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Introduction

In the Spring of 2009, Nicolai Reshetikhin taught Math 261B: Quantum Groups. These are the
notes from that class. The class met three times a week — Mondays, Wednesdays, and Fridays —
from 10am to 1lam. NR’s website for the course is at http://math.berkeley.edu/~reshetik/
math261B.html. In particular, on NR’s website are links to his hand-written lecture notes.

This course was a continuation of the Fall 2008 course Math 261A: Lie Groups, taught by Prof.
Mark Haiman. My notes from that course are available at http://math.berkeley.edu/~theojf/
LieGroups.pdf, and Anton Geraschenko’s notes from Reshetikhin et al.’s similar course in 2006
are at http://math.berkeley.edu/~anton/written/LieGroups/LieGroups.pdf. This course as-
sumes 261 A as a prerequisite; in particular, many definitions used in the class are supplied in those
notes.

As with my other course notes, I typed these mostly for my own benefit, although I do hope that
they will be of use to other readers. (It was Anton’s excellent notes from a variety of classes
— in addition to the Lie groups notes mentioned above, he has other notes on his website —
that inspired me to type my own notes, and I have borrowed from his preamble.) I apologize
in advance for any errors or omissions. Places where I did not understand what was written
or think that I in fact have an error will be marked **like this**. Please e-mail me (mailto:
theojf@math.berkeley.edu) with corrections. For the foreseeable future, these notes are available
at http://math.berkeley.edu/~theojf/QuantumGroups.pdf.

These notes are typeset using TEXShop Pro on a MacBook running OS 10.5; the backend is
pdfIATEX. Pictures are drawn using PGF/TikZ, a graphics language far-superior to Xy=pic. The raw
IXTEX sources are available at http://math.berkeley.edu/~theojf/LieQuantumGroups.tar.gz.
These notes were last updated May 8, 2009.
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0.1 Conventions and numbering

Each lecture begins a new “section”, and if a lecture breaks naturally into multiple topics, I try to
reflect that with subsections. Equations, theorems, lemmas, etc., are numbered by their lecture.
Theorems, lemmas, and propositions are counted the same, but corollaries are assumed to follow
from the most recent theorem/lemma/proposition. Definitions are not marked qua definitions, but
italics always mean that the word is being defined by that sentence. All definitions are indexed
in the index. Homework exercises are numbered consecutively throughout the course. Sometimes
exercises are set off as their own “theorem”, but just as often they are mentioned in the text. A list
of all homework exercises is at the end of the document, with page numbers. A list of all theorems,
propositions, etc., is also at the end of the document. To generate these lists and to format theorems,
etc., I have used the package ntheorem. Better referencing is done by cleveref.

Lecture 1 January 21, 2009

1.1 Introduction

In this class, we will study Quantum Groups, which are neither quantum nor groups. They are
non-commucative non-cocommutative Hopf algebras, deformations of g and C(G). Unless we say
otherwise, G will always be an affine algebraic group over C. But this is too general. Any G has real
forms. Did you go over the classification of real forms? No. Well, we all know that there is SL,,(C),
but an important but only one of the real forms is SU,, e.g. SL,(R) is also important.

So that’s sort of the main subject. Fortunately, Mark laid down the foundations in 261A, focusing
on algebraic groups and defining the universal enveloping algebra.

Well, formalities. It depends on how many people survive to the end of the class. NR won’t try
to make it difficult to survive, but it is a matter of taste. Depending on how many people make
it to the end, NR will have a take-home final so that you feel like you get something out of the
class. There will be homeworks, which NR will grade each month, but this is a graduate course, so
grades don’t matter that much. Only the homework will matter towards the grade.

NR will post hand-written lecture notes on the website, some links past http://math.berkeley.
edu/~reshetik. Office hours will be Monday 4-5:30.

1.2 Let us start

Let g be a Lie algebra. If there is a complex algebraic group G with g = Lie(G), then to g we can
associate two Hopf algebras Ug and C(G), and these are dual.

If g is a Lie algebra, then let g* be the dual vector space, and let’s fix a Lie algebra structure on g*.
So we have a pair of algebras, and subject to certain compatibility restrictions, this pair (g, g*) will
be called a Lie bialgebra. Before we give the definition, we draw a map of quantum groups.


http://math.berkeley.edu/~reshetik
http://math.berkeley.edu/~reshetik

To the bialgebra (g, g*), then g gives us a connected simply-connected Lie group G, and g* gives
us another (connected simply-connected) group G*. So we get a dual pair of Lie groups G and
G*, and out of this we can construct, assuming everything is algebraic, the pair of Hopf algras Ug
and C(G), and also the pair Ug* and C(G*). Each is a pair of dual Hopf algebras, and the pairs
are dual to each other in this other sense. Then we will have corresponding quantum groups U, (g)
and Cy(G™), deformations in the category of Hopf algebras of U(g) and C(G), and also U,(g*) and
Cy(G). In fact, the algebras U,;(g) and C,(G*) are more or less the same — they are the same
algebraically, but the topology is different. So the slang is that “after quantization, there is no
difference between Universal Enveloping Algebra and Algebra of Functions.”

The story will continue with Poisson geometry. Who knows what is a Poisson manifold? **very
few** Well, the deformations above are essentially a reformulation of what you already know. But
the general notion of quantization first appeared in physics, and then filtered to mathematics and
eventually representation theory. The general idea is that to a symplectic manifold (M,w), and
maybe using extra data, you can construct a family of associative algebras Ay, but the center of Ap
is usually trivial (C-1). But to a Poisson manifold (P, p), the family, which at least exists formally,
can be very interesting. And there is a notion of symplectic leaves, and a general philosophy
which is hard to formulate precisely, that to symplectic leaves we should associate irreducible
representations.

So, we now start from the beginning: a definition of Lie bialgebra, and then a digression into
Poisson geometry whence we will understand that G will have a natural Poisson structure, and
whence the notion of Poisson Lie group. Why “Poisson Lie” and not “Lie Poisson” you’ll have to
ask Drinfeld. Probably because “Lie group” sounds like one word.

In Lie theory, we normally introduce the more natural notion of Lie group, then define Lie algebra
by noticing that the tangent space at the identity has some natural structure. But we will go in
the opposite direction, so to avoid having to know what a Poisson manifold is.

For now, we consider only finite-dimensional algebras over C. A pair (g,0 : g — AZg) is a Lie
bialgebra if g is a Lie algebra and § satisfies:

1. ¢ is a Lie cobracket. We can understand this condition in two ways: either that 6* : A2g* — g*

is a Lie bracket, and also by the co-Jacobi identity:

Alt(3®id) 0§ =0 (1.1)

2. a compatibility condition:
6([z,y]) = [z, 0(y)] + [6(x), y] (1.2)
This is a cocycle property of §. We define [z, y A 2] def [z, y] Az +y Az, z].
Example 1.1 Let by = CH @& CX with [H, X] = 2X. Then you can check (this is Exercise 1)
that 0(H) =0, §(X) = H A X makes by into a Lie bialgebra. O



Question from the audience: I don’t understand how to bracket an element of g with a wedge
product. Answer: It’s the diagonal action on the exterior square: write d(z) = ;2% A z;, and
then define [y7 5('%')] = Zz[?ﬁ :UZ] AT+ Ez ' A [ya xl]

We mentioned that the definition provides a “cocycle condition”. Did Mark discuss Lie cohomology?
**audience says no**. Who knows BRST? Chevalley complex? **one student each**.

Our problem is that we misspell the names. We define the Chevalley complex for a Lie algebra as the
complex C*(g, M) = Linear Maps(A\®*g — M), where M is a g-module. Let C" = Hom(A\" — M);
then the differential d : O™ — C™*! is given by

df(l'l, ceey IL‘n+1) = Z(—l)i+j_1f([l'i,$j],$1, e ,fi, e ,ij, e ,{L‘nJrl)
1<J

+Z(_1)ixi'f(xlv"'aji7"'axn+l)' (13)

Here - is the action of g on M.
Exercise 2 Show that d*> = 0.

Who knows the notion of Grassman algebra? Exterior algebra of a vector space? There is a very
simple description of the Chevalley complex in terms of Grassman algebra A®g. Let {¢;} be a
basis of g; then A®g is the associative algebra generated by the ¢ subject to ¢'¢/ + ¢/c! = 0. For

simplicity, let M = C. Let fi’} be the structure constants. Then d = 37, fjcicj %.

Exercise 3 Make sense of this. You need to be careful about upper and lower indices.

See, when M = C, then C* = A*g*. A mathematician (Chevalley) invented this, and the physicists
reinvented it and called it BRST.

Now, let’s consider M = g with the adjoint action z - f = [z, f]. Consider (A®(g® g*))" =
A (g @ g*) =2 A®g @ A®g*. This is a bigraded vector space. The nth row is dual to the Chevalley
complex: M = A"g. Probably we shouldn’t have dualized earlier. So each row has different
coefficients. But now let’s say we had a bialgebra structure. Then we also have vertical maps from
the cohomology of g*.



oL I RNy C L B R R M=C
Qg Qdy Qdy- Qg
dg « U 2 % dg 3 % dg
g ——90g ——gONg — gNg — -+ M=g
Qg $dg $dg Qg
g o 2 « Yo 2 2 x Yo 2 3 % o _ A2
Ng— Ng®g"— ANg@Ng — NgON’g" — M= N\"g
fdg* fdg* fdg* fdg*
3. % 3 « %3 2+ % 3 3% % M o— A3
N'g— Ng®g" — ANg@Ng" — Ng9N\’g" — =N\g

(e (o (i

Question from the audience: So we have a bunch of Chevalley complexes, and if g* also has a
Lie algebra structure, then this is a complex of complexes? Answer: Well, the map [,] : A%g — g
gives the differential dg, and Jacobi gives d?> = 0. If we also have a cobracket with coJacobi, then
we get the vertical maps dg-. It’s a neat way of saying the bracket satisfies Jacobi: it’s equivalent
to saying that d> = 0. And what’s the meaning of the compatibility? Well, we have a bicomplex,
and the key question is when two differentials commute? Well, they never actually commute; when
do they anticommute? Le. when is dgdg- + dg+dy = 07 The answer is that this happens exactly if
0 dual to the cobracket gives a Lie bialgebra structure for g.

So this is the algebraical notion of a Lie bialgebra. Any questions? So this finishes the Lie bialgebra
discussion, and next time we will have examples and the definition of Poisson structure.

Question from the audience: So ¢ gives the Lie algebra structure on g*? Answer: Yes. It
must both be a cobracket, and also be compatible.

Next time, we will see the following: If g is a Lie algebra, it’s a well-known fact that g* is a Poisson
manifold. But in fact we will get a non-linear version of this on G, and many notions like the
adjoint and coadjoint actions will all have nonlinear counterparts.

Lecture 2 January 23, 2009

2.1 Poisson algebras

We continue with the Lie bialgebras and Poisson Lie groups. Last time we gave the definition
of a Lie bialgebra. We explained that to g a Lie algebra we associate the Chevalley complex
C*(g) = (A®g)" with differential dg. If we have a Lie bialgebra, we can construct C*(g ¢ g*) with



two differentials dy and dg«, which anti-commute. But this doesn’t explain the terminology: in
what sense is 0 : g — AZg a l-cocycle? Well, ¢ gives a map A®g — A%g, and § gives a 1-cocycle in
the complex C*(g; A\%g).

But these notions make more sense within the language of Poisson Lie groups. We begin with the
definition of a Poisson algebra: this is a pair (A4, {, }) such that

e A is a commutative algebra. **unital?**
e The vector space A with {,} : A%? — A is a Lie algebra.
e {,} is a biderivation: {a,bc} = {a,b}c + b{a,c}.
So it is a mixture of Lie algebra and commutative algebra.
There are several reasons why this structure is very natural.
Example 2.1 Consider a family of associative multiplications j : A¥2 — A such that
e a %y b = ab is commutatiive.

e Let’s assume that the multiplication is given by an analytic function in h: a x, b = ab +
hmi(a,b) + h*ma(a,b) + O(h3) as h — 0. Of course, to say this precisely we must introduce
some topology on A.

Proposition 2.1 {a,b} o mi(a,b) —mi(b,a) is a Poisson structure on a commutative algebra A.

This is probably the reason Poisson algebra is so important: they describe the infinitesimal jets of
deformations of commutative algebra.

Proof: It’s a very nice and very easy Exercise 4. All you have to check is that the Jacobi identity
on the commutator induces the Jacobi on {, }, and then you have to check the Leibniz rule. O

(Again, homeworks mostly will not be graded, but eventually NR will give homework that is
graded. Question from the audience: Will there be pdfs with the homework? Answer: Yes,
the handwritten notes are already there — don’t skip lecture — and Theo is typing the notes.)

Since this is a deformation, it is in a sense “quantum”, and it is in this sense that Quantum Groups
are quantum. O

Example 2.2 A Poisson manifold is a pair (M, p) where p € T(A*TM). We let M be a manifold
(C°, affine algebraic variety, etc.; and whatever M is, we take the appropriate type of section p).

So this p is a bivectqr field, and in local coo‘rdinates p(z) = > pY B‘Zi A %. Any time we choose
local coordinates {x'} on M, then we let dz' be the corresponding basis of T M and azi the basis
in T, M. Then we define {f, g} def (p,df Ndg) =35 pij(x)ggi A %, and we demand that {,} is a
Poisson bracket on C'(M) (the space of C* or polynomial or whatever functions). That {,} is a

biderivation is trivial, since everything is a first-order operator. That it satisfies the Jacobi identity
requires p to satisfy a non-trivial condition. **I missed the equation it must satisfy.** O




Example 2.3 Let g be a Lie algebra, g* its dual vector space. Since these are vector spaces,
we have a canonical isomorphism T)'g* = g for each = € g*. **finite-dimensional®** (If it is
something more complicated, you may have to make a choice of isomorphism.) Thus, for any
f e C(g*) and = € g*, then df (x) € g. Soif f,g € C(g*), we can define [f(z), g(z)], and we define
the Poisson bracket

{f.9}Hx) € (x, [df (), dg(2))) (2.1)

This is the Lie-Kirollov-Kostant bracket. It was discovered by Lie, and used to study the represen-
tation of Lie algebras.

It’s probably more instructive to see this is local coordinates. Let {e;} be a basis in g, and {z;}
the coresponding coordinate functions on g*. Then

{mi, a5} = fhan (2.2)
k

where f!; are the structure constants: [e;,e;] =Y fl-’;ek. O

If (M7, p1) and (My, p2) are Poisson manifolds, we can define their product as (M x Ma, p12) where
p12 is the sum of p; and pa. More explicitly, T(, ) (M1 x Mz) = T, M1 @&T, M3, so /\2T( (MyxMs) =

NTe My & T My @ TyMs & N*T,M>, and we define pi2(z,y) d:efpl (z) © 0@ pa(y)-
Now, let’s assume My, My are affine algebraic, so that C'(M; x Ma) = C'(M;)®C(Ms). Then

z,y)

{f1®fo,01 @92} ={f1,01} ® faga + fi91 ® {f2, 92} (2.3)

If Ay, Ay is a pair of Poisson manifolds, we define their tensor product A1 ®¢ As to be the Poisson
algebra with the bracket defined by 2.3.

Question from the audience: Even if M; are not algebraic, this still works for functions that
are a product. Answer: Yes, but you won’t get all functions.

If Ay and A, are two Poisson algebra, then ¢ : A1 — Ay is a morphism of Poisson algebras if
¢(ab) = ¢(a)¢(b) and ¢({a,b}) = {¢(a),p(b)}. We define a map ¢ : (P1,p1) — (P2, p2) to be

a morphism of Poisson manifolds if ¢ is a manifold map and the pullback ¥* is a morphism of
Poisson algebras.

So Poisson algebra is the Lie-algebraic enhancement of commutative algebra. We can ask what is
the analogue of representations. One can argue that the correct analogue is the very important
notion in Poisson geometry called symplectic leaves

2.2 Symplectic leaves
Who knows the definition of a “symplectic manifold”? **Four or five hands.** A symplectic

manifold is a pair (M, w) where M is a manifold (in your favorite category) and w is a nondegenerate
closed 2-form. More precisely:

10



Nondegeneracy in local coordinates w(z) = 3;; wij(z)dz*Ada?, then we demand that det(w;j(z)) #
0 for every x € M. Equivalently, the matrix w;; is invertible.

A corollary is that the dimension of M must be even. With physics, this is very easy to
remember: symplectic manifolds are phase spaces.
We can introduce the symplectic volume w2 where n = dim M, and this just rewrites the
determinant, so we demand that it never vanishes.

Closure dw = 0.
These were invented in the 19th century when trying to study classical mechanics.
Example 2.4 Let My, = (R") & (R")*, with coordinates p;, ¢'. Then w = S dp; A dg*.

Example 2.5 Let N, be a smooth n-dimensional manifold, and M = T* N, which is 2n-dimensional.
Choose a chart U € N so that T*U = (R")* x U and now U € R™. Then in local coordinates

w =Y dp; \dq'.
Exercise 5 Find a natural 1-form 6 on M =T*N such that w = df.
We are moving slowly but surely towards the interesting definitions.

A very important theorem, which again is a simple exercise but explains why we’re talking about
it, is the following:

Theorem 2.2 Any symplectic manifold is a Poisson manifold: {f, g} def (w=t df Adg).

By the inverse of a form we mean the following: w € I'?(A\2T*M) is nondegenerate, so it gives an
isomorphism w : T'M — T*M. In local coordinates, if v = > v* O ¢ TM and w = Y wijdxt A da?,

ox*
then w(v) def S wjjdz'v!. Then nondegeneracy implies that there is a bivector w™! € T(A\?*TM)
giving the opposite map, which in coordinates is given by w™!(x) = S (w™1)¥(z) 8%- A %, where

(w™1)¥ is the inverse matrix to w;;.

Proof: Is this trivial? **quiet class, without consensus** We will leave it as Exercise 6,
but the hint is that closure dw = 0 is equivalent to the Jacobi for {, }. The proof also works in the
opposite direction: if a Poisson manifold is suitably nondegenerate, then the inverse of the bivector
gives a symplectic structure. U

We mentioned classical mechanics several times. Now we introduce the notional of a Hamiltonian
vector field. A vector field v on a Poisson manifold is Hamiltonian if there exists H € C(M)
such that v = p(dH). Recall that p € T(A\*TM), so p(z) : TfM — T, M. In local coordinates

AT
p(x)(dH (2)) = ;9" (2) 55 55

Then H is called the Hamiltonian functino for v. We get the flow lines of vy, and these are called
Hamiltonian flow lines. Then classical Hamiltonian mechanics, from this point of view, is exactly

the study of dynamical systems defined by Hamiltonian vector fields. In other words, they are
generated by H.

11



Just one last word. A symplectic leaf on (P,p) through x is the space of points on the manifold
that you can reach by piecewise Hamiltonian flow starting at . We will see that symplectic leaves
are identical to co-adjoint orbits of **missed**. Then we will study Poisson Lie groups, which
are an enhancement of the geometry of Lie groups, and then we will deform everything.

Question from the audience: It’s not obvious that you get a manifold doing this. Answer:
Not at all. It is a theorem.

Lecture 3 January 26, 2009

3.1 More symplectic geometry

Last time, we discussed Poisson algebras, Poisson manifolds, symplectic manifolds, and symplectic
leaves of Poisson manifolds. Today we begin by finishing this subject.

We recall the following definition. A symplectic leaf through = € (M, p), where (M, p) is a Poisson
manifold, is a span of piecewise Hamiltonian flow lines through =x.

Theorem 3.1 A symplectic lead is a submanifold.

The generic situation will be the following. There will be functions on M which Poisson-commute
with everything. These are Casimir functions: f € C(M) such that {f,g} =0 for all g € C'(M).
And level sets of these functions will be the symplectic leaves. This isn’t quite true: a level
surface need not be connected. But symplectic leaves will be contained within level sets of Casimir
functions.

The analogy with representation theory is that, to construct an irreducible representation, we have
to first fix all the central elements to be complex numbers.

Example 3.1 G = SUs, the group of two-by-two unitary matrices with det = 1. This is the
compact real form of SLs(C). Its Lie algebra g = Lie(G) is a real three-dimensional algebra, so g*
is a Poisson manifold. What are the symplectic leaves? They are the co-adjoint orbits of G acting
on g*.

More precisely, G acts on g by the adjoint action. This is obvious for matrix algebras, whence this
is conjugation. Who knows the invariant definition? **most hands** NR will skip definitions
that most of the class knows, leaving it to the last one or two to look up. If GG is a matrix group
(so G C GL(V)), then g = Lie(G) is a matrix Lie algebra (so g C gl(V')), and so the adjoint action

is Adg(x) def gxg~', and we define the co-adjoint action by
A1) (z) € U(Ad, 1 (2), leg’, z€g, g€C (3.1)

For SU;y, Ad*-orbits through



where a € R and § € C. So this is a generic traceless Hermitian 2 x 2 matrix. The co-adjoint orbit

of this is
Ad’é(g _ﬁa>:{u<g _5a)u1:u€SU2} (3.2)

Question from the audience: That’s the adoint orbit. Answer: Well, g has a Kkilling form
(x,y) = tr(zy), which is nondegenerate for sus, so g = g* as an isomorphism of G-modules.

Now, what is the moduli space of conjugacy classes? Eigenvalues, module permutation. So

5 o A0 A0 -2 0
s {5 S)PA( 2)~(3 3)) =
Question from the audience: Hermitian or anti-Hermitian? Answer: Doesn’t matter, because

you can multiply by 1.

Is this clear? The conjugation by the matrix

0 1
(_1 0>€SU2

In any case, equation 3.3 gives just the ray R>g.

Let’s let H have eigenvalues £). Then tr(H?) = 2)? is an invariant of the conjugation. Let’s write
in terms of the basis of Pauli matrices:

1 0 0 —i 0 1
(o 5)-03) 6 4) o0
with coordinates x1, ¥9, x3, then tr(H?) = 2(23 + 23 +23). So the Ad*-orbits are the spheres, which
are two-dimensional, and the special leaf at the origin. O
Question from the audience: Does this generalize to SU,? Answer: We will later prove, for
every Lie group:

Theorem 3.2 Sumplectic leaves of g* are Ad*-orbits of G acting on g*.

Example 3.2 What about SU,? We identify su,, = su} as vector spaces via (z,y) = tr(zy). The
co-adjoint orbits are classified by the set of eigenvalues, so this is R"~!/S,,. It’s R"~! embedded
as the hyperplane {3; \; = 0}. These are the level surfaces of ¢; = tr(x?), i = 2,...,n. (Because
¢1 = 0 on this hyperplane.) O

These two examples are of real Poisson manifolds. What if everything is complex-homolmorphic?

Example 3.3 G = SLy(C), g = sl3(C), which is non-canonically isomorphic to C3. But the
Killing form gives a canonical isomorphism g* = g = sl(C). The theorem that symplectic leaves
are Ad*-orbits still holds, and we identify these with adjoint orbits. Let’s understand the orbit:

(2 4)- (s 4]

These come in various forms.
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1. If the matrix is diagonalizable and non-zero, then the matrix is classified by its eigenvalues
+A. So the set of orbits through diagonalizable matrices is (C \ {0})/Z2. Each orbit is
2-dimensional over C.

2. If the matrix is not diagonalizable, it must have Os on diagonal to be traceless. So, there’s
0

1
00
the dimension of an orbit? You subtract the dimension of the stabilizer. And the stabilizer

of x is the unipotent matrices
1 a
exp(az) = 01

3. There is the 0-dimensional orbit through 0. O

only one orbit, the one through = = . What is it’s dimension? How do you compute

You can do GL,, at home.

Exercise 7 List all possible dimensions of conjugation orbits for slg, and describe the set of such
orbits.

In the complex-analytic case, symplectic leaves are complex homomorphic symplectic manifolds,
and are algebraic. You can treat them like the real manifolds you're used to.

Exercise 8 Consider the group of triangular matrices

a ai b1
0 b C1
0 0 c

Any questions?

3.2 Poisson Lie groups
You should specify a category in which you want to work, and then be consistent within this
category. For example, real smooth, affine algebraic, etc.

A pair (G,p) where G is a Lie group and p € T(A?T'G) is a Poisson structure on G is a Poisson
Lie group if

1. Multiplication p : G x G — G is a Poisson map.

1

2. g— g~ is also a Poisson map.

Exercise 9 Check if g +— g~ follows from the first condition. We will give the answer later.

How does this relate to Lie bialgebras? We consider the tangent space at the identity.
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We have two special geometric structures. The multiplication, and the Poisson structure, and
these are compatible. Before we start further discussion, let’s say a few words about tangent
bundles.

If G is a group, then the tangent bundle T'G is trivial: TG =2 g x G, and we will always in this course
choose the trivialization by left-translation. ILe. ¢, : G — G is x — gz. Then df, : TG = TG.
It takes TG — T,,G, and in particular df-1 : Tj 5 T.G =g Sodl : TG 5 g x G by
(& h) = (dly-1(£), h).

So, the Poisson structure is a section p € I'(A?TG), which consists of section maps G — A*TG,
but we can identify this with maps G — A2g. So if x € G, then p(x) € A%g.

Exercise 10 p(0) = 0. **Feb 9: certainly this should be p(e) = 07**
Corollary 3.2.1 dp(e) : T.G — N?Tog; in other words this is a map g — N2g.

We will choose this as our Lie bialgebra structure.

Lecture 4 January 28, 2009

We pick up where we left off last time. We stated the definition of the tangent Lie bialgebra to a
Poisson Lie group. Recall, a Poisson Lie group is a Lie group G along with a compatible Poisson
structure p. We take g = Lie(G) = TG, and we want to use the Poisson structure p to construct
a bialgebra structure on g. As we did last time, we trivialize TG = g X G by left translations, and
then p € F(/\QTG) — which is a section map, i.e. a map p : G — /\2TG such that the natural
projection 7 : A\2TG — G composes to that m o p = idg — after trivialization, p becomes a map
p: G — A%g. So a Poisson structure on a Lie group is a map p : G — AZg with the following
compatibility condition (equivalent to the earlier condition):

p(xy) = (Ad, @ Ady)p(y) + p(z) (4.1)

Exercise 11 Verify this.

