ideal triangle
containing 7; and 741, such that [7;, 7;41] is in the clockwise direction from 7;; here the
indices in [7;, 7;41] are considered modulo h. We set
B Z?;Ol Uz(x[n,fz}ajmajm )

Zp = 5
'/'L‘Tl xTQ o e mTh

where o is the cyclic permutation (1,2,3,...,h) acting on subscripts.
When p has exactly one ideal arc r incident to it, the tagged triangulation contains
exactly two tagged arcs r and r®) (technically +(r) and ¢(r)®)) incident to p. In this case,

Ly.(p)
Zp:r_l"
Ly

Proposition 5.3. Fiz (S,M) and T as above, let A be the corresponding coefficient-free
cluster algebra, and let v be an ordinary arc between distinct marked points p and q, or a
loop which does not cut out a once-punctured monogon. Then if p # q and p is a puncture,

Ly(p) = Zp * Ly,
and if both p and q are punctures,
Lry(pa) = ZpZq * L.
Finally if v is a loop so that p = q and vPP) is a doubly-notched loop, then

_ 2
Lpp) = Zp * Lry-
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We will prove Proposition 5.3 in Section 11.

6. OUTLINE OF THE PROOF OF THE CLUSTER EXPANSION FORMULAS

As the proofs in this paper are rather involved, we present here a detailed outline.

Step 1. Fix a bordered surface with marked points (S, M). The seeds of A = A(S, M)
are in bijection with tagged triangulations, so to prove the positivity conjecture
for A, we must prove positivity with respect to every seed Y where T is a tagged
triangulation. By Proposition 3.16, it is enough to prove positivity with respect to
every seed Y where T' = +(T°) for some ideal triangulation.

Step 2. Fix an ideal triangulation 7° = (71,...,7,) of (S, M), with boundary segments
denoted Ty41,...,Thte. Fix also an ordinary arc -, which crosses T' d times; we
would like to understand the Laurent expansion of x., with respect to ¥7. We build

a trlangulated polygon S which comes with a “lift” 4 of 4. The triangulation T
of S7 has d internal arcs labeled o1, ...,04, and d + 3 boundary segments labeled
Odtls--->024+3. We have a surjective map 7 : {o1,...,00443} — {71, .., Tntc}
This step will be addressed in Section 7.

Step 3. We build a type A4 cluster algebra .,ZL, associated to g«,, with a (3d+3) x d extended
exchange matrix. This is obtained from the (2d + 3) x d extended exchange matrix
associated to (57, T. %) (with rows indexed by interior arcs and boundary segments),
and appending a d x d identity matrix below. It is clear from the construction that
the initial cluster is acyclic.

Step 4. We construct a map ¢, from JZ,Y to the fraction field Frac(.A), such that for each
Ty, ¢4(T5) = Tr(o). We check that ¢, is a well-defined homomorphism, using

the fact that A, is acyclic, and [BFZ, Corollary 1.21]. Steps 3 and 4 will be ad-
dressed in Section 8.

Step 5. We identify a quadrilateral Q in S with simply-connected interior containing v as a
diagonal, whose other diagonal and sides (denoted 7/, a1, ag, g, avg) cross T fewer
times than v does. To do so we use (a slight generalization of) a lemma of [ST],
which will be stated and proved in Section 9.

Step 6. We check that ¢, (x5) = x,, by induction on the number of crossings of v and T'.
To do so, we use Step 5 to produce @, which we lift to a quadrilateral @ in a larger
triangulated polygon S containing § By induction, the cluster expansions of each
of Loty Loy s Tagy Lo and x,, are given by matching formulas using the combina-
torics of S. By comparing the exchange relations corresponding to the flip in Q
and the flip in @), and using the fact that cluster expansion formulas are known in
type A, we deduce that ¢, (z5) = z,.

Step 7. In type A, the matching formula giving the Laurent expansion of x5 in JZ,Y with
respect to Ei is known. Since ¢(z5) = x, and ¢, is a homomorphism, we can
compute the Laurent expansion of x, in terms of ¥7. Here we use the fact that

for every arc o; € Ty, ¢~(To;) = Tr(o,)- This proves our main theorem for cluster
variables corresponding to ordinary arcs and loops ¢ cutting out once-punctured
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FIGURE 14. Definition of the point s;

monogons. Steps 6 and 7 will be addressed in Section 10.

Step 8. We prove our combinatorial formula for a singly notched arc by using the iden-
tity x¢ = 2,2, (where £ cuts out a once-punctured monogon with radius r and
puncture p), and our now-proved combinatorial formula for z, and x,.. For doubly-
notched arcs we use an analogous strategy, using a more complicated identity (The-
orem 12.9). The proof for doubly-notched loops is the same as for doubly-notched
arcs, but we need to make sense of the cluster algebra element corresponding to a
singly-notched loop (see Definition 12.22). Step 8 is addressed in Section 12.

7. CONSTRUCTION OF A TRIANGULATED POLYGON AND A LIFTED ARC

Let T = {7, 72,...,Thtc} be an ideal triangulation of (S, M), where 74,..., 7, are arcs
and T,41,. .., Thte are boundary segments. Let v be an ordinary arc in (S, M) that crosses
T exactly d times. We now explain how to associate a triangulated polygon g«, to v, as
well as a lift 4 of -, which we will use later to compute the cluster expansion of x,.

We fix an orientation for v and we denote its starting point by s and its endpoint by
t, with s,t € M. Let s = po,p1,-..,0d, Pa+1 = t be the intersection points of v and T in
order of occurrence on v, hence pg, pg+1 € M and each p; with 1 < ¢ < d lies in the interior
of S. Let i1,12,...,iq be such that py lies on the arc 7;, € T', for k =1,2,...,d. Note that
i, may be equal to i; even if k # j.

For £k = 0,1,...,d, let 4 denote the segment of the path ~ from the point p; to the
point piy1. Each v lies in exactly one ideal triangle Ag in 7. If 1 < k < d — 1, then the
triangle Ay is formed by the arcs 7, ,7;, ., and a third arc that we denote by 7,,). If the
triangle is self-folded then 7,,) is equal to either 7;, or 7;, . Note however, that 7;, can’t
be equal to 7;,_,, since y crosses them one after the other.

The idea now is to construct our triangulated polygon by glueing together triangles
which are modeled after Ag, Aq,...,Ay. But some of Ay, Aq,...,Ag may be self-folded,
and we do not want to have self-folded triangles in the polygon. So we will unfold the
self-folded triangles in a precise way, before glueing them back together.

Let s; denote the common endpoint of 7;; and 7;,, such that the triangle with vertices
84, Pj, pj+1 and with sides contained in 7;;, 7, , and 7; has simply connected interior, see
Figure 14. Let M(y) ={s; |1 <j <d—1}.
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(S, M)
2 2 11 14 10 9 _ 7 A 12 2y
S 3| N\2 3 A 5 7 A N9 6 5\ \4 N |2
5711 12 ” 13 T100 10 14 11

Ficure 15. Construction of §,Y in a thrice-punctured square. The arcs of
T are labeled 1 to 14, and the arcs of ﬁ are labeled according to their
images under w. The arc «y is dotted. There are d = 15 crossings between
Y and T, and M(’)/) = {tl, ce ,tg}, where t1 = tg,tg =17 and t3 = tg.

We now partition the s;’s into subsets of consecutive elements which coincide. That is,
we define integers 0 = ag < a1 < ... < ay_1 < ap = d — 1, by requiring that

51 = 52 = - = 8g F Sa41
Sa1+1 =  Sa;+2 = 0 = Say - Saz+1
Sap_1+1 = Sap+2 = 0 = Sap = Sd-1-

In the example in Figure 15, we have

agn | aq | a9 | as | a4y | as | ag | ar | as

0] 3 | 4| 79 |10]12]13]14
We define t; = s4,, to = Say,-..,te = Sq—1. Note that M(vy) = {t1,t2,...,ts}, and that ¢;
may be equal to t; even if ¢ # j.

We now construct a triangulated polygon S, which is a union of fans Fi, ..., Fy, where
each Fj, consists of ap — ap_1 + 2 triangles that all share the vertex t,. We will describe
this precisely below; see Figure 15.

Step 1: Plot a rectangle with vertices (0,0),(0,1),(d —1,1),(d — 1,0).

Step 2: Label (0,0), (1,0), and (0,1) by s, t1, and ¢, respectively. For asp,+1 < k < agp41,
plot the points (k, 1) and label (agp41,1) by topio. For agpiq1+1 < k < agp9, plot
the points (k,0), and label (aspt2,0) by tonts.
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Step 3: Connect tg; by a line segment with each point (k,0) that lies between (and includ-
ing) ton—1 and top41, for 1 < h < £/2. Connect o1 by a line segment with each
point (k,1) that lies between to;, and top19, for 1 < h < (£ —1)/2.

Step 4: If £ is odd, label (d — 1,0) by ¢ and otherwise label (d — 1,1) by ¢.

Step 5: Label the interior arcs of the polygon by o1,...,04, in the order that a curve
from s to ¢t (which intersects each only once) would cross them. Set w(o1) =
Tirs- .-, T(04) = 7;,. Label the boundary segments of the polygon by o441, ..., 02413,

starting at s and going counterclockwise around the boundary of §,.

Step 6: Each boundary segment o; not incident to s or ¢ is the side of a unique triangle in
the polygon, whose other sides project via 7 to 7, ,7;, ., ,, for some k. If the ideal
triangle Ay has three distinct sides, set 7(0;) = 7},,]. Otherwise Ay is self-folded:
define 7(o;) to be the label of the radius in Ay.

Step 7: If 0 is the segment between s and ¢, define 7(c;) to be the label of the arc between
s and t; = s1 in A in the surface S (note s # s1). If 0 is the other edge incident
to s, define 7(0;) to be the label of the third side of Ag if Ay is not self-folded; and
otherwise, define it to be the label of the radius in Ag.

Step 8: If 0; is the segment between t and ¢;, define 7(o;) to be the label of the arc between
t and t; in Ag in S (note that ty # t). If o; is the other edge incident to ¢, define
7(0;) to be the label of the third side of Ag, if Ag is not self-folded; and otherwise
define it to be the label of the radius in Ay.

Step 9: Each of the triangles in this construction corresponds to an ideal triangle in T
If the ideal triangle is not self-folded, then the constructed triangle may have the
same orientation as the ideal triangle or the opposite one, but if the orientations do
not match for one such pair of triangles then it does not match for any such pair
of triangles. In the latter case, we reflect the whole polygon at the horizontal axis.

Step 10: We will use 4 to denote the arc in S, from s to ¢; we call this the lift of ~.

The result is a polygon 57 with set of vertices M and triangulation T 5. Its internal arcs
are labeled oy, ...,04, and the boundary segments are labeled o411, ...,024+3. Moreover,
each triangle ﬁz in ﬁ corresponds to an ideal triangle in 7', and, if the ideal triangle is
not self-folded, then the orientations of the two triangles match.

8. CONSTRUCTION OF A, AND THE MAP ¢,

Let (S, M) be a bordered surface with marked points, fix an ideal triangulation 7" with
internal arcs {71,...,7,} and boundary segments {7,11,...,Tntc}, and let A be the as-
sociated cluster algebra with principal coefficients. The initial cluster variables of A are
{z:, | 1 <i < n}. Using the construction of S and T in Section 7, we will construct a

related type A cluster algebra Ay, and define a homomorphism ¢, from A to Frac(A).

