Math 228A, Fall 2006, Wilkening

Homework 3
due Thursday, Oct. 5

(1) (Chain rule). Let f:R? — R?, ¢g:R?® — R? and u : R® — R3 be given by
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Let 2o = | —1 | and yo = g(z9) = (0) Write out the formula for u(z) in terms
0

of z, compute the Jacobians D f(yo), Dg(x¢) and Du(zg), and verify that Du(zg) =
Df(g(x0)) - Dg(o).

(2) The s-step Nystrom and Milne methods are derived exactly as the Adams-
Bashforth and Adams-Moulton methods, except we integrate from ¢, to t,, 1 instead
of t, to t,i1:

tn41
Yn+1 = Yn—1 + / p(t) dt = h[bOfn+1 + blfn + -+ bsfnferl] .
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For the Nystrom method, we require by = 0 and use
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p(t) = pl(t)fn + o +p8(t)fnfs+l> pm(t) = H A , (1 <m < 8).
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For the Milne method, we allow by # 0 and define
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(a) Compute the coefficients b,, for the three step Nystrom and two step Milne meth-
ods by integrating p(t).
(b) Compute them using the fact that p(z) = 257%(2? — 1) and
p(z)
=—+0(z -1
o(2) =" oz - p)

where p = s for the Nystrom method and p = s + 1 for the Milne method.



(3) Determine the order of the three-step method

3 9 9 3
Ynt1 = Yn—2 = h[gfn-i-l + gfn + gfn—l + éfn—?})

the three-eighths scheme. Is it convergent?

(4) Show that the multistep method

Ynt1 + Q1Yn + Q2Yn—1 + A3Yn—2 = h[blfn + b2 fr1 + b3fn—2}

is fourth order only if a; + a3 = 8 and a; = —9. Hence, deduce that this method
cannot be both fourth order and convergent.

(5) By solving a three-term recurrence relation, calculate analytically the sequence of
values vyo, Y3, Ys, - .. that is generated by the midpoint rule

Yntl = Yn—1 T+ 2hfn

when it is applied to the differential equation 3y’ = —y. Starting from the values yo = 1,
y1 = 1 —h, show that the sequence diverges as n — oco. Recall, however, that the root
condition together with consistency of order p > 1 and suitable starting conditions
imply convergence to the true solution over any finite interval as h — 0+. Prove
that this implementation of the midpoint rule (i.e. using these starting values) does
converge over any finite interval [0, T]. [Hint: Ezpress the roots of the characteristic
polynomial of the recurrence relation as F exp(=£ arcsinh h).]



