An Algorithm for Computing Jordan Chains and
Inverting Analytic Matrix Functions

Jon Wilkening *

May 6, 2007

Abstract

We present an efficient algorithm for obtaining a canonical system of Jor-
dan chains for an n x n regular analytic matrix function A(\) that is singular
at the origin. For any analytic vector function b(\), we show that each term
in the Laurent expansion of A(\)~'b(\) may be obtained from the previous
terms by solving an (n+d) x (n+d) linear system, where d is the order of the
zero of det A(\) at A = 0. The matrix representing this linear system contains
A(0) as a principal submatrix, which can be useful if A(0) is sparse. The last
several iterations can be eliminated if left Jordan chains are computed in ad-
dition to right Jordan chains. The performance of the algorithm in floating
point and exact (rational) arithmetic is reported for several test cases. The
method is shown to be forward stable in floating point arithmetic.
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1 Introduction

Analytic matrix functions arise frequently in mathematics. The most common
application [7, 10] involves solving the ordinary differential equation
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where A(X) = Ap+- - 4+ A;. Vectors g, . . ., zy, satisfying the bracketed expression
n (1.2) form =0,...,k are said to form a (right) Jordan chain of length £+ 1 for
A(A) at A\g. This condition is equivalent to requiring that the vector polynomial

z(\) =z + (A= Xo)x1 + - 4+ (A = Xo) ¥y, (1.3)

is a root function of A()\) at Ao of order k + 1, i.e. A(N\)z(\) = O(X — \g)FTL.

Analytic matrices also arise in contour integral representations of solutions of
various boundary value problems. For example, a solution of the Poisson equation
Au = 1 in the first quadrant with Dirichlet boundary conditions is given by the
formula u(r, 0) = r2/4 + ug(r, ), where

ug(r, 6) :/MF(A,&)A(A)%(A) d\, (1.4)
¥
. . . 1 —-1/4
v is a contour surrounding A9 = 2 in the complex plane, b(\) = Y2 \ i)

F(X,0) = (cos A0, 829) “and

T (S § (15)

COS D Sin -5

Note that at A = 2, A(\) is singular and b(A) has a pole. The function ug(A,0)
may be computed by expanding A(\)~'b(A) in a Laurent expansion and applying
the residue theorem, which yields

ug(r,0) =12 [(£ — 1) cos26 + LInrsin26] . (1.6)

Jordan chains for A()\) are important in this problem because the root functions
defined in (1.3) appear as poles of A(\)~!b()\), and may be used to recursively
compute an arbitrary number of terms in the Laurent expansion; see Section 4.
Singularities of general elliptic systems in the plane near corners and interface
junctions have representations analogous to (1.4); see [4].

Other applications of analytic matrix functions include stochastic matrices and
Markov chains [11], linear vibrations [13], singular differential equations [3], dy-
namical systems [16], and control theory [3, 7].

The local behavior of a matrix or operator A(\) that depends analytically on A
has been studied extensively [2, 9, 12], especially in the case that A()) is a matrix
pencil Ay + AA; [7, 8, 14, 17] or a matrix polynomial Ag + --- + A A4; [10, 15].
Monic (A; = I) matrix polynomials are often reduced to the matrix pencil case
via a standard linearization procedure [7, 10]. However, for analytic matrices such
as (1.5) above, the expansion of A()) does not terminate, and any truncation may
have a singular term A; of highest order; hence, an approach based on linearization
seems inappropriate in this context. Truncating the expansion and computing the
Smith form [10] is also an option, but this is very expensive; see Section 4.2.
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In [1], Avrachenkov et. al. present an algorithm for expanding the inverse of
an analytic matrix function in a Laurent series. More specifically, they show how
to reduce a system of matrix equations (involving n x n matrices) of the form

A()Xo = By
( 7

Ak, Bk given)

o X} unknown
AgXs 1+ -+ As1Xo=Bs1

to another system of this form involving p X p matrices, where p = dimker Ag is
the geometric multiplicity of the origin. Let d be its algebraic multiplicity. Our
approach employs a different type of reduction based on adding d rows and columns
to Ap to construct an invertible matrix that can be used to recursively solve for
successive terms in the Laurent expansion of A(A\)~!. It also provides complete
Jordan chain information, which is often important in applications.

Canonical systems of Jordan chains depend discontinuously on the leading
coefficients Ag, ..., As—1 of A(X), where Ay = %A(k)(O) and s is the order of
the pole of A(A)~! at A = 0. Nevertheless, there are many applications (e.g. in
algebraic geometry or partial differential equations) where these coefficients are
known ezactly. In such cases our algorithm can be run using rational arithmetic
to solve the problem analytically. In finite precision arithmetic, the method is
forward stable when nullspaces are computed using a threshold on the smallest
singular values. The condition number depends on how close A(\) is to an analytic
matrix function that is even more singular at the origin; see Appendix A.

Numerical stability is possible because we have specified the location of the
eigenvalue of interest (e.g. the origin) as part of the problem statement. The eigen-
value itself cannot be computed in floating point arithmetic (unless it is simple)
as roundoff error is likely to split the eigenvalue like O(/¢), where ¢ is machine
precision and d is the algebraic multiplicity of the eigenvalue. Even using extra
precision, it is impossible to determine affirmatively that a tight cluster of eigenval-
ues should exactly coalesce unless their multiplicities (or locations) are determined
algebraically. The stability of this algorithm is useful in applications with a sim-
ple, parasitic eigenvalue A1 close to a known eigenvalue \g. For example, integer
values of A\g occur frequently in the corner singularities problem described above.
By computing a canonical system of Jordan chains at Ao, we learn the algebraic
multiplicity of A\g and can use this information to compute A1 by a contour integral
technique without corruption from Ag.

2 Canonical systems of root functions

In this section we establish notation and summarize the local spectral theory of
analytic matrix functions; the presentation roughly follows [9].

