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1. Lehman-Symanzik-Zimmermann axiomatics for QFT.

,( x1

Σ

x0   

)3x,2x

x = (x0, x1, x2, x3), x2 = x20 − x21 − x22 − x23 .

Poincaré group: R1,3 ⋊O(1, 3).
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1. The space of states.
The space of states is the Fock space of particles. Every particle carries
the momentum p = (p0, p1, p2, p3) satisfying

p2 = p20 − p21 − p22 − p23 = m2 .

It may have external degrees of freedom counted by ǫ = 1, · · · , N . They
are Lorenz and isotopic. For simplicity I consider only Lorenz scalars.
There is unique state called vacuum: |vac〉 . The creation-annihilation
operators a∗in,ǫ(k), a

ǫ
in(k), k = (p1, p2, p3) satisfy

[aǫin(k), a
∗
in,ǫ′(k

′)] = δǫǫ′δ
(3)(k − k′) .

Annihilation operators kill the vacuum

aǫin(k)|vac〉 = 0 ,

creation operators create n-particle states.
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There is another set of operators a∗out,ǫ(k), a
ǫ
out(k). The two sets are

related by unitary operators called S-matrix:

a∗out,ǫ(k) = Sa∗in,ǫ(k)S
∗ , S |vac〉 = |vac〉 .

More precisely

S = I +
∞∑

m=2

∞∑

n=2

∫
d3k1 · · ·

∫
d3km

∫
d3k′1 · · ·

∫
d3k′n

· δ(3)
(∑

kj −
∑

k′j
)
S(k1, · · · , km|k′1, · · · , k′n)ǫ1,··· ,ǫmǫ′1,··· ,ǫ′n

· a∗in,ǫ1(k1) · · · a
∗
in,ǫm(kn)a

ǫ′1
in(k

′
1) · · · a

ǫ′m
in (k′m)
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Every matrix element corresponds to scattering process
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2. Locality. There are local operators O(x). Locality means

[O1(x), O2(0)] = 0, x2 < 0 .

Among these operators there is the energy-momentum tensor Tµ,ν(x)
such that

Tµ,ν(x) = Tν,µ(x), ∂µTµ,ν(x) = 0, Pµ =

∫

Σ

Tµ,0(x) ,

and
[Pµ , a

∗
in
out

(k)] = pµ a
∗
in
out

(k), Pµ|vac〉 = 0 .

Self-consistency:

O(x) = eiPµxµO(0)e−iPµxµ .
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Interpolating field ϕǫ(x):

w− lim
x0→∓∞

ϕǫ(x) = ϕ in
out ,ǫ

(x)

=

∫ (
eipµxµa∗in

out ,ǫ
(k) + e−ipµxµaǫin

out

(k)
) d3k

(2π)3
√
k2 +m2

.

Comments.

1. The theory is called free if S = I . The goal is to find a theory with
non-trivial S-matrix.

2. Analyticity. The locality implies rather rich and complicated analytical
properties of the S-matrix.

3. Mathematically the difference between the scattering theory in
Quantum Mechanics and Quantum Field Theory is due to the difference
between strong and weak limits. Hence the problem with the perturbation
theory in QFT.
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2. Integrable models in two dimensions.

Consider the two-dimensional space-time:

0   

x1

x

Parametrization of the energy-momentum of particles:

p20 − p21 = m2, p0 = m coshβ, p1 = m sinhβ .
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Integrability. We had the conservation law ∂µTµ,ν(x) = 0. The light-cone
components of the energy momentum tensor P± = P0 ± P1 have the
eigenvalues on the asymptotical states:

P±a
∗
in,ǫ1(β1) · · · a

∗
in,ǫn(βn)|vac〉 = m

∑
e±βj a∗in,ǫ1(β1) · · · a

∗
in,ǫn(βn)|vac〉 .

Integrability implies existence of local operators T (s)
µ,±(x) satisfying the

conservation law ∂µT
(s)
µ,±(x) = 0 . Such that

[I
(s)
± , I

(s′)
± ] = 0, I

(s)
± =

∫

Σ

T
(s)
0,±(x) , I

(1)
± = P± .

Further

I
(s)
± a∗in,ǫ1(β1) · · · a

∗
in,ǫn(βn)|vac〉 = m(s)

∑
e±sβj a∗in,ǫ1(β1) · · · a

∗
in,ǫn(βn)|vac〉 .
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Implications for scattering. S-matrix commutes with all I(s)± . It is
impossible to satisfy infinite number of equations

m∑

j=1

e±sβj =
n∑

j=1

e±sβ′
j ,

except the trivial solution m = n, {βj} = {β′
j}.

Hence the first conclusion. The scattering is purely elastic:

S = I +
∞∑

m=2

∞∑

n=2

∫
β1 · · ·

∫
dβm S(β1, · · · , βm)ǫ1,··· ,ǫmǫ′1,··· ,ǫ′n

· a∗in,ǫ1(β1) · · · a
∗
in,ǫm(βm)a

ǫ′1
in(β1) · · · a

ǫ′m
in (βm)
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We start with the two-particle S-matrix. Graphically it is represented as

εp1 p
2

p
2

p
1

, ,

,,

ε2ε1
ε1ε2

S= (β β1 2
)−

1ε

2ε 1ε

2

1. Analyticity. Sǫ′1,ǫ
′
2

ǫ1,ǫ2 (β) is meromorphic function of β regular at
0 ≤ Im(β) ≤ π.
2. Unitarity.Unitarity implies two relations

S
ǫ′1,ǫ

′
2

ǫ1,ǫ2 (β) = S
ǫ′2,ǫ

′
1

ǫ2,ǫ1 (−β), β ∈ R; S
ǫ′1,ǫ

′
2

ǫ′′1 ,ǫ
′′
2
(β)S

ǫ′′2 ,ǫ
′′
1

ǫ′2,ǫ
′
1
(−β) = δǫ1ǫ′1

δǫ2ǫ′2
.
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3.Crossing symmetry.

εp1 p
2

p
2

p
1

, ,

,,

=

p1, 1
p
2, 2ε

p1,2
p , ε2

ε2ε 1ε

1ε 2ε
1

This is written as

S
ǫ′2,ǫ

′
1

ǫ2,ǫ1 (πi− β) = cǫ2,ǫ′′2 S
ǫ′1,ǫ

′′
2

ǫ1,ǫ′′′2
(β) cǫ

′′′
2 ,ǫ′2 .
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4. Factorizability of scattering. The most important restriction on the
two-particle S-matrix comes from consideration of multi-particle scattering.

Multi-particle scattering reduces to sequence of two-particle ones.

I. Ya. Aref’eva, V.E.Korepin. S-matrix for Sin-Gordon theory.Pisma JETF, 20
( 1974)

D. Iagolnitzer, Factorization of the multiparticle S matrix in two-dimensional
space-time models.Phys. Rev. D 18 (1978)

A.B. Zamolodchikov, Al.B Zamolodchikov factorized scattering in two
dimensions of certain relativistic quantum field theory models. Annals of
Physics, 120 (1979)

Consistency relation (Yang-Baxter equation).

Sǫ1,ǫ2
ǫ′′1 ,ǫ

′′
2
(β1 − β2)S

ǫ′′1 ,ǫ3
ǫ′1,ǫ

′′
3
(β1 − β3)S

ǫ′′2 ,ǫ
′′
3

ǫ′2,ǫ
′
3
(β2 − β3)

= Sǫ2,ǫ3
ǫ′′2 ,ǫ

′′
3
(β2 − β3)S

ǫ1,ǫ
′′
3

ǫ′′1 ,ǫ
′
3
(β1 − β3)S

ǫ′′1 ,ǫ
′′
2

ǫ′1,ǫ
′
2
(β1 − β2) .
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Graphical illustration to Yang-Baxter equation.

ε
=

p
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εp22 2,
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p
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Remark. Many solutions to these bootstrap equtions are known. It should
be said that they are subject to Castillejo- Dalitz-Dyson (CDD)
ambiguities. Namely, we can multiply by

∏

j

i sinhαj − sinhβ

i sinhαj + sinhβ
.

These ambiguities are eliminated for particular models by considering per-

turbation theory, but still the situation is unsatisfactory unless we know how

to reconstruct the local theory from the S-matrix.
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3. Form factor bootstrap.

Consider a local operator O(x). It is completely defined by its matrix
elements

〈vac|aǫ1in(β1) · · · aǫmin (βm) O(x) a∗in,ǫ′1(β
′
1) · · · a∗in,ǫ′k(β

′
k)|vac〉

= eixµ(
∑

pµ(βj)−
∑

pµ(β
′
j))〈vac|aǫ1in(β1) · · · aǫmin (βm) O(x) a∗in,ǫ′1(β

′
1) · · · a∗in,ǫ′k(β

′
k)|vac〉 .

It is sufficient to find the form factors

f(β1, · · · , βn)ǫ1,··· ,ǫn = 〈vac| aǫ1in(β1) · · · aǫnin (βn) O(0) |vac〉 .

We set β1 < · · · < βn and then continue analytically. The result is assumed

to be meromorphic. General matrix elements are obtained by analytical

continuation βj → βj + πi for last k rapidities (n = m+ k), and by lowering

indices by the matrix c.
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Form factor axioms.

F.A. Smirnov
Form factors in completely integrable models of quantum field theory.
World Scientific (1992) 208 p.

0. Analyticity. f(β1, · · · , βn)ǫ1,··· ,ǫn is meromorphic function of all its
arguments. As function of βn is has in the strip 0 ≤ Im(βn) ≤ 2π only
simple poles at βn = βj + πi, j = 1, · · · , n− 1.
1. Symmetry.

S
ǫj ,ǫj+1

ǫ′j ,ǫ
′
j+1

(βj − βj+1)f(β1, · · · , βj , βj+1, · · · , βn)ǫ1,··· ,ǫ
′
j ,ǫ

′
j+1,··· ,ǫn

= f(β1, · · · , βj+1, βj , · · · , βn)ǫ1,··· ,ǫj+1,ǫj ,··· ,ǫn .

