EVERYWHERE REGULARITY OF CERTAIN TYPES OF PARABOLIC
SYSTEMS
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ABSTRACT. In this paper I discuss nonlinear parabolic systems that are generalizations of
scalar diffusion equations. More precisely, I consider systems of the form

u —A[VO(u)] =0,
where ®(z) is a strictly convex function. I show that when @ is a function only of the norm
of u, then bounded weak solutions of these parabolic systems are everywhere Holder con-
tinuous and thus everywhere smooth. I also show that the method used to prove this result

can be easily adopted to simplify the proof of the result due to Wiegner [7]] on everywhere
regularity of bounded weak solutions of strongly coupled parabolic systems.
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1. INTRODUCTION

The theory of regularity of nonlinear scalar elliptic and parabolic equations is by now
classical. It goes back to the ground breaking work on equations in divergence form by
De Giorgi, Moser and Nash in the late fifties. Since then, Holder estimates for general
nonlinear elliptic and parabolic equations were derived by Krylov and Safonov. However, it
became clear quite early on, after discovery of counter examples, that nonlinear elliptic and
parabolic systems do not, in general, possess everywhere regularity. Instead, only partial
regularity results are available [3].

Despite the lack of everywhere Holder continuity of weak solutions of general elliptic
and parabolic systems, there are several nontrivial examples that do possess everywhere
regularity due to their special structure. One of the earliest such examples of a fully
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nonlinear elliptic system whose weak solutions are everywhere Holder continuous is due to
Uhlenbeck [6]. She considered elliptic systems of the form

—(g(|Vu )il )x, =0 forie {1...N},

with some additional ellipticity and grows conditions on g. Uhlenbeck’s proof of Holder
continuity of weak solutions of these systems relies crucially on the existence of an auxiliary
function which is subharmonic. This auxiliary function (entropy) is tied to |Vu|?> by an
inequality, and this allows local control on the second derivatives of u.

The parabolic examples of fully nonlinear systems possessing everywhere regularity
followed somewhat later. Wiegner in [7]] provided an original example of such a system. He
showed everywhere Holder continuity of weak solutions of strongly coupled systems

(1.1) ui—(aaﬁuf(ﬁ—i—c’éﬁHxﬁ)xa =0,

with H := H(u) a strictly convex function of u and strict ellipticity conditions on the co-
efficients. His work has been followed by several others, including Dung [2], on strongly
coupled system, and Bae and Choe [[L] on a parabolic analog of the example of Uhlen-
beck. Unlike Uhlenbeck’s work, however, none of the proofs of everywhere regularity for
aforementioned parabolic examples rely explicitly on the existence of entropy.

In this paper I provide new examples of parabolic systems whose weak solutions are
everywhere Holder continuous. These systems are a type of nonlinear diffusion systems,
and are of the form

(1.2) u, —A(Vd(u)) =0

where ®(z) is a strictly convex function. These systems are interesting since they generalize
scalar nonlinear diffusion equations of the form

s —A(Y(u)) =0,

where 7 is strictly increasing. I will show that if ®(z) depends only on the norm of z, then,
together with some smoothness and grows conditions on ®, weak solutions of diffusion
systems (I[.2)) are everywhere Holder continuous. I will do this by exhibiting an entropy,
and showing that existence of entropy together with properties of general parabolic systems
suffices to prove everywhere regularity. In the conclusion, I will show that regularity of
bounded weak solutions to the strongly coupled systems can also be obtained with the
help of an entropy.

Let me introduce notation that I will use throughout this paper. I consider parabolic space
to consist of space and time with space being of n dimensions and time of one dimension. In
this paper I will deal with cylindrical domains for simplicity. By elliptic domain Q C R? I
will mean space domain. Cylindrical parabolic domain Q x (0,7) C R} x R, where T > 0,
will be denoted by Q7. The time interval of the cylindrical domain Qr, that is the interval
(0,T) in the case of Q7 = Q x (0,T), will be denoted by I(Qr). By B,(x) I will mean an n
dimensional ball as a subset of R} with center at x and of radius r. Q(x,7,r) will denote the
cylinder