Suppose A(A) is an n X n matrix whose entries depend analytically on A in a
neighborhood of the origin. Suppose A()\) := det A(A) has a zero of order d > 1 at
the origin. In particular, we assume that A(\) is regular, i.e. A()) is not identically
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zero. A vector polynomial
z(N) =204+ Azp + -+ N, (rp, €C", kK >1) (2.1)
is called a root function of A(\) of order k at A = 0 if
AN)z(A) =0(A\") and =z #0. (2.2)

This is equivalent to requiring that (xo;...;x.—1) € kerA,_1, where (x;y) =
(27, y")T and the matrices Ay, are defined via

AO 0 0
1 .
pe= | M 0 Ay = 5 A9(0). (2.3)
A Ap-1 - Ao

Here we think of C™* as representing the space P / AP, where P is the space of
formal power series in A with coefficients in C™ and we identify two power series
with the same leading terms xg 4+ Azy + -+ + A" lz,._1. In this representation,
the action of A(\) on such a power series becomes a matrix-vector multiplication
Ag - (xO; S xn—l)-

The vectors zj, in (2.1) are said to form a Jordan chain (or Keldysh chain) of
length k. Several vector polynomials 2;(\) form a system of root functions if

xj()\) =xjo+ )\wﬂ + -+ )\Kj*lxj,,.;j_h (1 <5< p) (2.4)
A5 = O, (25)
the set {20}, is linearly independent in C". (2.6)

Such a system is said to be canonical if p = dimker Ag, x1(\) is a root function
of maximal order k1, and for j > 1, z;(\) has maximal order x; among all root
functions x(\) such that x(0) is linearly independent of x(0),...,z;-1(0) in C™.
The resulting sequence of numbers k1 > - -- > K, is uniquely determined by A(\);
see [9] and Section 3.

As a simple example, suppose A(A\) = Ag — AI. Then xg, ..., xx,—; form a
Jordan chain of length x at A = 0 iff zg # 0 and

A()l‘o = 0, Agl'k = Tk—-1 (1 < k <kK-— 1) (2.7)
In this case xg, ..., z,_1 are linearly independent and can be extended to a basis
matrix U = [zg,...,Z,_1] that puts A in Jordan canonical form: U~tAU = J.

(This requires knowing all the eigenvalues of A and finding a canonical system of
Jordan chains at each). But in general the z; need not be linearly independent
(some can even be zero) and it is more useful to reduce A to local Smith form
AN) = C(\)D(N)E(N)~! as we now explain.

For any system of root functions x;(A) (not necessarily canonical), we may
choose constant vectors ,11,...,2, that extend z1(0),...,2,(0) to a basis for
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C". We call the system x1(A),...,2p(N), Zps1,. .., 2T, an extended system of root
functions, and set K41 = --- = K, = 0. Next we define the matrices
E\) = [z1(N),...,za(V)], (2.8)
D(\) = diag(A\™, ..., \"), (2.9)
C(\) = ANEMNDWN) ™ (2.10)

By (2.5), all singularities of C'(A) at the origin are removable. Since F(0) is invert-
ible, det C'(A) has a zero of order d — 2?21 kj at the origin, where d is the order
of the zero of A()) at the origin. The following theorem is proved in [9]:

THEOREM 2.1 The following three conditions are equivalent:

(1) the columns x;(X) of E(X\) form an extended canonical system of root func-
tions for A(X) at A\ = 0 with orders k1 > -+ > Kk, > 0.

(2) C(0) is invertible.
(3) Z;”:l k; = d, where d is the algebraic multiplicity of A =0

Canonical systems of root functions are useful due to the fact that they com-
pletely characterize the meromorphic behavior of A(A)~!. Observe that

ANL=ENDWN e\, (2.11)

where E(A) and C(\) are invertible at A = 0. Thus for any holomorphic vector
function b(\), all poles of A(X\)~!b()\) at the origin are linear combinations of the
functions A‘l_k:cj()\) with 1 < j <pand 0 <k < k; — 1. Moreover, each of these
functions actually occurs as a pole. For example, if we define b;; () as the unique
vector polynomial of degree k1 — 1 such that

bin(N) = AR AN) [0 + -+ Moz ] + O, (2.12)
then
AN TN = AT () +0(1),  (1<j<p, 0<k<w;—1). (213)

Other shifted and truncated versions of the residual A(A)z;(A) can also be used
for bjr(A), but the choice in (2.12) is relevant to Algorithm 4.6 below.

3 An algorithm for computing Jordan chains

In the previous section, we described the standard theoretical (as opposed to al-
gorithmic) construction of canonical systems of root functions for A(A) at A = 0.
This approach can be thought of as a depth-first approach: x1(\) is chosen to be
any root function of maximal order 1, and the remaining root functions x;(\) are
chosen to be of maximal order x; such that x;(0) is linearly independent of the
previously accepted vectors xo(0), ..., zj—1(0).
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Our algorithm uses a breadth-first approach. Instead of starting with a single
root function of maximal order, we start with the space of all root functions of
order at least 1 (namely ker Ag). We then use this space to find all root functions
of order at least 2, then 3, etc., until there are no root functions of higher order.
At the kth stage of this process (starting at k = 0), we extract the Jordan chains
of length exactly k + 1, thereby obtaining a canonical system z;(\) in reverse j
order (from p to 1).

In more detail, let us define the subspaces W and the canonical injections
L CF — kD) yig

Wy = ker Ay ¢ C*EHD), zo;...;xk—1) = (05205 ... ; Tk—1). (3.1)

The block structure of the augmented matrices Ay defined in (2.3) implies that
t(Wi_1) C Wy, for £ > 1. A Jordan chain of length k + 1 may be thought of as a
non-zero element of the space

Wi =Wy, /L(Wi_1), (3.2)

where we take «(W_1) to mean {0} C C™. Evidently, the projection mg : C**+1) —
C™ given by
TF[)("L'();...;xk) = X0 (33)

is injective from W to C™, so several vectors in W} are linearly independent iff
their zeroth terms are linearly independent in C™. To count Jordan chains, it is
useful to define

Ry, = dim(Wy,), ri = dim(Wy), k>0 (3.4)

so that R =1+ -+ 19 and rp, < --- < rg. These last inequalities follow from
the fact that the truncation operator 7 : C"k+2) — Cn(k+1) given by

T(z0; .. ;xpa1) = (To; .. .5 Tk) (3.5)

injectively maps Wy into Wy, i.e. shortening a Jordan chain gives another valid
Jordan chain. Finally, to extract all Jordan chains of length k 4+ 1, we choose
vectors

:i'j7. = (i'j,OQ-n;-i'j,k) € Wy, (] =7“k+1+1,...,7’k) (3.6)

such that the equivalence classes [Z;.] € W}, are linearly independent and com-
plement the subspace 7(Wy11) C W consisting of truncations of longer chains.
We also set k; = k + 1 for each j in (3.6). When ry4; = 7y, the range of indices
in (3.6) is empty and there are no partial multiplicities x; equal to k + 1. The
algorithm terminates as soon as rp = 0, which happens when k = s := k1, the
maximal Jordan chain length. Since ry —rpy1 = #{j: x; = k+1} and r, =0, we
find that