2. Riemann-Hilbert problem.

f(β1, · · · , βn−1, βn + 2πi)ǫ1,··· ,ǫn−1,ǫn = f(βn, β1, · · · , βn−1)
ǫn,ǫ1,··· ,ǫn−1 .
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3. Annihilation pole.

2πi resβn=βn−1+πif(β1, · · · , βn−2, βn−1, βn)
ǫ1,··· ,ǫn−2,ǫn−1,ǫn

= f(β1, · · · , βn−2)
ǫ1,··· ,ǫn−2cǫn−1,ǫn

− S
ǫn−1,ǫ1
ǫ′n−1,ǫ

′
1
(βn−1 − β1) · · ·Sǫn−1,ǫn−2

ǫ′n−1,ǫ
′
n−2

(βn−1 − βn−2)f(β1, · · · , βn−2)
ǫ′1,··· ,ǫ′n−2cǫ

′
n−1,ǫn

This is the origin of simple poles for general matrix elements. The way of
understanding these poles can be explained.

Theorems.

1. Local commutativity theorem. Suppose the form factors of two operators
O1,2(x) obey the axioms. Then the operators are local

[O1(x) , O2(0)] = 0 for x2µ < 0 .
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2. Asymptotical theorem. Suppose the operatorϕǫ(x) satisfies the axioms and
has non-vanishing one-particle form factorf(β)ǫ 6= 0 .Then

w − lim
x0→∓∞

ϕǫ(x) = ϕ in
out ,ǫ(x)

.

3. Energy-momentum theorem. Suppose we have the operatorsTµ,ν(x) such
that their form factorsfµ,ν are of the form

fµ,ν(β1, · · · , βn)ǫ1,··· ,ǫn

= m2
∑

(eβj − (−)µe−βj )
∑

(eβj − (−)νe−βj )g(β1, · · · , βn)ǫ1,··· ,ǫn ,

andg(β1, · · · , βn) satisfy all the axioms except for additional simple pole at
two-particle form factor

2πiresβ2=β1+πi g(β1, β2)
ǫ1,ǫ2 = cǫ1,ǫ2 .

ThenTµ,ν(x) can be taken for the energy-momentum tensor.
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Correlation functions.

Let x2 = −r2 < 0, then considering for simplicity Lorenz scalar operators
we have

G(r) = 〈vac|O1(x)O2(0)|vac〉

=
∞∑

n=0

1

n!

∫
dβ1 · · · dβnf1(βn, · · · , β1)ǫ1,··· ,ǫnf2(β1, · · · , βn)ǫn,··· ,ǫ1e−mr

∑
coshβj .

We begin with eim(x0

∑
coshβj−x1

∑
sinhβj), then we make the Lorenz

transformation βj → βj − arcsinh(x1/r) arriving at e−imr
∑

sinhβj , then we
shift βj → βj − πi/2. The latter is possible since

e−imr sinh(β−iθ) = e−imr sinhβ cos θ−mr coshβ sin θ .

Two-point space-like correlation function is the same as two-point
Euclidean correlation function.

The difficulty with describing the short-distance behaviour is obvious. . – p.20/112



Sine-Gordon model.

AsG =

∫ [ 1

16π
(∂µϕ(x))

2 +
µ2

sinπβ2
2 cos(βϕ(x))

]
d2x .

I shall use the parameter

ν = 1− β2 , 1 > ν > 0 .

Semi-classical domain ν → 0.
The spectrum of the model consists of soliton-antisoliton with mass M

and for 1/2 < ν < 1 of
[

ν
1−ν

]
− 1 bound states (breathers) with masses

2M sin
(
π 1−ν

2ν j
)
, j = 1, · · ·

[
ν

1−ν

]
− 1.

Free fermion point ν = 1
2 .
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Two soliton S-matrix.
I use the notations

bj = e
2ν

1−ν βj , q = eπi
1

1−ν .

Si,j(βi − βj) = S0(βi − βj)S̃i,j(bi/bj) ,

S0(β) = exp


−i

∞∫

0

sin(2kνβ) sinh((2ν − 1)πk)

k cosh(πνk) sinh(π(1− ν)k)
dk


 ,

and

S̃i,j(bi/bj) =
1
2 (Ii ⊗ Ij + σ3

i ⊗ σ3
j ) +

bi − bj

biq−1 − bjq
· 1
2 (Ii ⊗ Ij − σ3

i ⊗ σ3
j )

+
√
bibj

q−1 − q

biq−1 − bjq
· (σ+

i ⊗ σ−
j + σ−

i ⊗ σ+
j ) .
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Local fields.
We shall consider the "primary fields" Φα(x) = e

iα ν
2
√

1−ν
ϕ(x)

, and their
relatives ("descendants"). The axioms are slightly modified:
Symmetry axiom.

Sj,j+1(βj − βj+1)fOα(β1, · · · , βj , βj+1, · · · , β2n) = fOα(β1, · · · , βj+1, βj , · · · , β2n) ,

Riemann-Hilbert problem axiom.

fOα(β1, · · · , β2n−1, β2n + 2πi) = e−
πiν
1−ν ασ3

2nfOα(β2n, β1, · · · , · · · , β2n−1) .

Residue axiom.

2πi resβ2n=β2n−1+πifOα(β1, · · · , β2n−2, β2n−1, β2n) =
(
1− e−

πiν
1−ν ασ3

2nS2n−1,1(β2n−1 − β1) · · ·S2n−1,2n−2(β2n−1 − β2n−2)
)

× fOα(β1, · · · , β2n−2)⊗ s2n−1,2n ,

where si,j = e+i ⊗ e−j + e−i ⊗ e+j . . – p.23/112



We look for the form factors in the form

fOα(β1, · · · , β2n) =
∑

ǫ1,··· ,ǫ2n=±
wǫ1,··· ,ǫ2n(β1, · · · , β2n) · FOα,n(βI− |βI+) ,

where I± = {j | 1 ≤ j ≤ 2n, ǫj = ±}, βI± = {βj}j∈I± .
The basis satisfies

Si,i+1(βi − βi+1)w
ǫ1,··· ,ǫi,ǫi+1,··· ,ǫ2n(β1, · · · , βi, βi+1, · · · , β2n)

= wǫ1,··· ,ǫi+1,ǫi,··· ,ǫ2n(β1, · · · , βi+1, βi, · · · , β2n) ,

and FOα,n(βI− |βI+) is symmetric function of βI− and βI+
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Integrals. The list of notations

S = eσ, Bj = eβj , Q = eπi
1−ν
ν , A = eπiα

s = e
2ν

1−ν σ, bj = e
2ν

1−ν βj , q = eπi
1

1−ν , a = eπi
ν

1−ν α .

Consider the meromorphic functionχ(σ|β1, · · · , β2n), which for real βj is
regular as function of σ for 0 > Im(σ) > −π, and which satisfies

χ(σ + 2πi)p(sq4) = χ(σ)p(sq2)

χ(σ + 1−ν
ν πi)P (SQ) = χ(σ)P (−S) ,

where

P (S) =
2n∏

j=1

(S − Bj) , p(s) =
2n∏

j=1

(s− bj) .
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We have the asymptotics

χ(σ|β1, · · · , β2n) ≃σ→∞ e−2n 1
1−ν σx+(s|b1, · · · , b2n)X+(S|B1, · · · , B2n) ,

χ(σ|β1, · · · , β2n) ≃σ→−∞ x−(s|b1, · · · , b2n)X−(S|B1, · · · , B2n) ,

where

x+(s|b1, · · · , b2n) = 1 +
∞∑

k=1

x+k (b1, · · · , b2n)s−k ,

X+(S|B1, · · · , B2n) = 1 +
∞∑

k=1

X+
k (B1, · · · , B2n)S

−k ,

x−(s|b1, · · · , b2n) = qn
2n∏

j=1

b
− 1

2
j

(
1 +

∞∑

k=1

x−k (b1, · · · , b2n)sk
)
,

X−(S|B1, · · · , B2n) =
2n∏

j=1

B−1
j

(
1 +

∞∑

k=1

X−
k (B1, · · · , B2n)S

k
)
.

. – p.26/112



Our main object is the Laplace transform:

Iα(β1, · · · , β2n) =
∫

R−i0

χ(σ|β1, · · · , β2n)e
να
1−ν σdσ .

Literally the integral is defined for 0 < Re(α) < 2n
ν , but it can be

analytically continued to entire complex plane of α as meromorphic
function with simple poles at α = 2n+ 2m+ (2n+ l) 1−ν

ν and
α = −2m− l 1−ν

ν for ,m ≥ 0.

Let us see how it goes. Define m(1)(s) by

p(sq−2) = m(1)(s) + a−2p(s)n(1)(sq−4)− p(sq−2)n(1)(s) ,

where

n(1)(s) =
1

a−2q4n − 1
, m(1)(s) =

2n−1∑

j=0

m
(1)
j sj .
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For 0 < Re(α) < 2n
ν we have the identity

Iα =

∫

R−i0

χ(σ)e
να
1−ν σ m

(1)(s)

p(sq−2)
dσ +

∑

j

∫

Γj

χ(σ)e
να
1−ν σn(1)(s)dσ ,

which allows to continue to 2n
ν ≤ Re(α) < 2n

ν + 2.

−

Im

0

Γ

βj
σ

−2π

−π

Γ1 2n
.  .  .

.  .  .
β2n

ν
π
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Pairing. For two Laurent polynomials ℓ(s) and L(S) we define pairing
(l, L)α by
1. The pairing is bilinear.
2. If ℓ(s) = sm, L(S) = Sl then

(ℓ, L)α = Iα+2m+ 1−ν
ν l .

q-exact forms

If Da[z](s) = a−2p(s)z(s)− p(sq2)z(sq4) , then (Da[z], L)α = 0 .

Q-exact forms.