**I think the equation should read p(zy) = (Ad, ® Ad,)p(y) + p(z). The RHS of equa-
tion 4.1 is not obviously antisymmetric, and I don’t believe it it internally consis-
tent.**

** Actually, the formula is totally wrong. If you use left-translations to trivialize, the
formula should read:

pu(zy) = pi(y) + (Ady— @ Ady-1)pi() (4.2)
and if you use right-translations, then you get
pr(zy) = pr(z) + (Ade @ Ada)pr(y) (4.3)
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where each of p; and p, are functions G — A?g. Very precisely, p;(g) = (dlg—1r @ dly-1)p(g)
and p,(g9) = (dr,—1 ® dry-1)p(g), where [, and r, are the left- and right-translations of ¢
by g € G.**

Another name for this is to say that p is a 1-cocycle in the standard cohomology complex for G
with coefficients in A2g.

In any case, dp : TG — T(A\%g) = A\?Tg. At the identity e € G, equation 4.1 becomes
plee) = p(e) + ple) (4.4)

and hence p(e) = 0. So dp(e) is a map T.G — Tp)(A%8) = To(A%g) = A’g since g is a vector
space. So we define § = dp(e) : g — A?g.

Theorem 4.1 (g,0) is a Lie bialgebra.

Proof: 1. The Jacobi identity: Something must satisfy Jacobi, since p did; we need to check

that the dual map [,]g def 5 g* A gt — g* is this something. Well, g* is the space of
linear functions on g. How do we get these? Let’s fix f1, fo € C(G), and their differentials
dfi(e),dfz(e) € TXG = g*. Let’s denote df;(e) by &. Then, letting X € g, we have

61, 2ler (X) = (dp(e) (X), dfa () A dFa(e) (4.5
- IR (1.6
t=0

Here {,} is our Poisson bracket on G, and /¥ is the exponential map g — G.

Exercise 12 Prove equation 4.6. Try to do it invariantly, but if you cannot, do it in local
coordinates. On the one hand, local coordinates are very messy, and on the other hand, by
making your hands dirty, you can really see what you’re doing.

On the other hand, {f1, fa}(e) = 0. The Jacobi for {, } says that {f1, {f2, f3}}(e"X) +cyclic =
0. So take j—; [{fl, {fa2, f3}}(e!™X) + cyclic] ’t:O and conclue the Jacobi for [, ]g-.

2. The cocycle property: The two-line proof says “p is a 1-cocycle for GG, and so automatically
induces a 1-cocycle for T'G.” We proceed to prove this:

We apply equation 4.1 twice, on a commutator:
p(y_lzy) = (Ady_lz ® Ady_lz) p(y) + <Ady_1 ® Ady_l) p(Z) + p(y_l) (47)
tX

All proofs in Lie algebras/groups feel like the first part. We apply equation 4.7 to z = e**,
as t — (. The order-1 elements in ¢ give

8 (Ady-1(X)) = (Ady—1 ® Ady—1) [X, p(y)] + (Ad,-1 ® Ady-1) §(X) (4.8)

We've used that & = dp(e). Now we take y = 'Y and differentiate in ¢ at ¢t = 0:
§ ([X,Y]) = [X,6(Y)] = [Y, 6(X)] (4.9)
Here we used that [ X, Y ANZ]=[X,Y]|\NZ+Y A[X, Z]. O

16



Did we ever supply examples of Poisson Lie groups?

Example 4.1 Suppose there is an element r € g ® g satisfying the classical Yang-Bazter equation:

[r12,7m13] + [r12, 23] + [r13, 23] = 0 (4.10)

This equation lives in U(g)®3. 719 def . ® 1, where we have embedded g ® g — Ug ® Ug, and
def . .

ro3 = 1 ®@ r. We leave it as an exercise to guess r13.

Well, r = 37, ride; ® ej, where e; is a basis of g. So r has (dim g)? variables, and equation 4.10 is

(dim g)® equations, so it’s entirely nonobvious why there would be any solutions to this equation.
But, indeed, the “Drinfeld douple construction” says there are some.

For example, if g = sly, then r = iH ® H+ X ®Y, where we have the basis X,Y, H with
[H,X]=2X, [H,Y] =-2Y, and [X,Y] = H. We will later see scientifically why this works.

We assume we have such an 7. We define 6, () o [r,z®14+1®z]. This would be a natural candidate

if it were obvious that the image is in the exterior square. Question from the audience: What
def

is this commutator, and above? Answer: For example, [A® B,C ® 1] = [A,C] ® B. **So we
extend [,] to tensors by the Leibniz rule?**

Proposition 4.2 §,(z) € A’g Cg® g

Proof: Exercise 13. Compare with notes when they appear online. ]

Theorem 4.3 (g,0,) is a Lie bialgebra.

It has a special name: Drinfeld calls it quasitriangular, because there is a triangle in the Braid
relation.

Now, let G be a Lie group such that g = Lie(G). Define p,(z) def (Ad, ® Ad;) (r) — r, which gives
amap p: G — A%g.

Theorem 4.4 This is a Poisson Lie structure on G such that (g, d,) is the tangent Lie bialgebra.

See, it’s obvious that p, is a 1-cocycle for G with coefficients in A2g, but is’t also a 1-coboundary.
We don’t want to go into group cohomology, but for example Fuchs’ book Cohomologies of Infinite-
Dimensional Lie Algebras, or any textbook with cohomology of groups and Lie groups, will explain
this.

Question from the audience: Does it go the other way? If I have a 1-coboundary... Answer:
No, a coboundary will not necessarily satisfy the Yang-Baxter equation. %

4.1 Braid groups

Let us see why we used the Yang-Baxter equation rather than something else. Let

def
X, = (x1,...,a;n):a;i%mj,xieRQ}_
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Then S,, acts on X,,, and we define Xn def

this space B, def m (Xn) So what should happen is that you start with points, and they move
around and end up where they started, up to a permutation. **we let time be the downward
direction, and draw the worldlines of the particles**

L
N
N /D

n/Sn. The braid group is the fundamental group of

The more standard drawing: you pick the points on line, and project to the plane, with overcrossings
and undercrossings. **I don’t guarantee that this is the same picture as above.**

In any case, in 71, we should take paths, but only up to isotopy. We have two Reidemeister moves
**and their mirror versions**:

N \\
> - ) B ~
;- N

Question from the audience: What about Reidemeister 17 Answer: They are braids: paths
only go down.

=

/

We define s;, for i = 1,...,n—1, to be the braid that is trivial on all strands except for ¢ and i+ 1,
and there is a single crossing between ¢ and ¢ + 1.

Theorem 4.5 The braid group has presentation:

Bn = <Si,i = 1, NN 1 s.t. SiSj = SjSZ' Zf ”L - j| > 1, and S$iSi4+18; = 8i+1818i+1> (4.11)
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Well, any group has many representations. The relations are very local, so it’s natural to look for
representations of B, on V®" where

$i=1®---5®---®1
where S € Aut(V ® V), and it’s acting in the i and i + 1 spots.

Proposition 4.6 7 : B, — Aut(V®") is a representation if (S® 1)(1® S)(S®1)= (1 S)(S®
HN1®S).

The whole reason for developing quantum groups, Poisson Lie groups, etc., was to study these
equations. Except that this didn’t evolve in Topology, but rather in Statistical Mechanics.

Lecture 5 January 30, 2009

The handwritten lecture notes are now online. These notes are also available, usually a few hours
after class — they go up as soon as Theo has a chance to say “upload”.

5.1 More on the Braid Group

Last time, we stopped at the Yang-Baxter equation. We have the braid group

def el .
B, = (s; s.t. sis5 = s;8; if |1 — j| > 2, and siS;418; = Si4+15iSi+1) (5.1)

There are tensor-product representations 7 : B, — Aut(V®") where s; - 1®--- @ S® - ® 1,
where S € Aut(V ®@V) is acting in the 7,7+ 1th spots. This satisfies the first condition, and satisfies
the second iff S satisfies the Yang-Bazter equation:

Se)(lesS)Sel)=1eS5)(Se1)(1xS) (5.2)
This is a hugely over-determined system: there are (dim V)% equations for (dim V)* unknowns.

Example 5.1 S =P :z2®y+— y®Rx. This is a boring solution: the map factors through B,, — S,
hence ignores under- versus over-crossings. O

We should try to construct a family S(h) = P(1 + hr + O(h?)) of solutions.
Proposition 5.1 S satisfies the Yang-Baxter equation only if r satisfies:

[r12, 18] + [r12, r2s] + [ri3, 23] = 0. (5.3)
Proof: Expand equation 5.2 to order h?; the order-h stuff cancels. ]

This is an equation that involves only commutators. We should consider it as an equation in
gl(V)®3 for r € gl(V)®2,

Recall from 261A:
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Theorem 5.2 (Ado) Any finite-dimensional Lie algebra is a subalgebra of gl(V') for some finite-
dimensional V.

So finding solutions to equation 5.3 is the same as classifying all solutions in g®3 in arbitrary finite-
dimensional g a Lie algebra. This is why we are interested in Lie bialgebras if we are interested in
knot theory.

So the philosophy is: we want to construct S satisfying equation 5.2, and we have one solution; we
should perturb that solution in the direction r. So the general questions are

1. How to construct solutions to equation 5.37 I.e. how to construct Lie bialgebras.

2. “Quantization”: How to construct S for a given r? The answer is in the construction of a
special class of quantum groups.

This second question is the historical motivation for our subject. Similarly, the main motivation
for Lie was to study the solutions of differential equations. This history is almost completely
forgotten.

We gave an example last time of a solution to equation 5.3 for g = sls.
Let g be a Lie algebra. Suppose that r € g ® g satisfies equation 5.3. We consider r1 : g* — g
given by
re() € (1 ®id)r (5.4)
ro() ¥ —(de)r (5.5)

The minus sign, we will see, is for later convenience.

Lemma 5.3 Im(ry) def g+ C g are Lie subalgebras of g.

Proof: We just look in g ® g ® g. By the definition, r € g_ ® g C g% if r = ;7" @ r;, then
ro (1) = S 1(rY)r; and r_(I) = — Y2, r'l(r;), and by definition {r;} € g, span g, and {r'} € g_
span g_. **there is some unhappiness** This is general linear algebra. If x € V* @ W, then
weget vy V- Wand x_ : W* — V*.

Example 5.2 Let’s do a small example. g = C? with the basis {H, X, Y}, and g* = C? with the
dual bases {H", X",YV}. We choose r = +H ® H+ X ®Y. Then r; (1) = I(H)Z + (X)Y. Since
[ can vary over all of g*, then Im(ry) = CH & CY. O

Question from the audience: What about the following:

Example 5.3 r=HX+X®X =(H+X)®X. Then Im(ry) = CX, and Im(r_) = C(H+ X),
not the span CH + CX. O

Then we get different answers depending on how we write it. Do we need it to span? Answer:
Ah, we were sloppy. By definition, g+ = {3;1(r")r; s.t. [ € g*}. This is contained in the span of
the r;, but it’s not equal.
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Ok, so the earlier claim was wrong, but it’s certainly the case that r € g_ ® g, C g®?. Question
from the audience: Ok, but now I don’t know why r € g_ ® g7 Answer: We will answer this
next time, to save ourselves from thinking at the board. Maybe we have to impose more: in the
relevant examples, it is true, and we thought it was obvious in all cases, but we may have to have
more conditions. We will assume that r € g_ ® g.

We continue with the proof. We look at equation 5.3:

[r12,7m13]  +  [ri2,7m23]  +  [ri3,7re3] =0 (5.6)
m m m
[0-,0-109+Q8+ 9-®[g+,0-]1Q09+  9-Qg-Q[g+,9+]

So this is only possible if [g—,9-] C g—, [9+,9-] C g+ + 9—, and [g+,9+] € g+.
We will clarify this next time. O

We can also see, form the above proof, that there is a subspace g def g+ +9g- C g. So we have
another statement:

Lemma 5.4 g is a Lie subalgebra of g.

And then we consider t = r + o (r), where o is the permutation z ® y — y @ z. So t is symmetrized:
t € S?(g). But since the only elements involved in the definition, in fact ¢ € S?g.

Proposition 5.5 t € S%(§)? — i.e. t is in the g-invariant part.

Proof: We act by (0 ®id) on equation 5.3, which just switches the indices 1 and 2, and add. So
the last term cancels:

o ®1id : [r21,713] + [1r21,723] + [r23,713] = 0 (5.7)
[r12,713] + [r12, 723] + [r13,723] = 0 5.8)
+ i [ri2 + a1, 713 + 23] = 0 (5.9)

But the first is t12. So [t® 1,7 ® 1 ®r; + 1 @ ' @ r;] = 0. This is equivalent to saying that for all
L0 ®@1+1®r)I(r;)] = 0. And similarly for g . O

Theorem 5.6 (g,d,(x) & [r,e®1+1® z]) is a Lie bialgebra.

Proof: We did this last time. We have to prove two prove two facts.

0. codp(z)=[o(r),z@1+1®@z]|=t-rz®1l+1®z] =0-4§(x), so J, lands in the exterior
square.

1. cocycle: Op[z,y] = [r,[z,y] ® 1 +1® [z,y]] = [z,0,y] + [delta,x,y] by Jacobi for g. Recall,

oy A2 S g Azt y A, 2.

2. co-Jacobi: Alt((é,. ®id) o 6T) = 0. This is equivalent to equation 5.3. g
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We say that a Lie bialgebra g is factorizable if there is a nondegenerate t € S%(g) C g® g (i.e.
t:g" — gis a linear isomorphism), and such that for any = € g, there are unique z4+ € g+ such
that x =z, +2_.

. . N a b\ fay b a- 0
Example 5.4 Linear Gaussian factoraization (C d> = ( 0 d+) + < c d_)' O

**T wouldn’t put a lot of faith, gentle reader, in this definition; I may have misheard
it **

Lecture 6 January 26, 2009

Recall from last time, we have r € g ® g satisfying

[r12,m13] + [r12,723) + [r13, 23] = 0 (6.1)

Then we define ro (1) = id® )r, and r_(I) = —(I @ id)r.
Proposition 6.1 1. regy®g-
2. 94+, 9—, and g def g+ + g— are Lie subalgebras in g.
Proof: See notes. 0
Lemma 6.2 Lett =r+o(r) € S%(§) Cg®g. Thent € §2(g)9, ie. t,z®@1+1®2] =0 forx € §.

We assume that everything is in U(g), and the bracket is a commutator **extended to tensor
products by the Leibniz rule**.

So, define 6, : g — gA g C g% by 6.(x) = [,z ®1+1®x]. It’s easy to check that this has the
correct codomain, using the pervious lemma.

Proposition 6.3 (g,0,) is a Lie bialgebra.
Proof: 1. 6, ([z,y] = [r, [z, ¥y ® 1 + 1 ® [z,y]] = [z, 0-(r)] + [6-(x),y] by the Jacobi identity.
2. Jacobi for ¢; follows from the classical Yang-Baxter equation. O

From now on, we will forget about tildes. The pair (g, d,) is a quasitriangular Lie bialgebra assum-
ing

o r+o(r) € S?(g)?
e (lassical Yang-Baxter equation for 7.

We say that (g,9,) is factorizable if t € g ® g defines a nondegenerate bilinear form on g* (where

(I,m)y aef (l®@m)(t)). If (g,d,) is factorizable, then we have x = x4 + z_ uniquely, where x4 €
Im(ry) and x4 = r4 (1) for some [ € g*.
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Any questions? It is better to move to semi-meaningless discussion — semi-meaningless on NR’s
part, because we asserted something wrong — than to leave something out.

Example 6.1 Let g = sl3(C) with standard basis H, X,Y (H is the Cartan, X,Y are the root
elements): [H,X] =2X, [H,Y]=-2Y,[X,Y]=H. Thenr = 1H ® H+ X ®Y is a solution to

equation 6.1, and t =7 +0o(r) =tH®H+ X ®Y +Y ® X € 5%(sly)*. This gives the Casimir
element ¢ % HTQ + XY +YX € Usly. Te. ¢ € Z(Usly), which is in fact freely generated by c:
Z(Usly) = Cl¢].

Then t = 3A(c) —c®1—1® ¢, where A : Usly — UsI$? is a coassociative algebra homomorphism
such that Az = 2 ® 1+ 1 ® x for z € sly C Usly. Anyway, so A is a homomorphism, and since
c € Z(Usly), we have [t, Az] = 0 for each = € sly. t is called a mized Casimir, and r then is not so

strange, being like half of the mixed Casimir.

Let’s look at sl5. We have our special basis of sly, so let’s choose the dual basis: slf = CHY @
CXY @ CY"V, where we define KV (for K = H,X,Y) to be the linear functional that is 1 on

K and 0 on the other two basis elements. Then r4(l) = ZI(H) + X I(Y), where | € s[5, so

Im(ry) =CH @ CX = by C sly and Im(r_) = b_. We will see counterparts of this for all simple
Lie algebras.

What about the kernels? ker(r;) = CX" and ker(r_) = CY", so ker(ry )", which is the collection
of all elements of sly on which XV vanishes, is just b_. See, the definition we were trying to sell
last time and the correct definition from today coincide.

A little claim: (slg,d,) is a factorizable Lie bialgebra: ¢ is given by the Killing form, which is
nondegenerate for sly(C).

Question from the audience: Can you say a bit more? It seems we don’t have unique factor-
ization. Answer: We're coming to it.

The cobracket 0, : a +— [r,a® 1+ 1 ® al. In particular:
o(H)=[rrH®1+1® H =0

1 1
6:(X) = J[H,X]© H+ 1H & [H,X] + X © [Y, X]

:%X®H+%H®X—X®H

1
=-HANX
2

1

**check the signs** ¢

The factorization: We have t = r + o(r) € S%(g)?, defining a nondegenerate bilinear form on g*,
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and so the linear map ¢ : g* — g defined by [ +— (id ® [)(¢) is a linear isomorphism. Now,
t()=({d@)(r)+ (ide)(o(r))
=({d®1)(r)+ (I ®id)(r)
=) =)
Thus we had a sign error earlier with the definition of the factorization.

Proposition 6.4 Because t is a linear isomorphism, any x € g has a unique presentation as
x =xy —x_ where xy = ry(l) for some l.

Now we check how this works for sly: * = aH + X + Y, then zy = SH + X and v =
—gH —~Y.
We finish with the Lie algebra structure on s(3. By definition:

[HY, XY](a) = HY A XY (5,(a)) (6.2)

Well, 6, (a) had better be in CH A X, otherwise equation 6.2 is 0. So equation 6.2 is non-zero only
if a =cX.

(HY, XV](X) = (HY A XY) (%H/\X) (6.3)
= %(HV ANXY, HAX) (6.4)
:%(HV®XV—XV®XV,H®X—X®H) (6.5)

1
= 5(2) (6.6)
1 (6.7)

So [HY,XY]=XY and [HY,YY] =YV, and [X",Y"] = 0. So this is a very different Lie algebra:
it’s not semisimple. This is the standard Lie bialgebra structure on sls. There is a classification of
Lie bialgebra structures, and for sly there is only one factorizable one.

Question from the audience: So there can be bialgebras that don’t come from an r-matrix?
Answer: Yes. Question from the audience: Then the notion of factorizability doesn’t make
sense? Answer: That’s correct.

We say that g C g9 is a Lie sub-bialgebra if §(g1) C g1 A g1-

Example 6.2 by C (sly,6,) is a Lie sub-bialgebra, because 6 H = 0 and 6X = %H/\X, etc. These
are not quasitriangular. O

Exercise 14 Formulate the notion of Lie bialgebra ideal. You must decide on the correct condition
on the cobracket.

Next time we will begin the discussion of groups. For example, there are three real forms of SLy(C):
SLy(R), U(2), and the less-well-known one U(1,1).

24



Lecture 7 February 4, 2009

Recall, if G is a Lie group, we can trivialize TG by right-translation: dR : TG = g x G, where
dRp-1 : T,G = T.G = g. Then p,(z) = —Ad, ® Ad,(r) +r € T(A\’TG) = C(G — A?g) is
a Poisson Lie structure on G if the tangent Lie bialgebra (g,d,) has 8, = dp(e) : g — AZg,
(z)=le,z@1+1® .

Then let’s compute the Poisson bracket on SLs(C). We have coordinates:

SLy(C) = {(‘g Z) s.t. ad — be = 1} (7.1)

And so C(SLs) = Cla, b, c,d]/ ~ is a commutative hops algebra. We compute the Poisson prackets
between a, b, ¢, d: Aa = aQa+bRx, Ab = aRb+bRd, etc., from the multiplication of matrices.

Then the Poisson bracket is { f1, f2}(g) = (p(q),df1(g) A df2(g)), and

p(g) =>_p™(9)ea ® g (7.2)
B
(eardf()) = S F(0)] _, (73)
= %(6t6"‘9)ij o aagf‘ (9) (7.4)
1] )
= S eng)i 2
= %:( ozg)z] 3g¢j (75)

To define the last line “e,g”, we use the fact that SLo is a matrix group. We will always assume
that all our groups are matrix groups, whence the exponential map really is matrix exponential.
We did this with right-trivialization. If we had used left trivialization, then the formula would have
included f(geté~).

Hence:

(1 f2}9) = (@) df@) Ad(@) =2 Y p°%(9) (eat)is(epn 2222 (7.6)

81kl Yij 9k

The 2 comes because from the wedge bracket, whence we should have subtracted ij < ki, but
everything is skew symmetric.

Well,

p*’(9)eag ® €39 = p(g)(9 ® g) (7.7)
= (g9 (g 'egH+r)(g®yg)
=—(9g@g)r+r(g®yg)
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and so, up to an unfortunate factor of 2, we have

0f1 O0f2
, :25 L9 R gliip—— = 7.10
{fl f2} z’jkl[r g 9] 3.kl 89”- D9 ( )

Let us find {g;j,gr} in SLo; and we will organize this as a matrix in End(V®?), where V = C2.
Using the formula, the derivatives are 1 (really § functions), and so

{9ij> g1} = 2[r, 9 ® glijik (7.11)

and so, assuming that our group is a matrix group, so that the formula makes sense:

{999} =2[r",g®g] (7.12)

Everywhere r should be r"', which is the image of r € g ® g in End(V)®2,

**NR used the symbol {-@-} for the matrix of brackets. I couldn’t tell quite what
symbol he was using, and replaced @ with either ® or ,. So some of the formulas from
today are not what was on the board.**

Ok, so we introduce a particularly useful notation: g; def g®1, g2 =1®g, and r1p = r € End(V)%2.
**NR writes “I” for the identity matrix, but says “one”.** Then ri2 € End(V)®" is
r®1®---®1 where the 1s are in positions 3,...,n.

Ok, so {g1,92} = 2[r, g192] = 2[r12,9192]. Eventually, we may kill this 2. We can do this: we can
rescale the Poisson bracket. The problem is the pairing of elements of the wedge product. **are
those the same 1 and 2 on either side of the equation?**

Ok, so let’s prove the Jacobi identity:

{91,{92, 93}} = {91, [r23, 9295]} (7.13)
= [ro3,{91, 9293} ( )

{91, 9293} = {91, 92}93 + 92191, 93} (7.15)

= [r12, 9192]93 + g2[r13, 9193] (7.16)

**T don’t understand these indices.**
One more computation. Let V" = %H ® H+ X ®Y, considered as a matrix in End(C?)®2, where

H, X,Y is the standard basis of sly. Let’s choose a basis e, ex of C2, and so eij = e; ®e;j is a basis

of C* = C? ® C2. Then if g = (CCL Z), we have

aa ab | ba bb 1(/)4 ;)/4 (1) 8
_ ! v_( 0 -1/ 1 0
g®g= 7%;7}@7:99757@7 , = 00 T (7.17)
‘ 0 0 ' 0 1/4

26



Hence,

0 %ab;
1
1% _ | zac _bd ' 0 . 1
", 9®g] “Toe 0 - (7.18)
‘%cd

and so we have the formulas {a,b} = Lab, {a,c} = —3ac, {a,d} = be, {b,c} =0, {b,d} = —1bd,
and {c,d} = Jed. You would never guess these formulas.

Theorem 7.1 C(SLg) with these brackets is a Hopf Poisson algebra, i.e.
e C(SL2) is a Hopf algebra.
e it is a Poisson algebra

i A({flva}) - {AthfQ}

To define this, we must defined the tensor product of Poisson algebras:

{s@t,u®v} def {s,u} @ tv+ su® {t,v} (7.19)

Lemma 7.2 If G algebraic is Poisson Lie, then C(G) is Hopf Poisson.

We now give a general remark. Suppose we have a group G and a subgroup H C G. Then we get
two Hopf algebras C(G) and C(H). How do they relate? Let Iy be the vanishing ideal of H; since
H is a subgroup, it is a Hopf ideal. Then C(H) = C(G)/Iy.

Now a definition: H C G is a Poisson Lie subgroup if is a Lie subgroup and a Poisson submanifold.
This is equivalent to saying that C(H) = C(G)/Ig and {Ig,C(G)} C Iy, i.e. I is a Poisson ideal,
and indeed a Hopf Poisson ideal.

Ok, so let’s look back at SLs. What are some natural ideals? What can you vanish without going
into contradictions with the Poisson bracket. Can you vanish a? No, because {a,d} = be, and if
we vanished a, we’d have 0 = bc # 0. Can we vanish ¢? Yes: there’s no problem with {a,d} = 0.
Indeed, if ¢ = 0, since ad — bc = 1, we have d = o', and so the bracket should vanish. Thus ¢ = 0

defined a Poisson Hopf ideal: By C SLy is given by By = {(8 aZ)}’ with {a,b} = 3ab, and

here Iy = (c). We of course also have B_ with Iy = (b) and {a,c} = —%ac. Yet another subgroup:
Iy = (b,c), then H C By is the Cartan, and the Poisson structure is trivial.

Ok, so we started with (sl ¢,), and last time we computed the dual (sl3,0,), and discovered that
this is spanned by HY, XV, YV, with [XV,YV] = 0. Well, sl} is really pairs of matrices:

s={( %) %)

with HY = (H,—H), X" = (0,X), and Y¥ = (Y,0). Thus SLj, which should be the exponential
of s[5, is a subgroup of By x B_.
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Question from the audience: How do those pairs pair with the matrices in sls? Answer:
**missed**

Next time we will repeat this, and then finish with SL3, and then explain the Double construc-
tion and see how to obtain Poisson structures on all complex simple Lie groups, and bialgebra
structures on complex simple Lie algebras, and also the story of symplectic leaves, which will
give us a wonderful excuse to study the geometry of Lie groups. And after this we will quantize
everything.