Ki+-+ry = 8(re—1—1s) +(s—=1)(re—2 —rs—1) +---+1(ro—r1)

(3.7)
=7rs1+--+1r0 = Rs_1 = d,
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ALGORITHM 3.1 (Jordan chains)

k=0
Xo = Xg = ker 4p (i.e. columns form a basis for the kernel)
while r;, > 0 (rg, R = # of columns in X, Xy)
[Vk; Uk] = ker Ak+1 (Uk is Rk X Tk+1, Vk isn x Tk+1)
X1 = [XpUg; Vi
X1 = [t(Xg), Xgy1] (v acts on matrices column by column)
Uj. = last i, rows of Uy, (U], is T X Ty1)
U, = any extension of the columns of U}, to a basis for C'*
)ka = Xkﬁk (cols of )?k are J-chains of length k 4 1)
k=k+1
s=k (s = k1 = maximal Jordan chain length)
return )~(S,1, . ,)Nfo

where p = 1 is the geometric multiplicity of the origin, d is the algebraic multi-
plicity, and the final equality follows from Theorem 2.1.

In Algorithm 3.1, we represent W, = ker A, and W = Wk/a(Wk,l) using
matrices whose columns span these spaces:

colspan X, = Wy, colspan Xy = {(xo;x) € Wy : & L W_4}

= ker([Ag; t(Xk_1)"])- (38)

Here «(Xg_1)* is the conjugate transpose of the matrix ¢(Xy_1). Structurally, we

have o ] = KOn)k(Em) ’ <0n(k;(11)><7“1) <Xk>:| . (39

Rather than compute ker([Agi1;¢(Xg)*]) directly to obtain Xj.1, we make use
of the fact that shortening a Jordan chain gives another valid Jordan chain in
the equivalence class (but not necessarily satisfying the orthogonality condition);
hence, there are matrices Uy and Vj such that Xp, 1 = (XpUg; Vi). In this repre-
sentation, the condition X1 = ker([Agi1;¢(Xy)*]) is equivalent to

Ag 11

<Ak+1 Ak L] A()) < 0 Xk) (Vk> _ (Oank+l ) (3 10)
0 ( Xz ) Inxn 0 Uk ORer;H.l ' ’

X1

Thus, we need only find the kernel of the (n + Ry) x (n + Rj) matrix Aky1 to
determine Uy, Vi and 7.1, which immediately give X;,1. Note that Ay = A, As
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is invertible (with s = k1), and these matrices are nested in the sense that Ay is a
principal submatrix of A1 for k > 0:

n Ry n+ Ry Tk
n AO [Ak:+17 ey Al]Xk n—+ Rk—l Ak [Ak+17 ey A]]Xk n
Ap1 = =
' . . U7 (X)) X
Ry, ﬂ—]v(xk) L(T(Xk)) X Tk Wk(Xk)* T(X;‘;)*Xk_l =0 Ry
n Ry Tk
(3.11)
Here 7p(zo;...;x) = xp and R_; is taken to be zero. This nested structure

reduces the work required to form these matrices, and allows a substantial part of
the computation of ker(.Aj) to be re-used when computing ker(Ag41). Moreover, if
Ay is sparse and d = R,_1 is small in comparison to n, each Ay will also be sparse.
Kernels may easily be found symbolically by reducing to row-echelon form, or in
floating point arithmetic using the singular value decomposition. Re-use may be
achieved in the former case using a modified pivoting strategy, and in the latter
case using Givens rotations to quickly restore bi-diagonal form, which is the first
stage of the SVD algorithm [7]. If the algorithm used to compute kernels returns
orthonormal vectors (i.e. in the floating point case), then the matrices X and Xy
will have orthonormal columns for all k.

It remains to explain the final step in which Jordan chains of length k£ + 1
are extracted. As discussed after (3.6) above, this is equivalent to extending the
columns of 7(Xy11) to a basis for Wj. Since the columns of X}, are already a basis
for Wy, the two bases must be related to each other by an invertible transformation.
But linear independence of cosets in W} is equivalent to linear independence of
their zeroth terms in C". It follows that the columns of )Zk provide such an
extension iff they belong to Wy and there is an invertible matrix Fj such that

mo([r(Xet1), Xi]) = 70(Xp) By, (k>0). (3.12)
The formulas Xy11 = [XpUy; V] and X = [1(Xg—1), Xi] ensure that

7o (T(Xi+1)) = 70(Xp+1) = m0(Xi)Ug = 7m0(X5) Up,s (3.13)

where U}, consists of the last 7 rows of the Ry, X r41 matrix Ug. As the columns
of mo(Xg+1) are linearly independent, the columns of Uk must also be hnearly
independent, and there is an rj X (rk — Ty1) matrix U, such that Ej, = Uy, Uk]
is invertible. The matrix Xj = XUy then satisfies (3.12), as required.

REMARK 3.2 If rp4q = rg, then ﬁk and )ka are empty matrices with zero columns,
and there are no partial multiplicities x; equal to k£ + 1.

REMARK 3.3 The process of extending U}, to an invertible matrix [U}, Uy] is easily
done in many ways, e.g. using the QR factorization or SVD of U}, or by row
reducing the adjoint matrix (U[)* symbolically to find its kernel.
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A=A
A0
simplest to compute X = ker([Ag; ¢(Xg_1)*]) directly, which yields

EXAMPLE 3.4 Let A(\) = ) = Ap + M1 + A\2Ay. In this case, it is

, X3 = Jgx0- (3.14)

s
Il
N\
(==
)
N—
o
Il
O O = O
<
V)
|
Co o~ R~O

Ur and Vi may be read off from Xpy1 = (XpUg; Vi): Uo = (051), Vo = (0;0),
Up = (1;0;1), Vi = (0;0), Uz = @yxo, Vo = Daxg. We then obtain Xy = (1;0),
X1 = D4x0, Xo = Xo, so a canonical system of root functions is

2\ = (i) D Ri=3 m(\) = (é) k=1, (3.15)

This example shows (with k£ = 1) that although the columns of 7(Xj41) are guar-
anteed to be linearly independent modulo ¢«(W_1), they need not satisfy the or-
thogonality condition required to belong to colspan(Xy).