If DA[Z](S) = Z(S)P (S)−AZ(SQ)P (−S) , then (ℓ,DA[Z])α = 0 .
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Consider k Laurent polynomials ℓ1(s), · · · ℓk(s). We define

(ℓ1 ∧ · · · ∧ ℓk
)
(s1, · · · sk) =

∑

π

(−1)πℓ1(sπ(1)), · · · ℓk(sπ(k)) .

Similarly we define L(k)(S1, · · · , Sk). Then

(ℓ(k), L(k))α = det ( (ℓi, Lj)α )i,j=1,··· ,k .

Returning to form factors. For a partition I− ⊔ I+ = {1, · · · , 2n} such that
♯(I−) = ♯(I+), define the polynomials

pI−(s) =
∏

j∈I−

(s− bj), pI+(s) =
∏

j∈I+

(s− bj) ,

so that we have p(s) = pI+(s)pI−(s).

. – p.30/112



Define

cI−⊔I+(t, s) =
at

t− q4s
p(q2s)− a−1t

t− s
p(s)

+ pI+(t)pI−(s)

(
a−1t

t− s
− a−1t

t− sq2

)
+ pI−(tq−2)pI+(q2s)

(
a−1t

t− sq2
− at

t− q4s

)
.

:=

n−1∑

i=0

tn−iℓI−⊔I+,i(s) ,

and

ℓ
(n)
I−⊔I+(s1, · · · , sn) =

(
ℓI−⊔I+,0 ∧ · · · ∧ ℓI−⊔I+,n−1

)
(s1, · · · , sn) .

. – p.31/112



Theorem. Consider Laurent polynomial of all variables
L(n)(S1, · · · , Sn|B1, · · · , B2n), antisymmetric in Sj and symmetric in Bj .
The Riemann-Hilbert axiom is satisfied by

F(βI− |βI+) =
∏

j∈I+

b
1−α
4

j

∏

j∈I1

b
− 1+α

4
j

1∏
i∈I−,j∈I+

(bi − bj)
·
(
ℓI−⊔I+,i , L

(n)
)
α
.
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Third axiom is equivalent to the simple recurrent relation

L
(n)
Oα

(S1, · · · , Sl−1, B|B1, · · · , B2n−2, B,−B)

= B
n−1∏

p=1

(B2 − S2
p) · L

(n−1)
Oα

(S1, · · · , Sn−1|B1, · · · , B2n−2)

In particular,

L
(n)
Φα

(S1, · · · , Sn) = 〈Φα〉 · S ∧ S3 ∧ · · · ∧ S2n−1 .

Detailed discussion of all the solution can be found in Jimbo, Miwa,

Smirnov "Fermionic structure in sine-Gordon model: form factors and null-

vectors" (2011).
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2. Example: free fermions and Painlevé.

For ν = 1/2 the S-matrix trivialises:

S1,2(θ) = −I ,

there are now breathers, and the form factors for solitons are simple:

fα(θ1, · · · , θn, θn+1, · · · θ2n) 1
2 ,··· 12 ,− 1

2 ,···− 1
2

=

(
2 sin πα

2

π

)n

e
1
2α

n∑

j=1

(θj−θn+j)

2n∏
i<j

sinh 1
2 (θi − θj)

n∏
i=1

2n∏
j=n+1

sinh(θi − θi)

.
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The form factor series turn into the Fredholm determinant which is the
tau-functioon for Painleve III. To cut the long story short

〈Φα1(x)Φα2(0)〉sG
〈Φα(0)〉sG

=
〈Φα1(0)〉sG〈Φα2(0)〉sG

〈Φα(0)〉sG
· τ(( 12Mr)2), recall − x2 = r2 .

We denote α = α1 + α2 , θ = α1 − α2. One-point function is

〈Φα(0)〉sG =
(M

2

)α2

4

exp
( ∞∫

0

( sinh2(αt2 )

sinh2 t
− α2

4
e−2t

)dt
t

)
.

Set
ζ(t) = t

d

dt
log τ(t) .

we have

(
t
d2ζ

dt2

)2

= 4
dζ

dt

(
dζ

dt
− 1

)(
ζ − t

dζ

dt

)
+
θ2

4

(
dζ

dt

)2

.
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Asymptotics for 0 < α < 2:

〈Φα1(x)Φα2(0)〉sG
〈Φα(0)〉sG

≃ r
α1α2

2

(
1 +

α1α2M
2

4α2

[
r2 − 4Mα

(2 + α)2
sr2+α − 4M−α

(2− α)2
s−1r2−α

]
+ · · ·

)
,

where

s = 2α
Γ(1− α

2 )
2

Γ(1 + α
2 )

2

Γ
(
1 + α1

2

)

Γ
(
1− α1

2

) Γ
(
1 + α2

2

)

Γ
(
1− α2

2

) .
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Euclidean case.

In Euclidean case we take seriously the functional integral. For example
the two-pont function is

〈O1(z, z̄)O2(0)〉 =
∫
e−

1
~
A[ϕ]O1(z, z̄)O2(0)

∏
w,w̄ Dφ(w, w̄)

∫
e−

1
~
A[ϕ]

∏
w,w̄ Dφ(w, w̄)

.

There is an important analogy between D-dimensional Euclidean QFT
and D-dimensional classical statistical mechanics. Partition function:

Z =
∑

configurations

(e−
1
T H) .

The rule is A ↔ H . If we try the lattice regularization. Typically

〈σ(r)σ(0)〉 = 1

Z

∑

configurations

(e−
1
T Hσ(r)σ(0)) ≃r→∞ e−

r
ξ(T ) .

Scaling limit at Tc where ξ(T ) ≃ (T − Tc)
−ν (another ν). . – p.37/112



Lattice model near the point of the second order phase transition.

Non−critical lattice model

Critical lattice 

     model

CFT

Massive
FT
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Conformal field theory.

Energy-momentum tensor describe variations with respect to external
metric

δ

δga,b(z, z̄)
Z

∣∣∣∣
ga,b Euclidean

=

∫
Ta,b(z, z̄)e

− 1
~
A[ϕ]

∏

w,w̄

Dφ(w, w̄) .

There are three components of T for which we use the complex notations:

T (z, z̄) = Tz,z(z, z̄), T̄ (z, z̄) = Tz̄,z̄(z, z̄), Θ(z, z̄) = Tz,z̄(z, z̄) .

They satisfy the conservation

∂z̄T (z, z̄) = Θ(z, z̄), ∂zT̄ (z, z̄) = Θ(z, z̄) .

By definition for CFT Θ(z, z̄) = 0. Hence T (z, z̄) = T (z), T̄ (z, z̄) = T̄ (z̄).
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Operator product expansion. Every observable O is characterized by
scaling dimensions ∆, ∆̄, in particular

O(az, az̄) = a−∆−∆̄O(z, z̄) .

Suppose we have complete set of local observables, then we must have
OPE

Oi(z, z̄)Oj(0) =
∑

k

z−∆i−∆j+∆k z̄−∆̄i−∆̄j+∆̄kCk
i,jOk(0) .

The set of constants Ck
i,j completely characterizes the CFT.
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Perturbed CFT.

Al. B. Zamolodchikov Two-point correlation function in scaling Lee-Yang
model.

APCFT = ACFT + g

∫
φ(z, z̄)d2z, d2z =

idz ∧ dz̄
2

,

where φ(z, z̄) has scaling dimension (∆,∆), being relevant ∆ < 1.

g = [Length]2∆−2 .

Naïve attempt of computing the short distance asymptotics of the
two-point function for PCFT:

∫
O1(z, z̄)O2(0)e

− 1
~
APCFT ∏

w,w̄

Dφ(w, w̄)

=
∞∑

n=0

gn

n!

∫
d2z1 · · ·

∫
d2zn〈O1(z, z̄)O2(0)φ(z1, z̄1) · · ·φ(zn, z̄n)〉CFT . . – p.41/112



This is wrong because the integrals are IR divergent (they are UV
convergent for ∆ < 1/2). But this is rather good than bad because this
series contradict even to

〈Φα1(x)Φα2(0)〉sG
〈Φα(0)〉sG

≃ r
α1α2

2

(
1 +

α1α2M
2

4α2

[
r2 − 4Mα

(2 + α)2
sr2+α − 4M−α

(2− α)2
s−1r2−α

]
+ · · ·

)
,

in this case g =M/2.

The main conclusion is that the perturbation theory must be used rather
for OPE than for the correlation functions. For irrational dimensions local
operators can be identified, and we have

Oi(z, z̄)Oj(0) =
∑

k

z−∆i−∆j+∆k z̄−∆̄i−∆̄j+∆̄kCk
i,j(g(zz̄)

1−∆)Ok(0) ,

where Ck
i,j(x) = Ck

i,j + C
k,(1)
i,j x+ C

k,(2)
i,j x2 + · · · . . – p.42/112



The structural functions can be computed from PCFT, but the one-point
functions

〈Ok(0)〉PCFT = g−
∆k+∆̄k
2−2∆ Gk

can not being non-analytical in g.
Generalization. We can impose some geometric environment, them OPE
remain the same, and only Gk depend on the geometry. For example, for
the cylinder of radius R we have

〈Ok(0)〉PCFT
R = g−

∆k+∆̄k
2−2∆ Gk(gR

2−2∆) .
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Example.

Eight-vertex model

a b c d
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We consider homogeneous case when the Boltzmann weights are
parametrized by two parameters: ν and k (which parametrizes the
temperature).

a : b : c : d = sn(ν/2) : sn(ν/2) : sn(ν) : k(sn(ν/2))2sn(ν) .

Critical temperature k = 0. In this case d = 0,

a : b : c = sin(ν/2) : sin(ν/2) : sin(ν) .

This is homogeneous six-vertex model. Scaling theory is Euclidean sG:

AsG =

∫ {
1

4π
∂zϕ(z, z̄)∂z̄ϕ(z, z̄)−

µ2

sinπβ2
2 cos(βϕ(z, z̄))

}
idz ∧ dz̄

2
.

The CFT has central charge c = 1.
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Expectation values for six vertex model.