O(x,1,r) :=B,(x) x (t —1%,1).
I will write B, or B instead of B,(x) when x or r are clear from the context. Similarly,
sometimes I will write Q, or Q instead of Q(x,7,r). For a Lebesgue measurable set S by |S| I
will mean Lebesgue measure of S. Finally V (Qr;R") will denote the closure of C! (Q7;R")
functions under the norm

M@= s [ peenPact [[vvxnPacdr
vier) tel(Qr) /& Qr
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2. PARTIAL REGULARITY OF NONLINEAR SYSTEMS

In this section we recall partial regularity results for weak solutions of quasi-linear
parabolic systems of the form

2.1) i — (AP (cwpul, )y, =0 Vi€ {1...N},

where coefficients A?j‘-ﬁ satisfy the following condition of strong ellipticity:

(2.2) A?jﬁéééé > A|E[* forall € € R™, for some A > 0.

By a weak solution in this case I mean a function u € V(Qz; R") that satisfies
//QT v+ AP ud Vi dxdr =0, forall v e Hy(Qr:RV).

It is well known that weak solutions of systems of this type possess partial regularity under

some appropriate continuity conditions on Af‘jﬁ . The important result in this area is the
following local regularity result due to Giaquinta and Struwe: [4]]

Theorem 2.1 (Local regularity condition). Suppose coefficients Aijﬁ satisfy condition (2.2),
are continuous and bounded. Also suppose u € V(Qr) is a weak solution of 2.1). Then, if
for some (xo,t)) € Qr

1
2.3) liminf — / / Vu|? dxdr = 0,
R=0 R™ JJo(x0.10,R)
then u is Holder continuous in the neighborhood of (xo,t).
Condition (2.3) is the basis for the proofs of everywhere regularity that we will discuss
in the rest of this paper. We will, however, need one more result due to Giaquinta and
Struwe [4]].

Lemma 2.2 (L? estimate). Ler u be a weak solution of the system 2.1). Then there exists
an exponent p > 2 such that |Vu| € L? (Qr); moreover for all Qp C Qar C Qr we have

loc

I/p
2.4) (ﬁ[ |Vu|”dxdt> gc(# |Vu|2dxdt>
Or Q4R

3. GENERALIZED DIFFUSION EQUATIONS

1/2

In this section I discuss the type of parabolic systems I will refer to as diffusion system.
Let @ : RV — R be a strictly convex, twice continuously differentiable function with

(3.1 AEI? < @2 8787 < AIGJ
Then we say that u is a weak solution of
(3.2) u —A[V®(u)] =0
ifu € V(Qr;R") and for all w € Hj(Qr; RY)
(3.3) / / —u'W, + (@, (w)) xo Wk, dxdt = 0.
Qr
This is a standard quasi-linear elliptic system of the type in (2.I), since we can rewrite it as
(3.4) U+ (P2 (el ) =0 forallie{l...N}.

Xa
If in addition u is bounded I say u is bounded weak solution.
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As I have mentioned before this equation is a generalization of scalar nonlinear diffusion
equation. It has several nice properties. First, its ﬂow is a contraction in H™!(Q) and its
solutions are unique. Second, weak solutions of (3:2) are in H}, (0,7;L2 (Q)), that is
their weak derivatives in time are in Lz A C(QT). Furthermore, if the solution is bounded, the
gradient in x is actually in L} (Qr).

First I show that flow is a contraction in H™!(Q).

Theorem 3.1 (Uniqueness). Let ug,u; € V(Qr;RY) be two weak solutions of with
the same boundary conditions, that is uo(-,t) = u;(-,t) on dQ for almost all t € [0,T].
Denote by i : L>(Q) — H™1(Q) the natural embedding of square integrable functions in
H~! defined by

yi= [ foax
Then we have forT >t > 19 >0
3.5) liuto(11) = w1 (1)) |51 0y < €0 [|iuo (20) — w1 (10)) lg1-1 ()
where A as in (3.1).
Proof. Let us denote by fj, the Steklov average of f defined as
t+h
Fu(x,t) = Sf(x,s)ds

t

Also for simplicity we will write v; for V®(uy) with k = 1,2. It is not very hard to show
that (u), and (v ), weakly satisfy