220 =X dA
EXAMPLE 3.5 Let A(A) = | —2¢iA 1 2\ | = Ap+AA;. We find that ro = 1,
-2 i—X 1

ry =1, ro =1 and r3 = 0 so that s = 3. We also obtain

0 0 49
0 0 0 0 | 98 0 0 0
0 1 —2 | —12i | 180 0 0 —98
, 0 5 72
Ag= | 2 ! T %= 0 0 ws |, (3.16)
—t 0o -2 0 0 0 —10  46i
4 10 2 25 0 0 i 4 60i
—60i —52 30 164i 2401 0 0 10 52
2 2 30

Up = (5), Vo = (410;—23), Uy = (—284;2), Vi = (60i;52i;30), Uz = D3xo,
Vo = @3x0, X3 = D12x0. Note that (Vi;Uy) are the null vectors for the matrices
Apg1. Since Xy = Xo is the only non-empty Jordan chain matrix,

49i + 72X\ + 60i)\2
r1(\) = 98\ + 52i\? : K1 =3 (3.17)
—98 4 467\ + 30)\2

is a canonical system of root functions. A simpler result can be obtained using
X1 = (4;0; —2;1;2;0) and Xo = (4;0; —2; 15 2;0; 24; 2¢; 0), but these do not satisfy
the orthogonality condition ¢(Xj_1)* X = 0. Nevertheless, the algorithm remains
correct if arbitrary vectors in ¢«(Wj_1) are added to the columns of Xj. This can
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be useful when the algorithm is run in exact arithmetic to reduce the size of the
rational entries in A and X by setting certain components of X}, to zero rather
than requiring orthogonality; see Section 4.1. Different choices of the X lead to
different matrices A; and to different root functions x;(\), but to the same terms
in the Laurent expansion of A(A)~! in Section 4. In floating point arithmetic,
requiring orthogonality seems most natural (and stable: see Appendix A).

4 Laurent expansion of A(\)™!

As discussed in Section 2, the meromorphic behavior of A(A)~! is completely
characterized by any canonical system of Jordan chains. In this section, we show
how to use the output of Algorithm 3.1 to efficiently compute an arbitrary number
of terms in the Laurent expansion of A(\)~1b()) for any analytic (or meromorphic)
vector function b(A).

Let s = k1 denote the maximal Jordan chain length. This is the first index for
which X has no columns, X; = ¢(Xs_1), and the linear system

()= e, M (e s ()= 0) e

(zo5.. .5 %)

is uniquely solvable and provides a linear mapping b — (v;u) — (xo;...;zs). Here
d = Rs_; is the algebraic multiplicity of the origin, zx,b,v € C" and 0,u € C%.
We will denote this mapping by

(0: 1 5) = solve(b) = <? Xj)—l) AT (8) . (4.2)

Suppose we wish to compute the first ¢ + 1 terms in the Laurent expansion of
AN)7Ib(N), where b(A) = by + Aby + A%by + ---. Equation (2.11) shows that
the most singular term in the expansion of A(X\)~! is A™%. If we can find any
z(\) = xo + Awq + -+ + ANz such that

AN N 5g + -+ Nagg] = bo + - + A, + O\, (4.3)
then
AN T = A7 [z(A) + O(ATH)], (4.4)
so the terms zy,...,z, are correctly determined by solving (4.3). Matching like
powers of A in (4.3), the z; should satisfy
Agrs(zo;. . 52g45) = (05...50;5b0;...3bg). (4.5)

To verify that this equation has a solution, observe that for ¢ > 0 we have
dimker Ay, o = dimker AY_;; hence, the block structure of Ay ; ensures that

(033 7q4s) Eker Ay, = 5= = 2445 =0, (g >0, 2, €C").
(4.6)
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As a result, the right-hand side of (4.5) belongs to ker(Ay +s) 5, as required. Note
that any two solutions of (4.5) differ by at most a vector (0;...;0;&p;...;&s—1) €
Clat+9)n with (&;...:6-1) € colspan(X,_1). This shows to what extent the
terms zg41,...,2q+s are left undetermined in (4.3).

Next we show how to bootstrap a solution to (4.5) by repeatedly solving the
linear system (4.1). Suppose k > 1 and we have found vectors x; satisfying

Agis—1(zo; .. Tkps—1) = (0;...50;D0;. .. ; bg—1). (4.7)

For example, if k£ = 1 then such a solution is given by (zo;...;zs) = solve(by). We
wish to find corrections &; such that

0 0

A 0 e 0 . .
. . e bo
Ak+s AkJrsfl - Ag l’k-i,-s—.l."" &s—1
és bk

Moving the known vectors x; to the right hand side, this is equivalent to solving
Apys(05..505805-.38s) = (055050 — Apysmo — - — A1Tpys-1).  (4.9)

A solution of this equation is given by (&p;...;&s) = solve (bk - Zfif ijk+s,j>,

which we use to correct the z; in (4.8):

ALGORITHM 4.1 (Laurent expansion of A(\)~!b()\), first ¢ + 1 terms)

determine s, A, Xs_1 using Algorithm 3.1

Tog =+ =Tg4s =0

for k=0,...,q
(&o; .. .5 &) = solve [bk - Zfif ijk+s_j], (omit sum if k = 0)
fori=0,...,s

Thyi = Thyi + &
return (zo;...;zq)

REMARK 4.2 If Ay is invertible (so that s = d = 0), this algorithm reduces to the
well-known recursion zj = Agl [bk — Z?:l ijk_j], k=0,...,q.

REMARK 4.3 After the final iteration, the minimum norm solution of (4.5) has
been found:

(0, -+, Tgps) = PINV(Ag44)(0;...50;5b;. .. 3 bg). (4.10)
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To see this, note that each time through the loop, (&1;...;&s) L Ws_1 due to the
last d equations of (4.1). By (3.9), we conclude that

ELWo ) (G-is&) LW oo (&5 58) LW (4.11)

But any (wo;...;ws—1) € Ws_1 also satisfies wg € Wy, (wp; w1) € Wy, etc. Thus
we have

&s Es—1 &1
1. % e ff e (Wy_1)t. (4.12)
0 z ‘.

Since (zg41;- - -;Tq+s) is a sum of such vectors, it belongs to (Ws_1)+, as claimed.