Consider the partition function with defect:

 Space

(α+κ) σ 3
= q =qi j

a
r
a
b
u
s
t
a
M

κ σ 3
= L

fig. 1
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Exact definition. R-matrix

R1,2(ζ) = q
1
2 (σ

3
1σ

3
2+1)ζ − q−

1
2 (σ

3
1σ

3
2+1)ζ−1 + (q − q−1)(σ+

1 σ
−
2 + σ−

1 σ
+
2 ) .

This R-matrix satisfies: Yang-Baxter equations:

R1,2(ζ1/ζ2)R1,3(ζ1/ζ3)R2,3(ζ2/ζ3) = R2,3(ζ2/ζ3)R1,3(ζ1/ζ3)R1,2(ζ1/ζ2) .

One more important property

R1,2(1) = (q − q−1)P1,2 .

we shall formally use the space HS =
∞⊗

j=−∞
C2 . Let us consider also the

space HM =
n⊗

j=1

C2 , where M stands for Matsubara.
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Introduce
Tj,M(ζ) = Rj,n(ζq

−1/2) · · ·Rj,1(ζq
−1/2) ,

and
Tj,M = Tj,M(1) .

Further,
TS,M = lim

N→∞
T−N+1,M · · ·TN,M .

j

m
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Our main object, the partition function with defect can be presented as

Zκ
n

{
q2αS(0)O

}
=

TrSTrM

(
TS,Mq

2κS+2αS(0)O
)

TrSTrM

(
TS,Mq2κS+2αS(0)

) .

Notice the importance of maximal eigenvalues. Non-degeneracy condition
〈κ+ α|κ〉 6= 0.

Our results.

Consider the space

W(α) =
∞⊕

s=−∞
Wα−s,s ,

On this space we defined the creation operators t∗(ζ), b∗(ζ), c∗(ζ) and

annihilation operators b(ζ), c(ζ).

. – p.49/112



These are one-parameter families of operators of the form

t∗(ζ) =
∞∑

p=1

(ζ2 − 1)p−1t∗p ,

b∗(ζ) = ζα+2
∞∑

p=1

(ζ2 − 1)p−1b∗
p , c

∗(ζ) = ζ−α−2
∞∑

p=1

(ζ2 − 1)p−1c∗p ,

b(ζ) = ζ−α
∞∑

p=1

(ζ2 − 1)−pbp , c(ζ) = ζα
∞∑

p=1

(ζ2 − 1)−pcp .

The operator t∗(ζ) is in the center of our algebra of creation-annihilation
operators,

[t∗(ζ1), t
∗(ζ2)] = [t∗(ζ1), c

∗(ζ2)] = [t∗(ζ1),b
∗(ζ2)] = 0,

[t∗(ζ1), c(ζ2)] = [t∗(ζ1),b(ζ2)] = 0 .
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The rest of the operators b, c, b∗, c∗ are fermionic. The only
non-vanishing anti-commutators are

[b(ζ1),b
∗(ζ2)]+ = −ψ(ζ2/ζ1, α) , [c(ζ1), c

∗(ζ2)]+ = ψ(ζ1/ζ2, α) ,

where
ψ(ζ, α) =

ζα

(ζ2 − 1)
.

Each Fourier mode has the block structure

t∗p : Wα−s,s → Wα−s,s

b∗
p, cp : Wα−s+1,s−1 → Wα−s,s , c∗p,bp : Wα−s−1,s+1 → Wα−s,s .

Further

xp(X) = 0, p > length
(
X
)
, x = b, c ,

length
(
x∗
p

(
X
))

≤ length
(
X
)
+ p , x = b, c, t .
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Among them, τ = t∗1/2 plays a special role. It is the right shift by one site
along the chain. Consider the set of operators

τmt∗p1
· · · t∗pj

b∗
q1 · · ·b

∗
qk
c∗r1 · · · c

∗
rk

(
q2αS(0)

)
,

where m ∈ Z, j, k ∈ Z≥0, p1 ≥ · · · ≥ pj ≥ 2, q1 > · · · > qk ≥ 1 and
r1 > · · · > rk ≥ 1. constitutes a basis of Wα,0. Main theorem relating
Space and Matsubara

Zκ
{
t∗(ζ)(X)

}
= 2ρ(ζ)Zκ{X} ,

Zκ
{
b∗(ζ)(X)

}
=

1

2πi

∮

Γ

ω(ζ, ξ)Zκ
{
c(ξ)(X)

}dξ2
ξ2

,

Zκ
{
c∗(ζ)(X)

}
= − 1

2πi

∮

Γ

ω(ξ, ζ)Zκ
{
b(ξ)(X)

}dξ2
ξ2

,

the functions ρ and ω are defined by Matsubara. . – p.52/112



Since
c(ζ)(q2αS(0)) = 0, b(ζ)(q2αS(0)) = 0 ,

we obtain

Zκ
{
t∗(ζ01 ) · · · t∗(ζ0k)b∗(ζ+1 ) · · ·b∗(ζ+l )c∗(ζ−l ) · · · c∗(ζ−1 )

(
q2αS(0)

)}

=
k∏

p=1

2ρ(ζ0p )× det
(
ω(ζ+i , ζ

−
j )
)
i,j=1,··· ,l .

Taking the Taylor coefficients in (ζǫi )
2 − 1 in both sides, one obtains the

value of Zκ on an arbitrary element of the fermionic basis.

The analogy with the CFT becomes transparent at this point.
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Quantum loop algebra U ′
q(ŝl2).

Quantum groups. Multiplication (with unit 1):

m : A⊗A → A ,

and comultiplication
∆ : A → A⊗A ,

with the requirement that ∆ is a homomorphism:

∆(xy) = ∆(x)∆(y) .

Antipode is an anti-homomorphism s : A → A, it is a deformation of
inverse for Lie algebra. Counit is a homomorphism ǫ : A → A

m ◦ (s⊗ id) ◦∆(x) = m ◦ (id⊗ s) ◦∆(x) = ǫ(x) .
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Let σ be the permutation of two copies of A in the tensor product:

σ : A⊗A → A⊗A , σ(x⊗ y) = y ⊗ x ,

and
∆′ = σ ◦∆ .

The quasi-triangularity requires the existence of a universal R-matrix,
R ∈ A⊗A which intertwines two comultiplications:

∆′ = R∆R−1 .

The universal R-matrix satisfies the Yang-Baxter equation:

R1,2R1,3R2,3 = R2,3R1,3R1,2 ,

another important property is

(id⊗ s)R = R−1 .
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U ′
Q(ŝl2) is generated by ei, fi, hi (i = 0, 1). We consider the case of central

charge equal to zero: h1 = −h0 ≡ h. Two Borel subalgebras Uq(b
+) and

Uq(b
−) are generated respectively by ei, h and fi, h. We have the

commutation relations:

[ei, fj ] = δi,j
ti − t−1

i

q − q−1
,

where ti = qhi . The deformed Serre relations are

e3i ej + (q2 + q−2 + 1)(e2i ejei − eieje
2
i )− eje

3
i = 0 ,

f3i fj + (q2 + q−2 + 1)(f2i fjfi − fifjf
2
i )− fjf

3
i = 0

The comultiplication and antipode are given by

∆(ei) = ei ⊗ 1 + ti ⊗ ei, ∆(fi) = fi ⊗ t−1
i + 1⊗ fi, ∆(ti) = ti ⊗ ti ,

s(ei) = −t−1
i ei, ∆(fi) = fiti, s(ti) = t−1

i . . – p.56/112



The comultiplication looks quite simple, but the universal R-matrix
intertwining ∆ and ∆′ is complicated. It can be written as follows:

R = Rq− h⊗h
2 ,

R = 1− (q − q−1)
1∑

i=0

ei ⊗ fj + · · · ∈ Uq(b
+)⊗ Uq(b

−) ,

where the · · · stands for terms of higher degree in generators.
Representations. Let E,F,H be generators of Uq(sl2). The evaluation
representation:

evζ(e0) = ζF, evζ(e1) = ζE, evζ(f0) = ζ−1E, evζ(f1) = ζ−1F, evζ(h) = H .

Choosing finite-dimensional representation of dimension 2s + 1 we obtain

π
(2s)
ζ .
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We have (evζ1 ⊗ π
(1)
ζ2

)(R) = τ(ζ)L(ζ) , ζ = ζ1/ζ2 ,

L(ζ) =

(
1− ζ2qH+1 −(q − q−1)ζF

−(q − q−1)ζE 1− ζ2q−H+1

)
t
σ3/2
0 ,

This will be used for

Finite-dimensional of dimension 2s+ 1:

Fvj = vj+1, Hvj = (−2s+ 2j)vj , t0 = q−H ,

Evj = (qj − q−j)(q2(s−2s−1) − q−2(j−2s−1))vj−1, j = 0, · · · , 2s .

Shifted Verma module with lowest weight Λ and shift m are denoted
by Vη,m(Λ). They are defined by

Fvj = vj+1, Hvj = (Λ + 2j)vj ,

Evj = q−Λ+1(qΛ−H−2 − 1)(qΛ+H − 1)vj−1, j = 0, · · · ,∞ .

t0vj = q−H−mvj , v−1 = 0 .
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Important generalization.
Bazhanov, Lukyanov, Zamolodchikov (1996).
Recall that R ∈ Uq(b

+)⊗Uq(b
−). Suppose we are given two algebras A±

and homomorphisms Uq(b
+) → A+, Uq(b

−) → A− . I shall use the term
L-operator for the image of the universal R-matrix under these maps. The
q-oscillator algebra Osc is an associative algebra with generators
a, a∗, qD, and defining relations

qDa q−D = q−1a, qD a∗q−D = q a∗,

a a∗ = 1− q2D+2, a∗a = 1− q2D .

Representations of Osc relevant to us are ρ± : Osc→ End(W±) defined
by

W+ = ⊕k≥0C|k〉, W− = ⊕k<0C|k〉,
qD|k〉 = qk|k〉, a|k〉 = (1− q2k)|k − 1〉, a∗|k〉 = (1− δk,−1)|k + 1〉 .