8.1. Construction of a type A cluster algebra. To this end, let g«, be the polygon
with triangulation f«, constructed in Section 7. Recall that its internal arcs are labeled
o1,...,04, and its boundary segments are labeled g441,...,09443.

We define a (3d+3) x d exchange matrix B as follows. The first 2d+3 rows are the signed
adjacency matrix of the triangulation T 5 together with its boundary segments. The bottom
d rows are a copy of the d x d identity matrix. We let jﬂy = A(E), and denote the initial
cluster by X7 - We denote the coefficient variables by {Zs,. ;- Ty} U{Yors- -+ Yoy}

We let P = Trop(a;adﬂ, e TonyinyYors - -+ You) De the tropical semifield.
The following lemma is obvious.
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Lemma 8.1. The 2d + 3 coefficient variables of .A are encoded by both the boundary
segments ofS and elementary laminations associated to the internal arcs ofS

For each k£ = 1,2,...,d, denote by x’ak the cluster variable obtained by mutation from
X7 in direction k.

ol
Proposition 8.2. ./Z,Y is a cluster algebra of type Ag, and its initial seed is acyclic. It fol-
lows that A, is generated over ZIP by the initial d cluster variables and their first mutations,

that is, the set {x, ,..., 2, Ty ..., Ty, }. The ideal/ of relations among these variables is

generated by the d exchange relations expressing Tq,T,, in terms of other cluster variables.

Proof. ,Z,Y is of type A4 with acyclic initial seed, because 57 is a polygon with d+3 vertices,

and each triangle in T 5 has at least one side on the boundary of 57. The last two statements
now follow from [BFZ, Theorem 1.20 and Corollary 1.21]. O

8.2. The map ¢,. We now define a homomorphism ¢, of Z-algebras from the cluster
algebra A, to the field of fractions Frac(.A) of the cluster algebra A. We define ¢, on a set

of generators of .,ZL, and then show that it is a well-defined homomorphism, by checking
that the image of the d exchange relations from Proposition 8.2 are relations in Frac(.A).

8.2.1. Definition of ¢~ on the variables corresponding to arcs of TVW. If 0; is an internal arc
or boundary segment of T (so 1 < j < 2d + 3), define

(81) ¢"{(x0']') :xﬂ'(O']')'

We make the convention that if 7(0;) is a boundary segment of S, then Tr(o;) = 1. Also
recall that if m(o;) is a loop in a self-folded triangle then the notation Tr(o,) stands for the
product x,x, (), where 7 is the radius and p is the puncture in the self-folded triangle.

8.2.2. Definition of ¢~ on the first mutations of the initial cluster variables. Define

(8.2)
x;(aj) if 7(o;) is not a loop or a radius;
6 (2 ) = Te if 7(0;) is a loop, where e is obtained by flipping 7(c;);
Y xO'j -
(1 + Ir ) Ty if w(oj) is a radius 7 to a puncture p.
yr(l’)

8.2.3. Definition of ¢~ on the coefficients y,,. Define

Yr(o;) if m(oj) is not a loop or a radius;

Yr
yr(ﬁ)

if m(o;) is a radius r to a puncture p;

83)  &y(ys,) =

Yy (p) if 7(o;) is a loop enclosing the radius r and puncture p.
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o
0j—1 oj Oj+1 m(oj-1) 7(o;) |m(oj41)
s
FIGURE 16
T 4
o1 o; m(oj-1) (o)
—
ojt1 ¢ m(0j41)

FIGURE 17

8.2.4. Definition of ¢ on the whole cluster algebra. By Proposition 8.2, defining ¢., on the
cluster variables and their first mutations, as well as on the generators of the coefficient
group, is enough to define a homomorphism of Z-algebras ¢, from A, provided that ¢,

is well-defined. Note that ¢, is a map from .%L to Frac(A), rather than a map to A itself.
Proposition 8.3. The map ¢ is a well-defined homomorphism of Z-algebras

by .,ZL, — Frac(A).
Proof. By Proposition 8.2, it suffices to show that ¢, maps the d exchange relations in-
volving x,, ;. to relations in .A. We prove this by checking three cases: 7(c;) is not a loop

or radius; 7r(oj) is a loop enclosing a radius r; and 7(o;) is a radius .

In all cases, the exchange relation in A,Y is determined by the quadrilateral in T with
diagonal o, which projects via 7 to the quadrilateral in 7" with diagonal (o). Note that

in all cases, the exchange relation in JZ has the form
(84) xU; o; = Yoy H$b + me

where b ranges over all arcs in T" following o; in clockwise order, and c ranges over all arcs
in T following o; in counterclockwise order.

In the first case (when 7(o;) is not a loop or radius), the local configuration of the
triangulation is either that of Figure 16 or Figure 17. The image of the exchange relation

under ¢, is
Tl Un(ey) = Yntop) | ] #x) + [ [ 2o
b c

This is exactly the corresponding exchange relation (“Ptolemy relation”) in A.

Note that in theory we also need to consider configurations such as that in Figure 18,
where one or both of the arcs m(0j_1) and 7(o;41) are loops cutting out once-punctured
monogons with puncture p and radius r. If say 7(o;_1) is such a loop, then the image of

the exchange relation in A contains Tr(o;_1) = acTacg P) However, the resulting relation will
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0j—1 gj
T
>
Oj+1
FIGURE 18
aq
0j-1 0j Qg
™
>
Ij+1
FIGURE 19
0j—1 0
™
| E—
Tj+1
FiGURE 20

still be an exchange relation in A (a “generalized Ptolemy relation”), by [FT, Proposition
6.5, Lemma 7.2, and Definition 7.4].

Now suppose that 7(c;) is a loop enclosing the radius  and puncture p. See Figure 19.
Note that 7(0j—1) = m(a1) = r. In this case (8.4) is equal to

/ j—
xajxo'j - yajxaj,lxag + $0j+1$011
and its image under ¢, is
Lr(oj)le = Yr@) TrLr(as) + Lr(ojp1)Trs

where e is the arc obtained by flipping 7(0;). Since 2 (s,) = 2,2, dividing by z, yields
exactly the exchange relation for z, (. in A, see equation (7.1) of [FT].

Finally suppose that m(c0;) is a radius r to a puncture p; let £ denote the corresponding
loop around the puncture, see Figure 20. Note that the two boundary segments on the
left-hand-side of the figure project to m(o;). In this case the image of (8.4) under ¢, is
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(651

aq
Q9
/

Y
Qg Qo
Q9

(6%}

FIGURE 21. Configurations of the ideal triangles incident to +/

Yr Y
Tr(oy)(1+ %)xrwr@) = oy (o) + TTr(o,)-
Since xy = x,Z, (), this is an identity. This completes the proof. ]

9. QUADRILATERAL LEMMA

Lemma 9.1. Let T = {71,...,Tntc} be an ideal triangulation of (S, M), and let y be an
arc in (S, M) which is not in T. Let e(y,T) be the number of crossings between v and T.
Then there exist five, not necessarily distinct, arcs or boundary segments oy, aa, ag, oy
and ' in (S, M) such that
(a) each of a1, ag, as, ay and ' crosses T fewer than e(~y,T) times,
(b) a1, ag, as, ay are the sides of an ideal quadrilateral with simply connected interior
in which v and ' are the diagonals.

Proof. We use induction on k = e(y,T). If k = 1, let v/ € T be the unique arc crossing
v. Then +' is a side of exactly two triangles in 7. We distinguish three cases according to
how many of these triangles are self-folded, see Figure 21.

(1) If neither triangle is self-folded, let a1, ag and +/, and also a3, oy and 4’ denote the
three sides of the two triangles, such that oy and a3 (and hence also as and ay) are
opposite sides in the quadrilateral formed by the union of the two triangles. Then
these arcs satisfy (a) and (b), see the left of Figure 21.

(2) If one of the two triangles is self-folded, then let ay and ' denote the two sides
of the self-folded triangle, and let oy, as and +' denote the three sides of the other
triangle. Since 7 crosses 7/ but not ay, it follows that 4’ is the loop of the self-
folded triangle and a4 is its radius. Setting as = a4, we obtain five arcs that satisfy
conditions (a) and (b), see the middle of Figure 21.

(3) The case where both triangles are self-folded is actually impossible, because two
self-folded triangles that share a side can only occur on the sphere with three
punctures, but this surface is not allowed, see the right of Figure 21.

Suppose & > 2. Choose an orientation of v and denote its starting and ending points
by a and b (note that a and b may coincide). Label the k crossing points of v and T by
1,2,...,k according to their order on ~, such that point 1 is closest to a. Let h be the
middle crossing point, more precisely, let h = [k/2]|. Denote by 7 the unique arc of the
triangulation 7" that crosses v at the point with label h, and let r = e(7,~) be the number
of crossings between 7 and . Choose an orientation of 7 and denote its starting point by
¢ and its endpoint by d (note again that ¢ and d may coincide). As before with -, label
the r crossing points of 7 and ~ by j1, jo, ..., Jr according to their order on 7 (see Figure
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FiGURE 22. Labeling of the crossing points of v and 7. Here k£ = 12 and
Je=Jj2 =h=6.

22). Thus r < k, {j1,72,---,79r} C {1,2,...,k}. Note that s < ¢t does not imply js < ji.
Choose ¢ so that j; = h is the middle crossing point.
We will use 7 and ~ to construct the five arcs of the lemma. Let v~ (resp. 77) denote
the curve v (resp. 7) with the opposite orientation. We will distinguish four cases:
(1) (=1 orji—1 < j¢) and (€ =1 or jyy1 > je). We define the arcs below, and we
illustrate them as the dashed arcs in Figure 23, continuing the example of Figure
22. Suppose first that 1 < £ < r. Let

7, = (avjfflajprla b | YT, 7)
be the arc that starts at a and is homotopic to v up to the crossing point j,_1,
then, from jy_1 to jgi1, 7/ is homotopic to 7, and from jy.1 to b, 7' is homotopic
to 7. Note that 4/ and ~ cross exactly once, namely at j,.
In a similar way, we define

a1 = (a’vjf—hj@va’ ‘ 777—77_) a3 = (b7j€+17j€7b ‘ 7_77_77)
Q2 = (a7j€7j€+17b | YT, ’Y) a4 = (b7j€7j€—17a ‘ 7_77_77_)'
In the special case where ¢ = 1, (respectively ¢ = r), we define

(
v = (¢, je+1,b | 7,7)  (vespectively 7' = (a, je-1,d | 7, 7)
Q] = (C, jfv a ‘ T, 77) (reSPeCtiVely a3 = (d’ j@) b | 7_7’,)/)
a4 = (b’ j@v C | 77/7—7) (reSPeCtiVely Qg = (aajev d | 7?7—)7
where ¢ and d are the starting and ending points of 7. In particular, if £ =r =1
then ' = 7.

Then a1, ag, a3, ay form a quadrilateral with simply connected interior such that
a1 and ag are opposite sides, as and a4 are opposite sides, and v and +' are the
diagonals. The topological type of this quadrilateral is as in the left-hand-side of
Figure 24. This shows (b).