(3.6) ((we)n) = A((vi)n) = 0.
Let us denote the solution of

Aw=f, w=0onQ
by A~! f. Then the H~!(Q) norm of i( ) is given by

i) vy = [ V()P

For simplicity for an f € L?(Q) let us write || f||;;—1 instead of [|i(f)||y-1 ()- Now fix h. For
to,t1 € (h,T —h) we compute

(3.7) (82)“ l(ay)n — (“O)hHIzi—l) ‘:} =h+bh,
where

I = t 27Le”’||(u1)h*(llo)h||H | 4t
and 0

h= / [ 264V () = (wo)n) - VA () — (wo)y), e,
Using the equation and the fact that uy and u; have the same trace, for I, we obtain
1
—/ /9262)”((01% — (uo)n) - ((vi)n — (Vo)n) dxdt
T
Taking the limit of both sides of the equation (3.7) as # — 0 we get

n
(3.8) (ezm [ICH —llo||%1—1) ‘t =I+1,
0
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where
il
13:/ 20 Juy ol | d,
fp

and

1
Iy = —/ /Zezm(U] —ug) - (vi — vp) dxdt
0 Q
1
—/ /2/1e2“|u1—u0|2dxdz
g JQ

1
f/ 20 Juy —uo| s | dr.
0 t

IN

IN

Thus we see that I5 + I, < 0 and we establish the result for 7 > ; > 1y > 0. We establish
the Theorem by taking the limitasty — O and#; — T. (] (I

Let us now derive the H? estimates for the solutions of (3.2). In general, quasi-linear
parabolic systems do not have H? estimates and the fact that solutions of generalized
diffusion equations do have them is the consequence of the special structure that equation

(B.2) possesses.

Theorem 3.2 (H? estimates). Let u € V(Qr;RN) be a weak solution of (3.2). Then u, €
LIZOL_(QT) and for Q(x,t,r) € Q(x,t,R) C Qr we have the following estimates

c
(3.9) / / w2 dvdr < —S / / Vul? ddt,
O(x,t,r) ‘ t| (R - r)2 O(x,1,R) | |

c
(3.10) // V2(V.D(u)) 2 dxdr < 7// Vul dxdr.
Q(x,ur)' (Vo) (R—r)? Q(xﬁt,m' |

Proof. As before we will write v for V®(u) and fj, for Steklov average of f. Denote by
& € € (L) a smooth bump function supported in Bg(x) C Q, which is identically one on
B, (x) C Q with ||VE||., < C/(R—r). Also denote by n € C((t — R?,t]) a function that
is identically one on [t — ?,] and supported in [t — R?,¢] with |n’| < C/(R? —r?). Then
multiplying equation

(wp)r —A(v) =0

by (v1,):£?n we obtain

(o0 20+ V)V (30, 820 (1) (), 26 V€ i = 0.

Using strict convexity on the first term, integrating the second term in time by parts and
using Holder inequality twice we obtain

[ [ Slenrenaa + [ vmpen| a

<l 1veR) [ [ venreas

Thus taking a limit as 7 — 0 we deduce that u, € L (Q) and derive estimate (3.9) as

loc

claimed. To prove (3.10), we use H? estimates for the Laplacian to get the following for a
fixed 1:

/ V2v[2dx < %/ |VV|2dx—|—/ g2 dx.
B, (x)x {1} (R—r)? JBg(x)x{1} Br(x)x {1}
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Integrating in time and using estimate (3.9) we get

// V2v] ddr < Lz// Vv ]2 dxdr.
Jo(xan) (R=r)? JJo(xr.R)

] (]

In addition to H? estimates for weak solutions, bounded weak solutions of equation (3.2)
are actually in L?O .- This is rather unusual since most quasi-linear equations do not have L
estimates.