Trace
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Tr(q2αDXY ) = Tr(q2αDq2αd(X)Y X) (X, Y ∈ Osc, qDXq−D = qd(X)X),

Tr(q2αDqmD) =
1

1− q2α+m
(m ∈ Z).

There is a homomorphism of algebras oζ : Uqb
+ → Osc given by

oζ(e0) =
ζ

q − q−1
a, oζ(e1) =

ζ

q − q−1
a∗, oζ(t0) = q−2D, oζ(t1) = q2D .

We define representations o±ζ : Uqb
+ → End(W±) by

o+ζ = ρ+ ◦ oζ , o−ζ = ρ− ◦ oζ ◦ ι ,

where ι denotes the involution ei → e1−i, ti → t1−i of Uqb
+.
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We define
(o±ζ ⊗ πξ)R = σ(ζ/ξ) · L◦

Aj
±(ζ/ξ) ,

Then by self-consistency one finds:

L+
A,j = LA,j(ζ), L−

A,j = σ1
jLA,j(ζ)σ

1
j .

LA,j(ζ) :=

(
1− ζ2q2DA+2 −ζaA

−ζa∗A 1

)

j

(
q−DA 0

0 qDA

)

j

, .

Notice the indices j, A, a!
R-matrices. Obvious:

La,b(ζ2/ζ1)La,j(ζ2)Lb,j(ζ1) = Lb,j(ζ1)La,j(ζ2)La,b(ζ2/ζ1) ,

LA,a(ζ2/ζ1)LA,j(ζ2)La,j(ζ1) = La,j(ζ1)LA,j(ζ2)LA,a(ζ2/ζ1) .
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Less obvious. RA,B(ζ1/ζ2) satisfying

RA,B(ζ1/ζ2)LA,j(ζ1)LB,j(ζ2) = LB,j(ζ2)LA,j(ζ1)RA,B(ζ1/ζ2) .

does exist. It is given by

RA,B(ζ) = PA,Bh(ζ, uA,B)ζ
DA+DB ,

where uA,B = a∗Aq
−2DAaB , and h(ζ, u) is the unique formal power series

in u satisfying

(1 + ζu)h(ζ, u) = (1 + ζ−1u)h(ζ, q2u),

h(ζ, u) = (1 + ζ−1u)(1 + q−2ζu)h(q−2ζ, u)

and h(ζ, 0) = 1.
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Set ζ = ζ1
ζ2
, qΛ = qζ .. Then

{0} =W
(−1)
L ⊂W

(0)
L ⊂W

(1)
L ⊂ · · · ⊂W

(m)
L ⊂ · · · ⊂W+

ζ1
⊗W−

ζ2
,

w−lim
m→∞

W
(m)
L =W+

ζ1
⊗W−

ζ2
,

such that ιL :W
(m)
L /W

(m−1)
L

∼→ V√ζ1ζ2,2m(Λ) ..

W−
ζ2

⊗W+
ζ1

=W
(−1)
R ⊃W

(0)
R ⊃ · · · ⊃W

(m)
R ⊃ · · · ,

w−lim
m→∞

W
(m)
R = 0,

such that ιR :W
(m−1)
R /W

(m)
R

∼→ V√ζ1ζ2,2m(Λ) .
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There is no R-matrix, but there is a replacement. Introduce

UA,B(ζ) = ζa∗A + aBq
2DA , VA,B(ζ) = ζa∗B + aAq

2DB ,

YA,B(ζ) = (ζq2 − aAaB)q
2DA , ZA,B(ζ) = ζ−1q2DB+2 − a∗Aa

∗
Bq

−2DA .

XL XR

VA,B(ζ) 0

0 VB,A(ζ
−1)

YA,B(ζ) ZB,A(ζ
−1)

ZA,B(ζ) YB,A(ζ
−1)√

ζ(1− ζ−1q−2ZA,B(ζ))aA
√
ζ UB,A(ζ

−1)√
ζ
−1
UA,B(ζ)

√
ζ
−1

(1− ζq−2ZB,A(ζ
−1))aB

TrA,B

{
XL(ζ) L+

A,⋆(ζ1)q
2αDAL−

B,⋆(ζ2)q
2αDB

}

= TrA,B

{
XR(ζ)L−

B,⋆(ζ2)q
2αDBL+

A,⋆(ζ1)q
2αDA

}
,
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One more important property.

L{a,A},j(ζ)(Fa,A)
−1La,j(ζ)LA,j(ζ)Fa,A

=

(
1 0

q−q−1

ζ−ζ−1 σ
+
j 1

)

a

(
(ζ2 − 1)LA,j(qζ)q

−σ3
j/2 0

0 (ζ2q2 − 1)LA,j(q
−1ζ)qσ

3
j /2

)

a

,

where Fa,A = 1− aAσ
+
a .

Spectral properties in Matsubara direction.

Define
Tx,M(ζ) = Lx,n(ζq

−1/2 · · ·Lx,1(ζq
−1/2) ,and

TM(ζ, κ) = Tra

(
Ta,M(ζ)qκσ

3
a

)
, Q±

M(ζ, κ) = ζ±(κ−S)Tr+A

(
T±
A,M(ζ)q2κDA

)
,

Then they satisfy Baxter equation

TM(ζ, κ)Q±
M(ζ, κ) = (ζ2q − 1)nQ±

M(ζq−1, κ) + (ζ2q−1 − 1)nQ±
M(ζq, κ) , . – p.65/112



construction of annihilation operators.

Consider the operator X[k,l] ∈ End
(
C⊗(l−k+1)

)
. Define

Ta,[k,l](ζ) = L◦
a,l(ζ) · · ·L◦

a,k(ζ) ,

and the adjoint monodromy matrix

Ta(ζ, α)(X[k,l]) = Ta,[k,l](ζ)q
ασ3

aX[k,l]Ta,[k,l](ζ)
−1 , .

Define further

S(X[k,l]) := [S[k,l], X[k,l]], S[k,l] :=
1
2

∑
j∈[k,l] σ

3
j .

Then

(Fa,A)
−1
(
Ta(ζ, α)TA(ζ, α)(X[k,l])

)
Fa,A =

(
AA(ζ, α)(X[k,l]) 0

CA(ζ, α)(X[k,l]) DA(ζ, α)(X[k,l])

)

a

,
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Define

k(ζ, α)(X[k,l]) := TrA

{
CA(ζ, α)ζ

α−S
(
q−2S[k,l] X[k,l]

)}
.

k(ζ, α)(X[k,l]) has poles of hight order at ζ2 = 1, q±2.
We shall use the involution

φ(k)(ζ, α) = q−1N(α− S− 1) ◦ J ◦ k(ζ,−α) ◦ J , N(x) = q−x − qx .

Define the operation

∆ζf(ζ) = f(ζq)− f(ζq−1) .

Definition. Exact q-one form is an expression of the form ∆ζf(ζ) with f(ζ)

having poles at ζ2 = 1.
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Using our algebra it can be shown.

k(ζ1, α)k(ζ2, α+ 1) + k(ζ2, α)k(ζ1, α+ 1)

= ∆ζ1m
(++)(ζ1, ζ2, α) + ∆ζ2m

(++)(ζ2, ζ1, α),

k(ζ1, α)φ(k)(ζ2, α+ 1) + φ(k)(ζ2, α)k(ζ1, α− 1)

= ∆ζ1m
(+−)(ζ1, ζ2, α) + ∆ζ2m

(−+)(ζ2, ζ1, α) ,

In RHS we have exact q-two forms.
Consider

c̄(ζ, α)(X[k,l]) :=
1

2πi

∫
Γ

ψ(ζ/ξ, α+ S)k(ξ, α)(X[k,l])
dξ2

ξ2 ,

c(ζ, α)(X[k,l]) :=
1

4πi

∫
Γ

ψ(ζ/ξ, α+ S)
{
k(qξ, α) + k(q−1ξ, α)

}
(X[k,l])

dξ2

ξ2 ,

Then

c(ζ1, α)c(ζ2, α+ 1) + c(ζ2, α)c(ζ1, α+ 1) = 0 . . – p.68/112



Define further
b(ζ, α) = φ(c)(ζ, α) .

Then

b(ζ1, α)b(ζ2, α− 1) + b(ζ2, α)b(ζ1, α− 1) = 0 .

c(ζ1, α)b(ζ2, α+ 1) + b(ζ2, α)c(ζ1, α− 1) = 0 .

Is there more conceptual explanation for existence of these anti-

commuatative families of operators?
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Reduction. Trivial relation For X[k,l] = q2(α+1)S[k,m−1] ⊗ Y[m,l] with
k < m < l we have

k(ζ, α)(q2(α+1)S[k,m−1] ⊗ Y[m,l]) = q2αS[k,m−1] ⊗ k(ζ, α)(Y[m,l]) ,

Non-trivial relation

k(ζ, α)(Y[k,m] ⊗ I[m+1,l]) = k(ζ, α)(Y[k,m])⊗ I[m+1,l] +∆ζv(ζ, α)(Y[k,m] ⊗ I[m+1,l]) ,

These relations imply

c(ζ, α)(q2(α+1)S[k,m−1] ⊗ Y[m,l]) = q2αS[k,m−1] ⊗ c(ζ, α)(Y[m,l])

c(ζ, α)(Y[k,m] ⊗ I[m+1,l]) = c(ζ, α)(Y[k,m])⊗ I[m+1,l] .

Hence the inductive limit l → ∞, k → −∞ is consistent.
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Creation operators.

Simple but instructive example. Define

t∗(ζ, α)(X[k,l]) = TraTa(ζ, α)(X[k,l]) .

For trivial reasons it satisfies the left reduction relation:

t∗(ζ, α)(q2αS[k,m−1] ⊗X[m,l]) = q2αS[k,m−1] ⊗ t∗(ζ, α)(X[m,l]) .