It remains to show (a). By hypothesis, we have j,_1 < jy = h and jy4 1 > jo = h.
Moreover, since the crossing points jy_1, and j, both lie on the same arc 7 of the
ideal triangulation, the arc v must cross some other arc between the two crossings
at je—1 and jp; in other words, jy—1 < je—1 = h—1. Similarly jp1 > je+1=h+1.
Also recall that £ < 2h <k + 1. Then

e\ T) = (1 —1)+(k—jim1+1) < h—2+h+1 < k
€(O¢1,T) = (jg,1—1)+jg < h—2+h < k
e(as, T) = (k—jus1)+(k—je+1) < k—h—-14+k—h+1 < k
e(ae, T) = (Je—1)+ (k= jes1) < h—-14k—-h-1 < k
e(ay, T) = (k—je)+ (Je—1 — 1) < k—h+h—2 < k
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F1cure 23. Construction of 7/, a1, as, a3 and ay in case (1)

(%) a2
A

QY Q4
FIGURE 24. Different topological types of quadrilaterals

In the case where £ = 1, we have

e(v,\T) = k—jex1 < k

6(0&1, T) = ge—1 < k

e(ag, T) = k—j; < k,
and in the case where £ = r, we have

6(7,7T) = jf—l -1 < k

e(as, T) = k—jo < k

e(w,T) = j—1 < k.

This shows (a).
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F1curE 25. Construction of 7/, a1, an, a3 and ay in case (2)

(2) (=1 orjy—1 < je) and (£ =71 or jer1 < je). This case is illustrated in Figure 25.
Suppose first that 1 < £ < r.
Let v = (a,je—1,je+1,a | v, 7,7 ) be the arc that starts at at a and is homotopic
to v up to the crossing point j,_1, then, from j,_1 to jsi1, 7' is homotopic to 7,
and from jy.1 to a, 7' is homotopic to yv~. Note that 4" and ~ cross exactly once,
namely at the point j,. In a similar way, let

a1 = (avjbj@_lva | 777—_77_) a3 = (b,je,jg+1,a | 7_77—77_)
Q2 = (avjf—hj@vb ‘ YT, 'Y) Q4 = ((17je+17je7(1 | 777—_77_)

In the special case where ¢ = 1, (respectively ¢ = r), we define

v = (¢, jes1,a | 7,77)  (vespectively v = (a, jr—1,d | 7,7)
Q)] = (aajev C | 777_7) (reSPeCtiVely ag = (bvjfad ‘ 7777_)
Qg = (Ca j@v b | T, 7) (respectively a4 = (d7 j@aa ‘ 7—7777)7

where c is the starting point of 7 and d is its endpoint. Note again that 7/ = 7 if
{=r=1.

Then a1, a9, as, ay form a quadrilateral with simply connected interior such that
a1 and ag are opposite sides, ap and ay are opposite sides, and v and +' are the
diagonals. The topological type of this quadrilateral is as in the right-hand-side
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of Figure 24. This shows (b). It remains to show (a). By hypothesis, we have
Jo—1 < je = h and jpi1 < jy = h. As in case (1), the crossing points j,;_1,
and jp both lie on the same arc 7 of the ideal triangulation, and thus the arc
must cross some other arc between the two crossings at j,_1 and jy; in other words,
Je—1 < j¢e—1 = h—1. Similarly js41 < jy—1 = h—1. Also recall that £k < 2h < k+1.

Then
e\ T) = (Ge1—D+Uer1—1) < h=2+h-2 < k
e, T) = (Je— 1) +Jje—r < h=1+h-1 < &k
6(0&3,T) = (k-jg)—i-(jg.;q-l) < k—-h4+h-2 < &k
6(0&2,T) = (jg_l—l)-i-(k?—jg) < h—-24k—-nh < k
e(a4,T) = (jg+1—1)+jg < h—24+h < k
In the case where £ = 1, we have
e\ T) = jiri—1 < k
e(1,T) = ju—1 < k
€(a27T) = k _jf < ka
and in the case where £ = r, we have
€\ T) = jer—1 < k
e(as, T) = k—j, < k
€(Oz4,T) = Je—1 < k.

This shows (a).

(3) je—1 > je and joi1 < je. This case follows from the case (1) by symmetry.
(4) jo—1 > je and jpi1 > je. This case follows from the case (2) by symmetry.

10. THE PROOF OF THE EXPANSION FORMULA FOR ORDINARY ARCS

The main technical lemma we need in order to complete the proof of our expansion
formula for ordinary arcs is that ¢,(xy) = z,. Once we have this, the proof of our
expansion formula for ordinary arcs will follow easily.

10.1. The proof that ¢,(x5) = x,. In this section we show that the constructions of 57

and ﬁ, in Section 7 are compatible with the map ¢, defined in Section 8 in a sense which
we make precise in Theorem 10.1.

Fix a bordered surface (S, M), an ideal triangulation 7" = (74, ...,7,), and let A be the
corresponding cluster algebra with principal coefficients with respect to T'. Also fix an arc
~ in S. This gives rise to a polygon S with a trlangulatlon T, = = (0],...,0)), alift ¥ of

v in Sw a cluster algebra Ay, a projection T : T — T, and a homomorphlsm
Py : A«, — Frac(A),
such that ¢,(z,7) = 2(57)-
J

J
Theorem 10.1. Using the notation of the previous paragraph, we have that
D (25) = y.
Proof. We prove Theorem 10.1 by induction on the number of crossings of v and T'. When
this number is zero, there is nothing to prove. Otherwise, by Lemma 9.1, there exists a

quadrilateral @ in S with simply-connected interior, which has diagonals v and +/, and
sides aq, aso, a3, ay. Moreover, each of 4" and the four sides crosses T' fewer times than
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FI1GURE 26

does. See Figure 26 for an example of a surface, an arc v (bold), and the corresponding
quadrilateral with sides aq,..., a4 and diagonals 7 and +', as well as the triangulated
polygons S, and S,.

By induction, we have five triangulated polygons S Sal, e §a4, five lifts 7~’, A1y ..., 00,
in the respective polygons, five associated cluster algebras, and five different homomor-
phisms ¢/, ¢ay, - -, oy, such that

(10.1) Oy (Ty) = Tyt Pay(Ta;) = Tay, fori=1...4.
We let ﬁ, = {a'yl }J and T, o; = {0}, denote the triangulations of § » and § for 1 <

1 < 4. Because S S v, and Sa are polygons, the corresponding cluster algebras .Aq,,.A

and Aai are of type A. In type A, the cluster expansion formulas (in terms of weights and
heights of matchings) of Section 4.3 are already known to be true [MS]. Therefore, letting
Matchg (27, y,) denote the formula given by Theorem 4.9, for i = 1,2,3,4 we have

A
(10.2) [;1::,],{;7 = Matc}l@,ﬁﬂ(mtf}’ya;')
.A ’
(10'3) [137~/]xiY = MatCh§ /, T s ( U]y/ ) yg]y/)
.Aa
(10.4) [xal]xrf = Matchg 7 4 ;, (@ U?i,ya;i).
Using (10.1) and the fact that qb,y, ¢, and ¢, are homomorphisms, we have
(10.5) Py (75) = MatChS T, «,( w(a;’)v(b’Y(yU;’))
(106) J},y/ = ¢’y’( ) Match~ T ’Y ( ﬂ_(o_;/), Qﬁ,\// (yU;//))
(10.7) To; = Oo; (Ta;) = MatchS o (xﬁ(o.?i)uqbai (3/0;%))

The matching formulas above use the combinatorics of six different triangulated poly-
gons. We would like to view Ehem all inside one polygon To this end, consider the
triangulated polygons S, and S,. Because v and v intersect (exactly once) in S, the

local neighborhoods around the correspondmg points in S and S + coincide (there are at
least two triangles in common and perhaps more). Therefore we can glue (S«,,T ) and
(Sy/,Ty) together at this point, getting a larger polygon S with triangulation T = {o;};.
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FI1GURE 27

Figure 26 shows the triangulated polygons §,Y and §ﬂ/ associated to vy and 4/, and Figure
27 shows the polygon S obtained by glueing them together. Abusing notation, we denote
the projection T—>T by 7.

Up to isotopy, there are now four unique arcs which form the boundary of a quadrilateral
Q with diagonals 4 and 7~’ , and these four arcs together with the set of triangles they pass
through are isomorphic to @; in gai. Therefore we can view the polygons 57, and gai and
the arcs 7~’ and @; as sitting inside S. Using this observation together with equations (10.5)
to (10.7), we get

(10.8) ¢y (25) = Matchg 7 - (2r(o,), 9(yo;))
(10.9) zy = Matchg 7 = (Zr(o;): #(Yo,; )
(10.10) La; = MatChS\,f’di (xw(aj)) ¢(y0'j))7

where ¢ denotes the specialization of y-variables from equation (8.3).
Because v, and the «; form a quadrilateral in S, we have a generalized Ptolemy relation
in A of the form

(10.11) Ty Ty = YiZo Ty + Y_TayTay,
where Y, and Y_ can be computed using the elementary laminations associated to the arcs
of the triangulation T

On the other hand, since ’y,yN’ ,a; form a quadrilateral in §, we have a generalized
Ptolemy relation in A4(S) of the form

(10.12) Ty = Yy Za, Ty + VT, Ta, s

where again fﬂr and Y_ can be computed using the elementary laminations associated to
the arcs of the triangulation T
Because the cluster expansion formulas hold in type A, we can rewrite (10.12) as

Matchgfﬁ(a:c,j , yc,j)Matchgﬁﬁﬂ;, (o, Yo,) = Y4 Matchg 7 o (%o, Yo, ) Matchg 7 ; (2o, Yo, )

7073
+Y. Matchg 7 ;. (To;s Yo, ) Matchg 7 o (%o), Yo, )-
Now we specialize variables in the above formula, substituting z(,,) for each z,, and
substituting ¢(y,;) for each y,, as in equation (8.3). Using equations (10.9) to (10.10),

this gives us

(10.13) MatChﬁﬁfy(xfr(aj)’ ¢(y0'j)) Lyt = P(Yy)Tay Tag + O(Y-)TayTay-
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We now state a lemma, which we will use immediately and prove momentarily.
Lemma 10.2. ¢(Y,) =Y, and ¢(Y_) =Y_.
Using Lemma 10.2 and comparing equation (10.13) to equation (10.11), we see that
zy = Matchg 7 - (% (o), (Yo, ))-
But now by equation (10.8), we get the desired result ¢ (z5) = . O
We now turn to the proof of Lemma 10.2.

Proof. The monomials Yy and Yy are defined by equations (10.11) and (10.12) and are
computed by analyzing how the laminations associated to the arcs of T" and T cut across
the quadrilaterals Q ¢ S and Q C S.

By the definition of shear coordinate, the only laminations which can make a contri-
bution to the Y’s (respectively, }7’5) are those intersecting v and two opposite sides of )
(respectively, 4 and two opposite sides of @) In particular, these laminations must be
a subset of the laminations Ly ... ’Lﬂ'd (respectively, Ly, ..., Ly,, where o1,...,04 are

arcs of the triangulation of 57 cS )
We claim that for every such arc 7;, in 7" which is not a loop or radius, the lamination

Lz, has the same local configuration in @ as L,, does in Q. (Recall that m(o},) = Tiy-)

To see why this is true, recall that §,Y is constructed by following v in S, keeping track of
which arcs it is crossing, and glueing together a sequence of triangles accordingly. In S,
we can imagine applying an isotopy to v/, so that it follows ~ as long as possible without
introducing unnecessary crossings with arcs of the triangulation, before leaving v to travel
along a different side of the quadrilateral. Recall that each elementary laminate Ly, is
obtained by taking the corresponding arc 7;, and simply rotating its endpoints a tiny
amount counterclockwise. So a laminate Lr, will make a nonzero contribution to the
shear coordinates if and only if it crosses a side of @ (say ag), then v and ~/, then the
opposite side ay of @, without crossing a; or ag in between. (The corresponding arc 7,
will either have exactly the same crossings with @, or it may have an endpoint coinciding
with an endpoint of ay.) In this case the lift o of 7, will be an arc of S which is an
internal arc common to both g«, and gv’? it is clear by inspection that it will cut across
the two opposite sides as and &y of @, see Figure 27.