Lecture 8 February 6, 2009

Today we continue with the basic example of SLo. We now try to understand the dual Poisson Lie
group SL3, the Poisson Lie group with T.SL35 = (sl3, [, |5, ). Question from the audience: The
simply-connected one? Answer: Let’s demand it being connected, but chose any Lie group; the
choice is parameterized by .

We know the Lie bialgebra: sl is spanned by HY, XV, YV, with [HY, XV] = XV, [HY,YV] =YV,
and [XV,Y"V] = 0. We understand best how to exponentiate matrix algebras, so we first try to find
a faithful representations. s[5 cannot be written as 2 x 2 matrices, as is easy to see, but there is a
4-dimensional representation. Let I be the 2 x 2 identity matrix. Then

1
H' =-(HRI-1I®H), X' =X, Y'=IY 8.1
2

where H, X,Y are the 2 x 2 matrices giving the usual action of sly. Another way of writing this is

as pairs, so SLS—{((S ab1>’<a: 2))} (8.2)

Let us find the Poisson Lie structure on SL3 with [,];, = dp(e).

-1
Theorem 8.1 Let bt = (a Zil> and b~ = (a 0). Then
0 a c a

{breb) < r b @b’

(breb L bt @b

{b-@b™} = [ro @b
where r = %H @H+X®Y € End(C*®? in C?> ® C%, and if M is any Poisson manifold and
A,B: M — End(V), we define {AQB} to be the matriz {A;j, B} where i,j,k,1 range from 1 to
dim V.
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WEell, this is so far an ad hoc definition with elusive meaning. But in fact it’s a calculation that the
above brackets give the correct Poisson Lie structure, or equivalently a Poisson Hopf structure on
C(SL3). By “functions” C(-) we mean (possibly Laurant) polynomials.

So far we have simply taken the linear-algebraic duality (sl5,d.) < (slo,d,), and integrated to get
a duality (SL3,p.) < (SLa,py).

Proof: We have to prove that A({4, B}) = {AA, AB}, where by definition {A ® B,C ® D} &
{A,C}®BD+AC®{B, D}. Since the Poisson bracket acts by derivations, we need only check this
on generators, which for us are the coordinate functions. This is a straightforward computation:

A @12} = A ([ b 9 1))

where ¢; is + or —. Ok, so we have two tensor products: the tensor product of Hopf algebras, and
the tensor product of matrices, and we’re using both of them. We adopt the following notation:
by =b® 1 and by = I ® b. So we have:

A{bT @057} = A([r, b1 by])
= [r, A(bT)A(bS)]
= [r, (07" @ bY')(b3* @ b3?)]
= [r, 7105 ® b7 b7
where this is not the ® of Hopf algebras. Question from the audience: What is the co-product?

Answer: On generators, A(b%) = b @ b*. More precisely, A(b;;) = S bir @ byj. It’s the matrix
multiplication along with the tensor product of Hopf algebras.

{AbY, AbY} = {b7' @ bY', b5 @ b3’}
= 0PY 0 508 © (0 6)
It is Exercise 15 to complete this calculation. Please write it on a piece of paper and turn it in,

and NR will check it. O

Question from the audience: So the ; notation is just a convention to speed up calculations.
Answer: Exactly. Any more questions?

Expanding out the above exercise:

Proposition 8.2 The Poisson brackets between a, b, c are:

{a,c} = —g5ac

1
{a,b} = iab
{e,b} = —a® + a2
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The comultiplication is:

ANAa=a®a
Ac=a®@c+ca !
Ab=a@b+b®a?

If you don’t believe that matrix proof, just check that Proposition 8.2 gives the correct Poisson
Hopf algebra.

Ate,a=1,b=0, and ¢ = 0. In a neighborhood of e, a = eI/ b = €X, and ¢ = €Y. In
the correct proof, you would need to consider the tangent space at the identity and everything,
but we don’t have the general theory, so we treat this intuitively. You can see that as ¢ — 0,
we get the correct linear functions: {X,Y} = H, .... Question from the audience: You're
checking that [,];, = dp(e)? Answer: Yes. We do this by changing the algebra, and working
infinitesimally.

Let’s do this correctly. Consider a formal neighborhood of e, realized as the algbera C[H, X, Y| ®
C|[[€e]], completed in the e-adic topology. In other words, it is the space of formal power series in e
with coefficients that are polynomials in H, X, Y. Question from the audience: So these are the
functions on the formal neighborhood? Answer: Yes. Strictly speaking, the functions on a formal
neighborhood should be power series in H, X,Y, but we want to consider a weaker version.

Ok, so the Proposition implies that {e“/4 X} = le2e#/4{H, X}. But the LHS is {a,b} =
%66H/4€X, so {H,X} = 2X. **es don’t line up, as we comment later.** Question from
the audience: How did you get the first equation? Answer: It is the Leibniz rule:

1 n
A _ n _ n—-1np _ _A
{e ,B}_ZE{A ,b}_ZaA B=¢"B
n>0 n>1
We are getting very close to the following strange statement, which we will make precise in a
month, that this is the Poisson algebra whose quantization is the quantized universal enveloping
algebra.

Finishing, the same argument gives {H,Y} = —2Y, and lastly

eeH/Q _ efeH/Z

{Xa Y} = 2

Actually, this is a problem, because the top is O(¢), but the bottom is O(€?). But we had intended
to leave it as Exercise 16.

Question from the audience: So are we taking a family of associative algebras? How are we
getting this structure? Answer: Not a family. We are taking the limit as a — 1 and b,¢ — 0. We
are deforming the Poisson algebra itself: it’s a family of Poisson brackets, parameterized by the
formal variable e.

Ah, we have the same problem above: {H, X} = 2X/e.
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So the summary is we have a family of Poisson algebras parameterized by e:

{H’X}e = gX
€
(H,Y}. = 2y
€
ecH/2 _ e—EH/2
{X’ Y}e = —a
And we define ot
{7 }0 = lg}% 6{7} (83)

See, nobody said we had to take this Poisson structure. Well, we did.

Correction: Let p : G — A%g be a Poisson Lie structure on G. Then for any a, ap is also a
Poisson-Lie strucuter, and this defined a family of Lie bialgebras 6 = adp(e). So, anyway, we do
the rescaling, and we see that

(H,X}o = 2X
(H,Y}o = -2V
{X7 Y}O =H

Exercise 17 Show that §, = dp(e) in the usual way.

Oh, before you all leave: if you have particular questions about Poisson Lie groups and quantum
groups, send NR an e-mail: the syllabus is fluid.

Lecture 9 February 9, 2009

**We begin class with: I arrive a minute or two late, NR passes out a name-and-email
sheet, and then NR’s cell-phone rings.**

We have a Lie bialgebra (sly,6,), with r = H ® H+ X ® Y, and its dual (sl3,6 = [,]7,). We
exponentiate sly to (SLe,p,) with p, = — Ad, ® Ad,(r) +r, wheer we assume TG = g X G by right
translations. We exponentiate s(5 to (SL3, p.), which we described last time in coordinates. This
example provides a definition of the ideal of a dual pair of Poisson Lie groups. Given a (dual pair
of) Lie bialgebras, there is a unique dual pair of connected simply-connected Poisson Lie groups,
but in fact we should think of the pair as parameterized by the m;s.

Where did the formula r = iH QH+X®Y come from?
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9.1 The double construction of Drinfeld

We begin by constructing the bicross-product of Lie bialgebra. We let g1, go be finite-dimensional
Lie algebras over C.

**NR pauses to quiz people about what they are doing.** We have a specific group with
specific interests, and Quantum Groups is a huge subject. We could take a month to talk about
Uy(ny), but no one is interested in this. We suggest the following agenda:

e Poisson Hopf algebras, and then quantum-deform these into associative noncommutative
algebras. We will do this by taking a family of ideals I, in the free algebra F', and then form
A, = F/I,, which we will identify as vector spaces. In this way we will form U, (g) and Cy(G).

e We will spend some time on the real forms of these.

e Closer to NR’s interest, we will end by studying affine **missed** algebras. For example,
we have the diagonal action SL,, ~ (C?)®V with centralizer Sy. The quantum version of this

—

is that U, (sl,) ~ (C")®N, with centralizer the affine Hecke algebra Hy(q). There are many
reasons to be interested in this construction, including reasons from mathematical physics.

Anyway, the Drinfeld construction is well-known, and we describe it now.

Assume that g; acts by derivations on go, meaning that gs is a g;-module, and also that x - [I,m] =
[ -1,m]+[l,x-m], where x € g1, [,m € g2, - is the action, and [,] is the bracket in ga.

Then g1 X go def g1 9 g2 as a vector space, with [(z,1), (y,m)] = ([z,y],[l,m] +2z-m —y-1) is a Lie
algebra. It is the infinitesimal version of the semi-direct product of groups.

Oh, who knows the rule for which way to write the x? The open end points towards the thing
being acted on: it’s a pair of hands, twisting things around.

Example 9.1 Let g be a Lie algebra, g* a dual vector space with [, ]g = 0 trivial. Then g ~ g* wit
hthe ad*-action, and so we form g x g*. For example, g = s0(3), g* = R*, then g x g* = 50(3) x R?
is the affine transformations. O

We now explain Drinfeld’s construction, at least in the case when go = gj. So let (g,0) be a Lie
bialgerba, (g%, dx) its dual. Then g ~ g* be ady, and g* ~ g by ady.. We should look for a version
of x that is more symmetrical. We formulate the construction as a theorem:

Theorem 9.1 There exists a unique Lie algebra structure on D(g) d:efg @ g* such that

e g,9" — g®g* are Lie subalgebras.
e the natural bilinear form ((z,1), (y,m)) = (xz,m) + (y,l) is D(g)-invariant. Le.

([777 51]7 62) + (517 [777 52]) =0 V777 517 EQ € D(g) (91)

In other words, we have a pairing D(g) @D(g) — C, with and D(g) ~ D(g)@D(g) diagonally,
and trivially on C, and we require that the pairing is a D(g)-module homomorphism.
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We outline the proof, essentially computing the structure.

Proof (Outline): 1. Let {e;} be a basis in g, with structure constants [e;, ;] = > C’ikjek and
ik
de; = > jk fi%ei A ey.

2. Let {¢’ } be the dual basis in g*, so (e;, e 7) = §/. Then the brackets are [¢’,el] = T, f,ijek
and d.e’ —ijc el A ek,

3. Then the set {e;,e’} form a basis in g @ g* = D(g), and the brackets in 1 and 2 define the
brackets so that g, g* are subalgebras. All we have to do is define [¢, e;] € g @ g*. Let us use
the invariant bilinear form to find this bracket. Of course, g and g* are isotropic subspaces
for this pairing, and ([€?, e;], e¥) will pick up the g-component. By invariance:

([e', e5], €) + (ez, [¢",€"]) = 0 (9-2)

but [e?, e¥] = fiike?, and so we use the pairing. Hence
e, e;] = Z fikep+7 (9.3)

where we need to compute ? € g*. We repeat the method, and get that

([e', ej], er) = Cji, (9-4)

[, e)] = Z f’kek + Z (9.5)

Hence

The point is the mixed-bracket is kind of symmetric: it’s the action of g on g*, plus the action of
g“ong.

Exercise 18 Check the Jacobi. We fear that if we say one more time that there is required home-
work, there will be no more people in the class. The bottom line of these advanced classes is that
they are for your consumption, not the grade.

We outline the homework, and also provide another way to think about the above construction.
Remember that if g is a Lie algebra, we have the Chevalley complex A'g, dg, and the Jacobi identity
for [,] is equwalent to d2 = 0. If we have a Lie bigalgebra (g, d), then we get the bigraded complex
DN @ Ng* = A\°(g @ g*), with maps dg and dg-. The bialgebra requirements include both
Jacobis, so d% =0= dg*, and the bialgebra compatibility requiredment is that dgdg + dg-dg = 0.
But once we have this, then we have the diagonal differential of the total complex § = dg + dg=,
and 02 = 0. So the Drinfeld double construction is very natural, as it exactly computes this double
complex: § = dp(g. **there are two Js in this paragraph, but it should be clear from
context which is which. We should call the former “[,[5.”.**

Question from the audience: There is something to check. Is it possible to define a Lie algebra
structure on g @ g* so that the original algebras are subalgebras, etc., but without the invariance

of the scalar product? I.e. in the Chevalley complex, are we secretly using invariance? Answer:
No. Indeed:
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Theorem 9.2 § as defined in the previous paragraph defines a Lie algebra structure on g @ g,
which is isomorphic to D(g) from the previous theorem.

Both constructions are useful: Jacobi comes for free from the Chevalley construction, but you
don’t see the scalar product, whereas it’s central to the other construction (where Jacobi is ob-
scured).

Theorem 9.3 There is a natural Lie bialgebra structure on D(g) = g X g* defined by requiring
that the embeddings g, g* < D(g) are Lie bialgebra embeddings.

Exercise 19 Prove this.

Corollary 9.3.1 D(g)* = g* @ g is the direct sum of Lie algebras.

Lecture 10 February 11, 2009

Lecture notes up through today are on the website. These are shorter than the actual lecture: Theo
has a complete **only mildly paraphrased, and occasionally annotated** transcript.

Today we finish the Double construction, and then consider some examples.

Recall, g is a Lie bialgebra. The double D(g) of g is the direct sum of two vector spaces g ® g*
as a vector space. It is D(g) = g ® g*P as a Lie coalgebra. **I missed the word op, which
controls the sign of the cobracket, last time.** The Lie brackets are such that g, g* — D(g)
as Lie subalgebras, but D(g) is not a direct sum. In terms of a basis:

€re)) = ¥ Cixer = 3 fivey (10.0
k k

Another word for the Double is the bicross-product D(g) = g x g*.

Theorem 10.1 D(g) is a quasitriangular Lie bialgebra withr =¥, e ®e; € g*®@g — D(g)@D(g).
(Hence r does not depend on the basis: it is simply the identity map id : g — g thought of as an
element of g ® g*.)

Proof: There is probably a basis-independent proof. We work in a basis.
or(e) =[r,ei @1+ 1® e (10.2)
= Z[ej, el ®ej + Z el ® lej, €] (10.3)
J J

=) Cher®@el +) €;® (Z Chee® =Y f;kek> (10.4)
ik j k k

J
k
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In equation 10.5 we have reindexed and used the skew-symmetry to cancel two terms. **Equa-
tion 10.4 is wrong: we realized a sign error, and have gone back and fixed it mostly.**

Question from the audience: You need also to check that r satisfies the Yang-Baxter equation.
Answer: Yes. We need to prove that. Of course, the best way to prove the Yang-Baxter equation
is to leave it as an exercise. How should you prove this? We are working in a basis, because this is
useful when you compute examples.

In a basis, the first term [r12,7r13] of the Yang-Baxter equation is really
[ri2, 73] =€ @e; @16l @1 ®@ej] = [e, /] @e; @ e (10.6)
The second term is ' ® ¢/ ® [e;, €], and the last is €’ ® [e;, ¢/] ® ej. So we should have
[ehell@ei®ej+e @e @ e, e5] +e @ [ei, ef] @ e <0 (10.7)

Sure enough, we have

f/,ije’C ®e ®ej+ ijei e @ej+e'® (—C’f}cek + fgkek) ®e;j =0 (10.8)
because everything cancels. O

So, given enough supply of Lie bialgebras, we can take their doubles to get a number of examples
of quasitriangular.

Question from the audience: Is there a more invariant way to express the bracket? Answer:
Yes. It should be something like [(x,1), )y, m)] = ([x,ylg + Ad; m, [, m]g + Ad"...). Well, this is
a good question, and we didn’t prepare this, so we will make it Exercise 20. Here’s a way to get
participation: each time we suggest a problem, someone will explain it the next time. Let’s vote.
**7 to 2 in favor.**

In fact, it’s better than quasitriangular:

Proposition 10.2 D(g) is facotrizable, and r+o(r) = Y;(e'®e;+e;®¢) defines a nondegenerate
invariant scalar product ((z,1), (y,m)) = l(y) + m(x). Hence the map t : D(g)* — D(g) by | —
ry (1) —r_(l) is a linear isomorphism, and so Vx there is a unique factorization x = x4 ® x_ where
Tt € Q9+

Proof: In fact, in this form is is a tautology, since as a vector space D(g) is defined as a direct
sum. 0

Example 10.1 We saw already there is a Lie algebra b, C sly given by [H, X] = 2X, dH = 0,
§X =iHNX.

Let us describe D(b,.). We choose a dual basis HY, XV, so that bY = CHY®CX" with [HY, X"] =
XY, 6HY =0, and 6XY = HY A XV. Then D(b;) = by @ bY = CH & CX & CHY & CXV.

Question from the audience: Confused by notation, what is this § on b7 Answer: We would
write bY = b*, and § should be d,, dual to [,]p.
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If we think about Lie algebras alebraically, rather than geometrically, we can present it with a
basis, hopefully.

Ok, so we want to compute the cross brackets, using the above formulas. We have, e.g. C’I{I( x =2,
and f)lg X is the only other non-zero structural constant.

(XY, H] = Ciaa’ = fi’b=2Xx" (10.9)
a b

XV, X]=> C.a" =) % =-2HY+ H (10.10)
a b

[HY,H] =0 (10.11)

[HY, X]=-X (10.12)

We should also write out the coalgebra. Remember that as a coalgebra D(g) = g @ g*°P, so
SHY =0=0H,6X =1HAX,and 6XV = —H" A XV. Also, we have:

r=H"@H+X"®X (10.13)

So, let’s define H' = H — HY, H" = {H + H', X' = X, and Y/ = —X". Then H” is in the
center of the Lie algebra D(b, ), and in fact spans the center. Moreover, 6H” = 0, and so CH"” is
a Lie bialgebra ideal.

Also, H', X', Y’ generate sly — D(b;), and so D(by) = CH” @ sly as a Lie algebra. And CH” is a
Lie bialgebra ideal, so the quotient D(by)/CH" is a Lie bialgebra, whose algebra part is sly. But
in fact the coalgebra part is our old friend: D(by)/CH"” = (sl2,4) is the standard Lie bialgebra
structure on sls.

This also explains why our example is quasitriangular:
1 1 " 1 / 1 1 !/ 1 1 ! !/ ! /
r=gH"®H +§(H®H - H <>3>H)—5 e -Yeox (10.14)
We will have to clean up signs and %s. The signs are always wrong, and the %s come from the
problem of pairing exterior squares.

Anyway, that last term if the sly r-matrix.

Question from the audience: Is that a general fact, that the quotient of a quasitriangular Lie
bialgebra by a Lie bialgebra ideal is quasitriangular? Answer: Yes. %

Ok, so we didn’t explain where by with [H, X] = 2X, §H = 0, and /X = %H AN X — we didn’t
explain where this Lie bialgebra comes from. But this algebra is vecy natural: on Clz], we let X
act as x, and H by 230%. So b is the linear part of the derivations.

In fact, there is a generalization of this algebra to by C g, for any symmetrizable Kac-Moody
algebra. In particular, this works for
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e simple Lie algebras
e central extensions of loop algebras S! — g.
e other examples.

We said the words “Kac-Moody algebras”. Who knows this word? **two or so hands** The
usual suspects. We will explain this construction for simple algebras, and later explain what a KM
algebra is.

Ok, so let g be simple, and define by in terms of generators and relations. For each ¢ € T" the
Dynkin diagram, we have two basis elements H; and X;, and we let

[Hi,Hj] = 0, [Hqu] = ainj, and (adXi)l_aij (X]) =0if ¢ 7éj (10.15)
The dimension is r + |A4|, and X; = X,, are the corresponding simply roots. Then 6H; = 0,
0X; = %Hi A X;, where d; is the length of the root d; = (o, ;) /2.

Exercise 21 D(by) = g @ b, where b is a central copy of the Cartan, as a Lia algebra. The
bralgebra you know.

In particular, as before, D(b) = sly & b.

Lecture 11 February 13, 2009

We begin with Matt presenting a basis-free description of the bracket on the Drinfeld Double D(g)
of a Lie bialgebra g. **I was caught in this morning’s hailstorm, rather than catching
the bus. I will later include an invariant discussion of the Drinfeld Double and the
Chevalley Complex in terms of Penrose et al.’s “birdtrack” stringy notation.**

We now turn to a few examples.

11.1 Kac-Moody algebras

Last time we gave an example of a canonical Lie bialgebra structure for any simple Lie algebra.

We now explain this in full generality. (Ten years ago, NR wrote a paper, never published, working
a number of nice examples in Kac-Moody algebras.)

Let h be a finite-dimensional vector space, h* its dual, and a collection hq, ..., h, € b of “co-roots”
and aq,..., 0 € b of “roots”. We define the generalized Cartan matriz to be a;; = (a4, hj}. We
demand the following conditions:

® a; =2,

oaijEZSOfori;&j
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o If a;; # 0, then aj; # 0.
e There exists dy,...,d, € Zs( diagonalizing the matrix, i.e. d;a;; = aj;d; (no sum).
e dimbh = n + dim(kera).
Then we define the Kac-Moody algebra g(a) to be the Lie algebra generated by h (the Cartan), and
e;, fi for i =1,...,n, with defining relations
[h, W] =0, [h,ei] = (s, h)ei, [h, fi] = —(ai, h) fi, and [e;, f5] = 0ijh; (11.1)
and also the Serre relations:
(ade,)' ™" (e;) = 0 and (ady,)' " (f;) =0 (11.2)
It is clear that g(a) is Z-graded with deg(h) = 0, deg(e;) = 1, and deg(f;) = —1.

Example 11.1 Assume a is nondegenerate, so that n = dimb, and g(a) is a simple finite-
dimensional Lie algebra. O

Example 11.2 Assume that dimkera = 1. Then dimbh = 1 + n, and we have

Theorem 11.1 (Galber, Kac) Then the a has block form of an (n — 1) x (n — 1) nondegenerate
thing, in columns 1,...,n — 1, and a last column number 0, and the nondegenerate part generates
a simple Lie algbera g. Then

g(a) = glt,t™] @CKGBCt% (11.3)

and the Cartan is hg ® CK © Ct%.

In particular, fori=1,....,n—1, then e; — e; € g, and f; — f; € g. Also, ey — tfy, where 0 is
the longest root for g, and fy— t leg.

These are the most studied infinite-dimensional Lie algebras. On the one hand, they have a simple
presentation, and the representation theory of simple Lie algebras transfers directly. On the other
hand, they have a simply geometrical interpretation as a central extension to the loop algebra,
along with derivatives. Connections to physics: two-dimensional gauge theories, CFTs.

**missed something about the grading** O

In the 80s, people asked about whether there were interesting examples when dim ker a > 2. There
don’t seem to be.

NR learned from Richard Borcherds that you should think of the simple Lie algebras as spheres,
and the affine ones **when dimkera = 17** as cylinders. The higher examples grow exponen-
tially. There are difficult questions, because e.g. the Weyl groups of these generalized algebras are
interesting. For example, SLo(Z) shows up. You think that it’s a difficult problem, so there should
be geniuses working on it, but no: geniuses look for difficult problems with easy solutions. So this
is an open field of research.
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Ok, so why are we doing this? Every Kac-Moody algebra has a Lie bialgebra question, and moreover
a quantum counterpart. But in the generalized case, it’s strange to ask these questions, because
we know so little about the Lie algebra: why make it more complicated?

Proposition 11.2 If g(a) is a Kac-Moody algebra, then

d; d;
oh =0, de; = Elhz Nej, 0f; = Ezhz A fi (11.4)
1s a Lie bialgebra structure, and moreover it is quasitriangular.

We will not explain the quasitriangular structure, although there is a formula for it, because it is
a good presentation. See, the dimension of the Cartan is larger than the rank of the algebra. So
there are extra elements, and always they act as derivations, as in the example.

11.2 Real forms of Lie bialgebras

A real Lie bialgebra is a real vector space, real [,]: g®g — g, andreal 6 : g — gA g, i.e. itisa
Lie bialgebra over R. When we have such a thing gr, we can define as always the complexification
gc = gr ®r C. Then ggr C gc is invariant with respect to complex conjugation.

What we can do is complement the conjugation with an automorphism. Let o : g — g be a real
automorphism of gc, so that ola,b] = [oa, ob], and we demand that it be a C-antilinear involution:
o(\a) = Aoa, and o2 = id.

A real form of gc is a real Lie algebra gg such that gc = gr ®r C. Then the real form corresponding
to o is g7 = the set of fixed points of o.

Exercise 22 Real forms of gc are classified by equivalence classes (modulo inner automorphism)
of such o. (C.f. Fulton and Harris)

We can make all the same definitions for Lie bialgebras, additionally demanding that o preserves
the coalgebra: (o0 ® 0)d = do. Then again g° is a real Lie bialgebra with complexification gc¢, and
this gives the classification of real forms.

Example 11.3 We start with slo(C) and the standard Lie bialgebra structure. If we have z =
aH + bX + cY, then we define the Killing form (z,r) = tr(Ad, Ad,) = 2a% + bc. So this is a
quadratic form on C2, and it’s natural to ask what it looks like on the real three-dimensional
subspace.

Compact real form Let 0 = (—1) o (Hermetian conjugation), i.e. o(H) = —H, o(X) = =Y,
o(Y) = —X. It’s important that this is minus conjugation. If you think of Ugc, it has a
x-operation from Hermetian conjugation, and this is not that. It’s a combination of that with
the antipode. We say this for those who know to much. Then iH, X —Y, and i(X +Y) are
the invariant elements, and the real form is sup = R(GH) @ R(X —Y) ®Ri(X +Y), and we
adopt coordinates s, t, u.
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The Killing form is is —2(s?+t2+u?). There is a problem for the Lie coalgebra structure. We
have 6X = HAX. So (0®0)6X = J0HNoX = —SHAY,but §6X =6(-Y) = —1HAY.
So it’s fine, but it’s not supposed to be.