REMARK 4.4 Several solutions may be found simultaneously by adding additional
columns to the vectors b(\) and z(\) above. In particular, replacing b(\) by Ip,xn
and z(\) by Q()\), we obtain A(A)~! = A7%[Qg + A\Q1 + A\2Q2 + - - -]. However, in
practice one often wishes to apply A(\)~! to a single vector function b()\), in which
case it is more efficient to carry out the procedure directly rather than compute
the Laurent expansion of A()\)~! first. See Section 4.2 below.

EXAMPLE 4.5 Let A()\) be defined as in Example 3.5. Then s = 3 and A3z, X»
were given in (3.16) above. For any ¢ > 2, Algorithm 4.1 gives

Qo =

<. O N

0 0 0
00|, Qi=|-i 0
0 0 0

and Q3<k<q = O3x3, i.e. the Laurent expansion A(A)™1 = A73[Qp + A\Q1 + - -]
terminates at (s.

4.1 Exact arithmetic and left Jordan chains

When Algorithm 4.1 is performed in infinite precision using rational numbers, the
cost of each operation also grows with the problem size, so a straightforward O(n?)
operation count will underestimate the running time. We have found that two
modifications can significantly reduce the size of the rational numbers that arise
in the computation. The first modification involves the last Ry rows of Ax1q1. We
define the first n rows as before, set v; = Agy1(1:n,j) and define ji, ..., jg, to be
the first R}, indices encountered for which v; is linearly dependent on v1,...,v;_1.
Then we define row n+14 of Ax11 to have a one in column j; and zeros in all other
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columns. In Example 3.5, the resulting matrices As and X;_1 are

0 0 7
2i 0 0 0
4 0 0 -2
o 0 1
A3 = , Xog=] 0o o 2]. (4.14)
0 0 -2 0
0 i1 2
0 0 2 %
-2 0 0

This change sacrifices the minimum norm property of the solution of (4.5) found
by Algorithm 4.1 in favor of setting certain components to zero.

The second modification is to compute left Jordan chains as well as right Jordan
chains, and use them together to eliminate the last s iterations of Algorithm 4.1.
Suppose by, ...,bs_1 € C" are given and we wish to find vectors &, ...,&s_1 such
that there exist &g, ..., &2s—1 for which

(2 ,0) & (50 ) B Ao
Bs—l As—l {2 1 bO; RN bs—l ' . A2 IEER A
—_—— s— ST s
Ags—1
(4.15)

The first ns equations in (4.15) ensure there is a w € C? such that (&o;...;&s 1) =
Xs—1w. Let Yg_1 be any d xns matrix whose rows form a basis for the left nullspace
of A;_1. Then applying Y1 to the last ns equations in (4.15) gives

Ys_lBS_le_lw = Ys_l(bg; N ;bs—l)- (4.16)

The d x d matrix Y,_1Bs_1X,_; is invertible since ker(Ys_;) = range(As_1) and
Wos—1 = t5(Ws_1) implies that range(Bs_1Xs_1) Nrange(As_1) = {0}. Thus w
and (&p;...;&s—1) can be determined without computing the other &. We denote
the mapping (bo;...;bs—1) — (€o;...38s-1) by

solve2(+) 1= Xs_1(Ys 1B 1 X 1) ' Ye1(4). (4.17)

The matrix Ys_; can be obtained by applying Algorithm 3.1 to A(\)T since

A 0o =~ 0 AT 0
° - w
T T Ay Ao Al Al .
(yk7"'7y0) =0 - . =0.
Ak Ak,1 Ao Ag AZ‘*I Ag yk
(4.18)

Such vectors yo, . . ., yx are said to form a left Jordan chain for A(\) of length £+ 1
at the origin. Equivalently, the corresponding root function y(\) = yo + - - - + AFyy,
must satisfy y(A\)TA(\) = O\,
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ALGORITHM 4.6 (Laurent expansion of A(A)~1b()), first ¢ + 1 terms)

determine s, As, Xs_1, Ys_1 using Algorithm 3.1
if g <s—1, increase it to g =s — 1

To=""=x4=0
for k=0,...,q—s (possibly empty loop)
(€03 - - -5 &s) = solve [by, — Zfif Ajxpis—j], (omit sum if k = 0)
fori=0,...,s
i brih 8 bg—s+1 Ay -+ Ay o
(é-o;-'-;é-s—l) f— Solve2[ .« .. —_— DY .. DY .« .
bq Agps - Ag Tq

fori=1,...,s
Tg—sti = Tg—sti + &i—1

return (zo;...;zq)

EXAMPLE 4.7 In Example 4.5 with X as in (4.14), we obtain the matrices

L[t -1 i 10 -1 =i 00 Q 0 0
(-1 0 -1 =0 0 000], (Q Q 0 (4.19)
% 0 0 00 0 00O Q2 Q1 Qo

for (YoB2Xs) 1Yy and Xo(Y2BoXs) 1Y, respectively, with Q; as in (4.13).

REMARK 4.8 Each column of X;_; has the form (0;...;0;x;...;2x) for some
0 < k < s—1. The corresponding column of Bs_1Xs_1 contains the coefficients of
the truncated residual

bA) = XA N TR (g 4 -+ Moa)]| 4+ O(N9), (4.20)

which satisfies A(X)710(A) = A1 7P (2o + -+ + AFzp) + O(1). See (2.12) above.

4.2 Performance comparison

To evaluate the performance of these algorithms, we generated random matrices
Ay and A, with integer entries ranging from 0 to 1000, and random vectors ¥,
Yo, Y3 with entries ranging from 0 to 10. For i = 1,2,3, we zeroed out the last
4 entries of y;, replaced row n — i of Ag by yiTAo, and set y; ,—; = —1, so that
yl'Ag = 0. We then replaced row n of Ay by y? A1 to make y1 — A\(0;...;0;1) into
a left Jordan chain of length 2 for A(\) = Ap + AA;. The right Jordan chains
(which appear as poles in A(\)™!) are quite complicated in this construction.