Set

R̃∨
i,j(ζ

2) = ζσ
3
i /2Ri,j(ζ)Pi,jζ

−σ3
j/2, R̃

∨
i,j(ζ

2) = ζSiRi,j(ζ)Pi,jζ
−Sj , ,

then

t∗[k,l](ζ, α)(X[k,m]) = Tra{R̃∨
a,l(ζ

2)R̃∨
l,l−1(ζ

2) · · · R̃∨
k+1,k(ζ

2)(qασ
3
kτ (X[k,m]))}.
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Define
R̃

∨
i,j(ζ

2) = 1 + (ζ2 − 1)ri,j(ζ
2) ,

and
R̃

∨(ζ2)(X[k,l]) := R̃
∨
l,l−1(ζ

2) · · · R̃∨
k+1,k(ζ

2)(X[k,l]).

Then

t∗[k,l](ζ, α)(X[k,m])

= 2

l−1∑

j=m

(ζ2 − 1)j−mrj+1,j(ζ
2) · · · rm+2,m+1(ζ

2)R̃∨(ζ2)(Y[k,m+1])

+(ζ2 − 1)l−mTra

{
ra,l(ζ

2)rl,l−1(ζ
2) · · · rm+2,m+1(ζ

2)R̃∨(ζ2)(Y[k,m+1])
}
.

That is why the inductive limit l → ∞ is well-defined for any fixed (ζ2 − 1)p,
and we have an operator

t∗(ζ) =
∞∑

p=1

(ζ2 − 1)p−1t∗p : Wα,0 → Wα,0 .
. – p.72/112



The operator c̄(ζ) is not independent:

c̄(ζ) = − 1

2πi

∫

Γ

ψ(ζ/ξ,α)t∗(ξ)c(ξ)
dξ2

ξ2
,

Fermionic creation operators. Looking at

k(ζ, α)(Y[k,m] ⊗ I[m+1,l]) = k(ζ, α)(Y[k,m])⊗ I[m+1,l] +∆ζv(ζ, α)(Y[k,m] ⊗ I[m+1,l]) ,

one is tempted to consider

f(ζ, α) = ∆−1
ζ k(ζ, α) .

What to do with the transcendental functions?
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There is a singularity at ζ2 = 1, but by definition it comes with c̄. There are
singularities at ζ2 = q±2, but by definition their half sum comes with c(ζ).
We define once forever

∆−1
ζ ψ(ζ, α)= 1

2νV P

∞∫

0

ψ(ζ/η, α)
η1/ν

η1/ν + 1

dη2

2πiη2

Definition which we cannot explain logically.

b∗(ζ, α)(X[k,l]) :=
(
f(qζ, α) + f(q−1ζ, α)− t∗(ζ, α)f(ζ, α)

)
(X[k,l]) .

Apart of usual trivial left reduction we have

b∗(ζ, α)(X[k,m]⊗I[m+1,l]) = Trc
{
Tc,[m+1,l](ζ)

(
gc(ζ, α)(X[k,m])⊗ I[m+1,l]

)}
.
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This reduction relation allows to define b∗(ζ) as operator acting from
Wα−1,s+1 to Wα,s. Similarly we define

c∗(ζ, α) := −φ(b∗)(ζ, α) .

The proof of commutativity with t∗ is not very hard. The proof of
anti-commutation relations with annihilation operators is very hard. The
proof of anti-commutation relations of creation operators between
themselves can be obtained indirectly.

All that was essentially based on HGSII.
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Switching on the Matsubara direction. In HGSIII we prove the relations

Zκ
{
t∗(ζ)(X)

}
= 2ρ(ζ)Zκ{X} ,

Zκ
{
b∗(ζ)(X)

}
=

1

2πi

∮

Γ

ω(ζ, ξ)Zκ
{
c(ξ)(X)

}dξ2
ξ2

,

Zκ
{
c∗(ζ)(X)

}
= − 1

2πi

∮

Γ

ω(ξ, ζ)Zκ
{
b(ξ)(X)

}dξ2
ξ2

.

The function ρ(ζ) is simple:

ρ(ζ) =
T (ζ, κ+ α)

T (ζ, κ)
.

The function ω(ζ, ξ) was characterised as a quantum deformation of nor-

malised second kind differential on hyperelliptic Riemann surface. For our

goals another definition is more useful which is due to Boos and Göhmann.. – p.76/112



Destri-Devega equations. We shall denote Q = Q−. Consider the Baxter
equation

T (ζ, κ)Q(ζ, κ) = (ζ2q − 1)nQ(ζq−1, κ) + (ζ2q−1 − 1)nQ(ζq, κ) .

Define

a(ζ, κ) =

(
1− ζ2q−1

1− ζ2q

)n
Q(ζq, κ)

Q(ζq−1, κ)
.

Then it is easy to derive DDV equation

log a(ζ, κ) = −2πiνκ+n log

(
1− ζ2q−1

1− ζ2q

)
−
∫

γ

K(ζ/ξ) log (1 + a(ξ, κ))
dξ2

ξ2
,

where

K(ζ, α) =
1

2πi
∆ζψ(ζ, α), K(ζ) = K(ζ, 0) ,

and γ goes clockwisearound zeros of Q(ζ, κ). . – p.77/112



Introduce
δ−ζ f(ζ) = f(ζq)− ρ(ζ)f(ζ),

Set

f ⋆ g =

∫

γ

f(η)g(η)dm(η) ,

where the measure is given by

dm(η) =
dη2

η2ρ(η) (1 + a(η, κ))
,

and the resolvent

Rdress −Rdress ⋆ Kα = Kα .

Let

fleft(ζ, ξ) =
1

2πi δ
−
ζ ψ(ζ/ξ, α), fright(ζ, ξ) = δ−ξ ψ(ζ/ξ, α) . . – p.78/112



The function ω is given by

ω(ζ, ξ) = (fleft ⋆ fright + fleft ⋆ Rdress ⋆ fright) (ζ, ξ) + ω0(ζ, ξ) ,

where
ω0(ζ, ξ) = δ−ζ δ

−
ξ ∆−1

ζ ψ(ζ/ξ, α) .

Important generalization.

First, introduce operators without transcendental part:

b∗
rat(ζ) = e−Ω0 b∗(ζ) eΩ0 , c∗rat(ζ) = e−Ω0 c∗(ζ) eΩ0 ,

where
Ω0 =

1

(2πi)2

∮

Γ

∮

Γ

ω0(ζ, ξ)c(ξ)b(ζ)
dζ2

ζ2
dξ2

ξ2
.

When c∗rat(ζ) act to Wα,0 it behaves at ζ2 = 0 as

c∗rat(ζ) =
∞∑

j=1

ζ−α+2jc∗screen,j . – p.79/112



Changing boundary conditions. Let us try

TrSTrM

(
Y

(s)
M TS,Mq

2κS X
)
, X ∈ Wα+s,−s .

We could try

X = c∗j1 · · · c
∗
jm+s

b∗
i1 · · ·b

∗
imq

2αS(0) ,

but there would be a trouble with the main theorem because

c∗rat(ζ) =
∞∑

j=−s+1

ζ−α+2jc∗screen,j ,

when the target is Wα+s,−s. The trick is to define

Zκ,−s
n

{
q2αS(0)O

}
=

TrSTrM

(
Y

(s)
M TS,Mq

2κS c∗screen,−0 · · · c∗screen,−s+1(q
2αS(0)O)

)

TrSTrM

(
Y

(s)
M TS,Mq2κS c∗screen,−0 · · · c∗screen,−s+1(q

2αS(0))
) .
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The determinant formula remains valid with the only change:

ρ(ζ) =
T (ζ|α+ κ+ s,−s)

T (ζ, κ)
.

Recall that
QM(ζ, κ) = ζ−κ+SAM(ζ2) .

The Bethe equations for spin −s and twist α+ κ+ s are formally the same
as for spin 0 and twist

κ′ = α+ κ− 2s 1−ν
ν .

The only difference is that the degree of A(ζ2) is not n/2, but n/2− s. This

will be irrelevant in the scaling limit when the number of roots is infinite

anyway.
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Back to CFT.

We believe that in proper scaling limit Zκ,−s
n must give three-point

functions for CFT with

c = 1− 6
ν2

1− ν
.

Consider the partition function with O(0) inserted at z = 0 on the cylinder

−∞ < Re(z) <∞, −πR < Im(x) < πR, R− πiR = R+ πiR ,

O(0)
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Along with the local coordinate x, we shall also use the global coordinate
z = e−

x
R . We have two Virasoro algebras. One is generated by

(lnO)(y) =

∫

γ

dx

2πi
(x− y)n+1T (x)O(y) .

γ
Γ

The OPE provide

[lm, ln] = (m− n)lm+n +
c

12
n(n2 − 1)δm+n,0 .
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In global coordinate T̃ (z) =
∑∞

n=−∞ Lnz
−n−2, From

T̃ (z)(dz)2 = (T (x)− (c/12){z;x})(dx)2, {z;x} = z′′′

z′ − 3
2

(
z′′

z′

)2
= 1

2R2 we

find

T (x) =
1

R2

( ∞∑

n=−∞
Lne

nx
R − c

24

)
.

Fix a primary field φ∆(y) with the scaling dimension ∆:

(l0φ∆)(y) = ∆φ∆(y), (lnφ∆)(y) = 0 (n > 0) .

The boundary conditions are imposed

lim
x→±∞

T (x) =
1

R2

(
∆± − c

24

)
.
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To compute

Z∆+,∆−{Oα} =
〈Oα(0)〉
〈φα(0)〉

,

we use the OPE

T (x)T (y) = − c

12R
χ′′′(x− y)− 2T (y)

R
χ′(x− y) +

T ′(y)

R
χ(x− y) +O(1) ,

T (x)φ∆(y) = −∆φ∆(y)

R
χ′(x− y) +

φ′∆(y)

R
χ(x− y) +O(1) ,

where

χ(x) =
1

2
coth

( x

2R

)
=

∞∑

n=0

B2n

(2n)!

( x
R

)2n−1

.