For Lie algebras, we have two real forms: sus, slp(R) = su; 1, but for bialgebras these will split. ¢

Lecture 12 February 18, 2009

Last time we began discussing real forms of complex Lie algebras. We gave the most natural
definition for Lie bialgebras. Recall, a real Lie bialgebra is simple a Lie bialgebra over R, so that
the bracket and cobracket are real linear maps. Such an algebra has a complexification, and then
we have:

Theorem 12.1 (Fulton, Harris) Equivalence classes of rea{forms of Lie bialgebras are in bijec-
tion with outer automorphisms o such that 0 = id, o(\a) = Ao (a), and o is an automorphism of
the Lie bialgebra **over Z**: o([a,b]) = [oa,ob] and (0 @ 0)d(a) = d(ca).

If we just said “automorphism of the Lie algebra”, we’d get that classification, and there’s the dec-
orated Dynkin diagrams with which to compute these. The classification of real forms of bialgebras
— we don’t know where it is.

Example 12.1 sl3(C), and there are two nonequivalent real forms. See, there’s the bilinear non-
degenerate form (, ), the Killing form, on sly(C). If g is a real form of sly(C), then (,)q is a real
Killing form, quadratic on R3, and so it is classified by the signature: (+ + +) or (+ + —). So we
have sup (+++ or —— —) and su; 1 = sly (+ — — or —++). It is a matter of taste the sign of the
Killing form.

sug: Then o(H) = —H, 0(X) = Y, and o(Y) = —X. This is a bialgebra automorphism of the
standard Lie bialgebra structure (0H =0, 60X = %H A X, and §Y = %H AY).

We make an aside: the %S are a mess, because of the confusion about how to define the bracket of
exterior products. If you embed in the tensor product, you get (IAm, zAy) = 2(I(x)m(y)—m(z)l(y)).
We will fix the notes.

Oh, and there’s another error. If you just have a solution to CYB, the arguments we gave don’t
work to give a quasitriangular structure.

So back to suy. We have sus = sl§ = RiH ®Ri(X +Y) @R(X —Y). Let’s look at the cobracket.
We'd have §(iH) = 0, §(i(X +Y)) =i A(X +Y) = % A4(X +Y). This ¢ is a big
problem, but not really: A\é is a Lie cobracket for sly(C) for any complex A. So we take
0 = id, whence (sup,d) is a real Lie bialgebra, with complexification (sly(C),d). **Jacobi
and compatibility are both homogeneous, so for any bialgebra, you can scale the
bracket and cobracket independently**

slo(R): o(H) = H, 0(X) = X, and o(Y) =Y. Then 5[&@)” = RH & RX & RY = slh(R). So
(sl2(R), ) is a real Lie bialgebra.
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suy1: Lastly, we consider suy 1, which happens to be isomorphic to sla; for sl,,, there will be a family
of real forms su,, 5, which are not isomorphic to sl,,. In any case, o(H) = —H, 0(X) =Y, and
o(Y) = X. You can see that the Cartan is imaginary as for sus, but there is no minus sign
on X, Y, which will change the signature. We have su; ; = RiH @ Ri(X - Y)dR(X +Y).

Let’s check the signature, looking at the value of the Killing form with respect to this ba-
sis, which is special, since this basis is orthonormal. Rather than working over the adjoint
representation, let’s work over C2, and we’ll get a multiply of the basis. Then

iH = (é _Oz> (X —Y) = (_OZ é) JiH = (‘f (1)) (12.1)

and the signature of the Killing form is

tree ((aiH + Bi(X = Y) + (X +Y))") = —20% + 267 + 29 (12.2)

Looking at the cobracket, we see ‘phat 0(iH) = 0, but we have the same problems as with sus :
SE(X —Y)=iEA(X-Y)=—iZAi(X-Y),and (X +Y) = L A (X +Y). So we take 6,

and then (suj 1, 9) is a real Lie bialgebra, and its complexification is not (sly, d) but rather (sly,0).0

In general in this class slp will be our main hero, and you can try sl, based on the literature out
there. But we make some general remarks.

If g is simple, we let it be generated by (H;, X;,Y;) for roots ¢ = 1,...,r = rank(g), and there’s the

Chevalley-Serre relations. Then we have the “standard Lie bialgebra structure” — there are other
choices — p p
0H; =0, 0X; = 5H AXi, 6Y, = §H NY; (12.3)

Then we have compact real forms: o(H;) = —H;, 0(X;) = =Y, and o(Y;) = —X;. Then we get

-

gt = PRiH; & P (Ri(Xa+ X—a) BR(Xa — X_0)) (124)
j=1 aEA L

For g = sl,, this is su,. We take the notation that j = a; for the (enumerated) simple roots.

Anyway, (g>"P**",§ = i6) is a real compact Lie bialgebra.

For sl,, Ay = {€; — €j}i<j, where €1,...,¢, is a basis in R", and X, ¢, = €;j, X ¢, 1¢;, = €j;, and

Hi = €4 — €i41,i+1 for 1 = 1,...,n— 1.

Ok, so we have the Lie bialgebra (gﬂ?mpaa,g). Let’s try to recognize the dual as a known Lie

algebra, so that perhaps we can recognize the double.

Let’s start with sug, with basis iH,i(X +Y), (X —Y). Then su} has the dual basis h, e, f, with the
bracket [h,e] = e, [h, f] = f, and [e, f] = 0, a real Lie algebra. The easiest faithful representation
of this algebra is .... Can we do this real algebra as 2 x 2 matrices? Yes:

= 5= ) s
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So we can write this as triangular traceless 2 x 2 matrices with real diagonal but complex upper

part:
* Ay )\ c
suy = {(0 _)\) st. A\eR,ce (C} (12.6)

We write it in this way so that we can exponentiate:

We have the pairing (su, §) with (su3, 6, ), and we can recognize suj = hE@nG. We can exponentiate
this pairing: (SUs, p) versus (SUs, ps), where

SU; = {(8 acl> st.a>0,ce (C} (12.7)

Now we turn to SU,,. The most amazing thing is that it seems different, but is ultimately the same.
Did we ask this exercises last time?

Exercise 23 The Lie bialgebra structure is given by equation 12.3, and so we have sl generated
by HY, X/, and Y;", and the bracket

1

d;

d,
[H), H]\-’] =0, [HZ-V,XJ-V] = 5ij§Xj, [H, Yjv = 5ij5’)fjv (12.8)

and Serre’s relations for X' and Y;".

Then sl Cby ®b_ as{(h®dx,—hdy)} where h€bh, x €ny, andy € n_.

You know, there are two levels. The first level is when a name appears in a subject, and the second
level is where “gaussian” is written with a small “g”. We were tempted to write “serre”.

Ok, so let’s take o(H;) = —H;, 0(X;) = Y, and o(Y;) = —X;.

Theorem 12.2 su), = sl is isomorphic as a Lie algebra to the space of traceless triangular
matrices with complex upper part but pure-real diagonal.

Proof: Exercise 24. The proof is almost the same as for sus. O

And so we have

SU* = st.a;>0,a1...an=1,%€C (12.9)

0 an

Next time we will start looking at symplectic leaves

12.1 Bruhat decomposition

We assume that everyone knows that if W is the Weyl group of g (of the root system of g), then
it acts naturally on . In particular, for g = sl,,(C), we have h = C"~! embedded in C" as the
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hyperplane perpendicular to (1,...,1). Then W is the symmetric group S,, acting naturally on C™
and fixing (1,...,1).

Well, G acts on g be the Adjoint action, e.g. SL,, ~ sl, by conjugation of matrices. The question
is: do we have a natural embedding of W < SL,,? The answer is no: rather, N(H), the normalizer
of the Cartan as a subgroup H < G, and then N(H) = H x W. So N(H) acts naturally on sl,,
and that’s how W acts on the whole algebra.

The goal: find symplectic leaves of SU,,, which will be the Shubert cells of SU,,/T.

Lecture 13 February 20, 2009

13.1 Bruhat Decomposition

Last time we began to discuss Bruhat Decomposition. We will see that this provides a cell decom-
position of a Poisson Lie group into symplectic leaves.

First we recollect the Weyl group. Suppose we have a root system A = {o € R™}. We will be dealing
only with semisimple finite-dimensional Lie algebras. We pick I' C A the simple roots, so that
A=A UA_and ' C A,. It will be convenient to enumerate the simple roots: I' = {aq, ..., }
where 7 is the rank of A (i.e. the rank of g).

To each root o € A, we associate a reflection s, : = — x — 2(«, z)/(a, ), which is reflection
with respect to the hyperplane a®. We define the Wely group to be the group generated by these
reflections, and it is a property of root systems that this is a finite group.

We let s; = Sq,. Then we have a well-known result (c.f. Fulton and Harris):

Theorem 13.1 W 2 (s;, i = 1,...,7r s.t. s2 = 1, (s;8;)™9 = 1), where m;; is related to the
Cartan matriz.

Example 13.1 For SL,, A = A,_1, and so (sisj)2 =1ifi# j+1, and (s;5:41)> = 1. Thus
Wa, . =Sn AL ={€6 —€j}icy, then I' = {¢; — ei+1}?:_11, and W acts by permutations on ¢;. ¢

If A is the root system of g, we let h C g be the Cartan subalgebra, and so h = @;_; Ra; (roots
are in h*). Then g = h ®ny @ n_, where ny are nilpotent and correspond to Ay.

W acts naturally on h. Does it act naturally on g? Not quite. Strictly speaking, the answer is No.
But anytime the answer is No, you can ask “if not this, then what?”

I’'m making all these pseudo jokes, and you are putting them online. You can skip most of
them.

So, let G be the Lie group with g = Lie(G). Then G acts on G by conjugation, and thus G acts on
g = T.G by the Adjoint action. Can W naturally embed into G7 If it can, then it has a natural
action on g.
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Let H C G by the Cartan subgroup. Question from the audience: Is G connected? Or does
it matter? Answer: It probably doesn’t matter, but let’s always assume that G is connected, and
most of the time that G is simply connected.

So H C G, and we can construct N(H) C G the normalizer of H in G. In other words, N(H) =
{g€Gst.gHg ! C H}.

Theorem 13.2 N(H) =W x H.

Proof: For all G, see Fulton and Harris. For SL,, it is obvious: Suppose d is diagonal, and so is
gdg™t = d'. So gd = d'g, and if g;; # 0, then d; = dj. So d; = dg(;), where o is a permutation
on the indices 1,...,n. When g;; = 0, no conditions, but of course detg = 1. Thus g must be a
monomial matrix (one non-zero entry in each row and each column).

Question from the audience: How does this give us the semidirect product? Answer: N(H)
is the monomial matrices. For example,

b =11 c € Sy, x diagonal = W x H (13.1)
c 1 a O

Corollary 13.2.1 1. N(H) acts naturally by conjugation on G.
2. N(H) acts naturally by Ad on g.

Corollary 13.2.2 If we choose representations of W in N(H), i.e. we chose a section W —
N(H) : w v w, when w acts on g.

This is not canonical, but it is up to the action of the Cartan. We will have the same story for
quantum Weyl group.

Exercise 25 Find the action of

(13.2)

5 =

on sl,. On generators: T; def Ad,, and find T;(H; = ej;—eji1,5+41), Tj(€iiv1 =€), and Tj(ejp1,; =
fi)-

If you can do this, then quantizing is easy: you judiciously add gs.
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Ok, so We have G a complex Lie group, and a fix a Borel subgroup B C G. A priori there are many
Borel subgroups, but for simple groups we can list all of them, and they are related by conjugation.

Theorem 13.3 G = |_| BwB.
weW

BwB = BwB = {bwb s.t. b,b’ € B}, where w is any representative of w in N(H). We remark
that BwB does not depend on the choice of w € N(H). If w and @ are two representatives, then
w = wh for h € H.

Ok, so for SL,, we take B the upper triangular matrices. Then

Theorem 13.4 G= | | B.wB_= | | B.wB, = | | BywB;,
weW weW weW
Hence, we can define double Bruhat cells G, = BuB N B_vB_. These are very important in the
analysis of totally positive subsets of SL,,.
Proof: For all G, look in textbooks, c.f. Cherry **?7** and Preston. We will do SL,,.

1. Let us fix g € SL,,. We want to put it in one cell. We chose b € B such that bg~! has maximal
number of zeros in the left side of each row. For example, any matrix can be multiplied by

0 0 =
a triangular from the left to get into the form | 0 * % |. This is backwards row-eschelon
ok ok

reduction: if at any time two rows have the same number of Os, then we can multiply by an
upper triangular to create another 0.

1

So each row will have different number of zeros, we can find o € S,, such that dbg™" is upper

triangular.
So for any g there is o,b so that 6bg~! =¥ € B, and so g = (b')"'6b € BoB.

2. We now must show that these cells do not intersect. So assume that bob' = bib/ for some
bs€ B, 0,7 € S,. Letting 3 = b='b and B’ = 0/(')~!, we have Bo = 73'. But 7,7 are
monomial matrices, and so the only possibility is that c = 7 and 3,3 € H. ]

Exercise 26 Do it by hand for SLo.
Exercise 27 Describe the closure BwB.

Then you will see why it’s called “Bruhat cells”: there’s something called Bruhat **?** for per-
mutations.

A few remarks:

e SL, /B is naturally isomorphic to the flag variety, in other words the collection of chains of
subspaces 0 C V4 C --- C V,,_1 C C", where dimV; = i. See, SL,, includes all changes of
bases, and the Borel changes the basis in each flag.
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e Theorem 13.5 Consider G/B as a real manifold. Then G/B = K/T, where K s the
compact real form of G and T' C K 1is the maximal torus, i.e. the Cartan in K.

e (G/B is called the generalized flag variety. 1t is (| | BwB) {bwb'B} = {bwB s.t. b € B}. But
often w conjugates b to another upper-triangular, so in fact {bwB s.t. b € B} = {uwB s.t. u €
B and w~luw € U™}, where U~ are the unipotent lower-triangular matrices.

The remarkable fact is that dimc (U, ) = ¢(w) is the length of the permutation.

dimc(BwB/B) = ¢(w). Hence the corresponding cell of K/T has real dimension twice the
complex dimension, hence 2¢(w). And any time the dimension is even, you should expect a
natural symplectic structure. This will happen.

Lecture 14 February 23, 2009

**I was ten minutes late. I pick up when I arrived.**

14.1 Shubert Cells

We have K/T = | |pew Cw, where Cy, = U, is regarded as a real manifold. We have “almost
coordinates” on U,, for which everything is algebraic over C, meaning we have coordinates on a
Zariski open subset of U,,.

See, U = exp(ny) and ny = @Paea, Cea. Let e; = e, are generators corresponding to simple
roots, whence n; is the Lie algebra generated by e; with standard relations.

Example 14.1 n C sl3, generated by ey, ea with [e1, [e1, ea]] = [ea, [e1, e2]] = 0. This is equivalent
to [e1, ea] = e Ecenter. O

How do you get the coordinates? We formulate as a theorem, and skip the proof. It is not difficult,
but involves involved computations.

Theorem 14.1 The mapping ¢y : CY ™) — U, gives an almost coordinate system on Uy, (meaning
a coordinate system on a Zariski open subset). Here:

1. w is a reduced decomposition s;, ...s; of w. lLe. it is a factorization of w into simple re-
flections which is minimal in length. E.g. s1s281 is reduced in Ss, but s18281528182 is not (it
equals 1). Reduced decompositions are not unique, but do all have the same length | = {(w).

2. Fiz such a decomposition & of w. Define ¢g : CH®) — U, by

(tl, v ,tl) = exp(tleil) N exp(tleil) (14.1)
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Example 14.2 sl3, and w = wy. So U, is the subset of all upper triangular matrices so that when

0 0 1
you conjugate, you get a lower-triangular matrix. But we can take wgtobe [ 0 1 0 |, whence
-1 0 0

the conjugation of any upper-triangular is lower-triangular. So U, = U.

There are two reduced recompositions of wp: w( = s15251, and w{ = s28182. Then:

1t 0\ /10 0\ /1 t5 0
Sup(titots)=[0 1 0)[0 1 &p)[0 1 0 (14.2)
00 1/\oo 1/\o 01

When you multiply these matrices, you will get some Zariski open subset of U. For the other one:

1 00 1 t2 0 1 00
Gup(ti,ta,t3) = (0 1 6 0 1 0 0 1 t3 (14.3)
00 1 0 0 1 00 1 0

One can ask: do these different coordinate systems fit together to form a chart? This is a very deep
subject, and quickly gets you into the topic of Cluster algebras.

One can now ask: Does there exist a similar coordinate system on G7 Answer: yes, on each BwB
there exists a similar system.

In fact, these become not just almost-coordinate systems, but coordinate systems on G(R)>q, the
space on non-negative elements in the split real form.

We will make a detour advertising the split real form. Everyone knows the compact real form; the
nonnegative part of the split real form is important too.

Example 14.3 G = SL,,. Then SL,(R)>¢ is the space of matrices g € SL,(R) such that all
minors are non-negative. %

This has been studied since the nineteenth century, and interesting results were discovered in the
50s and then forgotten, and the subject has come back again in representation theory with the
results of Lusztig and **7%%*,

Ok, so let’s look at the above example from a more theoretical point of view. What is a minor?

Let V = C". This is the first fundamental representation of sl,,, and it is the representation V,,, of
the fundamental weight w;. There are other representations: V. = A"V, where g acts diagonally:
glx1 N+ ANxp) = gxy A -+ A gz; ¥*for g € G for g € g, it acts as a derivation?**. Ok, let
{e;}7_; be a basis in C". Then {e;, A--- A e;, }i,<-<i, is a basis of AC". There is not a natural
dot product, but there is an SL,-invariant pairing A" *C" ® A\*C" — C.

glei, Nei) = geiy N+ A geg,

_ J1--Jk . .
= § : 93y iy €31 N €y
J1<<Jk
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Then gjl“'-j: is (the determinant of the) k& x k minor of g.

i1...0

So g € SL, is nonnegative exactly if it has nonnegative matrix elements in the monomial basis for
the fundamental representation **meaning the full A\*V 7**,

Ok, but in representation-theory, we should not talk about the basis e; as we have, but rather as
the weight basis. And there is a unique weight basis up to rescaling:

Theorem 14.2 (Lusztig) In each finite-dimensional representation V), there exists a unique basis
in which Il matriz elements of non-negative g € SL, are non-negative. This is called the canonical
basis or the Crystal basis, and was originally discovered in Uyg. The theorem is true for any G,
although we didn’t define what it means.

The non-negative matrices are not a subgroup: if you take inverses, you do not remain nonnegative.
But it is a subsemigroup. In terms of Hopf algebras, it is not a sub-Hopf algebra, but it is a
subbialgebra over R>q.

We now make the definition of nonnegative element for any group. Question from the audience:
What is the split real form? Answer: Given gc¢, we define gg the split real form to be the real form
corresponding to o = id on generators are o(\a) = Ao(a). So it is the real span of the generators,
and G(R) = exp(gr). In any case, we define G(R)>o to be the subset of G(R) where “matrix
elements” in fundamental representation are non-negative. C.f. Fomin and Zelevinsky.

We will see soon that as we pass to quantization, we will deform the Poisson algebra to an associative
algebra. If it is over R, we will deform the real algebra to a complex *-algebra. The natural question:
what exactly gives the quantization of this positive part? There are some works on this, but this
direction is still largely open. It’s some kind of non-compact quantum groups with this positivity
condition: Not Hopf algebras, but some well-structured bialgebras.

Next time we start the description of symplectic leaves.

14.2 Kac-Moody algebras — mini-presentation by Chul-hee Lee

We show the quasi-triangularity of Kac-Moody algebras. For simplicity, we restrict to affine KM
algebras. The idea: we learned the double construction of Lie bialgebras, and Kac-Moody algebras
have Borel subalgebras, and if we apply the double construction to the Borel subalgebra, we will
get back the KM algebra. We halve and then double.

Review: If we have a Lie bialgebra (g, ), then as we did in class, we have [e;, e;] = Y i ijek and
d(ei) = > jk fijkej Aer. Then on g* we have [ef, /], = Zf,ijek and J,(e') = ZC’;kej Aek. So on
D(g) = g ® g*°P we have [¢/,¢;] = 3}, C}kek — Sk fikey.

Ok, so let A be a generalized Cartain matrix. It is nxn, and on an index-set 7,7 € [ ={0,...,n—1}

we have A = (a;;). We are in the affine case if rank(A) = n — 1. We also assume that (a;;) is
already symmetric: we are in the A,D, or E cases.
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Ok, so the Borel subalgebra is by (A) = h @ ny(A), where § is generated by h; for i € I and also a
new symbol d, and ny by e; for i € I, with relations [h;, h;] = [hi,d] = 0, and [h;, e;] = a;je;, and
[d, ej] = 80, je;, and also (ad,)! ™% (e;) = 0.

So the Lie bialgebra structure on b (A) is given by 6h; = éd = 0 and de; = $h; Ae;. So D(b4(A))

is generated by h;,d,e;, hi,d*,e;.

)

Theorem 14.3 D(b,) = g(A) & H is the direct sum of Lie algebras. Where g(A) is generated by
H; = Z?:_ol hia;; + hi +d*, and also by e;, fi = €], and D = d + hg. The H part is generated
by Hy = — Z}:& hia;; + hy — d* and by D=d- h§. Then H;/2 and D/2 satisfy the relations

above. The H and D are central. Moreover, the quotient map D(by) — g(A) lets us push the
quasitriangular element from the double to the Kac-Moody algebra.

Notes on this last part will be online.

Lecture 15 February 25, 2009

Recall, we have G/B = K /T as a real space, and a decomposition as the disjoint union | |,ew U,
where U, = {u € U s.t. w™luw € U}, where U = exp(n) are the upper-triangular unipotent
matrices. Then dim¢ Uy, = ¢(w). A better name of U, is Cy, and K = | |,,ew Ky with the fibration
Cy — Ky — T. We will see that G/ B has a natural Poisson structure, and these are the symplectic
leaves.

15.1 Symplectic leaves of Poisson Lie groups

Let P be a Poisson manifold, G x P — R an action of the Lie group G on P. If G is a Poisson Lie
group, the action is called a Poisson Lie action if G x P — P is a Poisson map.

Example 15.1 G : P — P, so that the Poisson-structure is G-invariant. Then if G is given the
trivial Poisson structure, then G x P — P is Poisson. O

Example 15.2 G x G — G the group multiplication, if G is Poisson Lie. Both left- and right-
actions are Poisson Lie. O

When we have a Poisson Lie action G ~ P, we can look at the quotient manifold P/G, which will
be a Poisson manifold, but we will say this again later — we don’t need it yet.

General fact: If P is a Poisson manifold with Poisson tensor 7; i.e. {f, g} = m(df A dg). Let’s say
that w,w’,w” are one-forms. We can define the usual pairing m(w A w’). If we have a triple, we

define
def

m(w, (W AW ErwAD) AW —T(wAW) AW (15.1)

Theorem 15.1 (Koszul) If 7 is a Poisson tensor, then

[wl, wg] = dﬂ'(wl, (UQ) + Clﬂ'(wl, d(UQ) — 7r(dw1, o.)g) (15.2)

49



if a Lie bracket on Q(P).
Proof: Exercise 28. O

Ok, so we will use this in the following way. We have G ~ g* by the coadjoint action Ad*. We
will look for a nonlinear version of this. More precisely, if we have a pair of Poisson Lie groups,
G* ~ g = Lie(G) by Adg-, and we want at least a local action of G* ~ G. It is unrealistic to look
for a global action.

A local action of G* on G is a Lie algebra homomorphism g* — Vect(G). If this distribution is
integrable, then we will have a global map.

Theorem 15.2 (Weinstein) If G is a Poisson Lie group, then:

1. The space of left-invariant one-forms on G is a Lie subalgebra in QY(G) with the bracket as
i equation 15.2.

2. We trivialize the cotangent bundle T*G = G x g* by right-translations. This gives a natural
embedding g* — QY(G), with image exactly the left-invariant forms, which is a homomorphism
of Lie algebras. With the Poisson tensor p, we take p : QY (G) — Vect(G). Then g* —

OYG) L Vect(G) is a Lie algebra homomorphism.

Question from the audience: Which partial maps are Lie algebra homomorphisms? Answer:
g* — QY(Q) is, and picks out the space of left-invariant forms. The map p : Q' (G) — Vect(G) is
not a Lie algebre homomorphism, but its restriction to g* is.

This gives the action of g* ~ G by vector fields. The map g* — Vect(G) is the (local) dressing
action of G* on G. You may ask “Why is it called Dressing? What does it dress?” The name
came from the theory of solitons, which are waves that propagate without loosing shape. The
theory from the 70s is that waves are an infinite-dimensional completely integrable system, and the
solitons really matter. Examples: KdV, nonlinear Schrodinger, and other examples from nonlinear
physics.

In order to talk more about integrable systems, let’s review very quickly Hamiltonian mechanics.
You have a symplectic manifold (M,w), and H € C*°(M). You invert w to get the Poisson
structure, and then define vy = w™!(dH). Then we have a Lagrangian fibration L,, < M, — B,
and this reduces the dimension of the action. Anyway, the language is that there are subgroups of
the group that create solitons — they dress soliton solutions into multiple solitons. So that’s were
the terminology comes from: from the action of Poisson Lie groups on phase space of integrable
systems.

In any case, if the dressing action is integrable, then it gives the global dressing action. **I think
that “integrable” only depends on the Lie algebra homomorphism. To integrate to a
Lie group action, we should assume that G* is connected and simply-connected.**

So, we have g* — Im(p) C TG, by a — «a; — p(«y), where a € g*, oy is a left-invariant one-form,
and p(aq) € Vect(G).
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Ok, remember that to each function H € C*°(G) we define a Hamiltonian vector field vy = p(dH).
Then to each = € G, we get a symplect manifold through x by taking every point we can reach by
piece-wise Hamiltonian flow lines. But Imp C T'G, and S C G is a symplectic leaf if T,,S = Im(p),,
forx € S.

Corollary 15.2.1 (STS, Weinstein and Lu) Symplectic leaves are orbits of the dressing action.

The nicest case is when the action is global. Then symplectic leaves are just {G*g}4ecq, i.e. orbits
of G* in G.