Therefore the corresponding contributions to the shear coordinates will be the same
from both the arc 7;, and its lift o). Since ¢(yo;) = Yr(o;) if m(0;) is not a loop or radius,
we can henceforth ignore the contributions to the Y-monomials which come from such arcs
7i, and their lifts oy.

It remains to analyze the contribution to the shear coordinates from a self-folded triangle
in T', and the contributions to the shear coordinates from its lift in 7. We will carefully
analyze a representative example, and then explain what happens in the remaining cases.

The leftmost figure in Figure 28 shows the quadrilateral @) in S; v is the arc bisecting it.
We’ve also displayed a self-folded triangle in 7" with a loop 7;, and radius 7;, to a puncture
p- Just to the right of this is the same quadrilateral, and the elementary laminations L.,

and LnQ- To the right of that is the quadrilateral @, bisected by the arc 7. Here, o1, 02,
and o3 are the lifts of 73, and 73, in Q; 7(01) = 7(03) = 75, and 7(03) = 7,. The rightmost
figure in Figure 28 shows () together with the elementary laminations L,,, Ls,, and Lg,.
C~omputing shezjr coordinates, we get by (T, L, ) = by(T', Lr,,) = —1, and also b5(T', L,,) =
b5(T, Ls,) = b5(T, Ls,) = —1. Therefore the Y_ monomial in R gets a contribution of
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FIGURE 28

FiGURE 29

YriyYriy = Y 0)Yriy» and the Y_ monomial in R gets a contribution of ys, Yo, Yoy Applying
2

()5 AS desired.
2

. . yTi
¢ to this gives ¢ (Yo, Yo, Yo, ) = yfg) Ty = Yy
]

Figure 29 shows two more ways that a self-folded triangle from 7" might interact with
the quadrilateral Q. Each row of the figure displays the self-folded triangle and the corre-
sponding elementary laminations, and the lift of the self-folded triangle in 7" and the corre-
sponding elementary laminations. In the example of the top row, we have b, (T, Lnl) =0,
by (T, Ly,) = =1, b5(T, Lg,) = 0, b5(T', Lo,) = —1, and b5(T', L,,) = —1. In the example of
the second row, we have b, (T, L, ) = —1, b,(T, L-,,) = 0, ba(f, Ly) =—1, ba(f, Ls,) =0,
and bs(T, Ly,) = 0.

All other configurations of a self-folded triangle from T either make no contribution to
the shear coordinates indexed by ~ (in which case the same is true for the lift of that self-
folded triangle), or come from either rotating or reflecting one of the configurations from
Figure 29. We leave it as an exercise for the reader to check that just as in the example

of Figure 28, the monomials corresponding to the shear coordinate b5 (f, Ly, ULy, ULgy)
map via ¢ to the monomials corresponding to the shear coordinate b (7, Lﬂ.l U LTI.2 ).
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FiGURrE 30

It may seem that our arguments and figures rely on the assumption that the quadrilateral
@ has four distinct edges and four distinct vertices. However, one can always slightly
deform a quadrilateral with some identified vertices or edges to get a quadrilateral with four
distinct edges and vertices; see Figure 30. It is not hard to see that the shear coordinates
of a lamination with respect to a given arc are unchanged if we work instead with this
deformation, so our arguments extend to this situation.

This completes the proof of the claim, and hence the theorem. O

We are now ready to prove Theorem 4.9.

Proof. We have fixed (S, M), an ordinary arc -, and an ideal triangulation 7" with internal
arcs Ti,...,T, and boundary segments T,y1,...,Tnte. 1Lhis determines a cluster algebra
A with principal coefficients with respect to ¥7. From (S, M), T, and v we have built a
polygon g«, with a “lift” 4 of v, together with a triangulation ﬁ, with internal arcs o1, ..., 04
and boundary segments o441, ...,024+3. We have a surjective map = : {o1,...,02443} —
{71,y Tntc}. Furthermore, we have associated a type Ay cluster algebra .%L to g«,,
and a homomorphism ¢, from “Zv to Frac(A). This map has the property that for each
o; €{01, ..., 02413}, Oy(To;) = Tr(s,)- Additionally, by Theorem 10.1, ¢, (75) = .

Since “Zv is a type A cluster algebra, we can compute the Laurent expansion of x5
with respect to Zﬁ’ More specifically, [MS] proved Theorem 4.9 for unpunctured surfaces,
which in particular includes polygons. At this point the reader may worry that Theorem
4.9 cannot be applied to “177 as jﬂy is not simply a cluster algebra with principal coeffi-
cients associated to a triangulation — it has extra coefficient variables corresponding to the
boundary segments of rﬁy. However, consider the triangulated polygon (5;,177 ») that we
obtain from (gq,,ﬁ,) by adding c triangles around the boundary, each one with an edge
at a boundary segment, and consider the corresponding cluster algebra ,Zﬁf with principal

coefficients. This is still a type A cluster algebra so we can use the result of [MS] to apply
Theorem 4.9 to expand the cluster variable corresponding to 4 with respect to Yz in
2

"Z/v Clearly the formula giving the Laurent expansion of x5 with respect to Zﬁ in .,ZL, is
identical to the formula giving the Laurent expansion of the cluster variable corresponding
to 4 with respect to Zﬂ in ,Zﬁf

Therefore we can apply Theorem 4.9 to get the cluster expansion of x5 with respect to
Zﬁ in .,AL: in other words, we build a graph GT%,Y, and the cluster expansion is given as

a generating function for perfect matchings of this graph. The variables in the expansion
are Tgy, .-+, Topy s a0d Yoy, ..., Yo, Therefore, since ¢, is a homomorphism such that
b~ (T5;) = Tp(o,) for 1 < i < 2d+ 3, and ¢ (75) = T (,), computing the Laurent expansion
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FiGure 31

for . with respect to T' in A amounts to applying a specialization of variables to the
generating function for matchings in Gz .

It follows from the construction in Section 7 that the unlabeled graph Gﬁ 5 is equal

to the unlabeled graph G7.: this is because the triangulated polygon (gy,f.y) is built
so that the local configuration of triangles that 4 passes through is the same as the local
configuration of triangles that -+ passes through in 7. Additionally, an edge of G~W 5 labeled

o; corresponds to an edge of G, labeled 7(0;).

Comparing the definition of ¢, on the coefficients y,, (Equation 8.3) to the definition
of the specialized height monomial (Definition 4.8), we see now that applying ¢- to the
generating function for matchings in Gﬁ,«? yields exactly the formula of Theorem 4.9

applied to S, T', and . This completes the proof of the theorem. O

11. POSITIVITY FOR NOTCHED ARCS IN THE COEFFICIENT-FREE CASE

In this section we will use Proposition 5.3 together with our positivity result for ordinary
arcs to prove the positivity result for notched arcs (in the coefficient-free case).

Proof of Proposition 5.3. Fix a bordered surface (S, M) and an ideal triangulation 7° of S.
Let A be the associated coefficient-free cluster algebra. Consider a puncture p, a different
marked point ¢, and an ordinary arc v between p and ¢. Consider a third marked point
s and an ordinary arc p between p and s. Let a and 3 be the two ordinary arcs between
q and s which are sides of a bigon so that the triangles with sides «,~, p and (3, , p have
simply-connected interior. See the left-hand-side of Figure 31.1 .

~(P) o(P)

x

Then in A, TyZpp) = TaTTF = Toym)Tps which implies that = In other words,

the ratio w;# is an invariant which we will call z;,, which depends only on p, and not the
choice of ordinary arc - incident to p. If we take the same bigon with sides a and § and
notch all three arcs emanating from ¢, we get Z 4q)Zp) = Ty + Lgw) = ZqTa + 2gT3 =
zq(x,y(p):vp). Therefore 2. (g = 24T ) = ZpZgT -

So far we have treated the case where v has two distinct endpoints. Now suppose that
v is an ordinary loop based at p which does not cut out a once-punctured monogon. Then
choose a marked point ¢ in the interior of =, another marked point s, and an ordinary
arc from ¢ to s which crosses v once. Let a; and a9 be ordinary arcs between p and
s, and a3 and ay4 be ordinary arcs between p and ¢ so that the a; form the sides of a
quadrilateral with simply-connected interior. See the right-hand-side of Figure 31. Then

TyTp = TayTas + TasTa, and T om) Tp = xagp)xagp) + xaép)xaip), where xal(_p) = 2pTa;. It

follows that @ s = z}%xv.

What remains is to give an explicit expression for the quantity z,. For v an ordinary
Z_(p)
.

arc with distinct endpoints, we know that z, = does not depend on the choice of ~,
so we make the simplest possible choice. Choose 7 to be any arc of T° which is incident
to p, so that z,, is in the initial cluster associated to 7. Let ¢ denote the other endpoint

of 71, and let ¢, be the loop based at ¢ cutting out a once-punctured monogon around p.
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:L,T(p) Ty . . e .
Then xy, =z T ), SO 2, = —— = —*. The variable x,, is an initial cluster variable and
D 1 Tlp ’ P Ty zZ 1
we can compute the Laurent expansion of x4, using Theorem 4.9.
It is easy to see that the graph Gre g, consists of h — 1 tiles with diagonals 7o, ..., 7,
where 71, 79,..., 7, are the arcs of T° emanating from p (say in clockwise order around p).

3

The tiles are glued in an alternating fashion so as to form a “zig-zag” shape, see Figure
32. Also, 71 is the label of the two outer edges of G y,. Now a straightforward induction
on h shows that applying Theorem 4.9 to /£, gives

h—1 _;
Ly Zi:o 0’2({13[7_177_2}1‘7_31‘7_4 e xTh)

€T =
b Ty Ty, ’
where o is the cyclic permutation (1,2,3,...,h) acting on subscripts. Dividing this ex-
pression by xgl gives the desired expression for z,. This completes the proof. O

Corollary 11.1. Fiz a bordered surface (S, M), a tagged triangulation T' of the form «(T°)
where T° is an ideal triangulation, and let A be the corresponding coefficient-free cluster
algebra. Then the Laurent expansion of a cluster variable corresponding to a notched arc
with respect to X is positive.

Proof. This follows immediately from our positivity result for cluster variables correspond-
ing to ordinary arcs, together with Proposition 5.3. O

12. THE PROOFS OF THE EXPANSION FORMULAS FOR NOTCHED ARCS

In this section, we prove the results of Section 4.4, giving cluster expansion formulas for
cluster variables corresponding to tagged arcs. We use algebraic identities for cluster vari-
ables to reduce the proofs of Theorem 4.16 and Theorem 4.20 to combinatorial statements
about perfect matchings, v-symmetric matchings, and ~-compatible pairs of matchings.