Here B0 = 1, B2 = 1/6, B4 = −1/30, · · · are the Bernoulli numbers.
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The result is

Z∆+,∆−{T (xk) · · ·T (x1)φ∆(y)}

= − c

12R

k∑

j=2

χ′′′(x1 − xj)〈T (xk) · · ·
j

̂ · · ·T (x2)φ∆(y)〉∆+,∆−

+
{ k∑

j=2

(
− 2

R
χ′(x1 − xj) +

1

R
(χ(x1 − xj)− χ(x1 − y))

∂

∂xj

)
− ∆

R
χ′(x1 − y)

+ (∆+ −∆−)
1

R2
χ(x1 − y) +

1

2R2
(∆+ +∆−)−

c

24R2

}

× Z∆+,∆−{T (xk) · · ·T (x2)φ∆(y)} .

In particular,

Z∆+,∆−{l−1φα} =
1

R
(∆+ −∆−) ,

Z∆+,∆−{l−2φα} =
1

2R2

(
∆+ +∆− − c

12
− 1

2
∆

)
. . – p.86/112



Integrable structure of CFT.
There is an infinite set of local densities

h2(x) = T (x), h4(x) = (l−2T )(x) , · · ·

such that

(i2n−1O)(y) =

∫

γ

dx

2πi
h2n(x)O(y) (n ≥ 1).

commute. In particular, i1 = l−1. We define also the global

I2k−1(u) =

∫

Γ

h2k(z)
dz

2πi
.

In particular, I1 = R−2
(
L0 − c

24

)
.
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The primary fields are eigenstates of I2j−1 with eigenvalues I−2j−1 and

I−2j−1. Moving the contour as

we conclude that

Z∆+,∆−{i2k−1O(0)} = (I+2k−1 − I−2k−1)Z∆+,∆−{O(0)} .

Not very surprisingly this reminds out lattice operator t∗(ζ).
Basis in the Verma module

i2k1−1 · · · i2kp−1l−2m1
· · · l−2mq

φα(0) .
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Scaling limit in Matsubara direction.

We consider 1/2 < ν < 1.
In the limit n → ∞ Bethe roots scale for 1 << j << n as

ζj = Const ·
(
j

n

)ν

.

The scaling limit consists in

n → ∞, a→ 0, na = 2πCR fixed

.

This scaling limit is chiral.
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The following limit exists:

T sc(λ, κ) = lim
n→∞, a→0,

2πR=na

T (λaν |κ) , Qsc(λ, κ) = lim
n→∞, a→0,

2πR=na

Q(λaν |κ) ,

They satisfy

T (λ, κ)Q(λ, κ) = Q(λq, κ) +Q(λq−1, κ) .

since (1− a2νλ)n → 0.

Important:

lim
n→∞, a→0,

2πR=na

T (λaν |α+ κ+ s,−s) = T sc(λ, κ′), κ′ = κ+ α+ 2 1−ν
ν s .

which implies

ρsc(λ) =
T sc(λ, κ′)

T sc(λ, κ)
.

Our favourite point ζ2 = 1 becomes λ2 = ∞ .
. – p.90/112



Similarly the limit exists

ωsc(λ, µ) = lim
n→∞, a→0,

2πR=na

1√
ρ(λaν)ρ(µaν)

ω(λaν , µaν) .

What can be said on general footing?
Bazhanov, Lukyanov, Zamolodchikov

log T sc(λ, κ) ≃λ2→∞

∞∑

n=1

λ−
2n−1

ν C2n−1I2n−1(κ) ,

where I2n−1(κ) are eigenvalues of Hamiltonians corresponding to ∆1+κ,
generally

∆σ =
σ(σ − 2)ν2

4(1− ν)
.

Parameter λ is dimensional λ−
1
ν = [Length].
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ωsc(λ, µ) ≃λ2,µ2→∞

∞∑

l,m=1

ω2l−1,2m−1(κ, κ
′, α)λ−

2l−1
ν µ− 2m−1

ν .

Scaling limit in space direction.

In a weak sense we claim existence of the limits

τ ∗(λ) = lim
a→0

t∗(λāν),

β∗(λ) = lim
a→0

t∗(λāν)−1/2b∗(λāν), γ∗(λ) = lim
a→0

t∗(λāν)−1/2c∗(λāν) ,

such that

τ ∗(λ) ≃λ2→∞ exp

( ∞∑

n=1

λ−
2n−1

ν C2n−1i2n−1

)
,

β∗(λ) ≃λ2→∞

∞∑

n=1

λ−
2n−1

ν β∗
2n−1 , γ∗(λ) ≃λ2→∞

∞∑

n=1

λ−
2n−1

ν γ∗
2n−1 ,
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The Verma module allows the fermionic basis

i2i1−1 · · · i2ip−1β
∗
2j1−1 · · ·β∗

2jq−1γ
∗
2k1−1 · · ·γ∗

2kq−1φα(0) .

How to check all that? By comparing ω2l−1,2m−1(κ, κ
′, α) with CFT

three-point functions.

Investigation of T sc(λ, κ) and ωsc(λ, µ).

We have

asc(λ, κ) =
Qsc(λq, κ)

Qsc(λq−1, κ)

which satisfies DDV equation

log asc(λ, κ) = −2πiνκ−
∫

γ

K(λ/µ) log (1 + asc(µ, κ))
dµ2

µ2
,
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Consider κ→ ∞. The smallest Bethe root behaves as λ21 ∼ c(ν)κ2ν ,
where

c(ν) = Γ(ν)−2eδ
( ν

2R

)2ν
, δ = −ν log ν − (1− ν) log(1− ν) .

We take

λ2, κ→ ∞ , keeping t = c(ν)−1 λ
2

κ2ν
fixed.

write

F (t, κ) = log asc(λ, κ) .

It can be shown that

F (t, κ) = −κF+(arg t, κ
−1)|t| 1

2ν +O(|t|− 1
2ν ), 0 < arg t < π,

F (t, κ) = κF−(arg t, κ
−1)|t| 1

2ν +O(|t|− 1
2ν ), −π < arg t < 0, . – p.94/112



Rewrite DDV equation as

F (t, κ)−
∞∫

1

K(t/u)F (u, κ)
du

u
= −2πiνκ

−
( eiǫ·∞∫

1

K(t/u) log(1 + eF (u,κ))
du

u
−

e−iǫ·∞∫

1

K(t/u) log(1 + e−F (u,κ))
du

u

)
,

where

K(t) =
1

2πi
· 1
2

(
tq2 + 1

tq2 − 1
− tq−2 + 1

tq−2 − 1

)
.

Set

F (t, κ) ≃
∞∑

n=0

κ−2n+1Fn(t) .
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For F0 we have Wiener-Hopf equation

((I −K)F0)(t) = −2πiν .

Mellin transforms

f̂(k) =

∞∫

0

f(t)t−ik dt

t
, f(t) =

∞∫

−∞

f̂(k)tik
dk

2π

We have

K̂(k) =
sinh(2ν − 1)πk

sinhπk
.

Riemann-Hilbert factorisation

1− K̂(k) = S(k)−1S(−k)−1 ,

S(k) =
Γ(1 + (1− ν)ik)Γ(1/2 + iνk)

Γ(1 + ik)
√

2π(1− ν)
eiδk ,
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If we demand that

F0(t) = const. t
1
2ν +O

(
t−

1
2ν

)
(t→ ∞) ,

then W-H equation admits a unique solution given by

F0(t) =

∫

− i
2ν −i0

dl tilS(l)
−if

l(l + i
2ν )

, (t > 1)

where f = 1

2
√

2(1−ν)
. Similarly for the resolvent:

R(t, u) =

∞∫

−∞

∞∫

−∞

dl

2π

dm

2π
tiluimK̂(l)S(l)S(m)

−i
l +m− i0

=

∞∫

−∞

dl

2π
tilS(l)K̂(l)R̂(l, u) .
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Set

F (t, κ) = κF0(t) +

∞∫

−∞

dl tilS(l)K̂(l)(Ψ(l, κ) − κΨ0(l)) ,

where

Ψ(l, κ) ≃
∞∑

n=0

κ−2n+1Ψn(l) , Ψ0(l) =
−if

l(l + i
2ν )

.

Making the substitution u = e
ix
fκ we arrive at

Ψ(l, κ)− κΨ0(l) = − i

fκ

{ −i∞+ǫ∫

0

dx

2π
R̂(l, eix/fκ) log(1 + eF (eix/fκ,κ))

+

i∞+ǫ∫

0

dx

2π
R̂(l, e−ix/fκ) log(1 + e−F (e−ix/fκ,κ))

}
.
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Previously unknown to us lemma.
Consider a Fourier integral

G(x) =

∫ ∞

−∞
eikxg(k)dk ,

g(k) is holomorphic on the lower half plane, it satisfies asymptotic
expansion

g(k) ≃
∞∑

n=−n0

gn(ik)
−n (k → ∞, Im k < 0).

Suppose we know a priori that G(x) allows analytical continuation around
x = 0. Then the Taylor series is

G(x) = 2πi resk[e
ikxg(k)] .
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Corollaries.

R̂(l, eix/fκ) = resh

[e−hx/fκ

l + h
S(h)

]
.

F (eix/fκ, κ) = −2π
(
x− F̄ (x, κ)

)
, F̄ (x, κ) = x+ resh

[
e−hx/fκS(h)iΨ(h, κ)

]
.

Final equation

iΨ(l, κ)− iκΨ0(l)

≃ 2

fκ

∞∑

n=0

1

n!