Question from the audience: So the map g* — Im(p) surjects? Answer: Yes. Question from
the audience: I'm not sure what you mean? Answer: We have trivialized T'G. By the image of
p, we mean the subbundle in G x g given by {g,Im(p,)}. It may drop in dimension for special g.
**I would say that g* is mapping to sections of Im(p), where p: T*G — TG.**

So, if G is a Poisson Lie group, remember that it has is a connected simply-connected dual Poisson

Lie group G*, because G has a tangent Lie bialgebra (g, d), with dual bialgebra (g*, d,). But we can

also construct the double g x g*, which we can exponentiate to a Lie group: exp(g x g*) def D(G)

is the connected simply-connected exponentiation, which we consider as the double of G. Just as
we had embeddings g, g*°? — g x g*, **g*°P is g* as a Lie algebra but with the opposite
coalgebra**, then we have Lie group embeddings i : G — D(G) and j : G*°P — D(G). Question
from the audience: We must assume that G is simply connected? Answer: Yes. All of G, G*,
and D(G) are connected and simply connected.

Ok, what is i(G) Nj(G*°P) = ¥ C D(G)? Well, since i(g) Nj(g*°P) = 0, we have that ¥ is a discrete
subgroup of D(G).

Let’s look at examples. Well, we have only one minute, so only one example:

Example 15.3 If G = K is the compact real form with the standard Poisson Lie structure on G¢.
Let’s say for definiteness that Gc = SL,,(C). Then G* = AU, where U = complex upper-triagular
unipotent matrices, and A are the real positive diagonal unimodular matrices. %

Theorem 15.3 D(K) = Gc = KAU ™, where we consider G¢ as a real manifold.

Next time we will finish this and then see why the Shubert cells are symplectic leaves of K/T.

Lecture 16 February 27, 2009

Since the best way to learn things is by explaining — indeed, NR will do this later — we suggest
that someone learn and explain about the following: Schonten bracket, Poisson cohomology, and
lots of other things. This appears in the quantization of gauge theories, where it comes up in BV
quantization. The minimalist part of the project is to report on the proof of the theorem from last
time, and broader is to report on everything. We repeat the theorem from last time:
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Theorem 16.1 (K) 1. The bracket on Q' (M) defined by:
[w, W] def dr(w A w') + mw(dw') — 7w’ (dw) (16.1)

where 7 is the Poisson bivector field on M, and tw(w' A w") dzefﬂ(w,w’)w” —m(w, W', is a
Lie bracket.

2. The mappting m : Q' (M) — Vect(M) is a Lie algebra homomorphism.
Proof: Matt will present this next week. O

It’s not clear how the bracket in 1. came up, but if you try to pull back the bracket from vector
fields, you will see that it is what it must be. But perhaps its source is also from the more general
technology.

Theorem 16.2 (W) The natural mapping g* — Ql(G)leﬁ induced by the trivialization of T*G by
right translations is a Lie algebra isomorphism.

Proof: Theo will present this next week. ([l
Corollary 16.2.1 We have g* — Vect(G), a local action G* ~ G.

Question from the audience: So we have that T'G is foliated by the image of g*. The fact
that these are the symplectic leaves follows from that the image of g* is in Hamiltonian vector
fields? And these are all of them? Answer: Yes, well the Hamiltonian vector fields are exactly the
image under 7 of the exact forms, so you have to prove that this is the image of the left-invariant
things.

Corollary 16.2.2 The symplectic leaf through x € G is the orbit of the above action through x.

Ok, so let’s now give an algebraic description of these orbits. First, some preliminaries. Let M be
a Poisson manifold, and G and Poisson Lie group acting via a Poisson Lie action: the action map
G x M — M is a Poisson map. An example is whenever M is Poisson, G preserves the Poisson
structure on M, and G has the trivial Poisson structure. Another example is that if H C G is a
subgroup, the left and right actions H x G — G and G x H — G are Poisson-Lie.

Proposition 16.3 The functions preserved by G — C(M)% C C(M) — make a Poisson subalge-
bra.

Proof: Let a: G x M — M, then a* f(g,m) & fla(g,m)). Well, o*({f, g}m) = {*f, a* g} axm,
and G-invariance means o*f = 1 ® f. Let’s make the assumption that everything is algebraic, so
that C(G x M) = C(G) ® C(M). Then if f € C(M)%, then o*{f, g} = 1 ® {f, g}, and so
{f, g} is G-invariant. O

Ok, so one more thing, which is an obvious corollary, but indeed isn’t even: it’s just what we said.
If M/G is a manifold — this is non-trivial, it may be quite singular, but suppose that it is or that
it can naturally be made so — then the projection M — M /G is a Poisson map. This is just what
we said above, but not in terms of Poisson algebras but in terms of their spectra.
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Corollary 16.3.1 If H C G is a Poisson Lie subgroup, then both H\G and G/H are Poisson
manifolds with Poisson maps G — G/H and G — H\G.

Question from the audience: Why is the action of G on G/H Poisson? Answer: G n G is
Poisson, and you push it down.

Ok, so consider the double D(G), the connected simply-connected Lie group with algebra g x g*.
Then we have natural embeddings G — D(G) < G*°P. Because i(g) N j(g*°P) = {0}, we see that
i J

5 4 i(G) N j(G*°P) is a discrete subgroup of D(G).
We have already proven:

Proposition 16.4 i and j are inclusions of Poisson Lie groups.

Corollary 16.4.1 D(G) — D(G)/j(G*°P) is Poisson and commutes with the left D(G)-action.
Ditto for D(G) — D(G)/i(G).

So, we have a sequence of Poisson maps:
G < D(G) — D(G)/G*oP

and G*°P acts on the double by left multiplication (as a subgroup of D(G)), and so also acts on the
right term, and the diagram commutes:

G < D(G) — D(G)/G*P

(O ()

G*Op —_ G*Op

Then G — D(G)/G*P «~ G*°P. In particular, this gives g* — Vect(D(G)/G*°P).
Theorem 16.5 f commutes with g* action (dressing on G, and natural on D(G)/G*°P).

Corollary 16.5.1 Symplectic leaves of G are connected components of G*°P orbits on D(G)/G*P.
Le. they are double cosets G*PxG*°P for x € D(G).

This is a general fact, and of course it is the same for G*, because there is this symmetry. We have
to use G* — D(G)/G.

Example 16.1 Let K be the compact real form of G¢ simple. Think of K = SU(n). Let’s assume
the standard Poisson Lie structure on G¢. We already had the discussion that K* = AU C B C G,
the subgroup of the Borel subgroup of GG, where U is the subgroup of complex unipotent matrices
in B, and A is the real positive diagonal matrices. If you want: A is the split real form of the
Cartan H C B; it is the one for this particular Borel. O

The Twasawa decomposition of G¢ is G = KAU.
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Theorem 16.6 D(K) = G as a real manifold, and the Twasawa decomposition agrees with natural
embeddings i : K — G and j : K*°P — G.

We are not that careful about K* and K*°P, but it doesn’t matter: it’s upper- versus lower-
triangular matrices.

In this particular case, i(K) N j(K*P) = {1}.

So the Double of a complex simple Lie group has a natural description: you just have to complexify
**missed**.

Corollary 16.6.1 D(K)/K*°? = K, and so we have a global action of K*°P on K.

Thus, symplectic leaves of K are preimages of the double cosets K*PxK*°P C G with respect to
the natural embedding K — G = KAU.

So what we have to do now is to describe the double cosets. What do we know about G?7 We must
describe AUz AU.

Well, we know that G = | |,,eyy BwB, the Bruhat decomposition. So let’s choose z € BwB.

Ok, so let’s consider AUbwb’' AU. How many parameters are left? Can we absorb b into AU?
Obviously not. But we can write b = auk, where k €compact part of H, so it is in (S1)", where
r is the rank. Ok, so we have AUkwk' AU — we have also used b’ = k’a’u’ —, and we move £’
past w to get Kkl w. Ok, so what is kk],w? It is an element where? We claim that it is naturally in
N(T) C K. Because anything else can be absorbed.

So we have proved: The space of double cosets K*°P\D(K)/K*°P is naturally isomorphic to
N(T).

So let’s take the subset N,,(T') C N(T') 2T x W corresponding the w € W. Then:

Theorem 16.7 K = | |,cw Ky, where each K,, is homogeneous Poisson submanifold, fibered over
the torus T'C K, such that fibers are symplectic leaves isomorphic to Shubert cells of K/T.

The idea is you take a point in the symplectic leaf, and the statement is that you can assemble
these into a homogeneous Poisson submanifold: i.e. it is the union of leaves of the same size. We
know that K/T =2 G/B = | |,, Cw, where G/B is the generalized flag variety, and C,, C U,, the
elements mapped to the negative **something** when conjugated by w.

The point is that because D(K) = G = K AU, the space of double cosets really parameterizes
symplectic leaves, because it is the space of dressing orbits K*°P\ K. But some symplectic leaves
have the same dimension, and the wonderful thing is that you can assemble leaves of the same
dimension into these subvarieties.

Example 16.2 In particular, you take SU(2). How many cells are there in SU(2)/T? It is C,,,,LUCY,
of dimensions 2 and 0. (How many even numbers are there less than 3? dimgr(Cy) = 2¢(w).) And
this is BwoB/B U {pt}. So it is easy to show that C,, = S?, and so the result is a symplectic
manifold (5%, wsy(2))-
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Do we have any Poisson forms on the sphere? Well, there’s the area form, (52, w), coming from
the coadjoint orbit of SU(2) on SU(2)*. But this is a different one. O

Anyway, all the Cy have symplectic structure.

Lecture 17 March 2, 2009

17.1 Matt presents a proof from last time

We will show that the bracket defined last time on Q!(P) is a Lie bracket, and that we get a
homomorphism into vector fields. Precisely: we have a Poisson manifold (P, 7), and from this we
define: 7 : Q'(P) — Vect(P) defined by (n,7) = m(n,w). This may be the negative of last time:
we keep the one-forms in the same order. From this we define a bracket on Q!(P), by:

[wi, WQ]Ql(p) = d(w(wl, (JJQ)) — 7w, (dws) + Twsy (dwy) (17.1)
We remark that if wy,ws are closed, then [wq,ws] is exact. We will show that —7 is a Lie algebra

homomorphism.

Lemma 17.1 7(df) = Xy: the image of an exact one-form is a Hamiltonian vector field.

- def def def
Proof: (dg, 7(df)) = w(dg,df) = {g, f} = (dg, Xy). O
We remark that we have chosen to define Hamiltonian vector fields by putting in the second
coordinate. This is a sign choice, and with this convention [Xy, X}] = —X{tn- Otherwise, we'd

have a sign somewhere else.

Lemma 17.2 [fw;,ws] = flwi,ws] + 7(df,w2) - w1, where - is the action **7**

Proof: Exercise 29. U]
Proposition 17.3 [,] is a Lie bracket on Q'(P).

Proof: Antisymmetry is clear. We check Jacobi, by checking it on exact forms and then using the
derivation property lemma 17.2.

[df dg) = d(n(df, dg)) = d{f. g} (17.2)
[[df,dg],dh] + c.p. = [d{f,g},dh]| +c.p. =d{{f,¢},h} +cp. =0 (17.3)
g

Proposition 17.4 —7 : QY(P) — Vect(P) is a Lie algebra homomorphism.

Proof: Again we check on exact things, and then show that everything performs well under mul-
tiplication by functions.

—n(ldf,dgl) = —7(d{f, 9}) = = Xipqp = [-Xj, = Xo] = [=7(df), —7(dg)] (17.4)
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For the general case, observe that [fV,W] = f[V,W] - (Wf)-V. O

17.2 Symplectic leaves of compact groups

Last time, we discussed: we have K C G¢ the compact real form of G, with standard Poisson
Lie structure. Last time we came to the conclusion that K = | |, Ky, each of which is a Poisson
homogeneous space. And each K, is fibered over the torus, with fibers C,, the Shubert cells.

Last time we gave an example of SU,, with a small mistake. We have SU, = S3, and we were
talking about SUy/T. Of course, K/T = | |,, Cp. In our case, SUs/T = S3/T = Cy, U Cy. The

first is two-dimensional and the latter zero-dimensional.

Question from the audience: How do you build the C,s? Answer: The way we did before,
we took K/T = G/B = | },, BuB/B = | |, Uw, and C, = U, = {u € U s.t. v tub € U~}. So
{ (1) T) s.t. a # 0} = U ~ {e}, and U; = {e}. Question from the
audience: So it’s the sphere without two points, and then another point. How is this compact?
Answer: We will return to it.

in the case of SUs, Uy, =

Moving on, we had two facts:
1. D(K) =Gc = KAU, and AU = K*°P.

2. K — D(K) — D(K)/K*®, and the actions of right-multiplication compute. So: Sym-
plectic leaves are connected components of pre-images of K*°P-orbits, where K*°P acts by
left-multiplicaiton.

Now we can also ask about symplectic leaves of K*°P. Think about the analogy. When we have Lie
algebras, it looks like we have two inputs of symplectic geometry: structures on K and K*. When
we quantize, and get a bialgebra, we will have two representation theories: one of “representations”
and one of “corepresentations”.

So the counterpart will be dual pairs of Lie bialgebras. So far we have worked finite-dimensionally,
except for a short aside on KM algebra. Infinite-dimensional spaces have canonical duals only in
the presence of topology. Algebraically, we will talk not about a space and its dual, but rather a
dual pair, which is a pair of spaces and a nondegenerate pairing.

Anyway, so we have:
K*? — D(K) - D(K)/K (17.5)
and symplectic leaves of K*°P are preimages of K-orbits in D(K)/K, where K acts by left multi-

plication.

Exercise 30 Provide an explicit description of the symplectic leaves. We will return to this after
studying symplectic leaves of Gc and Gi. Hint: G = KAU = UAK and G = KH are two
decompositions. In the latter, this is “compact” times “hermitian”. In SL,, this is SU, - H, where
H really is the space of Hermitian matrices. In this language the symplectic leaves will be simply
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Hermitian orbits. There is a natural identification H with AU. Question from the audience:
This is the polar decomposition? Answer: Yes.

17.3 Symplectic Leaves of G7

Let’s investigate the following question. Suppose we have (g, d,) a factorizable Lie bialgebra. For
example: 1. g simple with the standard r-matrix; 2. D(b) for any b a Lie bialgebra is factorizable.
We haven’t really talked about what happens if you take the double of the double, but you don’t
get anything new.

So, t =7+ o(r0 € S?(g)® is a nondegenerate invariant bilinear form on g*. If g is simple, ¢ is the
dual to the Killing form.

Then we defined r4 : g* — gby 7y : [+ (id®[)r and r_ : | — —(I ®id)r. So we define ¢ : g* = g,
and then #(l) = (id® )t = r, (1) —r_(1). So we have the factorization property: for all x € g, there
is a unique decomposition x = x4 — x_ such that for some [ € g*, x4+ = r4(I).

Now, let’s consider the map i : D(g) =g @ g* — gD g by (z,0) — (z+ri(1),x —r_(1)).
Theorem 17.5 This map is a Lie algebra isomorphism.

Proof: First we show that this is a Linear isomorphism. Well, (z1,z2) —? € g ® g*. We have
r = (21 + x2)/2, and we want to extract [. But 1 — a9 = r (1) —7_(I) = £(l), so | =t "1 (x1 — x3).
By the definition of factorizability, this defines [ uniquely, and so we have the inverse to the above
map.

Second, it’s clear that ¢ is a Lie algebra homomorphism. Indeed, the diagonal map g — g® g is a
Lie homomorphism, and so are r.. ([l

Corollary 17.5.1 When g is factorizable, we have:
e D(G) =2 gdg as a Lie algebra.
e D(G) = g®g* as a coalgebra.

and so D(D(b)) has no new data for any bialgebra b.

Now we take G corresponding to our factorizable g, and by the corollary we can take D(G) = G x G
and D(G)* = G x G*.

Exercise 31 Let g be factorizable. Take rP to be the r-matrix for the double of g. This is canonical:
P =Y eiwe € g®g* — D(g)*? (17.6)
%

Ok, so let’s take (i @ i)(rP) € (g @ g)2. Compute the image in terms of i.
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This should be an entertaining exercise. See, if we have a tangle, we can double the strands:

=X

Then this respects the Reidemeister moves.

Ok, so we have a very good description:
G —D(G)=Gx G — D(G)/G*P (17.7)

and G*P C B, x B_ C G x G for simple G.

Then symplectic leaves of G¢ are preimages of connected components of G*P orbits on (G X
G)/G*P. So we get G*P\(G x G)/G*°P.

We will see that these have to do with double Bruhat cells BywBy N B_vB_ = Gy 4.

We will moreover see that if we take G*°P, we can naturally take it to G by (by,b_) — b b’
Then symplectic leaves will go to conjugation orbits in G.

So the difference: symplectic leaves of G will be related to double Bruhat cells, which are nice
varieties; whereas those of G*°P are related to conjugation orbits in G, which are notoriously bad.
This will all have quantum analog.

Lecture 18 March 4, 2009

Recall, we have D(G) = G x G. When G = G is a simple Lie group, then G is factorizable,
meaning that g is. If g is spanned by H; (simple roots), e;, f;, with [H;, e;] = aije; (no sum),
then we have the fundamental weights H* given by [H?, el = 5;-ej. Then the standard r-matrix is
r=1 i Hi @ Hijbij +3 050 €a @ fo. Here b= as_yin, where agym is the symmetrized Cartan matrix
d;a;j. So v+ o(r) =t is the bilinear form on g* dual to the Killing form.

Our primary example of a factorizable group is a simple one, but there are others. The full
classification of factorizable structures on G is given by Belavin and Drinfeld, and would make a
good 30-minutes presentation.

Ok, so we have two embeddings:

G — G xG=D(G)— G*P (18.1)
i j

where i is the diagonal embedding, and G*°P = {(by,b_) € By x B_ s.t. [by]o = [b_]5"'}, where
[b+]o is the Cartan part of the element. Then j : (b4,b_) — (by,b_) € G X G, since By C G.
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18.1 Symplectic Leaves in G*

G*°P is G* with the opposite Poisson structure. But we will for a while talk only about the group
structure, keeping the Poisson structure only up to non-zero constant multiple. So we will write
G*.

So, we have G* — G x G — (G x G)/G, and symplectic leaves in G* are exactly connected
j
components of preimages of left-G-orbits in (G x G)/G.

So, first of all, what is (G x G)/G? As a set, it is the set of cosets {(g1,92)G s.t. g; € G}. So
(91,92)G = {(919,929) s.t. g € G}. When we have a set with orbits, a good way to parameterize
them is to take a cross section. One way to do this is make one of them the identity: g = gy L
whence (G x G)/G is in bijection with G x {e}.

Here’s another way to understand this set. Let’s consider G-invariant functions. I.e., we look at
the function 7 : (G x G) — G by (g1,92) — 9195 *- Then G ~ (G x G) diagonally, and this pushes
forward to the trivial action G ~ G. So, G acts transitively on fibers 7 : (G x G) — G, and so we
can identify the set of cosets with the base: 7: (G x G)/G = G.

Ok, so what about the left action? We have h(gi,g2)G = (hg1,hg2)G = h(gig; )h~'. Ok, so
the left action of G on (G x G)/G corresponds under 7 to the conjugation action of G on G. In
particular, 7 : {left G orbits on (G x G)/G} = {conjugation orbits of G}.

Theorem 18.1 Symplectic leaves of G* are connected components of preimages of conjugation
orbits in G with respect to the map G* < Gx G = G. This map is (b, b))+ (by,b_) — by(b_)~L.

Now look at what happens to diagonal elements. If both by are in the Cartan, well [by]o = [b_]; ",

so elements in the Cartan are mapped to their square. We mentioned the group ¥ = i(By)Nj(B-),
and we have shown that |X| = 2", because ¥ is the kernel of the map, which is also the diagonal
things with only £1s.

We did the symplectic leaves of K, the compact real form of G. We will now try to do K*. Since
G is Poisson-Lie, £ = Lie(K) is the compact real form of g, and inherits the Poisson ~~ bialgebra
structure. So K* is the real form of the corresponding dual algebra, and is a real form of G*. **It
is not necessarily compact.** Indeed, we say that ¢ is spanned by iH;, eq — fa,i(ea + fo). And
K* = AU where A is the real positive form of He C Ge.

Proposition 18.2 AU = 77 as real varieties, where 3¢ is the Hermetian unimodular matrices
with positive eigenvalues.

Proof: We map b +— b*b. This is obvious on the diagonal matrices, and the rest is Exercise 32.0]
Here b* is the Hermetian conjugation of b.
Proposition 18.3 K* = {(b, (b*)~1)} C G¢. This is a real form of G§ dual to K C Gc.

Proof: Exercise 33. O
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So, now we compute the symplectic leaves of K*, simply taking the real forms of what we did for

G*.

Proposition 18.4 1. The real form of G* — GxG — G is K* — 2 given by (b, (b*)~1) +— bb*,
and this is a diffeomorphism of real manifolds.

2. The dressing action of K on K* translates to the conjugation action of K on €.

See, if we want to take the real form of G* — G x G — G, we can take K* for the first part, but it’s
not clear which real form for the second parts. The proposition says which: it’s not the compact
form, but the Hermetian ones.

Corollary 18.4.1 Symplectic leaves of K* are in bijection with

x

s.t. x; > O,Hl'i =1, /W

where as always W is the Weyl group.

See, the standard Poisson structure is really quite special. It intertwines the standard geometrical
structures of Lie groups.

One more remark: For factorizable groups, we have a mapping woj : G* — G. The left is a Poisson
variety.

Proposition 18.5 1. If G s factorizable, then there exists a Poisson structure p, on G such
that mo j is a Poisson map. Warning: (G,ps) is just a Poisson variety, not a Poisson Lie
group.

2. Symplectic leaves of (G, p.) are exactly conjugation orbits of G ~ G.

There is a good use of this Poisson structure, which we will probably never come to because we
will not have enough time, but there is a natural quantum analog.

Question from the audience: Is there any direct relationship between p, and the original Poisson
structure? Answer: Not really. The relationship is that by PBW, Ug = Un, ® Ub_ as vector
spaces. On this space, there are two natural algebra structures. This is roughly what’s going on
with the two Poisson structures. Put another way, the linearization of p, at the identity is the
Kirilov-Kostant-Lie structure on g, where symplectic leaves are coadjoint orbits.

Important remark: g is simple, so we use the Killing form to identify g =2 g*.

We have (G, p) and (G, p*). Near e, (G,p) linearizes to the KKL Poisson structure for g, the Lie
algebra adjoint to g. (G, p*) linearizes to the KKL structure on g* corresponding to the Lie algebra
on g, and we move this back to g via the Killing form.
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Lecture 19 March 6, 2009

Last time we classified symplectic leaves of G* and K*, corresponding to G and K — K is the
compact real form of GG, and K™ is its dual group. Today we will classify symplectic leaves of G,
and this will conclude our classical-geometry discussion of Poisson Lie groups.

We use the same strategy. We embed G — D(G) — D(G)/G* as a Poisson Lie group, where as
always G is simple and complex. We want to understand connected components of preimages of
left G*-orbits on D(G)/G*, which are orbits of the dressing action on G*, which will be symplectic
leaves. As before, but the groups are different.

As we saw before, G is factorizable if it has the standard PL structure, and so as D(G) = G X
G.

Ok, so we have the diagonal embedding G — G xG, and we mod out by GXG — (GxG)/G*. ¥*We
write G* rather than G*°P because we are only interested in the group structure.**
And G* = {(by,b_) s.t. by € By, [bi]o = [b_]y'} — G x G. What are the G* orbits on (G x
G)/G*?

Recall, we have the Bruhat decomposions G = | |,, BwB, but we actually have four different ones:
each B can be a By or a B_. So let’s take G = | |,, BowB_. So, we have:

(GXxG) "G — By x B_ (19.1)

And it’s natural to take different decompositions. Indeed, if (g,h) € G x G, we should take
g € ByuB, and h € B_vB_. Then this is designed for studying the action of By x B_.

Oh, let’s take a correction. We don’t want to study G*-orbits on G x G, but rather on the diagonal
embedding mod G*. l.e. we want to understand:

G*\ diag(G)/G*

Ok, so we have (g,9) € G x G, with g € ByuBy N B_vB_ def GY, a double Bruhat cell. Then

G*(9,9)G* =? G* = {(uyh,u_h™ ') st. uy € UrBy,h € H}. We remark that by the Bruhat
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decomposition, we can write g = uyhjuu!, = u_hovu’_, where uy, v/, € Uy, u_,u_ € U_, and
hi,he € H, where 4,0 € G are special representatives of u,v € W in N(H).

Question from the audience: What does “special” mean? Answer: It means we choose a

convention from the beginning. For example, for SLy, W = {1,s}, and we may choose § =
1 1

(_01 0), or as § = <(1] 0), because in either case 52 = 1, but we make the choice at the

beginning.

In any case, we have:
G*(9,9)G" = {(Ushuyhawd, WU, U-h ™ u_hovu! W' ~'U_)} (19.2)

We now simplify. When you commute unipotent with cartan, the cartan remains, and the unipotent
changes, but then we will absorb the unipotent into the set: hU = Uh. So:

G*(g,9)G* = {(Uphhaah'Uy, U_h~ hath! "'U_) s.t. b, b € H} (19.3)
Now we commute % and v past the A':

G*(9,9)G* = {(Uphhahl, Uy, U_h~ hohl,"'5U_) s.t. h, 1 € H} (19.4)
Let’s now describe the orbit through (g, g), and we will then describe the whole set of such things.
G*(9,9)G* = {(hhah, UaUy, h™ haltl, " U_oU_) s.t. h,h € H} (19.5)

But we have already described the set U;uU; when we talked about Bruhat cells. It is U{U,,
where UY = {v € Uy s.t. u~tvu € U_}. See, vii = u(u~'vii), and the latter part is in U_, so we
are stuck. Question from the audience: So you are pulling as much as you can form one U, to
the other? Answer: Yes, because we want to understand the orbit. So we have U u/Uy = UY.
Ok, so:

G*(g,9)G* = {(hhah, U aUy, b~ hohl, U BU_) s.t. h,h' € H} (19.6)

Choose h!, such that hhih!, =1, s0 hl, = h='h!, so B = u= (h)~"-u~1(hy)~!, where now u~'(-)
is the action of the element 4! in the Weyl group. So
B hoh/= = h ™ hohl ™ = b g (hy-1) o ((B1)y1)o (19.7)

So this is the Cartan part of the second component, assuming the Cartan part of the first is 1. We
can do this because the action on the first component is transitive.