In particular, for the case of a tagged arc 4(?) with a single notch at puncture p (Theorem
4.16), we use the equation Ty, = TyToy ) and the fact that Theorem 4.9 gives us matching
formulas for two out of three of these terms. For the case of a tagged arc 79 with a
notch at both ends, punctures p and ¢ (Theorem 4.20), we use an identity (described in
Section 12.2) involving T (pa) and three other cluster variables, where all other terms except
T (pa) have matching formulas from Theorems 4.9 and 4.16. In both of these cases, the
fact that the desired matching formulas for Loy (p) and T (pa) satisfy combinatorial identities
analogous to the algebraic identities coming from the cluster algebra completes the proofs
of Theorems 4.16 and 4.20. Before giving these proofs, we introduce some notation and
auxiliary lemmas. We begin by describing the shape of the graph Gro 4, in more detail.

Definition 12.1. Let H; be the connected subgraph of Gro g, consisting of the union of
the tiles G¢, through G¢, ~(see the notation of Section 4.4 and Figure 8).
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1

1

FIGURE 33. The graph Gro ¢,. There exists no perfect matching of Gre g,
containing the highlighted edges. Here e, is even.

Remark 12.2. Tt follows from the construction of G g, in Section 4.2 and the fact that (3
through (¢, all share a single endpoint, that H. contains no consecutive triple of tiles all
of which lie in the same row or column.

Remark 12.3. Since the arcs 7;,,(1, e, are the sides of a triangle in 7°, and 7;,_, and 7,
share a vertex, it follows that in the graph Gro g, either the three tiles G%i1 , GTid’ and
Gg, or the three tiles G, ,Gr, and G, lie in a single row or column. Thus, we may
assume without loss of generality that tiles GTid_l’ Gﬂ.d, and G¢, lie in a single row and
tiles G Gr,,, and G¢, do not. See Figure 33.

Tid*l’ Tid

Lemma 12.4. If P is a perfect matching of Gre g, then P restricts to a perfect matching
on at least one of its two ends. More precisely, P|q,. - is a perfect matching of Gre , 1,

or the analogous condition must hold for P|g,. 2

Proof. See Figure 33. We let w; (respectively wq) denote the other vertex of the edge
labeled (., (respectively (1) incident to vy (respectively va). Suppose that P is a perfect
matching of Groy, whose restriction to each of the subgraphs Gro ., ; is not a perfect
matching. The restriction of P to Gro ., 1 is not a perfect matching if and only if P
contains the edge labeled (s incident to vertex vy. Then P must also contain the edge
labeled 7;, on the same tile because otherwise the vertex w; could only be covered by the
edge labeled 7;, , and this would leave a connected component with an odd number of
vertices to match together.

Similarly, the restriction of P to Gre ,2 is not a perfect matching if and only if P
contains the edge labeled (e,—1 incident to vertex vo. Then P must also contain the edge
labeled 7;, incident to w2 on this same tile. However, no perfect matching P can contain
all four of these edges since by Remark 12.2, H contains no consecutive triple of tiles lying
in a single row or column. Thus we have a contradiction. O

12.1. Proof of the expansion formula for arcs with a single notch. For the proof
of Theorem 4.16, we also need the following fact.

Lemma 12.5. The minimal matching P— of Gro g, 1s a y-symmetric matching.
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by,

EN

FIGURE 34. One of the matchings P_ and P of Gro g, must contain the
highlighted edges and is therefore y-symmetric. Here e, is odd.

Proof. Since P_ and P, are the unique perfect matchings of Gro 4, using only boundary
edges, it follows that exactly one out of {P_, P}, say P, contains the edge labeled 7;, ,
on the tile Gnd containing v1. The perfect matching P, cannot contain the edge labeled 7;,
on the adjacent tiles. As shown in Figure 34, the perfect matching P, contains other edges
on the boundary in an alternating fashion. Since the two ends of Gre 4, are isomorphic,
continuing along the boundary in an alternating pattern, we obtain that P, is y-symmetric.
Its complement must also be y-symmetric, so both P_ and P, are «y-symmetric. O

We need to introduce a few more definitions before proving Theorem 4.16.

Definition 12.6. Let H éi) denote the induced subgraph obtained after deleting the vertices
v;, w; of He and all edges incident to those vertices. Let Gél) (resp. G?)) denote the

subgraph of Gro g, which is the union Hél) U Gro 2 (resp. Gro 1 U HéQ)). That is, we
use a superscript (i) to denote the removal of the ith side of a graph.

Definition 12.7 (Symmetric completion). Fix a perfect matching P of Groy,, and by
Lemma 12.4, assume without loss of generality that P restricts to a perfect matching on

Gro,,1- Therefore P also restricts to a perfect matching on the complement, graph Gél).

We define the symmetric completion P = P| @ of P| ) to be the unique extension of
_ _ ¢ ¢

P|G(<1) to Gro g, such that P\HTOWP’1 = P|HTO,’Yp-,2' (Note that after adding edges to Hro -, 1,

only vertex v; is not covered. We add an edge incident to v; based on whether the edge

incident to w; labeled 7;, , is included so far.) It follows from this construction that the

restriction Plg,.. " is a perfect matching.

,1

Definition 12.8 (Sets P(v) and SP(y)). For an ordinary arc v (including loops cutting
out once-punctured monogons) we let P(y) denote the set of perfect matchings of Gro ,,
and let 877(7(7’)) denote the set of y-symmetric matchings of Grog,.
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We now prove Theorem 4.16 by constructing a bijection ¢ between pairs (P;, P;) in
P(v) x SP(yP)) and perfect matchings P; in P(£,). This bijection will be weight-preserving
and height-preserving, in the sense that if ¢)(P;, P») = P3, then z(P)Z(P) = x(P3) and

h(Py)h(Py) = h(Ps3). This gives

(12.1) S a(P)h(Ps) = > x(P)h(P) > E(Py)R(P)

P3eP(Lp) PIEP(Y) PeSP(vP)

After applying &, the left-hand-side and first term on the right are the numerators for

. . Ty, .
z¢, and z, given by Theorem 4.9, which allows us to express z ;) = I—f in terms of

> pyesp(®) T(F2)h(P2).
Proof of Theorem 4.16. As indicated above, we define a map
¥ P(y) x SP(y?)) — P(t,) by

ISV Pz\Gg) if PalGro ., , is a perfect matching

P, Py) =
Vb, B) Pl U P otherwise
¢

where the edges of Py are placed on the subgraph Gro ,, 1 or Gre 4,2, respectively. In
words, ¥ removes all of the edges from one of the two ends of the v-symmetric matching Ps,
and replaces those edges with edges from the perfect matching P;, thereby constructing a
perfect matching P3 of P(¢,) that it is not necessarily y-symmetric. By Lemma 12.4, either
PQ\GTO,%1 or P2|GT0,%2 is a perfect matching and so v is well-defined. Thus ¥(Py, P,) is
a perfect matching of P(¢p).
We show that ¢ is a bijection by exhibiting its inverse. For P3 € P(¢,), define

(P3|GT°,'yp,1 , P3|G21)) if Pg‘GTO,,YpJ is a perfect matching,
(P3|GTO:'YP:2 , P3|G22)) otherwise.

o(P3) =

A little thought shows that these two maps are inverses.
We now show that the bijection v is weight-preserving. Without loss of generality,

PG o o is a perfect matching. If (P, P») = P3, then Ps = P; U P2|G(1). We obtain
P ¢
z(P:
#(Py) = () #(Pol ) = () =2
¢ z(PolGro 1)

Since T(P;) is defined to be %, we conclude that 1) is weight-preserving.
T°,vp,1

To see that 1 is height-preserving, we use Lemma 12.5, which states that P_(Gre,)
is a v-symmetric matching. Consequently, using the same partitioning that showed that
1) was weight-preserving, we can consider the following equation describing the symmetric
difference of P3 and P_(Gro y,):

Pso P (GTO,@,) = (Pl e P_ (GT",'y)) U (P2 © Pf(GTGlI’)‘Ggl))'

Since the cycles appearing in the symmetric difference determine the height monomials,
this decomposition implies that

h(Ps) = h(P1) h(P2|Gél)) = h(P1)

hence 1) is height-preserving.
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Lio)
o]
o~

FI1GURE 35

Because ¢ is weight- and height-preserving, we have (12.1). Applying ® gives

(122) Y @(P)y(P) = > w(P)y(Pr) Y. wHP)Y(P)

PeP(¢p) PieP(y) PeSP(~(P)
We now use the identity xy, = z,2. () and obtain
cross(T°,7) Zpep(ep) z(P)y(P)
cros(T,65) 3 pep(y) #PIu(P)
Comparing (12.3) and (12.2) yields the desired formula. O

(12.3) l‘,y(p)

12.2. An algebraic identity for arcs with two notches. We now give the algebraic
portion of the proof of Theorem 4.20. For the purpose of computing the Laurent expansion
of x ey With respect to T', we can assume that no tagged arc in T' is notched at either p
or q, see Remark 4.11. In the statement below, the notation y indicates 1 or 0, based on
whether it’s argument is true or false.

Theorem 12.9. Fix a tagged triangulation T of (S, M) which comes from an ideal trian-
gulation, and let A be the cluster algebra associated to (S, M) with principal coefficients
with respect to T'. Let p and q be punctures in S, and let p be an ordinary arc between p
and q. Assume that no tagged arc in T is notched at either p or q. Then

TpT pw0) — T Ty YX P = (1= [ - 11 vt ™) [T w7
TeT TeT TeT

Proof. For simplicity, we assume that p ¢ T. (Later we will lift the assumption.) Choose
a quadrilateral in S with simply connected interior such that one of its diagonals is p.
(This involves the choice of two more marked points, say v and w.) Label the arcs of the
quadrilateral by a, 3,7, and the other diagonal by p/, see Figure 35. Note that there are
four ways of changing the taggings around p and ¢, and for each we get a Ptolemy relation.

(12.4) Ty =YY Y Fagrs + Y xan,

(12.5) Ty =YY wprse) + Y Y, 202y
(12.6) Ty =Y Y ag0rs + Y Y 20
(12.7) T Ty =Y a0 T50 + Y Y Y 20T

Here, Y (respectively Y ~) is the monomial (in coefficient variables) coming from all lam-
inations which do not spiral into p or ¢ and which give a shear coordinate of 1 (respectively
—1) with p, as in Figure 39. We use Definition 12.1 of [FT] to compute shear coordinates
with respect to tagged arcs p®, p(‘J), and p(p‘J).
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Ypi and YqjE are monomials coming from laminations which spiral into either the puncture
p or g, respectively. Since we assumed that T" does not contain arcs with a notch at p or ¢,
all laminates which spiral into p or g spiral counterclockwise. Y;;L is the monomial coming
from laminations that spiral into p giving a shear coordinate of 1 to p (equivalently, a shear
coordinate of 1 to p(‘J)). Yq+ is the monomial coming from laminations that spiral into ¢
giving a shear coordinate of 1 to p (equivalently, a shear coordinate of 1 to p(p)). Y, is
the monomial coming from laminations that spiral into p giving a shear coordinate of —1
to p® (equivalently, to p(?). Finally, Y, is the monomial coming from laminations that
spiral into ¢ giving a shear coordinate of —1 to p(9) (equivalently, to pP?)). See Figure 36.