Theorem 3.3 (L* estimate for bounded solutions). Let u be a weak bounded solution of the
equation (3.2). Then Vu is locally in L* and for Q(x,t,r) C Q(x,t,R) C Qr we have the
following estimate:

" C 2 "
G.11) // Val* dxar < S0 // IVl dudr.
Je X,tr (Rir) Ve Q(X,t,R)

Proof. Let us again denote V&®(u) by v and let 7 : R — R be a smooth increasing function
that is linear on (—eo, 1] and constant on [2, e0). For some large enough constant Cy, C; 7(z) >
2(7'(z))?. Define e as T¢ (x) := t(€x) /€. Notice that || 74|, < Co and CTe(z) > z(14(2))?
with constants independent of €. Letting & be a smooth bump function as in the proof
of Theorem above, multiply the equation by v7¢(|Vv|?)E? and integrate by parts to
obtain

JI e (9vP)E Vv (v P)E
O(x,1,R)

"y

+2vivi v L (|Vv])y xdxﬁéz+2viv;a’rg(|Vv|2)§§xadxdt:0.

Xoo )Cﬁ

Hence we compute
[ PPmPIE < [ ViR e 32 vPE?
+G ||V§ IZIVIZ VP +Cv2, |V2V| 52 + %|VV|4TQ(|VV|2)2<§2dxdt-
Simplifying and using estimates (3.9), (3:10) and C; 7 (z) > z(7%(z))?* we deduce

C
// |VV|2T£ (IVYP)dad < ¢ ”“”w // IVul? dxdr.
(x,t,R)

Taking a limit as € — 0 we deduce by monotone convergence theorem that Vu is locally in
L* and the estimate as claimed in the statement of the Theorem. | O

Remark 3.4. The fact that the gradient is actually locally in L* implies that the singular set
of a bounded solution has parabolic Hausdorff dimension smaller than n — 2. As you may
recall from Theorem [2.1] the singular set is contained in the set

1
{(x,t) eor | liminf—// Vul? dxdr > 0}.
R—0 R" JJo(xs.R)
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Now using the Holder inequality and the fact that u locally in L* we compute

1 1 1/2
— VaPddr < - // v 4dxdt> 4,R)[12
R" //Q<x,nR)| . R”( Q(x,tA,R)| u 10(x,1,R)|
2—n 1/2
< CRT (// |Vu4dxdt)
O(x,t,R)
1/2
< C<R2”// |Vu4dxdt> .
(x4 R)

Hence the singular set must be contained in the set

|
x1)EeQ ‘hminf—// Vu4dxdt>0},
{near [ ipprls [[ vl

which has n — 2 parabolic Hausdorff measure zero.

IN

4. THE KEY LEMMA

In this section I discuss the parabolic version of the lemma that seems to be key in the
proof of everywhere regularity of some elliptic systems. Not surprisingly, it will turn out
that the parabolic lemma is crucial to proving everywhere regularity of solutions to some
types of parabolic systems. The elliptic lemma, to which I refer, is well known and the
proof of it can be found in [3]] in Chapter 7 as part of Theorem 1.1.

Before we proceed with the discussion of this elliptic lemma let us recall that coefficients
aqp are called strictly elliptic if there exists A > 0 such that

aaﬁ§a§BZl|§|2 forall £ € R".

Lemma 4.1. Suppose coefficients aqp (x) are strictly elliptic, bounded and measurable. Let
u € V(Q), f € LY(Q) be nonnegative functions satisfying

“.1) — (@apitsy)sg +F <0

on Q. For any xo € Q for which Bg,(xo) C Q for some Ry, we have the following:

1
4.2 liminf—/ dx =0.
*-2) R—0 R"—2 BR(Xo)f

The proof of this lemma is rather simple and follows easily from the elliptic Harnack
inequality. Because of the peculiar geometry of the parabolic Harnack inequality, the elliptic
proof does not translate directly into the parabolic case. Instead, by adopting proof of
elliptic lemma to parabolic equations, one is able to control f on the cylinders whose top
centers are slightly shifted back in time. In fact it is not true that f can be controlled on the
cylinders whose top centers are not fixed, without additional assumptions on f. It turns out,
however, that the assumption that one needs to impose to prove the parabolic version of the
lemma is satisfied in applications to everywhere regularity of parabolic systems. What we
need to assume is that for some @ > 1 the L% norm of f on a cylinder is controlled by the
L! norm of f, perhaps on a larger cylinder.