∞∫

0

dx

2π

{
resh

[e−hx/fκ

l + h
S(h)

]
F̄ (x, κ)n

(
− ∂

∂x

)n}

even

log(1 + e−2πx) .

can be iterated using

∞∫

0

dx

2π
xm
(
− ∂

∂x

)n
log(1 + e−2πx) = m!(1− 2−m−1+n)

ζ(m− n+ 2)

(2π)m−n+2
.
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The first few terms of the expansion read

iΨ(l, κ) =
1

l(l + i
2ν )

fκ+
1

24

1

fκ

+
7

26 · 90

(
l − i

2ν

)(
l − i

2ν2 − 6ν + 6

7ν(1− ν)

)
1

(fκ)3
+ · · ·

Finally,

log T sc(λ, κ) ≃ πiνκ+

√
1− ν√
2π

∫

− i
2ν −i0

dl
Γ(1− il)Γ( 12 + iνl)

Γ(1− i(1− ν)l)
Ψ(l, κ)

(eδ−πiνλ2

κ2νc(ν)

)il

≃
∞∑

n=0

CnI2n−1(κ)λ
− 2n−1

ν

where

Cn = −
√
π

ν

1

n!

Γ( 2n−1
2ν )

Γ(1 + 1−ν
2ν (2n− 1))

(1− ν)n Γ(ν)−
2n−1

ν ,
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This gives

I1(κ) =
1

R

(
∆κ+1 −

c

24

)
,

I3(κ) =
1

R
I1(κ)

2 − 1

6R2
I1(κ) +

c

1440R3
,

in perfect agreement with CFT computations.
Similar computations give

ωsc(λ, µ|κ, κ, α) ≃ 1

2πi

∫ ∫
dldmS̃(l, α)S̃(m, 2− α)Θ(l + i0,m|κ, α)

×
(eδ+πiνλ2

κ2νc(ν)

)il(eδ+πiνµ2

κ2νc(ν)

)im
,

S̃(k, α) =
Γ
(
−ik + α

2

)
Γ
(
1
2 + iνk

)

Γ
(
−i(1− ν)k + α

2

)√
2π(1− ν)(1−α)/2

.
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The first non-trivial term reads

iΘ(l,m|κ, α) ≃ 1

l +m
+

i

24ν

1

(fκ)2

(
−iν(l +m)− 1

2
+ ∆α

)
+O

(
1

κ4

)
.

Important property of the remainder is that it vanishes when l,m = 2i
2ν . All

together we get

ωsc(λ, µ|κ, κ, α) = λ−
1
ν µ− 1

µD1(α)D1(2− α)
1

2R2

(
2∆κ+1 −

c

12
− 1

2
∆

)
,

generally

D2m−1(α) =

√
i

ν

Γ
(
α
2 + 2m−1

2ν

)

(m− 1)! Γ
(

α
2 + (2m−1)(1−ν)

2ν

)
(
Γ(ν)−1/ν

√
1− ν

)−2m−1

. .

Hence
β∗
1γ

∗
1φα(0) ≡ D1(α)D1(2− α)l−2φα(0), (mod i) .
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Generally,

β∗
I+γ∗

I−Φα ≡
∏

2j−1∈I+

∏

2k−1∈I−

D2j−1(α)D2k−1(2− α)

×
[
P even
I+,I−({l−2k}|∆α, c) + dαP

odd
I+,I−({l−2k}|∆α, c)

]
Φα (mod i) ,

where
dα = 1

6

√
(25− c)(24∆α + 1− c) .

This has been checked up to level 8.
Second chirality: λ→ λ−1 and α→ 2− α.

β̄
∗
(λ) ≃λ2→0

∞∑

j=1

λ
2j−1

ν β̄
∗
2j−1 , γ̄∗(λ) ≃λ2→0

∞∑

j=1

λ
2j−1

ν γ̄∗
2j−1 .
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Returning to sine-Gordon model.

OPE:

Φα1(z, z̄)Φα2(0) =

∞∑

m=−∞

∑

N,N̄

(
µ2r2ν

)|m|
Cm,N,N̄

α1,α2

(
µ4r4ν

)

× r
ν2

1−ν α1α2+2m2(1−ν)+2αmν z|N |z̄|N̄ | l−N l̄−N̄Φα+2m 1−ν
ν
(0) ,

where α = α1 + α+ 2.
We need to find

〈β∗
I+ β̄

∗
Ī+ γ̄∗

Ī−γ
∗
I−Φα+2m 1−ν

ν
(0)〉sGR

〈Φα(0)〉sGR
.

I did not explain how to shift α, so, the nearest goal is m = 0.
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Mimicking sG model on the lattice.
Let us try the same construction as before, but inhomogeneous:

TS,M =

y
∞∏

j=−∞
Tj,M(ζ

(−1)j

0 ) , Tj,M(ζ) =

x
n∏

m=1

Rj,m(ζζ
−(−1)m

0 q−
1
2 ) .

Fermions can be introduced in that case as before. Annihilation operators

b(ζ) = b+(ζ) + b−(ζ), c(ζ) = c+(ζ) + c−(ζ) ,

b±(ζ) =
∞∑

p=1

(
ζ2ζ∓2

0 − 1
)−p

b±
p , c±(ζ) =

∞∑

p=1

(
ζ2ζ∓2

0 − 1
)−p

c±p .
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Local operators are created coefficients of by b∗(ζ) at ζ2 → ζ±2. It is
important to make the Bogolubov transformation defining

e−Ω+−
0 −Ω−+

0 b∗(ζ)eΩ
+−
0 +Ω−+

0 ≃
ζ2 → ζ±2

0

b±∗(ζ) =
∞∑

p=1

(ζ2ζ∓2
0 − 1)p−1b±∗

0,p .

where

Ωǫ,ǫ′

0 =
1

(2πi)2

∮

Γ

∮

Γ

ω0(ζ, ξ)c
ǫ(ξ)bǫ′(ζ)

dζ2

ζ2
dξ2

ξ2
.

the reason for that ζ → ∞.

b+∗
k c+∗

l b−∗
r c−∗

s (q2αS(0)) =
(
O0 + ζ−2

0 O1 + ζ−4
0 O2 + · · ·

)
q2αS(0) ,

and we exactly want to take the limit

a→ 0, ζ0 → ∞, keeping R andM = 4a−1ζ
− 1

ν
0 fixed .
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We get rid of our old enemy ρ(ζ) by considering Z−s
n , and then continuing

analytically.
We conjecture the existence of

b+∗(ζ) −→
scaling

β+∗(ζ) ≃ β∗(µζ) + β̄
∗
screen(ζ/µ), ζ → ∞ ,

c+∗(ζ) −→
scaling

γ+∗(ζ) ≃ γ∗(µζ) + γ̄∗
screen(ζ/µ), ζ → ∞ ,

b−∗(ζ) −→
scaling

β−∗(ζ) ≃ β̄
∗
(ζ/µ) + β∗

screen(µζ), ζ → 0 ,

c−∗(ζ) −→
scaling

γ−∗(ζ) ≃ γ̄∗(ζ/µ) + γ∗
screen(µζ), ζ → 0 ,

where

µ =

[
M

√
π Γ( 1

2ν )

2Γ( 1−ν
2ν )

Γ(ν)−
1
ν

]ν
.
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Thermodynamical functions. DDV equation:

1

i
log a(ζ) = πMR(ζ1/ν − ζ−1/ν)− 2Im

∞∫

0

R(ζ/ξ) log(1 + a(ξe+i0))
dξ2

ξ2
,

where

R(ζ, α) =

∞∫

−∞

ζ2ikR̂(k, α)
dk

2π
, R̂(k, α) =

sinhπ((2ν − 1)k − iα/2)

2 sinhπ((1− ν)k + iα/2) cosh(πνk)
,

R(ζ) = R(ζ, 0) .
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Introducing

G(k) = 2

∫ ∞

0

ζ−2ikRe

(
1

1 + a(ζe−i0)

)
dζ2

ζ2
,

we write the equation

ΘsG
R (l,m|α) +G(l +m) +

∞∫

−∞

G(l − k)R̂(k, α)ΘsG
R (k,m|α)dk

2π
= 0 ,

ΘsG
R (l,m|α) is related to ωsG

R (ζ, ξ|α) by Mellin transform:

ωsG
R (ζ, ξ|α) = −πi

2

∞∫

−∞

∞∫

−∞

dl

2π

dm

2π
ζ2ilξ2im

e−πνl

cosh(πνl)
ΘsG

R (l,m|α) e−πνm

cosh(πνm)
.
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Final result.

〈β∗
I+ β̄

∗
Ī+ γ̄∗

Ī−γ
∗
I−Φα(0)〉sGR

〈Φα(0)〉sGR
= µ2mα−2m2+ 1

ν (|I
+|+|I−|+|Ī+|+|Ī−|) DsG

R

(
I+ ∪ (−Ī+) | I− ∪ (−Ī−)|α

)
,

where

DsG
R (A|B|α) =

n∏

j=1

sgn(aj)sgn(bj)

(
i

2πν2

)n

det (Dan,bk(α)) |j,k=1,··· ,n,

Da,b(α) = ΘsG
R

(
ia
2ν ,

ib
2ν |α

)
− δa,−bsgn(a)2πν cot

π
2ν (να+ a) .

In principle we have to consider the case

#(I+) = #(I−), #(Ī+) = #(Ī−) .

which corresponds to descendants of Φα(0).
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However, the only real limitation in our formula is

#(I+) + #(Ī+) = #(I−) + #(Ī−) .

More profound study of the conformal case shows that

β∗
I+ β̄

∗
Ī+ γ̄∗

Ī−γ
∗
I−Φα+2m 1−ν

ν
(0)

∼= Cm(α)β∗
I++2mβ̄

∗
Ī+−2mγ̄∗

Ī−+2mγ∗
I−−2mβ∗

Iodd(m)γ̄
∗
Iodd(m)Φα(0) ,

where for negative indices

γ∗
−a = −ta(α)βa, β̄

∗
−a = −ta(2− α)γ̄a, ta(α) =

i
ν cot π

2ν (αν + a) ,

and

Cm(α) = µ2mα−2m2
m−1∏

j=0

C1(α+ 2j 1−ν
ν ) ,

C1(α) = −νΓ(ν)4x Γ(−2νx)

Γ(2νx)
· Γ(x)

Γ(x+ 1/2)
· Γ(−x+ 1/2)

Γ(−x) i cotπx , x =
α

2
+

1− ν

2ν
.
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