When we multiply equations (12.4) and (12.7) and subtract the product of (12.5) and
(12.6), some terms cancel. Factoring the remaining terms, we find that

(@) (2pT o) = Ty ) = Y TY (VY @ 5 — Tats)) (Vg Yy Ty Tp — g 2y)-

We now want to interpret each of the terms ;) s, ZaZsw), @23, and T 2y as the
left-hand-side of a Ptolemy relation. To this end, let € be the arc between v and w which
is homotopic to the concatenation of o and 4, so that € and p’ are opposite sides of a bigon
with vertices v and w and internal vertex p. See Figure 37.

The Ptolemy relations concerning this bigon are

TaZsp) = YoYyre + Y1y and wzsz,0) = Y1Y32, + You..

Here Y1,Y5,Y3, and Y, are monomials coming from laminations that intersect a and ¢
as in Figure 38. (See also [FT, Figure 32].) Note that by our assumptions on 7", we do not
have to worry about laminations that spiral clockwise into p.

A laminate crossing p’ and spiraling to p must cross p, so Yp+Yp_ =Y,. Therefore

Y;—Y;)_l‘a(p)l‘g — Talsp) = Y4(}/1}/E3$p’ + }/2376) - (Y2Y4xe + lep’)

= Y1z (YsYs — 1) = Yizy ([ 92" - 1),
TeT

since laminates spiraling to p correspond to tagged arcs incident to p.
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Similarly, letting 1 be the arc between v and w homotopic to the concatenation of (3
and -, so that p’ and 7 are opposite sides of a bigon with the interior point ¢, we get the
following Ptolemy relations:

rp. @) = YoVizry + Yz, and 2,240 = Y{Y3z, + Yoz,
Here, Y{,Y5, Y3, Y/ are defined just as Y7, Ys, Y3, Y, were, with ¢ replacing p.
Similar to above, Y'Y~ = Y3, and

}/qu}/qix,Y(q)x/g — Jjﬂ(q)x,y = }/Q/xp'(H yiq(T) - 1)
TeT
We now have that

(xp/)2($p$p(Pq) - xp(P)xp(q)) = Y+Y—Y1$p’(H yﬂe'p(T) - 1)Y2,xp/(H yiq(ﬂ - 1)7 S0

TeT TET
2oy — Ty Ty = Y Y V([T 7™ = (I v = 1),
TeT TeT

Since the monomials Y*,Y; and Yj are defined by laminates crossing the quadrilateral
as in Figure 39 (which in turn come from tagged arcs of T that have the same local
configuration), it follows that

Y'Y Yy = H yf_(ﬂp)_
TeT
This completes the proof when p ¢ T.

If p € T, the proof is nearly the same. In this case, one gets a contribution to the shear
coordinates from the laminate L, associated to p, see Figure 35. Equations (12.5) and
(12.6) remain the same, and equations (12.4) and (12.7) become
(12.8) zpry =YY Y Py epns + Y T xan,

(12.9) oy =Y xaa@se) + Y Y Y, YpT o @)
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FI1GURE 40

Using the four Ptolemy relations, i.e. (12.8)(12.9) —y,(12.5)(12.6), we get
22 (T o) = YpT 0T p0)) = Y Y (Y, Yy o5 — oty ) (Up Yy Yy Ty Tp — T 00 T)-
In this case pr;rY; =Y, and pr;rY;; =Y, and the proof continues as before. U

There is a version of Theorem 12.9 which makes no assumptions on the notching of arcs
in T at p or q. Although we won’t use it later, we record the statement.

Theorem 12.10. Fiz a tagged triangulation T of (S, M) which comes from an ideal tri-
angulation, and let A be the cluster algebra associated to (S, M) with principal coefficients
with respect to T'. Let p and q be punctures in S, and let p be an ordinary arc between p
and q. Then

Per (DeT (pg) cT
Lp y(pa) y;f((pp) )y;f((éo) ) — L) T p(a) y;)((peT)y;(((qu) )
s equal to
(1) er ()
ITe2 T - TTv= (AT v - T] ).
TeT TeT TeT TeT TeT

where ep(7) (respectively, e;'(7)) is the number of ends of T that are incident to the puncture
p with an ordinary (respectively, notched) tagging.

Remark 12.11. In the degenerate case of a bordered surface with two punctures p and g
and only one other marked point v, Theorem 12.9 still holds and the proof is analogous.
Here we let p’ be a loop based at v crossing p exactly once, and define o, 3 = v, and §
as in Figure 40. Note that we can view «, 3,7, and ¢ as the four sides of a degenerate
quadrilateral with diagonals p and p’. We then obtain the analogues of equations (12.4)-
(12.9), replacing all instances of vertex w with v, v with £, TRT ) With Yy with 1,

and Y'Y, with [, cpye?".

Remark 12.12. In the degenerate case when p = ¢, Theorem 12.9 also holds, but we need
to make sense of notation such as x o®) when p is a loop. See Section 12.4.

12.3. Combinatorial identities satisfied by v-compatible pairs of matchings. We
now use Theorem 12.9 to prove Proposition 4.21, where v € T°, and then Theorem 4.20,
where v € T°. In both proofs, we will use Theorems 4.9 and 4.16 to replace appearances of
cluster variables ., z. ), and x. () with generating functions of perfect (and y-symmetric)
matchings of graphs Gro ., Gre 4, and Groy,. We are then reduced to proving combina-
torial identities concerning these sets of matchings.

Lemma 12.13. Assume that the ideal triangulation T° contains the arc v between the
punctures ¢ and p (p # q). Let £, denote the loop based at puncture q enclosing the arc y
and puncture p, but no other marked points. Let P_({,) and Py ({,) denote the minimal
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FIGURE 42. The graph Gro ¢, with the minimal matching P_(¢,) highlighted

and mazimal matchings of Gro y,, respectively. Define £y, P_({,), and Py ({y) analogously.
Assume the local configuration around arc v and punctures p and q is as in Figure 41. Let
¢1 = v and (2 through (., label the arcs that £, crosses as we follow it clockwise around
puncture p. Analogously, let n1 =~ and no through ne, label the arcs that £, crosses as we
follow it clockwise around puncture q. Then we have the following.

ep—l

(12.10) (P () h(P-(6) = o ( [] ¢;) %,
j=2

(12.11) s(Pe () MPL(6)) = wn., ([T 2¢,) 2 (T he,)-
j=3 J=2

Analogous identies for £, are obtained by replacing p with q and switching the n’s and (’s.

Proof. The minimal and maximal matchings are precisely those that contain only boundary
edges. We distinguish between the two based on the fact that arcs C,,, 7, and (2 are assumed
to be given in clockwise order, as are 7.,, 7, and 72. The edges of the minimal and maximal
matchings both have a regular alternating pattern on the interior of H¢ (resp. H,). See
Figure 42 for the verification of (12.10). The weights in the other equation are analogous.

The height monomial of a minimal matching is 1, and the height monomial of a maximal
matching of a graph is the product of h;,’s, one for each label of a tile in the graph. Looking
at the diagonals (i.e. labels) of the tiles in Gro 4, and Gro 4, completes the proof. 0
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Proof of Proposition 4.21. We define ¢; through (., and n; through 7., as in Lemma 12.13.
Based on Lemma 12.13, it follows that

2(P-(Lg)) h(P- (L)) 2(Py () M(Py () by = a2hy [[(xe ;) [ 4, and
j=2 j=2
(P~ (6p)) (P~ (£,)) 2(P4(£)) H(Ps (b)) ey = a5ho [T g, [ [ (s, )-
j=2  j=2
z(P,) h(P, z(P,) h(P
(12.12) Therefore 225 "2V M) 2pepiey 7(F) hFy) h,
LyZiaLz " T, Ly Ty Tz " Tne,
- hv(Hth) _hv(thj) + 1+h3(Hhﬁj)(Hhm)
j=2 j=2 j=2 j=2

is positive, since Py (€,) € P(¢p), P+(€q) € P({,), and thus the two negative terms cancel
with terms coming from the product of Laurent polynomials.
Since we assumed that 1" does not contain any arcs with notches at p or ¢, it follows

that ®(h,) = y,, ®(A(F)) = y(By), [T} ®(he;) = ey, and [T, @(hy,) =
[Lcr yﬁq(ﬂ. Applying ® to (12.12), we obtain that

ZPPGP(@,) z(Fp) y(Fp) . ZPqu(Kq) z(Fy) y(Fy) (1 H yip(T))(l B H yiq(r))

LyLgoTGs " " Loy, LyLnanz = Lne, reT reT

(12.13)

is positive. Since vy € T, x, is an initial cluster variable and the left-hand-side of (12.13)
can be rewritten using Remark 4.17. Theorem 12.9 then gives

Ty @Yy + (1 - Tler ?/ip(r)) (1 —TIlrer yiqm)
Ly

x'y(PQ)
It follows that the cluster expansion of z. ) is positive. O

For the remainder of this section, we assume that y (as well as v, 4(9) and v(#9)) is not
in the tagged triangulation 7. We use the notation of Definition 12.8, and additionally we
let CP(yP?)) denote the set of pairs of y-compatible matchings (P,, P,) of Gro 0, UGTo 4,
and let P(¢) (resp. P(¢™), P(n), and P(n®)) denote the set of perfect matchings of H

(resp. Héi), H,), and Hél)) Following Section 4.4, we label the tiles of Gro ¢, so that they
match the labels of the arcs crossed as we travel along ¢, in clockwise order:

G Gryyev Gr Gy Gy Gey 1 G Gy Gy G (Gl

See Figure 8. Analogously, the tiles of Ge 4, are labeled so that they match the arcs
crossed as we travel along ¢, in clockwise order:

Gy, G o \Gry Gy Gy Gy Gy (G (G Gy G

y M Ty 10
It follows that the tiles Gnd in both Gre », and Gre g, have two adjacent sides labeled (3
and (., and the tiles Gﬂ.l contain two adjacent sides labeled 7; and 7., .
We let Jro ,, ; denote the induced subgraph obtained from Gro ., ; by deleting vertices
v; and w;, and all edges incident to either of these two vertices.

Tig—17" Tig*

Lemma 12.14. If P is a y-symmetric matching of Gre g4, then P can be partitioned into
three perfect matchings of subgraphs in exactly one of the two following ways:
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(1) P= P‘GTO:'prl uP‘Hél) UP|JT°,~/p,2’ or

(2) P= P‘JTO,’YP’I L P‘Hég) L P|GT0,’Yp,2'

Proof. See Figures 33 and 34. We will divide the set of y-symmetric matchings of Gre g,
into two classes, depending on whether or not they contain one of the edges labeled 7;, | on
the tiles containing vertex vy and ve. By definition, a y-symmetric matching must contain
both of these edges or neither.

(1) If P contains the specified edges, then P must also contain the edge labeled ¢; that is
incident to vertex v;. (Otherwise, v; could only be covered by the edge labeled (2 and this
would leave a connected component with an odd number of vertices to match together.)
Filling in the rest of the edges on tiles G, through G.,id_1 , we see that P|GT0,W1 is a perfect
matching. Such a P does not contain the edge labeled 7, on the tile G, since that
would also leave a connected component with an odd number of vertices. Consequently,
vertices vo and wy must be covered by edges from Ggep. We conclude that the remainder
of the set P can be decomposed disjointly as the perfect matchings P| Hél) and Pz,

(2) If P does not contain the specified edges, then P must contain the edge labeled (.,
that is incident to ve. (Otherwise the vertex where edges labeled Ce, and 7;,_, meet on
that tile would not be covered by an edge of P.) Filling in the rest of P, we see that it
restricts to a perfect matching on Gro 4, 2. Since the edge labeled 7;, , incident to w; is
not in P, the edge (7 incident to v; cannot be contained in P. (Otherwise vertex wy could
only be covered by the edge labeled 7;, and this also leaves an odd number of vertices to
match together.) We conclude that the rest of the set P can be decomposed disjointly as
the perfect matchings P| A and P|

;’Yp;Q.