Lemma 4.2 (Key Lemma). Suppose coefficients aqgp (x,1) are strictly elliptic, bounded and
measurable. Let u € V(Qr), f € LY(Qr) be nonnegative functions weakly satisfying

(4.3) u — (aaﬁuxﬁ )xg + <0
7



on Q7. Further suppose that for some o > 1 our f satisfies the following:

/o
“4.4) ( fa dxdt) <C fdxdt,
Or Q4R

Sor all Qr C Qug C Qr. Then for any (xo,t0) € Qr for which
Bg, (x0) x (to —R%,to —I—R(Z)) C Qr, for some Ry,

we have the following:

1
45 liminf — / / dxdt = 0.
(4.5) R—0 R" Q(xo,lo,R)f

Proof. Fix 0 < o <1/4. Set

Ri:=0'Ry, Qi:=0(xo,t0,R;), M;:=supu
O;

and
Q; = Q(X(),t() 7462Ri27 (1 - 862)1/2Ri)7
Q! := Q(xo,t0 —206°R?, (1 —45%)'/?Ry).
We divide the proof in three steps. In the first step we show that for any o € (0,1/4] we

have |
}LI?QR*?//Qfdxdt:o,

Once we have done that, we show that we can control f on Q,-\Q; with the help of the
assumption on f. Finally we will put it all together to conclude the lemma.
Step 1. Fix i, and set z := M; —u. We see that z > 0 on Q; and z satisfies

(4.6) 2t — (aapaxg )xq = f-
In particular, due to parabolic Harnack inequality (see Theorem 6.24 in [5]])
@7 ]6[ zdxdt < C inf z.
o QOit1
Let w solve backward time parabolic equation
1

(4.8) —w — (agpW, )XB = ﬁxQﬁ’
1
on Q; with w = 0 on the backward time parabolic boundary, that is
w =0 on (IBg,(x0) x [to — R?,10]) U (Br, (x0) x {to})-

At this point if zw were actually differentiable in time, we would multiply equation (4.8)) by
zw and integrate by parts to obtain

// - —Wz —Wz dxdr = —1 // dxdr
+a +a =
: 4 2 . aﬁzﬁ 2 . af Wxg Wxﬁz R,'2 7 w )

and since z satisfies equation (.6) we would conclude that

1 w? 1
1 i i i

In general we cannot expect zw to be differentiable in time. To obtain equation (.9)
rigorously one would need to use Steklov average

1 t
h
1) = —
@)=y [
8

Z2(x, T)w(x,7)dT



as a test function in . However, we will not do this here, instead I refer the reader to
Lemma 6.1 in [5]], where similar computation has been carried out.

Now, since w solves @D, by strong maximal principle w > 6 > 0 on Q; and alsow < C
on Q;, with bounds independent of i (one can see this by scaling for example). Therefore,
combining this observation with inequality {.7), we obtain

1
i [ faxtt <Cff e < int 2= O~ M),
i /0 o/ Qit1

However, since
ZM[ — M1 <supu,
i=0 Qo
we conclude that

1 n
7// fdxdt -0 as i— oo,
R} JJg

Step 2. Let A be some measurable set. We will show that for all Qr C Ogg C Qg, and for
all €, there exists 8 such that if |ANQg| < 6|Og|, then
1
— / fdxdr <e.
R JJanox
First, we can easily deduce by the argument similar to the one in part 1, that
1
(4.10) 7/ fdxdr <C,
(4R)" /) Qur
where constant is independent of R.
We now use (#.4) to conclude that

1 /o
/ fdxdt < ( f“dxdt) 10|/ *ANQg|' 1/
ANQR |Or| JJanog
= C|Or|V¥ANQR|"V O fdxde
JJ Q4R
A 1-1/a
— C(| rTQR|) / fdxdtﬁclR"(Sl_l/a.
‘QRl Q4r
Above, the last inequality follows by (4.10).