We repeated this process 5 times for each matrix size reported in Figure 1, and
recorded the median running time of each algorithm using a 900 MHz Sunblade
2000 with 2GB RAM to compute the first 3 terms (¢ = 2) in the Laurent expan-
sion of A(N)71b()\), where b(\) = I,xn or b(\) = e, as indicated. In all cases
encountered, s = 2, p =3 and d = 4, as expected in the above construction.
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Comparison of various algorithms

T
10* | symbolic CH g 13
linear solve &o i
with truncation -

10° F 4

g 10" ¢ E
c
Q
[&]
(0]

@ 1

g 10 ¢ E
(0]
£

2 10 i
c
o
2

107} .

o + B 8 slopes of lines (from left to right): i

g © 8 10.4, 3.8, 3.7, 3.8, 34, 3.1, 29, 29 1

1 1 1
10' 10° 10°

matrix size (n)

Figure 1: Comparison of various algorithms for computing the Laurent expansion
of (Ap + AA1)71b(A) for randomly generated matrix pencils (¢ = s =2, d = 4).

Algorithm 4.1 was implemented in floating point arithmetic using Matlab.
Since this method computes the minimum norm solution of Ay (xo;...; Tg4s) =
(05...;05b0;...;bq), we also plot the time it takes Matlab to find the pseudo-inverse
of Ay. Algorithm 4.6 was implemented in exact arithmetic using Mathematica.
Since the Smith form of A(\) also gives Jordan chain information, we include its
running time for comparison (using Maple, which is faster than Mathematica for
this). A more competitive benchmark is symbolic factorization with series trunca-
tion, which we implemented using Mathematica: each entry of A(\) was given an
initial truncation error of O(A?"5t1) and each entry of b(\) was given an initial
error of O(\T1); Gaussian elimination with complete pivoting (on terms of lowest
leading order) was then used to solve the system, truncating series sums and prod-
ucts appropriately. Note that Algorithm 4.6 can solve for n right hand sides faster
than the symbolic approach can solve for one right hand side. Also, the symbolic
approach requires that s is known a-priori, whereas Algorithm 4.6 does not.

The best-fit lines in Figure 1 have been placed in regimes that are large enough
that lower order terms in the operation count become negligible, but small enough
that the computer hardware can operate efficiently. The slopes of the lines indicate
the scaling exponent « in t(n) = Cn®. It appears that Algorithm 4.6 scales better
when b(\) = e; than when b(\) = I. This is presumably because the rational
numbers involved in the LU decomposition of Ay do not reach their full complexity
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until the final stages of the factorization, whereas for b(\) = I, all O(n?) operations
of the back-solve stage involve these large rational numbers. We also see that the
floating point algorithm scales as O(n?), as predicted by a straightforward floating
point operation count. In many cases where A(0) has special structure, it should
be possible to make use of the fact that As contains A(0) as a principal submatrix
to further improve this scaling.

A Numerical stability in floating point arithmetic

In this section we will show that the algorithms presented in this paper are forward
stable in floating point arithmetic with a condition number that depends on how
close A(\) is to an even more singular analytic matrix function. This is possible
because we have specified the location of the eigenvalue of interest (e.g. the origin)
as part of the problem statement. Thus, we have to know more about the matrix
than can be determined by looking at a numerical approximation of it — we have
to know that A(0) is exactly singular. In particular, we do not claim to be able
to compute the Jordan canonical form of a matrix in a stable way unless the
eigenvalues are known a-priori, or can be determined algebraically (using exact
arithmetic for that part of the calculation). If the multiplicities can be determined
algebraically, the eigenvalues can be computed in floating point arithmetic (using
extra precision if necessary), but there is no way to determine affirmatively that a
cluster of eigenvalues should coalesce using floating point arithmetic alone.

Finding the Jordan chains of an analytic matrix function at the origin is a
generalization of the familiar problem of finding the kernel of an n x n matrix A,
which is solved numerically as follows. The user supplies a numerical approxima-
tion A of A and a tolerance Othresh- Lhe singular value decomposition A=UxV*
is then computed and the right singular vectors corresponding to singular values
0j < Othresh are returned as a basis for the kernel. This procedure is forward stable
due to the backward stability of the SVD algorithm:

THEOREM A.1 (Backward stability of the SVD). Let A be a floating point repre-
sentable n x n matriz. There is a (small) constant C' independent of A (and n)
such that the result of computing the SVD of A in floating point arithmetic (us-
ing Givens rotations for the bi-diagonal reduction process) is the exact SVD of a
nearby matrix A satisfying

A=Uxv*,  |A-A| <Cn¥| A, (A1)
where € is machine precision and the matriz multiplication is in exact arithmetic.

REMARK A.2 The matrices U and V are stored implicitly as compositions of
Givens rotations so they are exactly orthogonal. If Householder reflections are
used in the reduction to bidiagonal form, the bound on the right hand side of
(A.1) involves the Frobenius norm instead of the 2-norm. This would require
minor modifications of the analysis below.
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THEOREM A.3 (Forward stability of computing nullspaces). Suppose A = ULV*
is an nxn matric with dimker A = p > 0. Let gap = 0, be the smallest non-zero
singular value of A, and suppose a tolerance opresy, 1S given such that

1
O thresh < g gap. (A2)

Let a > ||A]|, ¥ > 0, and A be any floating point representable matriz satisfying
|A — A|| < yan’e, yn?e < 1/3. (A.3)

Let A = USV* be the result of computing the SVD of A in floating point arithmetic.
Then

. 4
d=A+E rrErs(ch)an%, 65— o3l < IBl, (1<) <n),

(A.4)
where C' is the backward stability constant of the SVD algorithm from (A.1). In
particular, if

O thresh
< — A5
© (v +4C/3)an? (A.5)
the number of singular values satisfying 6 < Ohresy, 15 p and there is an orthogonal
n X p nullspace matrix X for A such that
L1 E|l

[X - X| < cap AX =0,  X*X = Iy, (A.6)

where X is the numerical nullspace matriz consisting of the last p columns of V
(stored implicitly using Givens rotations). Finally, if we explicitly compute the
matriz entries of X in floating point arithmetic, we obtain a matriz X satisfying
X — X| < %ans as well as

IX — X|| < Ke, K = (L1y+20)m2-". (A7)
gap

REMARK A.4 The bound (A.4) on the singular values follows from Weyl’s the-
orem [7]. The bound (A.6) on X follows from the “sin20” theorem [6] on the
perturbation of invariant subspaces. The constant 1.1 in (A.6) is related to the
choice of 1/3 in (A.2), for if 0 < 6§ < T and %sin20 < % then 2sing < %sin%.
The requirement yn2e < 1/3 is satisfied automatically if (A.2) and (A.5) hold
(since gap < «). The constant « can be any convenient bound on ||A|| (including
||A|| itself). The purpose of v is to quantify the effect of starting with a poor
approximation A of A when analyzing Algorithm 3.1 below.