As P either contains or does not contain the specified edges, the proof is complete. [J

Remark 12.15. By Lemma 12.14, it is impossible for both the edge labeled (; incident to
vy (resp. v2) and the edge labeled (., incident to va (resp. v1) to appear in a y-symmetric
matching of G g,. Furthermore Case (1) of Lemma 12.14 corresponds to the case where
P contains one edge labeled (; incident to v; or vg, but does not contain either edge labeled
Ce, incident to vy or va. Case (2) is the reverse, and analogous statements hold for edges
labeled 71 and 7, in Go Ly

We use this observation to partition various sets of matchings into disjoint sets.

Definition 12.16 (P, 4(7), SPus(7 ), and CP,(7*?)). For a € {1,e,} and b € {1,¢,},
let Pup(y) (resp. SPop(yP) and CP, 4 (7PD)) denote the set of matchings in P(v) (resp.
SP(y®) and CP(7P9)) that contains at least one edge labeled ¢, and at least one edge
labeled 7.

By Remark 12.15, we have the following.

(12.14) P(y) = Pra() UPre, (7) U Pe,1(7) U Peye, (V)
(12.15) SP(?) = SP11(vP) USP1e, (VP ) USPe, 1 (7P) LUSP, e, (7P),
(12.16) CP(P?) = CP1,1(7(pq)) UCPi, (*D) L CPeP,1(7(pq)) LCPe, e, (P9,

We let P1(¢) (resp. Pe,(¢)) denote the subset of perfect matchings of H¢ that contains
the edge labeled ¢y (resp. () on the tile G¢, ~(resp. G¢,). We define Py(n), Po(¢®), and
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Py(n'D) analogously for graphs H,, H éi), and HT(f). We also define the following.

(12.17) Map(v) = Y. x(P)h(P),
PEPy u(7)
(12.18) M@) = D> x(P)h(P),
PeP(v)
(12.19) SM(HW) = > EB)R(P),
P,eSP(v(P)
(12.20) CM(yPD) = > Z(P,, P)h(P,, P,),
(Pp,Pg)eCP(y(P)
(12.21) Ma(Q) = D x(P)h(P),
PePq(C)
(12.22) MWy = ZPEP(C)x(P)h(P), and
¢
(12.23) M(C(g)) _ he., ZPGP(Q)x(P)h(P)'
e,

We define My(n), M(n), and M(n®) analogously. In equations (12.21)-(12.23), h(P)
is the height monomial with respect to the relevant subgraph.

Lemma 12.17. By Remark 12.3, we can assume without loss of generality that the tiles
GTidil,GTid, and G¢, (resp. G 7GTi17 and Gy, ) all lie in a single row or column, while
the tiles Ge, ,Gr, , and Gy, (resp. Gy, ,Gr, , and Gz, ) do not. Then

Ti2

M(y) = Mia(y) + Mie,(7) + Me, 1(7) + Me, e, (7);
SM(?) = (M12(7) + M, (M) + (Mo, 1(7) + Mo, e, (1)) MCP);
SMHD) = (Mi1(7) + Me, a (MY + (Mie, (7) + Moy e, ()M 0®);
CM(PD) = My 1 (MED)YM@HD) + My e, (MDD )MHP)
+ Me, 1(NMEDYM0D) + Me, e, (VMDY M)

Proof. The identity for M () follows directly from (12.14). We use (12.15) to get

(12.24) SM(HPY = S @ BB+ Y. TB)R(B)
P,eSP1,1(v®) PpeSPey 1 (7))

+ > EH BB+ > Z(P,)h(P,).

PPGSPIaeq (’Y(p)) PPES’PEP»Eq (’Y(p))

~—

By Lemma 12.14, a y-symmetric matching P, of Gro g, restricts to the disjoint union of
perfect matchings of

1 2
GTO”YP’I I_l Hé ) I_l JTO7’YP’2 or JTO7’YP71 I_l HC(- ) I_l GTO”YP’27
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based on whether P, contains an edge labeled (; or (,, respectively. Thus we obtain

— JJ(P) x(PP‘GTo,Y 2)
T(Py) = —5———— =z(P| ) 2(Pplige ,) = 2(Bp| ;o)) ————== or
By x(Pp|GT°,wp,1) PlH; pldro 5y 2 Plh v
J}(Pp) Jj(Pp‘GTOW 2)
:—p:i’«“lC 2( Py 7.0 — 2(P bk ol I
( p|GT07,\/p’2) ( P|Hé2)) ( P‘ T ,n,p,l) ( p|HéQ)) e

respectively. To calculate the height, note that the minimal matching P_(¢,) appears in
the subset SP11({,) USP1.e,(fp), 50

h’(‘l p)
h(Pp‘GTO,'yp,l) ( p‘Hél)) ( p‘JTO,yp,z) ( p|Hél)) ( p|GT°,wp,2)

in the case that P, € SP1,1({,)USP1¢,(fp). On the other hand, any y-symmetric matching
in SPep,l(V(p U SPepeq (7)) has a height monomial scaled by a factor of he,,- Thus

- h(Ep)

h(Pp) = hP—p
( p‘GTo,'yp,Q)

in the case that P, € SP.,1({p) USPe, ¢, (¢p). We thus can rewrite (12.24) as

(12.25) SM(P)) = > > @h(Pl)x(Pz)h(Pz)

1 $<1
PLeP11(V)UP1eq (7) PoeP1(¢CD)

D> > oo

T
Plepep,l('V)UPep »€q (’7) PQGPEP (C(Q)) Cf’«p

thus showing the identity for SM(y®)) (and SM(y(9)).

The formula for CM(V(W)) follows by similar logic since specifying the four ends of a
y-compatible pair of matchings of Gre g, and Gro g, also specifies which of the two cases
of Lemma 12.14 we are in for both Gre ¢, and Gro g, . O

h(Fp)

= Wbl @) M Poloro 1) = hee, MBp| ) M(Bplaro )

~—

h(P)z(P2)h(Py)he,,,

Lemma 12.17 immediately implies the following.

Lemma 12.18. The expression CM(yPD)YM(y) — SM(yPHSM(vD) equals
(M11 (1) Mey e, (7) = Mg, ()Mo, 1 (1) (M) = MCP)) (MHD) = M5@)).
The next two results describe how to simplify the three factors in (12.18).

Lemma 12.19. We have

(12.26)
d—1
2 k)
(I)(MI,I(V)Mep,eq (7) = M, (V)Mep,l(')/)) = Ty L1y L1 L Ceyy Tipy Trgey, ll$fij qyi(T .
J= TE

Proof. The idea is that a superposition of two matchings corresponding to the first term
on the left-hand-side of (12.26) can be decomposed into a superposition of two matchings
corresponding to the second term on the left-hand-side of (12.26) in all cases except one.
This case corresponds to the right-hand-side of (12.26). Let P, + P be the multigraph
given by the superposition of P; and P, let P; be an element of P; (), and let P» be an
element of P, ., (7). Since Gro , is bipartite, Py + P» consists of a disjoint union of cycles
of even length (including doubled edges which we treat as cycles of length two).

By definition, P; contains the edge labeled (; on the tile Gnd while P, contains the edge
labeled (e, on Gnd- Similarly, P; contains the edge labeled 77; on G.,l.1 while P, contains
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the edge labeled 7, on Gﬂ.l. Consequently, the superposition P; + P» contains at least one
cycle of length greater than two, and one such cycle must contain the edges labeled (; and
Ce, on the tile Gﬂ.d, and one must contain the edges labeled 7, and 7., on the tile Gﬂ.l.

Let k& be the number of cycles in P; + P of length greater than 2 which do not involve
edges on tiles Gﬂ'd or G, . Then there are 2% ways of decomposing P, + P5 into the
superposition of two matchings, one from Py1(7) and one from P, ., (7). When P + P
has at least two cycles of length greater than 2, there are also 2 ways to decompose P; + P,
into the superposition of two matchings with one from each of P, 1(v) and Py, (y). Thus
we have a weight-preserving and height-preserving bijection between such superpositions.

The superposition of the minimal matching P_(y) € P1,1(y) and the maximal matching
Py(7) € Pe,e,(7) is of the form Py + P, but consists of a single cycle including all edges
on the boundary of Gro . Recall that the sets P11(7), Pe,,1(7), P1e, (7), and Pe, ¢, (7) are
disjoint. Accordingly, a single cycle cannot decompose into a superposition of an element
of Pe, 1(7) and an element of Py . (v) because P_(7y) and Py (v) are the unique two perfect
matchings of a single cycle including all edges on the boundary of G 4. It follows that
any superposition of an element in P, 1(7) and an element in Py (v) must contain at
least two cycles, and is also of the form P + P, with P1 € P11(7) and P2 € Pe,, ¢, (7)-

In conclusion, the only monomial not canceled on the left-hand-side of (12.26) corre-
sponds to the superposition of P_(v) and P4 (), which includes all edges on the boundary.
To calculate the weight, note that on each tile an for 2 < j < d—1, there are exactly two
adjacent tiles that include edges on the boundary with weight Lr;, » S€C Figure 6. On the
other hand, G, and G, only have one adjacent tile each with an edge on the boundary
with weight z-, (resp. l‘Tid). The remaining two boundary edges of GTZ.1 have weights x,,

and z, , while those of Gnd have weights ¢, and z¢, . The product of heights is H;l:l hnj )
the height monomial for the minimal matching multiplied by the height monomial for the

e(,7)

maximal matching. This specializes to [ .cpyr under the map &. O

Lemma 12.20. We have the following two identities:

ep—1
M) = M) =2, H z¢,) (1= T ") and
TeT
eqfl
(M) — M(n?)) = 2 ( H ) (1 - H o™
Jj=2 TET

Proof. 1t suffices to prove the first identity. The idea is to show that almost all terms on
the left-hand-side cancel except for two, which correspond to the two monomials on the
right. Recall the notation preceding Lemma 12.17.

The union of a perfect matching of Hél) (resp. Hé2)) and the edge labeled (., (resp. (1)
on G, (resp. Ge,, ) is an element of the set P1(¢) (resp. Pe,(()). The minimal height of a
matching in Pi(() is h¢,, while subset Pe,(¢) contains the perfect matching of H¢ with a
height monomial of 1. We accordingly obtain the identities

Mi(¢) = z¢ (mgep/\/l(c@))) and Mep(C) = Z¢,, (xQM(C(l))), and so
(12.27) B(M(CD) = M) = ®(Me, () —Mi(Q)) _ 2(Xp x(P)h(P))7

xgl xCEp J:Cl J:Cep
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where the sum is over P € (P1(¢)UPe,(¢))\(P1({)NPe,(¢)). There are exactly two perfect
matchings of H¢ not in this intersection, therefore (12.27) equals

a(P_(He))y(P-(He)) — x(Py (Ho))y(Py (He))

xCI xCep
By inspection (see the central subgraphs of Figures 33 and 34), (P_(H¢)) = x(Py(H¢)) =
o, (1521 2¢,), y(P-(H)) = 1, and y(Py(H)) = [Lrer v, O

We can now prove Theorem 4.20.