Step 3.
Finally we put everything together. Fix € > 0. First notice that by choosing ¢ small enough
we can make

10\Qj| < 8@l
where C;8'~1/% < £/2. Then by first step we can find i > 2 such that

1
— dxdr < g/2.
[ f e <ol

Finally, the above together with conclusion of second step gives us

1 . 1 1 [

_ dxdt = — dxdr + — dxdt .

w ot = e g g <
0 |

Now we are in position to apply our key Lemma to deduce crucial importance of entropy
in questions of everywhere regularity for parabolic systems.
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Theorem 4.3 (Entropy condition). Let u be weak solution of (2.1). Suppose there exists
¢ € V(Qr) that together with w weakly satisfy the following inequality:

o — (aaﬁ(PXp )xa +MV“|2 <0,

where aqp are bounded and strictly elliptic. Then w is everywhere Holder continuous on
the interior of Qr.

Proof. Since u satisfies condition (2.4), we see immediately that conditions of the key
Lemmal4.2] are satisfied. Therefore, we conclude that

liminf —// |Vu|? dxdr =
R—0 R" (Xo,R)
However, this is precisely the condition (2.3) of Theorem[2.1] Hence we conclude that u is
everywhere Holder continuous on the interior of Q7. (] (]

5. EVERYWHERE REGULARITY OF CERTAIN DIFFUSION SYSTEMS

In this section we come back to the discussion of weak solutions of the diffusion system
(3.2)), imposing additional requirement that ®(z) is a function of only the norm of z. As we
will see this allows us to conclude much more about solutions of this equation. In particular
solutions are bounded if they are bounded initially and at the boundary. More importantly,
solutions are actually everywhere Holder continuous and thus smooth if @ is.

First I will show that in the case when @ is a functions of only the norm, weak solutions of
equation (3.2) that are bounded initially and bounded at the boundary will remain bounded
for all time.

Theorem 5.1 (Boundedness). Let u be a weak solution of the generalized diffusion equation
(B-2). Also suppose that |[u(-,0)|| ~q) < oo and [[u(-,1)[| = 9q) < o forallt € [0,T]. Then
[ull=(q) < e and we have

(5.1) a0l <max{||u<'70>|L°°(Q)7 sup ||u('7s>||L°°(8§2)}'

s€(0,1]

Proof. Set B to

Bmax{||u(~,0)||Lm(g), sup u('vs)||L°°(BQ)}'

s€[0,1]

Fix € > 0 that is less than one. Let y: Ry — R be a smooth convex function which is
identically zero on [0, B + €], positive and increasing otherwise, and linear on [B+ 1,0).
Also set I'(z) to ¥(|z[). Then we compute

1/r(u(x,r))dx _ /rz,.u;'dx
dt Jo Q

i
/ (rzzq)zlzj x,x) =g @zt 1y, dx

< /a 0 [ @y, ”)Jca Vo dS

The inequality is true because Hessians of two functions of only the norm commute and

both I" and @ are convex. The last equality is true because ¥ is identically zero on [0, B + €]

and |u| is less than or equal to B on the boundary. Since I'(u) is positive and initially zero
10



we conclude that I is zero up to time ¢ and thus |Ju(-,#)||., < B+ €. Since the inequality is
true for all € > 0 the Theorem follows. (] O

The next Lemma will show that if we suppose that ®(z) is a function only of the norm
of z, then there exists an entropy that satisfies conditions of Theorem 4.3]

Lemma 5.2. Ler u be a weak bounded solution of (3.2) and suppose ® is of the form
P(u) = ¢(|u)).

Then there is a continuously differentiable, strictly increasing function y: R — R such that
¢ = ¢(|u|) weakly satisfies the following inequality:

(5.2) & —A(Y(9)) + A% Vu]? <0.

Proof. First of all, without loss of generality we can suppose that ®(0) = 0. Notice that ¢
satisfies the following equation weakly:

o — (CDZiq)Zizju)j;a )xa + |VX(VCI>(u))|2 =0.

Looking at the quantity inside the divergence term we see that it is equal to

: 1
D, D ul = (2 |VCI>(u)|2>

Xoy
Since ®(z) = ¢(|z|), we observe that

1 1

|V )]> = = ¢'(|u)>.