In summary, given A and and a tolerance oipyesh satisfying (A.2), the nullspace
matrix X computed in floating point arithmetic is close to an exact nullspace
matrix X as long as ¢ satisfies (A.5), and the error can be made arbitrarily small
by taking € — 0. Thus, computing nullspaces is forward stable in floating point
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arithmetic with condition number K proportional to n?||A||/ gap. Note that any
perturbation of A that decreases the dimension of the kernel will have a much
larger condition number due to the small, non-zero singular value(s) created by
the perturbation.

Except for the last step where we explicitly compute the matrix entries of X ,
this procedure for computing the nullspace is also backward stable as zeroing out
the p smallest singular values 6; will not change A very much; however, backward
stability is less useful than forward stability when the underlying problem depends
discontinuously on the matrix entries. For example, the algorithm “return the
n x 0 empty matrix X” is also backward stable as there are invertible matrices
arbitrarily close to any singular matrix.

Before analyzing the stability of Algorithm 3.1, it is instructive to consider the
naive algorithm employing the SVD to compute the nullspace matrices Xy, directly
from Ay for £ = 0,1,2,..., until Ry = dimker A; stops increasing. We identify
the maximal Jordan chain length s as the first & for which Ry = Ry_1 (with R_;
taken to be 0). The matrix X;_; then contains all the Jordan chain information
for A(N). Setting v =1 and o = ||As_1]| in (A.7), we see that a natural candidate
for the condition number of this problem is

(1.1 +2C)s%n?||As_1 ||

naive ’

gapg s~y

Knaive - (AS)

where gapi®¥® is the smallest non-zero singular value of Ag. The bounds in (A.4)
above imply that given A()) of maximal Jordan chain length s at the origin and
a tolerance

. 1 i
Othresh < Orgnkngls <3 gapgawe> 3 (Ag)
the naive algorithm will compute the dimensions Ry, ..., Rs correctly as long as
Cthres
e < thresh (A.10)

(1+4C/3)(s + 1)2n2|| A4

and as long as our numerical approximations A, of the coefficients of A(N) lead
to augmented matrices that satisfy |[Ay — Ayl < n?(k + 1)%¢||Ay|| for 0 < k < s.
Moreover, the computed nullspace X,_1 will be close to an exact nullspace matrix
Xs—l for As_li R

HXs—l - XS—IH < Knaive €. (All)

Thus, the naive algorithm is forward stable with condition number K, jv.. How-
ever, this analysis overlooks one important detail: computing the nullspace of A;_1
using the SVD will not respect the Jordan chain structure of this nullspace; hence,
there are likely to be internal inconsistencies when we try to extract Jordan chains
from X _1. This is illustrated in the following two examples:

14X 0 0
ExXAMPLE A.5 Let A(\) =P 0 a 0| Q% where P and @ are randomly
300 A2

generated orthogonal matrices and @ = 1078, (The purpose of P and @ is to
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cause roundoff error). We find that s = 2 and gap?®¥® = q for 0 < k < 2. When
we compute X; using the SVD, we obtain the kernel Xl of a nearby matrix Al
with the same nullspace dimension as Aj. (We ignore the errors in computing the
matrix entries of X; from the Givens rotations). One possibility would be

100 0 0
0 a e 0 —¢/a
i _(P 0y|0oo0o0 Q* 0 s« _(Q 0y|o 1
1=\o P)Jl10o0o100o0fl\o /) 7 o @)lo o
0000 a0 0 0
300000 1 0

If we denote the second column of X; by (zo; 1), we see that the first column
of X; deviates from the linear span of {(zo;z1), (0;z0)} by approximately &/a,
which is of the same order as a in double precision arithmetic. Thus, if we wish to
post-process X; to obtain a consistent Jordan chain structure (using e.g. the SVD
with a threshold to coalesce subspaces), we need the right hand side of (A.11) to
satisfy

Knaive € < Othresh- (A12)

This introduces an additional factor of gapl®}® in the requirement (A.10). In the
current example, this pushes the requirement beyond double precision arithmetic.

14+ A 0 0
EXAMPLE A.6 Let A(\) =P 0 a+XA 0 |Q* wherea=10"%. We again
3\ 0 A
find that s = 2, but this time gapgai"e = a, gap{‘ai"e ~ a?, and gapgai"e ~ ol If
we use double precision arithmetic, the singular vector corresponding to gapj®'e
will likely be interpreted incorrectly as an element of the kernel of As. Since the
next gap in the list of singular values of Ay is very large (around 0.28 > ¢), the
linear span of these singular vectors will be computed very accurately and the

naive algorithm will return

A 0 0 00 O 00 0 1\ /Q* 0 0
Xs=Z(0 0o 00 0 10 0 O 0 Q* 0 ]|+0(), (A.13)
0 a’/c 0 0 —a/c 0 0 1/c O 0 0 QF

where ¢ = V1 + a2 + o and Z is an orthogonal 3 x 3 matrix. This matrix Xy is
incompatible with any Jordan chain structure since the chain of length 3 is not an
extension of a shorter chain. This shows the importance of the requirement (A.9)
on the success of the naive algorithm.

Algorithm 3.1 avoids internal inconsistencies in the nullspace matrices X by
constructing them incrementally, with the Jordan structure built in. The price
we pay for this is that we do not look ahead at Ay, when computing Xy to help
guide the choice of insignificant digits (lost to roundoff error) in order to line up the
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subspaces at the next iteration (to find chains of length k+1). Thus, Algorithm 3.1
may require more precision than the naive algorithm to find long chains, but the
naive algorithm will require additional precision to make sense of the nullspaces it
finds (and to avoid finding too many null vectors).

Examples A.5 and A.6 above are cases where the naive algorithm fails in double
precision arithmetic while Algorithm 3.1 succeeds (with typically 9 correct digits
in X in the former case and 7 in the latter). If we set a = 10~ and replace the
second column of A(\) by (0; a; A), then the naive algorithm will succeed in double
precision arithmetic while Algorithm 3.1 will fail to find the chain of length 2. If
we instead replace the second column by (0;a + A; A), then both algorithms will
fail unless extra precision is used: the naive algorithm will find a spurious chain
of length 3 while Algorithm 3.1 will fail to find the chain of length 2. In all cases,
both algorithms will succeed once ¢ is reduced to satisfy (A.12) or (A.28) below.