But equation 19.6 is just ho(h1)y-1,h " 1hy-1,. See, as h goes through the Cartan, the h=1h, -1, part
only goes through part of the Cartan. So the span of this when h € H is exp(Im(uv~! —id)) C H.
So the dimension is

dim O = dim(U¥) + dim(V?) + dim(Im(uv~! —id)) (19.8)

Of course, dim(UY) counts the length of u. The miracle is that the above number is even.
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19.1 Theo presents a proof of Weinstein’s theorem

**Naturally, I could not take notes and speak at the board. Here are my prepared
remarks:**

This section consists of a proof of Theorem 16.2 stated in the February 27th lecture of Nicolai
Reshetikhin’s seminar on Quantum Groups. We first restate the theorem, and then proceed with
the proof. The proof is largely the same as Weinstein’s original, available in:

A. Weinstein. Some remarks on dressing transformations. J. Fac. Sci. Univ. Tokyo.
Sect. 1A, Math. 35 (1988), 163-167.

Theorem 19.1 (Alan Weinstein) Let G be a Poisson Lie group, with Poisson bivector field .
Define a Lie bracket on Q'(G) by

w,w'Jo1 () def d(ﬂ'(w A w')) + Tr(w(dw')) - W(u’(dw)) (19.9)
where 7r<w(w’/\w”)) def T(w,w)w” —m(w,w")w'. Then the natural mapping g* — QN (G) et induced
by the trivialization of T*G by right translations is a Lie algebra isomorphism.

Proof: We have seen already (Theorem 16.1) that [,]g1(¢) is a valid Lie bracket, and that g* —
O(G)1efs is an isomorphism of vector spaces. Let wy, ws € g*, and choose functions any one-forms
wi,ws € QYG) so that w;(e) = w;. Then [wy,ws]q = d(w(wl,wQ))(e), since m(e) = 0. But this is
just d7r(e)<w1 (e), wg(e)) = [w1, wa]g+, since 7(e) = 0. So it suffices to show that the bracket of two
left-invariant forms is left-invariant.

We now make an aside about sign conventions and notation. The “insert” contraction | used by
the mathematicians is horrendous: do you insert into the first spot, the last, 7?7 The physicists’
indices are better, as long as you’re not taking derivatives: when you do, you have to remember
that it’s not all tensorial. For our purposes, we adopt the following conventions. We will always
write sections of wedge products of the tangent bundle before sections of wedge products of the
cotangent bundle, and we will work in terms of the pairing (,) : Vect(G) ® Q'(G) — C(G). Then
7 is our Poisson field, and we will define 7 : Q'(G) — Vect(G) by:

(fwi, wa) = (m, (w1, wa)) = (w1, w2) (19.10)

The philosophy is always to keep all the symbols in the same order.

Moreover, given a vector field X, we have the Lie derivative £x acting on tensor fields (and
preserving their type), defined by Zxf = (X,df) = X[f], ZLxY = [X,Y] the bracket of vector
fields, and on one-forms:

(Y, Zxw) = (Y, X),dw) + (Y, d({X,w))) (19.11)

In general, £x is a derivation across any tensor contraction.
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In this notation, the bracket [,]q defined in equation 19.9 is determined by:
(Y, [wi,wa]q) = (Y, d(m(w1,w2)) + (Y, 7w1), dwa) — (Y, Twa), dw ) (19.12)

In light of equation 19.11, we now perform a long sequence of manipulations, simplifying the above
expression.

<(Y, ﬁwﬂ,d&)g) = <Y, gﬁ—wlwg> — <Y,d<<ﬁ' 1,LUQ>

= <Y, gﬁwluJ2> — <Y, d( (wl, (.UQ)> (19.13)
—<(Y, 7~T(,U2), dwl) = —<Yv, ffm&wl) + <Y, (<7nu2,w1>
=Y, ZLruw,w1) — (Y, d(m (w1, w2)) (19.14)

Therefore, making heavy use of cut-and-paste:

(Y, [wi,wala) = —(Y, d(m(wi,w2)) + (Y, L wa) — (Y, Lrwowi) (19.15)
= — Ly (m(wi,wa)) + (Y, Lruywa) — (Y, Lruywi) (19.16)
— () (wr,w2) — T(Hwr,ws) — m(wi, Lyws)
+ (Y, Lrwwo) — (Y, Lrw,wi) (19.17)
= —(H7)(wi,w2) — T(LHwi,ws) — T(wi, Lywa)
+ Lo (Ywa) — (Zrw, Y, w2) — Lo, (Y, wi1) + (Lrw, Y, w1) (19.18)
—(Lym) (w1, w2) — T(Lywr,wz) — m(wr, Lyws)
—([fw1, Y], wa) + ([fw2, Y], w1) + L, (Y, w2) — Low, (Y, w1) (19.19)
— () (wi,w2) — T(Lywr,ws) — T(wi, Lywa)
+([Y, tw1], w2) — ([Y, Twa],w1) + Lrw, (Y, w2) — Law, (Y, w1) (19.20)
—(G ) (wr,we) — T(LHywi,we) — w(wy, Lywa)
+ (G (Twr), wa) — (L (Tw), w1) + Law, (Y, w2) — Louw, (Y, w1) (19.21)
— (&G ) (wi,we) — T(LHwi,we) — m(wr, Lywa)
+ (L Twi + Ty wa, wa) — ((LyTwe + TLywa, wr)
+ Loy (Y, wo) — L, (Y w1) (19.22)
= (A7) (wi,w2) + Loy (Y, we) — Lrp, (Y, w1) (19.23)

Now let wy, we, and Y be left-invariant. Then (Y,w;) is a constant, and so the corresponding
derivatives vanish. We win if we can show that (Y, [w1,ws]q), or equivalently that (Zy7)(wi,w2)
is a constant, or that %7 is left-invariant whenever Y is.

But this is almost immediate. The condition that G be Poisson-Lie is that 7 satisfy the following
cocycle identity:
m(gh) = dIS*(h) + dr*n(g) (19.24)

We have used the left- and right-actions Iy, 7, : G — G given by l;h = gh and r4h = hg. Then
for any g,h € G, l; and 7, commute, [. is a homomorphism, and r. an antihomomorphism. The
differentials dlgy, dry : TG — T'G, and so the tensor square of a differential acts on a bivector.
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Let Y be a left-invariant vector field, and y = Y'(e) € g. Then Y generates the flow recp ) (and
conversely the generator of reyp s, for any y € g must be left-invariant, as 7eyp(sy) commutes with
any lg). So let h = exp(ty) in equation 19.24, and differentiate in ¢ at ¢ = 0. This corresponds to
taking the Lie derivative %y, and we get an equation in TG

Lyn(g) = dIZ* Zym(e) +0 (19.25)

By construction, gydr@i(ty)w = 0; indeed, if Z is any vector field, generating a flow (; : G — G,

then for any vector v € T,GG, we have £zd(;v = 0 tautologically.

But equation 19.25 says exactly that £, 7 is left-invariant.

O

**After I presented a condensed version of the above, NR make the following re-
mark:**

The proof is trivial if you trivialize by right translations at the outset. Indeed, if w,w’ are right-
invariant, then in the trivialization they are constant maps G — g*. The Poisson bivector field is
a matrix of functions 7 : G — A2g, and the cocycle identity equation 19.24 becomes:

m(gh) = AdZ? m(h) + 7 (g) (19.26)

Now the invariance of #yw follows from differentiating in h, whence the w(g) terms vanishes.
But moreover, if w,w’ are right-invariant, then they are constants, and the right-hand-side of
equation 19.9 becomes (using indices to track the contractions):

81' (ﬂ-jkij;c) + ﬂjkwj (ka{ - 8wa€) - ijw; (asz — &wk) (19.27)

But w;, w; are constant, so their derivatives vanish, and we are left only with [w,w’]; = 8i7rjkij§§.
Of course, 9;m7*(e) is precisely the bracket on g*, and again if we fix ¢ and differentiate equa-
tion 19.26 in 9/0h" at h = e, we see that

O;m?*(g) = AdS? 0;m7* (e) (19.28)
where everything is a matrix of functions. So 9;mI* is left-invariant, and hence 8i7rjkij;€ is.

**I had thought about trying to make this argument, although I tried it in the wrong
order. But my worry is this: J; is defined in terms of a coordinate system, and we
have one — the exponential map exp : g — G gives one near ¢, and we can move it
by right-translations — but it itself is not obviously good under translations, in the
sense that it’s not obvious that the right-translate of the derivative of a tensor field
should have much to do with the derivative of the right-translate of a tensor field. I
think that it turns out not to matter, but I’'m worried about (dw);; = Ojw; — O;w;. This
should be true, and perhaps it’s obvious, but there’s a reason mathematicians avoid
coordinates.**
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Lecture 20 March 9, 2009

We begin by repeating some material from last time.

We let G be a simple complex Poisson Lie group with the standard structure. Recall that the
symplectic leaves of G are given by the map G — D(G) = G x G — D(G)/G*, and G* — G x G
as {(by,b_) s.t. by € By, [by]o = [b_]g'}. In this language, the symplectic leaves are connected
components of preimages of left G* orbits in D(G)/G*.

We have two related Bruhat decompositions: G = | |,ew B+uBy = | Jyew B-uB_ and we define
the double Bruhat cells G"¥ = ByuBy N B_vB_. Let g € G%"; we want to study the G* orbit
through (g, 9)G*.

Well, B+ = HU*. We fix @ and o representing « and v; then ¢ € ByuB, so g = uthiu!,, and
by the same token g = u_hotu’ **shame we’re using “u” in two different ways**. Then he
orbit through (g, g)G* is

O = {Ushuyhyad U+, U_h u_hovu!_h'~'U_} (20.1)
— ——
g g

So, we now want to commute things past each other, so as to understand what part of G is the

stabilizer, and what part is transitive on the orbit. We explained last time that U uU; = UtuUy,

where U} def {z € Y st. u 'zu € U_}; this is the limit of our ability to commute an upper-

triangular past u. For SL,, u and ¥ are monomimal n X n matrices, i.e. exactly one nonzero
element in each row and each column. I.e. these are permutation matrices up to a diagonal matrix.

Similarly, U_oU_ = UYsU_, where U® % {2 € U_ s.t. 9120 € U, }.

So,
O = {{UYhhih,uU,, U h™ ho(R),)"'0U_} s.t. h, W € H} (20.2)

We make a change of variables: h!, = h’h;'h~', whence (b))~ = (hZ(hl);J_lh;J_J_l. (H is
commutative.) Hence the orbit is:

O = {{ULKaUs, U ho(hy)yy-1hyy-1 b 0V_} st b hoe HY (20.3)

We can always move elements of the Cartan past Uy, because it acts by conjugation. Then we
get:

O = {Utau h”,UY (b hyy=1 ) [ha(h1)pu—1] SU_R" "'} st b, h" € H} (20.4)
= {(UYa,U" (W hyy—1) [h2(h1) 1] D) st h € H} G* (20.5)

Now, as we vary the Cartan h, the part (h'h,,-1) is not the full Cartan H. Indeed, we define
Hy = {h 'hy} = exp(Im(w—id)), where (w—id) : h — b naturally. This is often smaller dimension
than all of H. For example, when w = id, H,, = {e}. But also, w = e, where wy is the longest
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element, and so the matrix is filled with £1; thus even for w = wq this dimension may be less than
r, the rank. So this dimension doesn’t correspond to length.

Anyway, so in equation 20.5 we can easily see the dimension:
dimc(0(y 4)) = dimg(UY) 4 dimg(U?) 4 dime (Imy(ve ™" — id)) = £(u) + £(v) + something (20.6)

Corollary 20.0.1 This number is even.

Because the preimage is a symplectic leaf. One can show that there is no loss of dimension moving
from the symplectic leaf to the orbit — the symplectic leaf may be complicated, some cover with
different components, but it has finite fiber. That the number is even is absolutely clear when
u=v.

We make a claim, which we will not prove, but someone might make into a presentation. It is related
to “cluster algebras” and other things in modern research that people are doing now.

Proposition 20.1 UY has an almost coordinate system, meaning it’s a coordinate system on a
Zariski-open subset. (That’s the idea of “cluster variety”: you have almost-coordinates on two
Zariski subsets, and you play a while and discover that the transition functions are simple nice
Laurent polynomials, and with this you can cover the whole manifold.) The description is: let
w =58, ...8; be a reduced decomposition. Then UY O {exp(tie;,)...exp(te;) s.t. t; € C}.

See,
exp(tiei, ) ...exp(tie;,)si, - .. Si, = Siy ... Siyu”~ (20.7)

for some u~ € U™, by the definition of UY. Think about it for SL,,, where exp(te;) is a mostly-zero
matrix with 1s on the diagonal and ¢ in the ith row, (i + 1)th column.

Ok, so what have we proved?

Theorem 20.2 1. G%Y is fibered over H"" ', where H" = exp(ker(w — id)). The fibers are the
orbits O, which are isomorphic to U x U? x Hvv ™!

2. G™" is a homogeneous Poisson subvariety, i.e. a fiber bundle whose fibers are symplectic
leaves.

Proof: Exercise 34

Using finite-dimensional representation theory, its very easy to describe exactly this fibering, along
with coordinates, etc. We won’t do it, but if anyone wants to learn it, there is good literature.

Rather, we make a short return to the discussion of the compact real form of G. Let G be a
complex algebraic Poisson manifold, and K C G is the compact real form of the Lie group and of
the Poisson manifold. Then K = G, the set of fixed points with respect to the involution o on G.
When G = SL,, o(g) = g*~1, the complex conjugation. Then the symplectic leaves of K should
be the fixed points of the symplectic leaves.

You can see that (U})* = U". Hence, we leave as Exercise 35:
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Proposition 20.3 The only symplectic leaves of G which have o-fized points are O™, whence
(Ow")7 = O, = the Shubert cell corresponding to uw € W.

Then (G"")? = K,, and the description of the symplectic leaves is as we had: K = | |, Ky, and
K, /T = C,. Then the projection (G"")? — H? is precisely the projection K, — T.

So, the moral of the story: we have the description of the symplectic leaves of algebraic groups,
and the diagonal ones gives the symplectic leaves of the compact real forms.

We make one last comment. Any simple G has two distinguished real forms:
Compact K = G%, e.g. SL, ~ SU,.
Split-real Gg, e.g. SL,(C) ~» SL,(R).

This latter one has a very interesting subset, namely (Gr)>o, where all minors are nonnegative,
and on (GR")>0, then the almost-coordinate system gives a coordinate system. When all minors

1
. ~ d' Huv
are positive, (Gp")so = RAWH©) « R;gl( g

Lecture 21 March 11, 2009

21.1 Geometry review

We begin with a short summary of the class:
e We have the notion of a Lie bialgebra (g, g*), which may or may not be factorizable.

e We thus can exponentiate to two Poisson Lie groups (G,p) and (G*,p.), and these make a
dual pair in this sense.

e When G is simple, we explained its standard Poisson Lie structure, constructed its dual as a
product of Borel subgroups of G, and described the symplectic leaves of G — double Bruhat
cells — and of G* — conjugacy classes in G.

e We described two important real forms of a simple Poisson Lie group:

Compact real form (K,p), with dual (K*, p,), and we saw that K* = AU as a group, and
K* = #, the Hermitian unimodular matrices, as a space. (Well, we say this for SU,,
but it’s the same for other groups.) The symplectic leaves of K* are K-conjugacy orbits
in . The symplectic leaves of K are given by the decomposition K =| |, K., where
each Ky, is fibered over T', the maximal torus in the complex Cartan subgroup Hc, with
fibers C,, the Shubert cells. So symplectic leaves are Shubert cells.

Split real form Gr C Gg, e.g. SL,(R) C SL,,(C). The important part is the totally non-
negative part (Gg)so. Here the double Bruhat cells are G =2 RAWFY) x RT | where
r = rank(G).
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These two compact forms are in an important sense opposite.

What’s amazing is that the geometry given by the standard Poisson Lie structure matches these
purely algebraic structure. We remark that there is a classification of factorizable Poisson Lie
structures, on which there will be a presentation after the break.

There are other interesting geometries, coming from other groups. E.g. the Borel group in SL,, is
the upper-triangular matrices; we could take a parabolic subgroup of SL,,, which sits between these,
and study the geometry relative to it. But going in this direction will lead to a class on Poisson
Lie geometry, and that’s not our overall topic.

21.2 Algebra review

Recall that if P is a Poisson manifold, then C'(P) is a Poisson algebra: it is a commutative algebra
along with a Lie bracket {, } which satisfies the Leibniz rule {a,bc} = {a,b}c + b{a, c}.

On the other hand, if G is a group, then C(G) is a Hopf algebra: it is an associative unital algebra
(commutative in the case of C(G), but not part of the definition) along with a comultiplication
A : A — A®2 which is a homomorphism of unital algebras. A should be coassociative — (A ®
id) o A = (id ® A) o A — and there should be a counit — a linear functional € : A — C that is a
homomorphism of algebras satisfying (id ® €) o A =id = (e ® id) o A. For a A = C(G), where G is
finite or algebraic, we have (Af)(x,y) = f(xy), and €(f) = f(1). So far we have defined a bialgebra.
A Hopf algebra is a bialgebra along with a map S : A — A that is a bialgebra antiautomorphism
— S(ab) = S(b)S(a) and (S® S)oA = A°Po S, where A°P = oo A, where o is the canonical “flip”
map X ® Y — Y ® X. Moreover, S must satisfy the following commutative diagram:

**pentagon**

In the case of a group, S(f)(z) = f(x~ '), and the diagram is the statement that f(zz~!) =
f(xz=1x) = f(1). So a Hopf algebra is an algebraic description of a group.

Ok, so now let’s assume that G is algebraic. We make this assumption because there are all sorts
of completions one has to make to deal with functions that are not polynomials. This is possible,
but one needs to go deep into functional analysis.

Ok, so if G is an algebraic Poisson Lie group, then A = C(G) is a Poisson algebra and also a Hopf
algebra, and moreover the comultiplication is a homomoprhism of Poisson algebras. Question
from the audience: You have to prove that the bracket of polynomials is polynomails? An-
swer: Yes, well, that’s part of the word “algebraic Poisson Lie group”. Also S is an anti-Poisson
map.

If g is a Lie algebra, there is another natural Hopf algebra associated to g: the universal enveloping
algebra Ug.

Proposition 21.1 We saw that (g,8) is a Lie bialgebra if and only if § : g — A\>g is a one-cocycle
for the Chevalley complex with coefficients in \*g. The proposition is that this induces a one-cocycle
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in the Hochschild cohomology of Ug with coefficients in Ug®?.

Recall, the Hochschild complex: Let A be an associative algebra, and M a module over A. Then
we define
C* (A, M) < @ Home(A®", M) (21.1)
n>0
So all linear maps over the field; if A is infinite-dimensional, we should talk about topology on it,
but we will obscure this. Anyway, suppose that ¢ € C"; we must produce a cochain in C"t!. We
do it thus:

de(xy, ... xny1) = c(z120, 23, ..., ) — - + (=1)"Le(xy, ..., Ty_12,) + next time (21.2)

We will do this next time; we don’t want to get confused by pluses and minuses at the board. **It
should be almost that, but also with some reference to the module structure on M, I
think.**

21.3 Looking forward

A dual pair of Hopf algebras is a pair A, B of Hopf algebras along with a nondegenerate pairing
(,): A® B — C that gets along with the Hopf algebra structure:

(ab,1) = (a ® b, Ap(l)) (21.3)
(Aa(a),l®m) = (a,lm) (21.4)
(1a,0) = es(l) (21.5)
(a,1p) = ea(a) (21.6)
(Sa(a),l) = (a, Sp(1)) (21.7)

We will use the not-ideal but at least historical notation that (a®b,l®@m) = (a,l)(b, m). In general,
we say that a pairing is nondegenerate if (a,l) = 0VI implies a = 0, and also on the other side.

Example 21.1 If A is finite-dimensional, then there is a unique Hopf algebra B = A*. O

Example 21.2 If g is a Lie algebra, and G the corresponding algebraic Lie group, then Ug and
C(Q) are not dual vector spaces — the dual to an infinite-dimensional vector space is a hairy thing

— but they are a dual pair of Hopf algebras. We define the pairing by (1, f) = def fle), (z, f) = def
4 o f(eX) when z € g — Ug, and for a product, (x1...7n, f) = m‘t L fetXr . elXn),
**The opposite pairing convention above might lead to different order here.** ¢

Now, if (g,g*) is a Lie bialgebra, then we get two Hopf Poisson algebras C(G) and C(G*), and in
fact four Hopf algebras producible naturally form this data:

Ug, C(G), G(GY), Ug"

Question from the audience: If G is algebraic, is G* also? Answer: We assume that they
all are: this is the case for the standard Poisson Lie structure. It is also the case in all standard
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interesting applications. The standard examples are (1) topological (knot) invariants, and (2)
quantum integrable systems. A small detour to mathematical physics: The initial motivation for Lie
to invent Lie groups and Lie algebras were the symmetries of differential equations, because Classical
Mechanics was the primary game. About one hundred years later, Hopf algebras arose in the same
context, to understand the symmetries in quantum field theories. This will be the 21st century
challenge — constructing a mathematical theory of QFT — just like the 20th century success was
the mathematics of Quantum Mathematics. There is currently only bits and pieces of a consistent
mathematical theory of quantum fields. Certain models can be constructed mathematically with
the above algebraic tools, whence they become representation theory of certain affine algebras.
Point being, everything is algebraic in all examples.

Lie bialgebra duality

g g
] | ™
Ug C(Q) C(G™) Ug*

Hopf duality =~ Poisson duality =~ Hopf duality

Lie bialgebra duality

These last dualities are § : C(G)* — A2C(G)* and 6 : Ug — N2Ug®? — U2,

We will begin a program of quantization. We will deform all these Hopf algebras to non-commutative,
non-cocummutative Hopf algebras. When we do, we will find that algebraically (but not topologi-
cally), U,g = C,G*, and this will make a dual pairing with C,(G) = U,g*.

There are two ways to do this: either to deform the multiplication of the algebra, or to write
the algebras in generators and relations, deform the ideals, and identify the vector spaces. In the
interest of time, we will only do the second, quoting:

Theorem 21.2 (Kontsevich) FEvery Poisson algebra has a formal quantization.
There is a description of the classification of these. There is a QFT that explains these.

Next week NR will be away at a conference. Noah Snyder will substitute.
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Lecture 22 March 13, 2009

22.1 Drinfeld Double of a Hopf Algebra

Let (H, H*,()) be a dual pair of Hopf algebras. We let H° be the Hopf algebra H* with the opposite
comultilication: Ago = 0 o Ag=«.

Then we define the multiplication on the vector space H ® H* by:

(@®1)- (b@m) =" aba) @ laym (b, S~ (1)) {ba), 3) (22.1)
bl
where S is the antipode for H*, and we introduce the notation: Ap(a) = Y ,a(1) ® a(z), and
Ag)(a) = >0 (1) ®a(2) ®agg). This is well-defined by the coassociativity. Similarly for [(;), defined
in terms of Ago.

Theorem 22.1 This multiplication defines an associative unital algebra structure on D(H, H*) def

H ® H* with unit 1p = 1y ® 1g~, such that it is also a Hopf algebra with H — D(H, H*) and
H° — D(H, H*) Hopf algebra emberrings. (So D(H,H*) = H ® H° as a coalgebra.)

D(H, H*) is called the Drinfeld double of a Hopf algebra.
Exercise 36 Prove this. You will need the coassciativity, and that S is an antiautomorphism.

Question from the audience: This has a natural symmetric bilinear form. Is there a notion in
which this is invariant, like the double of a Lie bialgebra? Answer: You have to formulate what
“invariance” means. Yes, we will do this.

A pair (H, R € H®?), where H is a Hopf algebra, and it’s OK if R is in some natural completion
of H®? — such a pair is a quasitriangular Hopf algebra if the comultipliation acts on R by:

(A ®id)R = Ri2Ra3 (22.2)
(id ® A)R = Ri3Ro3 (22.3)
oAa=RA(a) R} (22.4)

So R intertwines the two multiplications. The right hand side for the first two conditions is
componentwise multiplication: R = Y a; ® %, then Ri3 = Yoy ® 1 ® 3, etc., and RigRis =
Yijatad © @

If g is a Lie algebra, then Ug the universal enveloping algebra is a Hopf algebra. Then the co-
multiplication is symmetric: Az =2z ® 1+ 1® x for x € g — Ug. Then the category Ug-mod of
finite-dimensional modules over Ug has morphisms maps f : V — W linear and intertwining the
action, and it is naturally an abelian category. But moreover if H = Ug, then the comultiplication
lets use define the tensor product of modules.

We will be more careful now about notation. An object is a pair (my, V), where V is a finite-
dimensional vector space, and my : H — End(V). Then hOIIl((?T\/,V), (Ww,W)> ={f:V -
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W linear s.t. fmy(a) = mw(a) f for any a € H}. Now we can define:
(v, V) @ (mw, W) & ((rv @ Tw) 0 A,V @ W) (22.5)

A short digression. If H = K (e.g. K = C), then H-mod = Vectc. Then the tensor product not
strict: (V1 ®Va2)® V3 is not the same object as V1 ® (Vo ®V3). But there are canonical isomorphisms:

(VieaWh)eVs2Vieahe V32V (Vo Vs) (22.6)

So Vect is not a strict monoidal category, which is when (V3 @ Vo) @ V3 = V] @ (Vo ® V3) on the
nose. Vect is almost this: there is a canonical object V1 ® Vo ® V3, etc. In other monoidal categories
in which there is no canonical object for the tensor of n objects.

Anyway, H-mod is like Vect in this way.

Proposition 22.2 If H is a Hopf algebra, then H-mod is an almost strict monoidal category,
meaning that it is not strict, but for any n objects, there is a canonical unbracketed tensor product
of those objects.

Now, if H = Ug, then 0 A = A, so the products are isomorphic (ryew, V@ W) = (tweyv, W @ V)
by Syw:v®@w— w®wv.

Proposition 22.3 Ug-mod is a symmetric category. (There exist maps Syw : VW S WV
satisfying axioms.)