Proof of Theorem 4.20. We conclude from Lemmas 12.18, 12.19, and 12.20 that

(12.28) ®(CMHPNM(7) — SMHPHSM(HD)) =
d €p €q
(T2 (TLze) (TT =) (TTwe™) (0 = TL v ™) (=TT ).
Jj=1 j=1 j=1 T7eT €T €T
Using Theorem 4.16, we have that z, = 755/\4(;)) and To(p) Ty (o) 18 equal to
j=1%7i;

OSM(EP)) BEMRBD) BSMEP))  BEM())
HTEngw,T)ﬂp(T) HTengw,THeq(r) H?:wn.l_[ji L2 H;l:la:nj 152, =,

J
Using (12.28), we obtain

(CM(yP9))) (M ep(r eq(T e(r
CEMEOPT)) M) o = (1 [ 62 - T o2 @) T v

d e e
[t Qf%j je1 26 Tty o, T€T TET €T
Comparing this to Theorem 12.9 and using z., = W yields
Jj= Tij
O(CM(y?9))

X (pa) .
H‘]ffl € Ti Hjlil Cj Hjt;l nj

J

0

12.4. The case of a doubly-notched loop. Section 12.3 proved our formula for cluster
variables corresponding to doubly-notched arcs between two distinct punctures p and ¢. It
remains to understand the cluster variables corresponding to doubly-notched loops.

We will use the same strategy for doubly-notched loops as we used for doubly-notched
arcs between two punctures, namely, we will show that our combinatorial formula for
doubly-notched loops satisfies the identity of Theorem 12.9. However, we need to explain
how to interpret Theorem 12.9 when p is a loop, namely an arc between points p and ¢
where p and ¢ happen to coincide. In this case it is not immediately clear how to interpret
the symbols x P and x pla); A “singly-notched loop” does not represent a cluster variable.

Before defining the symbol x p(p)5 WE need to introduce an operation we call augmentation.

Definition 12.21 (Augmentation). Fix a bordered surface (S, M), an ideal triangulation
T° of S, a puncture p, and a loop p based at p with a choice of orientation. Let A be
the first triangle of T° which p crosses. We assume that A is not self-folded, so we can
denote the arcs of A by a,b and ¢ (in clockwise order), with a and ¢ incident to p, a and
b incident to a marked point u, and /b\ and c¢ incident to a marked point v. We then define
the augmented bordered surface (§ , M) by adding a single puncture ¢ to (S, M), placing it
inside A. And we construct the augmented triangulation T° from T° by adding three new
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FI1GURE 43. Augmenting a bordered surface and triangulation

arcs inside A: an arc a from ¢ to u, an arc ¢ from ¢ to v, and an arc b from u to v (so that
b and b form a bigon with the puncture ¢ inside). See Figure 43.

Definition 12.22 (The cluster algebra element corresponding to a singly-notched loop).
Fix a bordered surface (S, M) and a tagged triangulation T = «(T°) corresponding to
an ideal triangulation T°, and let A be the corresponding cluster algebra with principal
coefficients with respect to T. Let p be an ordinary loop based at p, with a choice of
orientation, and let p(® denote the “tagged arc” obtained from p by notching at the final
end of p. We represent this “tagged arc” by the curve (with a self-intersection) ¢, obtained
by following the loop p along its orientation, but then looping around the puncture p and
doubling back, again following p. See Figure 9. Let Gro g, be the graph associated to £,
in Section 4.2. Then we define T, to be

1

oo 2 FP)UP),

P
where the sum is over all p-symmetric matchings P of G .

Proposition 12.23. Using the notation of Definition 12.22, let T° denote the augmented
triangulation corresponding to T° and p, and let p denote the arc in T° from q to p which
is equal to p after identification of p and q. We set x5 = Za, Ty = Tp, Te = Te; Ya = Ya;
Yy, = Yo, and Yo = Y. Let ép denote the loop which is the ideal arc representing p® . Then
T ) 1S equal to
1

— S wmP)uP),

cross(1°, p(r)) zP:
where the sum is over all p-symmetric matchings P of Gz, ; .

p

Remark 12.24. In other words, x pp) CAN be obtained by taking the formula for x ) glven
by Theorem 4.16, and making a simple substitution of variables.

Proof. By Remark 4.11, we can assume that the first triangle which £, crosses is not self-
folded; therefore we can augment 7°. We defined T° so that the sequence of diagonals
crossed by the loop ép in S is identical to the sequence of diagonals crossed by the curve £,
in S. Moreover, the local configurations of all triangles crossed is the same for both ép and
¢p, and after the substitution a = a, b= b, and ¢ = ¢, even their labels coincide. (Note that
it was essential for us to define 7° so that in the neighborhoods around p in both S and
S , the two triangulations coincide.) Therefore, after this substitution, the labeled graphs
Grfo’ép and Groy, are equal. Additionally, the notions of p-symmetric and p-symmetric

matchings coincide, as do the crossing monomials. This proves the proposition. O
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FIGURE 45. Opening the quadrilateral in the bigon

Proposition 12.25. Fiz a bordered surface (S, M) and a tagged triangulation T = (T°),
and let A be the corresponding cluster algebra. Let p be a loop based at a puncture p in
S. Choose a marked point w enclosed by p and a marked point v which is not enclosed
by p. Choose arcs a and (B between p and v, and arcs v and § between p and w, so that
a, 3,7, and § are the four sides (in clockwise order) of a quadrilateral with simply-connected
interior. Let p’ denote the arc between v and w so that p' and p are the two diagonals of this
quadrilateral. Choose the orientation for p which starts at the corner of the quadrilateral
between B and 7y, and ends at the corner between o and 0, and define T, as in Definition
12.22. Define x ,q) in the same way, but using the opposite orientation for p. Let Yqi, Ypi,
and Y* be the monomials of shear coordinates coming from laminations as in Figure 44

(which shows a degeneration of Figure 36 and 39). Then we have (12.5) and (12.6).

Proof. Tt suffices to prove (12.5). We augment S and 7°, and define arcs &,B,’y, 3,[), and
ﬁ’ in S , so that they are the same as the corresponding arcs in S except that the endpoints
of B,’y and p are moved from p to q. See Figure 45. The underlying triangulations are
indicated by thin lines, and the sides of the quadrilateral are bold.

By Proposition 12.23, after a simple specialization of variables (obtained by equating

a, 13, ¢ with a, b, ¢), 5 (p) is equal to z;. Similarly, x, = Ty, T = Ty Tse) = L),
Ty = Taw), and x4, = x5. Note that we are using the fact that the augmentation T

of T° preserves the neighborhood around the puncture p. Finally, we know that in S the
equation (12.5) holds, so after the simple specialization above, the proposition holds. O

The proof of Theorem 4.20 for doubly-notched arcs can now be extended to loops.

Proof. We’ve now defined x (P and x pla)s SO the statement of Theorem 12.9 makes sense.
(Here e,(7) = e4(7) is the number of ends of arcs of T" which are incident to p.) Moreover
by Proposition 12.25, (12.5) and (12.6) hold, and the proof of Theorem 12.9 works with
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minimal modifications. We now have an algebraic counterpart for a singly-notched loop
given by Proposition 12.22, which is analogous to our formula for singly-notched loops.
Using this, the proofs of Section 12.3 now hold for doubly-notched loops, with no changes
necessary. This proves our combinatorial formula for cluster variables of doubly-notched
loops as sums over y-compatible pairs of matchings. ]

Question 12.26. When p is a loop, is x ) an element of A, or just Frac(A)?

13. APPLICATIONS TO F-POLYNOMIALS, G-VECTORS, KULER CHARACTERISTICS

13.1. F-polynomials and g-vectors. Fomin and Zelevinsky showed [FZ4] that the Lau-
rent expansions of cluster variables can be computed from the somewhat simpler F-
polynomials and g-vectors. In this section we invert this line of thought and compute
the F-polynomials and g-vectors from our Laurent expansion formulas. F-polynomials are
obtained from Laurent expansions of cluster variables with principal coefficients by setting
all cluster variables equal to 1. Thus the F-polynomial F, of a tagged arc 7 is obtained
from Theorems 4.9, 4.16 and 4.20 by deleting the weight and crossing monomials, and
summing up only the specialized height monomials. E.g. if 7 is an ordinary arc then

F,YZZy(P),
P

where the sum is over all perfect matchings of Gro .

Note that this shows that F-polynomials have constant term 1, since the minimal match-
ing P_ is the only matching with y(P-) = 1.

It has been shown [FZ4] that the Laurent expansion of any cluster variable with respect
to a seed (x,y, B) is homogeneous with respect to the grading given by deg(z;) = e; and
deg(y;) = Be;, where ¢; = (0,...,0,1,0,...,0) € Z" with 1 at position i. The g-vector g,
of a cluster variable x, is the degree of its Laurent expansion with respect to this grading.
Since y(P-) = 1, Theorem 4.9 implies that the g-vector is given by

if v is an ordinary arc. The same formula works for arcs with one or two notches, replacing
x(P_) by Z(P-) or T(P-), respectively.

13.2. Euler-Poincaré characteristics. In this section we combine our cluster expansion
formula with results of [DWZ]. Let A = A(x,y,B) be a rank n cluster algebra with
principal coeflicients associated to a surface. Associate to B = (b;;) a quiver Q(B) without
loops or oriented 2-cycles, with vertices {1,2,...,n} and with b;; arrows from ¢ to j if and
only if b;; > 0. Let S be a potential on Q(B), and consider the corresponding Jacobian
algebra: it is the quotient of the complete path algebra of Q(B) by the Jacobian ideal,
which is the closure of the ideal generated by the partial cyclic derivatives of the potential.
In [DWZ], the authors associate to any cluster variable x, in A a finite-dimensional module
M., over the Jacobian algebra (thus M, is a representation of the quiver Q(B) whose maps
satisfy the relations given by the Jacobian ideal). Furthermore, they prove that the F-
polynomial of x, is given by the formula

Fy =Y x(Gre(M)) [T ws
e =1

where the sum is over all dimension vectors e = (e, ea,...,e,), x is the Euler-Poincaré
characteristic, and Gr.(M,) is the e-Grassmannian of M., i.e. the variety of subrepresen-
tations of dimension vector e. Comparing this to our formulas for F,, we get the following.
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Theorem 13.1. (1) For an ordinary arc v, Xx(Gre(My)) is the number of perfect
matchings P of Gro ~ such that y(P) is equal to [, yi".
(2) For an arc v = ) with one notched end, x(Gre(M,)) is the number of ~-
symmetric matchings P of Gro g, such that 5(P) = []i—, yi".
(3) For an arc v = vP9 with two notched ends, x(Gre(M,)) is the number of -
compatible pairs (P1, Py) of Gro g, U Groy, such that §(Py, Po) = [i; yi".

Corollary 13.2. For any cluster variable x., in a cluster algebra associated to a surface,
the Euler-Poincaré characteristic x(Gre(M,)) is a non-negative integer.

Remark 13.3. In the case where Q(B) has no oriented cycles, Corollary 13.2 was already
proved in [CR], and for unpunctured surfaces in [S2].
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