L 1va) = ¢/(u)

Let v be the continuous inverse of ¢. Set

v = [ o' two)ar

Then multiplying ¥ (¢(z)) by ¢’(z) and integrating, we see that y and ¢ satisfy

79(2) = 19/

This 7y is continuously differentiable and strictly increasing, since ¢ is strictly convex.
Therefore we conclude that ¢ satisfies

9 — A(Y(9)) + [Va(VE(w))]* =0,
and due to strict convexity the last term on the left hand side is greater or equal to 12|Vu|?.

] (]

Now we are in position to use the above Lemmal[5.2)together with Theorem4.3]to deduce
Theorem 5.3. Weak solutions of equation are Holder continuous in Qr.
Proof. Lemma tells us, that for u a weak bounded solution of (3.2)), there exists ¢
satisfying
9 — (afxy )y + A% Vu]> <0,

where a(x,t) := ¥ (¢(x,1)). However, this is precisely the condition of Theorem [4.3
Therefore, we conclude the proof. O O

11



6. STRONGLY COUPLED PARABOLIC SYSTEMS

One of the earliest nontrivial examples of quasi-linear parabolic systems whose solutions
have interior everywhere regularity was due to Wiegner [7]]. These are the so-called strongly
coupled parabolic systems of the following form:

6.1) up — (agp u;ﬁ +CpHig )xg =0,
where

(1) H = H(u) is a function of u;
2) Alojc B = dap 89 + c&ﬁsz and aqg are strictly elliptic in the sense that

MEP <AUGELES, and A[S[” <aqpli¢l, forall§ e R™, ¢ € R

(3) H(z) is twice continuously differentiable and A|{|* < H..;{'¢/;
(4) aqp and Cixﬁ are bounded.

After Wiegner, Dung [2] also worked on these types of system. However, neither
Wiegner’s nor Dung’s proofs of everywhere regularity for solutions of strongly coupled
parabolic systems reduce to something analogous to the key Lemmaf4.2] It is instructive to
prove everywhere regularity of weak solutions to using the key Lemma to illustrate an
underlying similarity between strongly coupled parabolic systems and generalized diffusion
equations (3.2). It appears that for both systems discussed in this paper the existence of an
entropy is crucial for everywhere regularity of their solutions.

Remark 6.1. When ® only depends on the norm of the gradient, diffusion system (3.2)
actually has the form of a strongly coupled system, except with possibly non-convex H.
Indeed, if ®(z) = ¢(|z|), then

@)= oy 2 (00 - ) 2

2] H 2l ) 2l

therefore, with

¢’ (luf) g
|ll| 5O£ﬁv C(xﬁ = 76&/3’

“ap = [u]

and

Iz| (p/ s
@ =o'~ [ s
system (3.2)) has the form (6.1).

We can prove an interior everywhere regularity result for strongly coupled parabolic
systems rather easily using Theorem[4.3] As in the previous section I will show existence of
an entropy.

Lemma 6.2. Let u € V(Qr;RN) be a weak bounded solution of , then for some large

enough s there is a positive constant ¢ such that v := *"! is a subsolution of the following
equation:
(6.2) Vt_<AaﬁvX3)xa+C|vu‘2 <0.

Proof. We compute
(eSH)z — SeSHHZi (aaﬁuiﬁ + CixﬁHXﬁ )xg

(Agp (eSH)xﬁ Jxq — (seSHHz,')Xa (aap ”ﬁcﬁ + CixﬁHXﬁ )-
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The last term on the right becomes
(se'H,)y, (agp uiﬁ + CixﬁHx,; )= s2eSHAaBHXaHxﬁ

sH i sH i i
+ se Hziz_iaaﬁumuxﬁ—l—se Hziz_,.caﬁHxﬁuXa

A
> setl (7Ls|VH|2 +A|Vu|* = C(e)|VH|* — 6|Vu\2) > EseSH|Vu|2.

The last inequality follows by first making € small and then s large. Since u is bounded,
we have H is bounded from below. Therefore, for some c, v satisfies equation (@) as
claimed. O ([l

At this point we immediately conclude that conditions of Theorem [4.3] are satisfied.
Therefore we have established

Theorem 6.3. Bounded weak solutions of (6.1) are Holder continuous in Qr.
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