The idea is that the R in a quasitriangular Hopf algebra (H, R) will make H-mod into a braided
category.

Let’s recall some definitions:

e The category % is monoidal if there is a functor ® : € x ¥ — € such that :

C xC
® x id
&
C XECxXE a €
dx® &
TxT (22.7)

where the diagram need not commute on the nose, but up to a particular natural isomorphism
a.

Moreover, where should also be a choice of object 1 € € with natural isomorphisms V ® 1 —

TV
VEaleV.

ly
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Example 22.1 If H is a bialgebra, i.e. like a Hopf algebra except without the antipode,
then H-mod is monoidal. We have to choose a unit object: pick a one-dimensional space L,
whence ¢ : End¢(£) = C, and use the comultiplication € : H — C to define the action of

e A monoidal category % is rigid if for any object V € € there exists V* (unique up to unique
isomorphism) and maps iy : 1 — V@ V* and ey : V* ® V — 1, satisfying natural axioms.
So V — V* is not yet a (contravariant) functor — it is once we choose V* for each V', and
different choices give isomorphic functors. **Once we chose a functor, I expect that 7
and e should be dinatural transformations.** Some references: Bakalov and Kirillov,
and there are some notes (not yet a book) by Kevin Walker.

Example 22.2 If H is a Hopf algebra, then H-mod is rigid, with (7y, V)* def ((WVOS)*, V*),
where on the right-hand side we mean that linear-algebraic dual (V' is finite-dimensional). If
you didn’t have S, then you wouldn’t be able to construct this homomorphism. A simple
property: ((ﬂ'v, V) ® (mw, W)>* = (my, W)* @ (my, V)*. O

Next time, we will see that if (H, R) is quasitriangular, then there will be a natural braiding
cvw VW S WV, given by cyw = Syw (my @ mw)R. This will be a tensor category.

Moreover, we will see that the Double of any Hopf algebra is quasitriangular.

Lecture 23 March 16, 2009. Guest Lecture by Noah Snyder

23.1 Quasitriangular Hopf Algebras and Braided Tensor Categories

Often when Hopf algebras are first introduced, they’re seen as generalizations of “functions on a

group”: A comes from -, € from e, S from g — ¢~', and the algebra structure understands the

geometry of the group.

But then there’s a switcheroo: we will think about H-modules, which make a category with extra
structure. We will have the following dictionary:

e A ®

o 5 o %

o ¢~ 1

e and the algebra structure makes H-mod into an abelian category.

One can ask whether H-mod includes a natural map oy : VW — W®V. For H = C(G), yes:
the vector-space trivial “swap” map does the job. But there may be others.

Example 23.1 The category of supervector spaces has objects Z/2-graded vector spaces, and
braiding is v ® w > (—1)I*M%lw @ v, where |v] is the degree of v (either 0 or 1). O
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How would one construct a map oy, in general? Well, we should define v ® w +— swapR(v ® w),
where R € H® H. This should be a map of modules, and so we need to demand that it intertwines
the action of any x € H. For this to happen, we’d need to demand:

RAz = A’z R (23.1)

where A°P = swap A.

What properties do we demand of oy 7 The old fashioned answer is to satisfy the relations on
the symmetric group.

We will explain this in pictures. The yoga is to draw objects as labeled strands. For example, Tv
is an object, v s its dual, and (" is the pairing V @ V* — C.

Anyway, so if g € S, the symmetric group, we could demand that there is a unique and well-defined
0g:V1® - @ Vi — Vyq) @ V(). Le. any two ways to build g out of transpositions, we should get
the same map. In pictures, this is equivalent to the requirement that:

There is also another thing we might want. For example, cagp,c : ABC — CAB is well-defined;
1® ®1

we should demand that it matches ABC  —3° ACB “*<5" CAB.

If any element of the symmetric group has a well-defined action on a long string of tensor products,

we say the category is symmetric. For example, the category of supervector spaces is symmet-

ric.

Exercise 37 Consider the category of supervector spaces, and think of it has H-mod where H =
Z/2. Doing this is tricky: you need to consider the odd or even parts in terms of the action of the
generator x. Anyway, find R. It should be something like R = %(1 RI1+1Qzr+r®1—2R ).

But we now introduce new hotness:

Rather than demanding that the symmetric group act on tensor products, let’s only demand the
braid group. This has overcrossings and undercrossings.

XX

Then we will have infinitely many maps between tensor products, which will generally be different.
For example, just on two elements, we have Z many maps. A result of Artin: the braid group
can be presented by two versions, one with all overcrossings and one with all undercrossings, of
Reidemeister Three.
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But using naturality, there’s a better description.

XX

By the way, you read diagrams bottom to top, because then when reading diagrams top to bottom,
you get the words left to right.

Ah, but naturality says exactly that you can pull things across the crossing. So for example we can
prove the Braid relation:

AN l AN
2K X
AN
AN | AN

where the first and third equalities are the relation above, and the second is naturality.

Clearly this can be made into an algebraic proof, but that would take a lot longer to write.

So, a braiding is a natural transformation oy : V@ W — W ® V such that

oazB,c = (0ap®1)(1®o0p,c) (23.2)

and o4 pgc = Exercise 38.

Let’s translate this into a condition on R. The LHS of equation 23.2 mean swap;, 3(A ® 1)(R) and
the RHS means swap; o(R ® 1)swap, 3(1 ® R). This is a bit awkward because of the swap in the
middle. Let’s move the middle swap past R ® 1, which leaves the first part of R fixed and moves
the other part past. So we have R =}~ R(1) ® R(z), and we define Ry3 = 3" R(1) ® 1 ® R(2). Thus,
the final condition, after canceling some swaps, is:

(A®1)(R) = Ri3Rs3 (23.3)

There’s also another condition; you can run the argument backwards to show that if R satisfies
both, then it gives a braiding.

Exercise 39 Work out the braid relation in terms of R. You will get the Yang Baxter Relation.
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23.2 The quantum double

In a braiding, it’s easy to satisfy the desire to make o : V@ W — W ® V a module map, and hard
to make it satisfy the relation. But in the Double, the second part is easy, and the first hard.

You start with a Hopf algebra H, and we want to build a Hopf algebra of the form H ® H*. l.e.
we know the products on each component, and the coproduct is defined by its components, and
the only thing to define is how to write 2™y as a sum of things of the form ab*, where a,y € H and
z*,b* € H*. Then the relation is obvious **7**

Then we have a miracle. We can get V@ W — W ® V and that H ® H* is a Hopf algebra in
exactly one way. It’s a long calculation.

Lecture 24 March 13, 2009

**I was late, but that’s OK: VS has not shown up.**

24.1 Matt describes a particular quantum group.

We pick ¢ € C ~ {0}, such that ¢ # 1.

We define the quantum plane (Cg to be the algebra (z,y s.t. vy = qyz). Then normal classical

matrix multiplication
a b\ [(x\ [ax+by
c d)\y) \cx+dy

is actually a coaction of algebras: C(C?) — C(M(2)) ® C(C?). What should act on the quantum
plane? “Quantum matrices”. So we decorate the equation with gs — C(C2) — C(M,(2)) ® C(C32)
— and now we want to know the relations on C(M,(2)) to make everything consistent. Well, if
¥ =a®r+b®yand ¥ = c®x+d®y, then we want 2’y = qy’2’. This requires that the coefficients
after expanding 2y’ = qy’z’ into xs and ys (and g-muting the ys past the xs) match:

ac = qca (24.1)
bd = qdb (24.2)
qad + be = q(qcb + da) (24.3)

By looking at the right action, we get more relationships. Question from the audience: The
right action is on the dual space C (Cg*). Is it obvious that this should be the same algebra, when
you go crazy with the ¢s? Are you imposing the Euclidean bilinear form on Cg? Answer: Good
question. We will not answer it. We have:

ab = qba (24.4)
cd = qdc (24.5)
gad + cb = q(qbc + da) (24.6)
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We can rearrange equation 24.3 to g¢(ad — da) = ¢*cb — be, and equation 24.6 becomes q(ad — da) =
q?bc — cb. Subtracting and dividing gives:

bc = cb (24.7)
ad —da = (¢ — g Hbe (24.8)
This approach is in Klimyk and Schmudgen, Quantum Groups and their Representations. The
whole approach is due to Yuri Manin.
All of this is thinking of C(M,(2)) as a bialgebra; there’s nothing invertible yet.

Anyway, the algebra C(M,(2)) we define as being the algebra generated by a,b,c,d such that
equations 24.1, 24.2, 24.4, 24.5, 24.7, and 24.8 hold. The nemonic: adjacent generators in the
matrix ¢g-mute with the alphabetical order. Antidiagonal commute, and diagonal have the weird
one.

One can check, moreover, that the coalgebra structure from C(M(2)) given by:

a b a b a b
(e 0)= (o)) 249
is an algebra homomorphism for C'(M,(2)) as well. The counit a,d — 1, ¢, b +— 0 also works.

We want inverses. Thinking hard about exterior powers, one can decide that the correct “quantum
determinant” is Dy = ad — gbc. Some facts:

e D, is central.
e D, is grouplike: A(Dy) = Dy ® D,.

These imply that the ideal I generated by D, — 1 is a bialgebra ideal. We define C(SL,(2)) =
C(M,4(2))/I. Then on this we can define an antipode:

S (if Z) = (_Céc _ab> (24.10)

One now has to check the antipode axiom:

ALA@)A

/e

C 1 id® S
A—ARA
m (24.11)
which is an exercise in multiplying matrices.

This Hopf algebra deserves to be called C(SLy(2)).

**Then we left ten minutes early.**
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Lecture 25 March 30, 2009

Before the break, Noah said the words “quasi-triangular Hopf algebra”, and Matt introduced “quan-
tum SL(2)”. VS was teaching at the same time, and so was unavailable.

By the way, on NR’s website, there is a reference to TQFT lectures from last year. On that website,
there are notes on tensor categories, so there is some overlap. Everything related to the fact that
the category of modules over a quasitriangular Hopf algebra is braided monoidal — this part is
explained well there.
Let’s recall NR’s discussion from two weeks ago. If H is a Hopf algebra, we define its double to
be the coalgebra D(H) “Hen °, where H° is H* with the opposite comultiplication. If H is
infinite-dimensional, we must supply H with a dual pairing H*, (,). The multiplication on D(H)
is given by:

(a@)(b@m) =" abuay @ loym(bay, g+ (1)) (b)) (25.1)

bl

The notation is that a,b € H, Im € H° and Sﬁl = Spgo. We also use the notation that
59 (b) = Sy by ® bray © big), and 662 (1) = X l1) @ lz) @ l(z). We also write D(H) = H x H®; it
is a Hopf algebra.

Let A be a Hopf algebra and R € A®?, possibly completed to A®? in some way. For example, if
A = C(M) for a space M, then perhaps we want to complete A ® A to C(M x M). We will also
have an example from formal power series. Anyway, the pair (A, R € A®2) is a quasitriangular
Hopf algebra if

(A ®id)(R) = RisRs (25.2)
(id® A)(R) = RisRi2 (25.3)

whence R is invertible, and we also demand that

A°(a) = RA(a) R~ (25.4)

This definition is totally natural, given the following:

Proposition 25.1 If (A, R) is a quasitriangular Hopf algebra, then the category A — mod of finite-
dimensional A-modules is a tensor category. IL.e. it is rigid (dual objects), monoidal (&), Abelian
(a category of modules), and braided (this follows from the quasitriangular structure).

Let us define these words better. A category C is monoidal if it is endowed with a (covariant) functor
® :C x C — C. Recall, a morphism (A,B) — (C,D) e C xCisapair (f: A— C,g: B— D). If
(C,®) is monoidal, then we can also construct ®°P : C x C — C by (A, B) — B® A. **Really we
are using the canonical flip map C x C — C x C.**

So we have two functors ®,®°P : C x C — C. When we have two functors, we can ask whether
they are the same — well, not the same, because “the same” does not exist in categories, but
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isomorphic.

That ¢ is an isomorphism means that for every pair of objects, there is an isomorphism cy p :
A® B = B® A, and this system commutes with all morphisms.

So, the data C,®,1,a,c, where a is the associativity (included in the word “monoidal”) and c is
an isomorphism ® — ®°P, is braided monoidal if ¢ is compatible with the associativity constrain.
This condition consists of two hexagon diagrams:

CA®B,C ac,A,B
(A®B)®C C®(A® B) (CeA)®B
JU«A,B,C ]CA c®id (25.5)
. -1 ’
id® cp,c Gy.c.B
A®(B®C) A®(C® B) (AC)® B

The other hexagon is the same, with c4 g replaced by cglA. Question from the audience: So
those are not always the same? Answer: No. For G-mod when G is a group, they are, but we will
have examples where it is not, and Noah gave one: the category of tangles.

So, for example, C = A-mod, a is trivial (well, as trivial as for Vect; so it is not completely trivial,
but for any ordered collection of objects, there is a canonical tensor of the whole collection, and
any bracketing is naturally isomorphic to this object), the tensor is given by

(v, V) @ (mw, W) = ((ry @ mw) 0 A,V @ W), (25.6)
the unit 1 is the one-dimensional representation given by € : A — C, and the braiding is:

cv,w = Pyw(my @ mw)(R) (25.7)
where R is the quasitriangular structure and P is the permutation map of vector spaces.
One can check that this is an isomorphism of modules; it is equivalent to equation 25.4.

Exercise 40 The hexagons (equation 25.5) are equivalent to equations 25.2 and 25.5.

This continues the correspondence:

IfAis... ‘thenA—modis...
an algebra Abelian

a bialgebra monoidal

Hopf rigid

quasitriangular | braided
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One of the main applications of all of this is the construction of topological invariants. And we
certainly want a braiding, so that we can study knots.

Well, it’s very nice to have a definition, but we should also have an example.

Theorem 25.2 The double D(H) of any Hopf algebra with the canonical element R =Y ;(e;®1)®
(1®e?) is quasitriangular. We have picked any basis e; of H, and its dual basis €' of H* defined via
the pairing (,) : H ® H* — C. But if H is infinite-dimensional, then we have written down only a
formal sum; the topology needed to define the correct completion D(H)®2 i a sensitive question.

We now make a logical jump, and study the double of quantized Borel in sly. Let us define
this. Uxpb, is the algebra generated by H, E and completed over C[[h]] with the defining relations
[H, E] = 2E. In other words, U,by = UbL[[R]].

Theorem 25.3 1. The map A : Upby — Z/Ihb§2 defined on generators as

AH)=Ho1+10H (25.8)
AE)=Eo? 110F (25.9)

is a comultiplication for Upb.
2. ¢(1) =0, e(H) = €(F) =0 extends to a counit € : Uy, : by — C[[h]].

So Upby is a bialgebra over the commutative ring C[[h]]. In particular, we demand that both maps
be continuous.

Exercise 41 Find S.

Let us know describe a dual to U,b,. We define the symbol U,b,° to be generated over C[[h]] by
HY and F with the defining relation [HY, F] = —4F. The bialgebra part is:

AHY=H"®1+1®HY (25.10)
AF=F@l+e " oF (25.11)

WEell, the second term in equation 25.11 is a problem; it is an infinite series. So we need to define a
topology in which e’ can be written. We do this via a filtration on Upb,° given by deg(HY) < 1
and deg(F) < 1, and deg(ab) < deg(a) deg(b). If this were commutative, then we this would be the
grading of the polynomial algebra, but it is noncommutative. So we define a topology in terms of
the filtration, and complete to the “formal power series” ring.

Proposition 25.4 There is a unique Hopf pairing {,) : Upb @Upb° — C|[[h]] such that (H, H") =
1=(E,F) and (H,F) = 0= (E,H"). We comment that if these were commutative rings, then
this would be the pairing of polynomial functions on V' with polynomial functions **formal power
series?** on the dual vector space.

Next time we will construct the double, build quantized universal enveloping algebras, and connect
it up with what we learned about Lie bialgebras and Poisson Lie groups.
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Lecture 26 April 1, 2009

26.1 Schur-Weyl duality
Do you know about Schur-Weyl duality? No? Well, we will certainly discuss it, but we should
deviate from the story of quantum groups to describe it.

Let us consider the action of GL,, on C". Then GL, acts on (C*)®V  and the symmetric group
Sy also acts on (C™)®V, by permutations.

Theorem 26.1 (Schur-Weyl duality) These actions centralize each other.
I.e. everything that commutes with the entire GL,, action is in S,, and vice versa.

Corollary 26.1.1 (C™)®V decomposes as @y V/\GL" ® WfN, where X\ is a partition of N: \ =
(A1, A2, ..oy Ag) with \; >0 and Ay + - -+ + Ay = N. The sum is over partitions with k < n.

We hope that everyone knows the representation theory of Sy, but of course it is never the case.
MH described the representation of simple Lie groups.

More generally, consider the action I' ~ W when it is multiplicity-free. Then there are **?7**
dualities, GL,, X GL,, on the polynomials on an n x m array of variables.

Theorem 26.2 This action is multiplicity free.

There are names that are completely misleading. For example, “quantum groups”, which are

vaguely quantum but definitely not groups. Similarly, “Lie supergroups” are not groups but Hopf

algebras in the category of Lie supervector spaces. Since you do not know Lie superalgebra, we will

not go in this direction right now.

There is an object called the Hecke algebra, given by:

def . . .

Hn(q) :e <Si, 1= 1, . ,N —1 s.t. (Si — q)(si + 1) = 0, 8;8i4+18; = Si+1S5iSi+1, Sz‘Sj = sjsl-, |Z —j‘ > 1)
(26.1)

It is a deformation of the symmetric group. Then there is a natural action of Hy(g) on (C")®V

and also of Uy(gl,) on (C™)®", and then we have:

Theorem 26.3 (g-Schur-Weyl duality) H,(q) centralizes Uy(gly) in (C*)®N, and vice versa.

More precisely, if 7 : A ~ W, then we define the cetralizer of A in W to be **NR uses “C” but
I'd prefer “Z7** C(A; W) ={a: W — W s.t. [a,7(z)] = 0Vx € A}.

26.2 Deformations of Hopf algebras

Last time we discussed Uy b and its dual Uy b, ° We briefly mentioned the words “formal deforma-
tion” last time, but now we make some definitions.
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Let (A,m,1) be an associative unital algebra over C (or anything else); we list the algebra as a
triple: a vector space, an associative multiplication, and a unit. Then B = A[[h]] is a formal
(torsion free) deformation of A if (B,m,1) is an associative unital algebra such that:

im(a,b) =m(a,b) + > h"m™(a,b) (26.2)
n=1
where m(™ : A® A — A are extended to B® B — B by h-linearity **and continuity**; and:
N o
I=1+Y nm (26.3)
n=1

where 1 is the unit in 4 and 1™ ¢ A.

Now let (B,7,1) and (B,m,1) be two formal deformations of (A,m,1). Then we say that these
are equivalent and write (B,m,1) ~ (B,m,1) if there is a ¢ : B — B that is C[[h]]-linear with
¢ =id + 3%, h"¢™ (whence ¢ is invertible) such that ¢ o i = m o (¢ ® ¢) and ¢(1) = 1.

Then there is a natural question: Given A, describe the equivalence classes of formal deformations
of A. There is always, of course, the trivial deformation; there may not be any others.

So these are formal deformations, but what we really want is a family of algebras. We say that a
family of algebras {A;,} where h ranges over h € X, where X is some set with a limit point 0, is a
deformation of A if:

e We have linear isomorphisms ¢, : A, — A. This can be slightly problematic: if A is an
infinite-dimensional vector space, then these isomorphisms should also be continuous, in some
natural topology. One way to do this is to choose bases and identify them.

° %in}) on o0 my, © (gb;l ® gb;l) = m. For each h, the inside is an associative multiplication

AR A — A.
o lim (1) =1.

The isomorphisms ¢, are part of the data; the other two conditions are properties. The meaning
of limy,_,q is a bit sloppy.

But all these questions have a trivial answer. The only way we know how to construct algebras —
well, there are algebras of functions, but other than that — is to take quotients of free algebras.
This is how we will proceed. We will take a free algebra F(x1,...,z,), and we will construct
a family of ideals I, C F, such that Ay = A. Then we will try to define Ay = F/I;, and the
biggest problem is to construct the linear isomorphisms A; — Ag. The usual way we will do this
is to construct algebras of PBW-type. For example, we may know that A, = S(z1,...,2,) the
symmetric algebra.

This is really what we want: to have families of algebras. Not just formal deformations, which are
like the formal Taylor expansions of the formal algebras. But formal deformations are easier to
describe; this is the difference between micro-local analysis and global analysis.
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Question from the audience: Why do we really want families of algebras Answer: It is a
general philosophy of life. If you want to study some structures, look for stable structures that
come in families. When you try to classify stable structures, you hope that there is a discrete
collection of them, e.g. for simple Lie algebras, even though simplicity is an open condition. You
can stratify branches of mathematics by the strength of the equivalence relations. In many branches,
the goal is to classify something. If you try to classify all vector spaces, this is tedious. But up to
isomorphism? Then they are classified by dimension. Similarly, if you are classifying a structure,
and you are sitting at a singular point, it can be quite hard, but classifying families is easy.

Here’s another reason. Well, it’s another reason for someone indoctrinated by physics. The world,
it turns out, is not commutative. It is at least quantum-mechanical. What we see — the commu-
tativity of classical mechanics — is a limit of quantum mechanics as the parameter goes to 0. So
the problem of quantization is that it’s the wrong direction. The natural direction is the other one:
to specialize to h — 0. Then we get various degeneracies.

Having said this, let’s forget about the real world and return to formal deformations of associative
algebras.

Suppose that A is commutative, and that B is a formal deformation of A. Then the multiplication
is given by:
m =m + hm® + O(h?) (26.4)

We are following the previous outline, that the natural direction is not quantization by degeneration.
Anyway, we define {a, b} e mM (a,b) — m(b,a).
Theorem 26.4 (A, m, {,}) is a Poisson algebra.

**NR: “We have a small theorem...” Theo: “I don’t have a symbol for ‘small theo-
rem’.” NR: “The definition of ‘small theorem’ is that the proof is a homework.” Matt:
“There are many small theorems in this class.” NR: “Well, let’s make this into a big
theorem.” **

Proof: {a,b} = +[a,b] mod h, and A = B mod h. So the Jacobi and Leibniz for {,} follow from
those for [,]. O

So, if at a special point a family of associative algebras becomes commutative, then it induces a
Poisson structure. Question from the audience: We don’t have a family. Answer: No, we
have a formal family.

Exercise 42 Let B be a formal deformation of A; A may not be commutative. Prove:
1. It induces a Poisson structure on Z(A), the center of A.

2. This Poisson structure extends to {,} : Z(A) ® A — A, which is the action of the Poisson
algebra Z(A) by derivations on A. In other words, {z,ab} = {z,a}b+ a{z,b}.

The theorem is a specialization of the homework, when the whole algebra is commutative.
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B is a formal deformation quantization of the Poisson algebra (A, m, {,}) if the Poisson bracket
on A agrees with the one given by the deformation. The natural question: What is the set of
equivalence classes of (formal) deformation quantizations of a given Poisson algebra?

It is a complicated question. There is a complete answer in the case of algebras on a Poisson
manifold. Consider A = C*°(M) and

o 1 = m+322, h"m(™ is special in the sense that it is symmetric: m™ (a,b) = (=1)"m( (b, a).
o m™ are bidifferential operators on M of degree (n,n).

Theorem 26.5 (Kontesevich) Equivalence classes of such formal deformations quantizations
are in bijection with formal deformations of the Poisson structure, i.e. p=p+> o2, Rp(™) where
p™ are bivector fields and p satisfies Jacob.

Next time we give a few more definitions, and then we will proceed with examples.

Lecture 27 April 3, 2009

Last time we define deformations of Hopf algebras. We make a quick summary: if (4, m, A ¢, 1,.5)
is a Hopf algebra, then (B,m,...) is a formal deformation of A if B = A[[h]] as a vector space,
and m=m+ > 72, h"m(™ | etc. The elements of the formal power series are, for example, m(™ :
A® A — A extended to B ® B — B by h-linearity **and continuity**.

Example 27.1 If A is a commutative Hopf algebra and a Poisson Hopf algebra. In other words,
there is a Poisson bracket {,} : A® A — A such that A : A — A® A is a morphism of Poisson
algebras. Then we say that B is a formal deformation of A if in addition to the above we have:
m® — WP = {,}. From the previous lecture, we saw that mD —mOP A4 - Ais always
a Poisson map; now we are demanding that it be the given Poisson structure on A.

For example, let A = C(G) where G is a Poisson Lie group, then any formal deformation B of
C(G) we will call Cp,(G), and call it the “quantum group” of G.

Question from the audience: There are some choices involved in constructing Cj,(G), so this is
an imprecise notation. Answer: Yes, but it is the usual notation in the literature. O

Example 27.2 Consider now the case when A is cocommutative, i.e. A°® = A. For example,
A =Ug. Well, if g is a Lie bialgebra, the Lie coalgebra lifts to a 1-cocycle on Ug. Let’s describe
this. We have a linear map d : ¢ — g A g, which is a 1-cocycle for the Chevalley complex for g with
coefficients M = g A g. In other words, §([z,y]) = [z,d(y)] + [6(x), y], in other words dcpd = 0.

Let us recall the Hoschild Compler of an algebra. Let A be an associative algebra, M a module
over A. We define Croscnila(A, M) as follows. (By the way, G. Hoschild is emeritus here, but is
never around: he is very shy.) The nth part is

™ (A, M) % Home (A®", M) (27.1)
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and of course C(A, M) = @, C™ (A, M). The differential is: if ., € C™ (A, M), then

def
do(ay,. .. ans1) = aplaras,as, ... ape1) — on(a, azas, ..., ane1) + ...
+ (alan(ag, as,...,an41) — a0y (a1, as, ..., apy1) + - ) (27.2)

The principle is that this is exactly the what you get if you try to lift the Chevalley Complex to
Ug.

So for example
dai(a,b) = ai(ab) — aai(b) + bay(a) (27.3)

And «; is a one-cocycle if day = 0, i.e.:
aq(ab) = aay(b) — baq(a) (27.4)
Ok, so let’s let A =Ug, and by the PBW theorem we can identify this as a vector space with S(g).