These examples can be understood by noting that the error in computing ker Ay
is overwhelmingly in the direction of the second right singular vector vo = Q(:,2)
due to the large gap between o; and o9 and the small gap between g9 and o3 = 0.
The requirements on ¢ for the success of the algorithms (and in particular the
quantities gapgai"e) depend on where A; maps vo. The examples above illustrate
several of the possibilities.

We now prove that Algorithm 3.1 is forward stable in floating point arithmetic.
Suppose A()) is exactly singular at the origin with maximal Jordan chain length s.
We define

ag = || Aoll, (A.14)
ar=(1+ Ao+ -+ |A2)?  (0<k<s), (A.15)
U](-k) = jth singular value of Ay, <g§k) > .. > UfﬁRk,l) (A.16)
gapy, = 07(1]2 Ry._,—r, — Smallest non-zero singular value of Ay. (A.17)

The quantities oy, are convenient upper bounds for ||.Ag||, and, as before, R_; = 0.
Note that Uj(k) and gap;, are independent of which orthogonal matrices X, and Xy
we use to represent the kernels. Also note that gap, is the smallest singular value
of As, which is invertible. The user must supply a threshold oipesn for computing
nullspaces that satisfies

1 .
Othresh < g (()Ignklgs gapk) . (A18)
This requirement is often much less strict than (A.9). We assume that numerical
approximations of Ag,...,As are known to a tolerance
|Ax — Agl| < n’e||Arll, (0<k<s). (A.19)

The first step of the algorithm is to compute the kernel Xy of Ao as described
above. In light of (A.19) and (A.14), Theorem A.3 implies that X satisfies

S %) Othresh
Xo — Xoll < (1.1 +20)n? , < . A.20
o - Yol < (1142002 e, (o< T ) (a20)
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Next we choose § > 0 (to be determined later) and formulate the induction hy-
pothesis
|Xp — Xi|| < Cr(n+ Rp_1)%e < 6. (A.21)

From (A.20), we know Cy = (1.1 + 2C)ag/ gap, works when k£ = 0. Our goal is
to derive a recursion for (' that ensures that s is computed correctly, and that
(A.21) holds for 1 < k < s —1 as well. To this end, we compute

i Apn A - A 0 X
=1 . A.22
where fl(-) indicates that the calculation is done in floating point arithmetic, and
use (A.21) to conclude
Ak — Aeir |l < mawra(n+ R, = (146)%[(k+2) +2Ck].  (A.23)

Next we compute [Vk, Uk] =1 (ker ./Z{k_t'_l) and use Theorem A.3 to determine

~ ~ [0
H[Vk; U] — [Vi; Uk]H < (L1 +20) ﬂ(n + Rk)QE. (A.24)
gaPg+1

Finally, we compute

[0 E)] man[@) ()]

to obtain

A 9 Qk+1 2
+1 — >~ . I .
1Xh1 — X || < <(2+6)Ok+(1+5) + [1.1y + 2C] )(n-i—Rk) €
8aPg 11

Cri1

We now select 6 = 0.1 and use the fact that a1 > gapg,; to obtain a simpler
recursion (with larger terms):

4
Char = <5ck +-(k+3)+ 20> L Oy = (L1420)=2 . (A.26)
3 gaPg41 gapg
This recursion can be solved explicitly:
SLAR | 131 13 k] o g
Cp=|—C+—pF_-=_2 A.27
; [ 2 60 12 3] gap;  gapg’ (4.20)

which yields v, as well. In order for this analysis to be valid (and to determine
that k& = s is the first index for which Aj is invertible), we require

1) Othresh )
Cs—1(n+ Rs—2)? " (7s-1+4C/3)as(n + Rs_1)?

The bounds on ||Uj, — Ug| and ||V} — Vi| in (A.24) can now be used to derive
error estimates for the extracted Jordan chains Xj in Algorithm 3.1. The bound
(A.23) on || A, — A,|| ensures that Algorithm 4.1 is forward stable in floating point
arithmetic once b(\) and the number of desired terms ¢ in the Laurent expansion
of A(N)~1b()\) have been specified.

£ < min ( (A.28)
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REMARK A.7 The exponential dependence of Cy on k in (A.28) is not likely to
cause difficulty as problems with Jordan chain lengths longer than s = 3 are very
rare in practice. Of more concern is the fact that the ratios oy / gap, multiply from
one iteration to the next. Example A.6 above shows that this should be expected
from a general (i.e. worst case) analysis. In that example, the quantities gap,
are all equal to a while gapgai"e ~ a**1 for 0 < k < 2. Example A.5 shows that
sometimes Algorithm 3.1 will perform better than predicted by this worst case
analysis — it depends how the errors in X propagate through the coefficients flj
when Ay is formed in (A.22). However, a general analysis that keeps track of
the directions of the errors as well as their norms would be difficult.

In summary, the error in the quantities computed in Algorithms 3.1 and 4.1
using floating point arithmetic can be made arbitrarily small (relative to their
nearest counterparts in exact arithmetic) by taking £ — 0. Moreover, the con-
vergence rates are linear in € with constants that depend on the distance to an
even more singular analytic matrix function (i.e. on the sizes of the ratios g:;k’
0<k<s—1)

IXo1 — Xy 1] < Ke, K =C,s 1(n+ Rs_»)% (A.29)

The convergence is linear because we have specified the location of the singularity
(the origin) in advance. In some problems, the zeros of A(\) = det A(\) must also
be found, in which case we recommend Davies’ method [5] for locating the zeros
of an analytic function using contour integration techniques. But if A(\) has a
zero of order d at \g, roundoff error is likely to split this zero like the dth root of
¢ rather than linearly, making these zeros difficult to compute.

It is often possible to use the methods of this paper to stabilize the problem
of finding these zeros. For example, in the corner singularities problem described
in the introduction, it is very common for A()) to have zeros at the integers; the
corresponding singular functions are polynomials. If another zero A\; of A(\) is
close to such an integer A\g, Davies’ method will likely give inaccurate results as the
zeros will interfere with each other. But if we first compute a canonical system of
Jordan chains at the integer g, we learn the order d of the zero of A(\) at Ao using
an O(e) method; we can then find \; using Davies’ method on A(X)(A — \g)~%,
which also gives O(g) accuracy if A\ is a simple zero. In this way we can find
parasitic zeros near a known (possibly multiple) zero with high accuracy.
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