Let a,b € g — Ug. Let’'slet M = A, and oy : A — A. So we can think of a; : S(g) — S(g). And
these are graded vector spaces — the multiplication respects only the filtration.

Let’s change our mind now about the set-up. In particular, let’s demand that M be a bimodule
over A, and at least understand the one-cocycle condition to be:

ag(ab) = acy(b) + aq(a)b (27.5)
Then if oy is a cocycle A — A, then the conditions are:

aq(ab+ ba) = aq(ab) + ai(ba) = aay(b) + a1 (a)b + bay(a) + ... (27.6)

ai(ab—ba) =... (27.7)

Actually, this is not the story we meant to tell. It’s a very nice story, but we want something else.

Let us consider a map a1 : A — A ® A, such that A is a bialgebra, and let’s ask what happens
when

aj(ab) = Aaaq (b) + a1(a) Ab (27.8)

Then we see that
aq(ab — ba) = [Aa, aq(b)] + [aa(a), Ab] (27.9)

So « restricts to a one-cocycle on g — g ® g.

Conversely, any such one-cocycle §, which is really just a Lie bialgebra structure, lifts to a map
a1 :Ug — Ug ®Ug by aq(ab) = Aaai(b) + aq(a)Ab.

If A is a cocommutative Hopf algebra with a: A — A ® A such that:

a’? = —« (27.10)
a(ab) = Aaa(b) + ala) A(b) (27.11)
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and also the coJacobi identity, then we say that A is a co-Poisson Hopf algebra. Question from
the audience: Shouldn’t there also be some compatibility between o and the multiplication?
Answer: **? Some sort of “co-Leibniz identity”, and also that « is a morphism of the
correct structures**

Proposition 27.1 If A and B are a dual pair (via {,)) of Hopf algebras,and {,} : BA B — B is
a Poisson structure on B, then we define a: A — AR A by:

(aa),l ®@m) = (a,{l,m}) (27.12)
Then this is a co-Poisson Hopf structure.

Proof: Antisymmetry is obvious.

(a(ab),l @ m) = (ab,{l,m}) (27.13)
= (a®@b,A{l,m}) (27.14)
= (a® b, {Al,Am}) (27.15)
=(a®b,> {1V, mM) @1Pm® + 3100 g 1@ m@1) (27.16)
Ilym lym
=" ((a, {1, mW ) (0,1Pm®)) + (a,10m D) b, {1, mP)})) (27.17)
Im

=" ((a(a), 1M @ mW)(Ab,1® @ m®)) + (A(a), 1 @ mD)(ab,i® @ mP))
I,m

(27.18)
=" ({oa3(a) Aos(b),1V @1 @ mY @ m®) + (Ar3(a)a2a(b), IV @ 1P @ mV) @ m@)))
Im

27.19)
27.20)
27.21)
27.22)

= (a13(a)A24(b) + Arz(a)aza(b), A(l) @ A(m))
= <m12m34(a13(a)A24(b)) + m12m34(A13(a)a24(b)), l X m>
= (a(a)A(b) + Aa)a(b),l ® m)

and so we have the cocycle condition. O

(
(
(
(

Ok, let’s formulate the theorem:

Theorem 27.2 Let (A, B, (,)) be a dual Hopf pairing, and let B be a Poisson Hopf algebra. Define

a:A— A® A by (a(a),l @ m) def (a,{l,m}). Then « is skew-symmetric, a cocycle, and satisfies

co-Jacobi. Such an algebra is a co-Poisson Hopf algebra.

Theorem 27.3 If g is a Lie bialgebra, with § : g — gA g — g® g the one-cocycle, then § defines
a a unique co-Poisson structure o : Ug — Ug @ Ug such that o|g = 6.

Suppose that A is co-Poisson with « the structure. Then B is its formal deformation quantization
if A = A+ ha + O(h?), and other conditions.
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So we have two notions: the deformation of a Poisson Hopf algebra, and of a co-Poisson Hopf
algebra.

Example 27.3 If g is a Lie bialgerba, Ug is co-Poisson, and Uy g is a formal deformation of Ug as
a co-Poisson Hopf algebra is a quantized universal enveloping algebra of g. %

At the classical level we have dual pairs of Poisson and co-Poisson Hopf algebras, and these deform
into dual pairs.

Next time, we will study examples: Upby and Upb° = Cp(B-).

Lecture 28 April 6, 2009

A general question is whether, given Ug, does there exist a formal deformation Uyg such that the
multiplication and comultiplication deform:

Apa = Aa+hAWa + .. (28.1)

s.t. AW — AP = § (28.2)

where § is a one-cocycle for Ug.

Theorem 28.1 (Etingof, Kazhdan) For any g a finite-dimensional Lie bialgebra (or Kac-Moody,
etc.), there exists such a Upg.

Just as Ug is dual as a Hopf algebra to C(G), Upg will be dual to Cp(G) in the appropriate
topologies.

For each simple Lie algebra g with the standard Lie bialgebra structure, we can give an explicit
description of Upg in terms of generators and relations. We will describe this construction.

Let us begin with g = sly. Then we defined Upby = (H, E s.t. [H, E] = 2E) as an algebra over
C[[Rh]], with the coalgebra structure

AH=H®1+1®H (28.3)
AE=E®c? 10FE (28.4)

Exercise 43 Check that this defines a Hopf algebra.

Let us check also that this in fact deforms U/ b, . We have presented the algebra in terms of generators
and relations, and it’s clear that in terms of the basis {H"E™},, >0, we have:

Upby = Ub[[h]] (28.5)
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as a linear space, and in fact as an algebra. Let’s compute the comultiplication in terms of the
basis:

Ap(H"E™) = (ApH)" (ARE)™ (28.6)
= (AH)"(AE+hAWE .. )™ (28.7)

= (AH)" (AE™ + h((AE)" ' ADE + (AE)"2(AWE)(AE) + ... ) + O(h?))
(28.8)

where AW E = E® H/2 is the linear term in the expansion of E® e™?/2. Thus, we compute:

§=AM AL (28.9)
AD(HME™) = AH" (AE™'AVE + ..+ AWEAE™T) (28.10)
Hence §(H"E™) = AH" (AE™ '6E + -+ SEAE™ ') (28.11)

which is exactly the standard Lie bialgebra structure on b,.

Anyway, recall that sly = D(by)/I, where D(b ) is the double of the Lie bialgebra. So our strategy
to compute Upslo will be to describe it as:

Upsly = D(Upby) /T = Upby % Upby /T (28.12)

The full dual opposite is too big. We will define Up,b,° in terms of a dual pair (Upb4, U6, (,)),
and see that it is a natural definition. We use:

h
Upb,® (Y F st [HY,F] = ~3F) (28.13)
as a complete algebra over C|[[h]], with the coproducts
AH'=H'®1+1®H" (28.14)
AF=F@l+e?" oF (28.15)

As an algebra Uy b, ° is a formal deformation of the commutative algebra F'(B_), the formal func-

tions on B_, generated by HY and F with {H", F} = —F. We work with this to make sense of
the exponent in 28.15; the algebra F(B_) is an algebra of formal power series. Le. it is C[[H", F]]
as an algebra, with a non-cocommutative coalgebra structure.

Indeed, we can recognize F(B_) as the algebra of matrices with coordinates

< - eSHV> (28.16)

Thus F'(B_) is the algebra of functions on the formal neighborhood of the identity in B_. Well,
B_ should be all lower-triangular matrices with unit determinant. Fixing this is straightforward;

we can use the coordinates:
el 0
(eH\/F eH\/) (2817)
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Question from the audience: What is a formal neighborhood of the identity? Answer: You
take all analytic functions near the origin, and complete with the formal-power-series topology.
This way, we don’t need to worry about convergence issues and we can still do just algebra.

When we say that these coordinates explain the algebra, we mean that the comultiplication of
“coordinate functions” is precisely the corresponding multiplication of matrices:

ey 0 ety 0 B eIy +Hy 0 98,18
e p oY )\ e gy oo ) T\ Y (1 g o2 ) oYY (28.18)

Theorem 28.2 F(B_) with the Poisson bracket {HY,F} = —F is a Hopf Poisson algebra of
functions on the formal neighborhood of e in the Poisson Lie group B_.

In particular, then, U,b° e Fp,(B-) is a formal deformation of F'(B_). Incidentally, we can now

choose Upby™ = Fy(B_)°P = Fj (B ), which deforms F(B,) which is dual to Ub.

Theorem 28.3 There exists a unique Hopf pairing (,) : Upb@ULb.° — Cl[[h]] such that (H, HY) =
1=(E,F), (E,HY) =0= (H, F), and such that:

(H"E™, (HVY" F™) = 8,0 ! (m)! (28.19)

where (m)! def (m)(m —1)...(1), and (m) e % **1 would prefer writing this as [m)]
rather than (m).**
Question from the audience: The first part is a theorem, and the second part is a corollary,

right? Answer: Well, but they are proved simultaneously. But yes, logically it’s better to say that
there is a unique Hopf pairing, and that the formula on monomials follows.

Proof: Exercise 44. O

Actually, strictly speaking this is not a dual pairing, but one with the opposite comultiplica-
tion:

(ab,1) = (a ® b, A® °P(])) (28.20)
(8(a),l) = (a,S7L(1)) (28.21)

and the rest is the same. **So it’s the correct pairing without any crossings.**

Theorem 28.4 D(Upb) def Upby X ULbL® (which is just Upby @ UpbL° as coalgebras, and the

natural embeddings of Upby and Upb,° are Hopf subalgebras) is generated by H,E, H" F, with
defining relations:
[H,HY] =0, [H,E] =2E, [E,F] = —2F, (28.22)

[HY,E] = gE [HY, F] = —gF, B, F| = /2 — =2 (28.23)

and the coalgebra from equations 28.3, 28.4, 28.14, and 28.15.
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Theorem 28.5 D(U,b.) is a quasitriangular Hope algbera with R = e; ® €' € Upb, @UpbL° —

D ® D given by: . S . .
R_ Z H'E™®Q H'"F _6H®H\/ZE ®F

- (28.24)
im0 n!(m)! 0 (m)!

where (m)! is as above.

The formal series Y 52 (%, was first introduced by Euler.

We will define I = (%H — HY). And then we will claim that I is a Hopf ideal, and we will define
Upslo = D(Upby) /T

Lecture 29 April 8, 2009

Question from the audience: Before we begin, can you say something about the motivation
for the double? Answer: First there were groups. If G ~ H by automorphisms, then we can
construct G x H. If each acts on the other, then there is G x H and G x H, so there must be
G w H. This is generalized to Hopf algebras. If G acts on H, then C(G) co-acts on C(H). If G
acts by automorphisms, then the co-action agrees with the coalgebra structure on C'(H). So say
that A coacts on B, now Hopf algebras, by coalgebra endomorphisms.

It is a coaction, so we also want the commutativity of:

B a A® B

a A4 ®id (29.1)
d® a

A® B AR AR B

But also we want another diagram, which we make as a homework. Also, there is a version that
comes from the group algebra.
Exercise 45 Find the Hopf algebra version of G x H for C[G] and C(H).

This gives the smash product A# B. There is the more complicated construction A x H. The best
source for these is the book Hopf Algebras by S. Montgomery.

We now return to the quantum double construction.

Theorem 29.1 1. There exists a unique algebra structure on the space D(A) = A ® A° such
that

o A A° — D(A) are Hopf algebra embeddings.
e fR=Y,e;®e € A® A° — D ® D, where A embeds in the first copy and A° embeds
in the second, then RAp(a) = AR (a)R
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2. Then R satisfies:

(A ®id)(R) = RisRa3 (29.2)
(id® A)(R) = RisRi2 (29.3)

Drinfeld came up with the D(A) to generalize the double of a Lie bialgebra.

Question from the audience: To define R, are you assuming that A is finite-dimensional?
Answer: No, but we are completing with some topology. Usually, A will not be finite-dimensional,
but it will be filtered A = Ag D A1 D Ay O ... such that A;A; C A;1;, and the quotients A;/A;+1
are finite-dimensional. Then the associated graded space A®" def @Pi>0 Ai/Air1 = A as a filtered
vector space. Question from the audience: The idea of R is to gi;e a braiding on the category
of finite-dimensional representations. So we need a way to make it act? Answer: Yes. Well, in
many topological examples, R does not exist, but the category is braided anyway, because there is
another algebra in which R exists.

Anyway, so we saw last time that D(U,by) contains an ideal T e (HY — 2H), and T is a Hopf

4
ideal. Then we defined D(Uyb,)/T % t4ys15.

So Upsly is generated by H, E, F, complete over C[[h]], with defining relations

[H,E|=2F, [H,F] = —2F, [E,F] = SlSIll:f(l%L;) (29.4)
It is a Hopf algebra with:
AH=H®1+1®H (29.5)
AE=E@?119FE (29.6)
AF=F@l+e 2R (29.7)
Actually, it is not quite what we just said. Last time, we saw that in D(Upb ), we have
(B, F) = e"H/2 — 20" (29.8)
Then we specialize H" to hH/4, so that the commutator becomes the hyperbolic sine:
[E, F] = MI/2 _ g=hH/2 (29.9)

But this begins in degree h, and we should like the h — 0 limit to give [E, F] = H. Why is there
this problem? Well, we started with E, H € b, and deformed it; then F, HY € F(B_), the formal
functions on B_, and so I, H" are both infinitesimal. So what we really want to do is work with

E,H in D, but the generator F' € D we declare divisible by h, and the corresponding generator

of Upsly will be F’ Ly /sinh(h/2). Thus, let’s add 's everywhere, so that Upsly is generated by

E',F'  H' with:
sinh(2H)

[H E'|=2F' [H F'|=-2F [F,F]=— 7
sinh(5)

(29.10)
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AH' =H ®@1+1® H' (29.11)
AE =F @219 FE (29.12)
AF = F @1+ "M'2gF (29.13)

Then Upsls is quasitriangular with

R = exp (ZH ® H) i sinh(h/2)"

B e () (29.14)
n=0 :

Exercise 46 Clean up the F ~ F' by thinking about filtrations on D(Upby) so that F is divisible
by h.

Now it is clear where R lives. It does not live in the algebraic tensor product, but in Uy,slo@Upsls,
where @ completes with the h-adic topology, i.e. Upslo®@Upsly is the collection of infinite sums
% a,h", where a, € (Uyslz)*?

Theorem 29.2 There exists an algebra isomorphism ¢ : Upsly = Usly[[h]] such that ¢|cippn) = id-
Proof: We forget about 's. Then we set ¢(H) = H, ¢(FE) = FE f(hH), and ¢(F) = g(hH)F.

Exercise 47 Find at least one such function — i.e. find f, g — such that p(E)p(F)—¢(F)p(E) =
H, recalling that EF — FE = sinh(hH/2)/sinh(h/2).

So, to find finite-dimensional representations is very easy: you represent Uslo, and then pull back.
So finite-dimensional irreps of Upsly are parameterized by [ € Z>¢, the highest weights, with

Vi=Clecl e ocy? (29.15)

and E moves to the left, F' to the right, and H diagonally. **draw with arrows**. In particular,

HoW = (1= 2m)ol), EoW) = vffl)fl, Fol) = f(m,l)vf,i)Jrl (29.16)
So a representation (W(l), V}) gives linear functions Wﬁ{m, on Upsle. Then we can look at the space
of special linear functionals on Uyslo as
E(Uhs[g) = @ @ (Cﬂ'r(??’m/ (29.17)
>0 m,m'=0,1,...,0

(@

Question from the audience: What does 7’ , mean? Answer: 7 is a map Upsly — End(V(l).

And we have chosen a basis {v,(ylb)} of V. and so Wg)’m, is the matrix element: 7(!) (a)ng) o
S 70 /(a)v;,(ll).

Ok, so we can ask whether £ is an algebra. We should define:

(w7 ) Eal) o al? L Aa) (29.18)

’ /
mi,mi T ma,msy’ my,my ma,my
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Then the question is whether the tensor product of irreps decomposes as a direct sum of irreps.
We know that it does, by understanding the representation theory of sls:

Y gyl o ylith) g g (hi—l) (29.19)

but the isomorphism of Upsle-modules depends as a formal power series in h. See, we only have
an isomorphism of algebras, not of Hopf algebras, so we know there is a splitting but not what it
is. We will develop the Clebsch-Gordon coefficients with which to understand the product of these
matrix elements.

We also have the multiplication 7()(ab) = 7 (a)7()(b), and this will give the coalgebra structure
on L. There is also an antipode, so that £ is a Hopf algebra, and we will see next time that £

is generated by w(()(l)), 77(()11), wg(l)), and 7_(%11)' Matt discussed UyS Lo, where ¢ = el, and these will be

a,b,c,d.

Lecture 30 April 13, 2009

Last time we had a discussion of all sorts of special representations of Upsly. We have W (A, ¢c) =
Prez (Cv,(L ), infinite in both directions. The Verma module M = PBn>0 CU( ) , and its graded dual
M7 = @n>o0 (Cv,(l " , the lowest-weight Verma module. Also the finite-dimensional representation

vl = pl_, Col). Here A € C, ¢ € C[[R]], and | € Z>¢, and for special ¢y we have an exact
sequence 0 «— M «— W(\,¢\) « M* — 0, and for A = | € Z,, we have 0 «— V) — MO
ME=2) .

We now restrict our attention to finite-dimensional representations; the category is called Upsle-mod.
Theorem 30.1 1. All finite-dimensional Upslo modules are reducible.

2 VO g ym = yltm) o .. qyl=-ml),
Proof: Uysly = Usly[[h]] as an algebra. O

Thus we define L(Upsla) = @i>0 Po<mm/<i Cwﬁi)m/. To define this, we chose a weight basis

{vn M _oin VO and then for a € Uysly we have 7(t) (a)vg) =l Wfi)n, (a)v, () and then 7r(l) , are
linear forms on uhﬁ[g.

Theorem 30.2 L(Upslz) is a Hopf algebra with

w W L n

1

7rm1,m’1 ﬂ-mQ,mé = Z ( v )ﬂ—n7n/ (301)
m=|l1—l2|

C.f. Kassel.

We remark that to define this multiplication we have to choose bases in Homuhs[z(V(l), V() ®V(l2))
and in Homuhgrz(V(ll) V), V(l)). These are all 0- or 1-dimensional, so different bases correspond
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to choices of nonzero complexr numbers. Hence different bases correspond to different but equivalent
(by a linear transformation) multiplication on L(Upsla). Then (...) above is a coefficient in this
basis.

The coalgebra is

Z 9 @rl) (30.2)

// 0

We then can define C,[S L] e L(Upslz), which is the quantized algebra of polynomial functions
on SLy. We remark that Cp[SLa] = @2, Endc[[h”(V(l)) as a vector space. Also End(V(®) =

v V@ where the right multiplicand is the C-linear dual.

Theorem 30.3 (Peter-Weyl) Consider C[SLz| as a module over SLg x SLo, where these are the
maultiplication on the left and on the right. Then C[SLa) = @2, VO @ VO as a module.

(This is an interesting theorem because “Peter” and “Weyl” are two different names, not somebody
named “Peter Weyl”.)

Recall that if (7, V') is a representation of a Hopf algebra, we define the left dual representation to be
(m* 0S5, V*). This is good, because a — 7* is an antihomomorphism of algebras, so a — 7*(S(a)) is
a representation. Question from the audience: S isn’t always invertible? Answer: It is always
invertible. It is not always an involution.

Well, anyway, so we are going in the backwards direction pedagogically. We of course have C[S L] =
Cla, b, c,d]/(ad — bc — 1), and Matt told us how to quantize this. We will see how to derive the
quantized presentation.

Theorem 30.4 Any irreducible representation occurs as a submodule of (V(l))®N for sufficiently
large N.

Corollary 30.4.1 777(117)1, generate Cp,[SLo].
So, we record some facts.

The category Upsle-mod is braided. Indeed, for any V, W,

cvw & Py (m @me)(R): VOW - WV (30.3)

where Py is the C-linear flip map, is an isomorphism of Uj,sls-modules.

def

In particular, with R (7 @ 7M)(R), we see that PRLY . V) g v & y) g 1)

commutes with Upsls. Thus:

PROD (70 @ M)A(a) = (V) @ M) A(a) PRV (30.4)
Then equation 30.4 is a collection of relations in C},[SLs]. Because the left-hand side is just
(1,1)\nhms (1) (1) _ 1) (1,1)y71m5
Z/ (PR )niing <7Tn/1 i Tty il a) Z/ (thn'l Tnamly @ a)(PR )nflf nl (30.5)
ni,My ny,Ny
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since ({®@m, Aa) = (Im, a). Then we define ® to be the tensor product of matrices with the product
of matrix elements in the algebra. Thus we have:

PR(lvl)(ﬂ-(lvl)®ﬂ—(171)) — (7T(171)®7T(1’1))PR(171) (306)
an identity in End(C?) ® End(C?) ® Cj,[SLa).

Ok, so what have we done. We have 7(!) = Z 2), where a = w(()’lg, etc., and a,b,c,d € Cp[SLa).

This is what happens with ®. Then all the ns in the calculations are either 0 or 1, and we have
written out the matrix products. This gives 16 identities. So (PR(l’l))Z%jZ% € CJ[[h]] are matrix
coefficients. And we did the calculation with @ arbitrary, and since the pairing is nondegenerate,
we can drop a, getting equation 30.6.

Let’s do an example. In V) @ V(1) we choose an ordered basis U(()l) ® v(()l), v(()l) ® vgl), vg

vﬁl) ® v%l). Then in this basis let us write out ®:

1) (1)

®U0 s

[ aa ab, ba bb -|
a b\ .f(a b ac ad'bc bd
(c d) ® (c d> o { ca cb T da db ‘ (30.7)
Question from the audience: Where is this living? Answer: It is a matrix, with coefficients

in Cy[SLa], so it is in End(C? ® C?) ® C},[SLa).

**There is still some unhappiness.** Let us make this absolutely clear. Let us act by

a b\ .f(a b NG (1)
(c d>®<c d) one; =1, ®@uvy . Then we have

ab®abe_ab 1®ab 1_a®a_ac (30.8)
c d ¢ d)t 7 \e d)\o c dJ\0) \c c)] |\ ca '
This is exactly the first column. It’s better when things are trivial, which is why we are overdoing
it.
Ok, so in this basis, let’s understand the permutation matrix P. How does it act on e;? It is
vy ® vg, S0 it acts trivially. Whereas it takes es — e3 Continuing, if you think about it, you get

1 0,00
00'1 0
P=| 5100 (30.9)
0001
What about (7)) @ 7(D)(R)? Well,
X En @ Fn n
R = exp (@H ® H) > L‘ (M2 — eh/2) (30.10)
4 =0 [n]!
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W(H) = (é _01),7r(1)(E): (8 é),w(l)(F): (? 8) (30.11)

(1 @ 1W)(R) = (7D @ 7(V)(e3HOH) (14 ("2 =) 7D(E) @ 7V (F)) (30.12)

Exercise 48 Show this is

ez 0 0 0
0 e M2 e h2(eh/2 —oh/2) g
0 0 ! 2 0 (30.13)
0 0 0 eh/?

Then equation 30.6 is just an identity of matrices. These give 16 indentities between a, b, ¢, d. They
give all the relations in C,[SLy] that Matt gave, except that ad — e "/2bc = 1. We will see next
time that this comes from the embedding V(©) — V1) g v (1),

Lecture 31 April 15, 2009

31.1 Cy[SLy]
**We write C[X] for the polynomial functions on X, and C},[X] for a formal quantiza-
tion.**

Through the natural isomorphism PRV : v @ v = v @ V) of U),slp-modules, and
using the embedding V(@ — V1) @ V(1 we want to describe the generators and relations for
Cr[SLa].

a

Last time we introduced the matrix (1) = (c b), where if © € Upsly, we defined 7(V(z) =

d

(ii’i; éfl’ ii) — this defined the linear functionals a, b, ¢, d.

Theorem 31.1 Cy[SLs] is generated by a,b,c,d.

We introduce the letter ¢ = e”. Then

—1/2 v —1/2¢, _ -1
R(l’l):[ 77777 Tt ) J (31.1)
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where we have picked a basis V(1) = Cvél) @ Cvgl), so that vy = ) and v; = < ) We have
)7

e1 = vy ® vy, €2 = vy  v1, €3 = v1 vy, and e4 = v1 ® v1. Then (1 is a 4 x 4 matrix with
coefficients in C},[SLs]. The isomorphism PR . v @ (1) = 0 ) ® V( ) then becomes the
equation

PR 1) o 71 = £(1) & (1) pR(L1) (31.2)

Expanding these out give six relations:
qab = ba, db = gbd, ca = acq, dc = ¢’ cd, [a,d) = —(q — g )eb, ¢b=bd (31.3)

When ¢ = 1 these are just the commutativity relations. These relations do not define quantum S Lo,
but rather the quantum 2x2 matrices, because there is no invertibility /determinant condition.

So we now consider the map ¢ : V0 — V() @ V(U which is Usly-linear. To define C, [SLo| as
Prn>o vt g V(™) we should choose a basis in each V(" and in each Hom(V (™ = V() @V (12)),

Then we can get the basis 7T7(: )m, eV gym,

So let’s pick the basis {v(()o)} for VO such that He(v (0)) =0, Egzﬁ(véo)) =0, and F(v(()o)) = 0. From
the first equation, we see that

d(w”) = avf? @ vV + pol) @ oV (31.4)

since H v(l) ((] ) and H v% ) = —vﬁl). From the second equation, and recalling that E acts on
v V(l) as E®e"/2 4 1® E, we get

a+pBeM? =0 (31.5)
The F' action gives the same equation. Thus, we choose

¢(v(()0)) = eh/4v[()1) ® v%l) + e_h/4vgl) ® v(()l) (31.6)

What kind of relations do these give for a, b, ¢, d? We demand:

(Z Z) ® (CcL 2) ovy”) = 9(v5”) (31.7)

which we write out in matrices:

[ ‘
{ ac_ ad :, J {63/4 } = {63/4‘ (31.8)

When you expand this out, you get two relations that are redundant with equation 31.3, and two

which are the same:
ad — e "?pe =1 (31.9)
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Theorem 31.2 The relations equations 31.8 and 31.9 are defining in Cp[SLa].

Proof: By the definition and the Peter-Weyl theorem, Cy,[SL2] = C[SLo|[[h]] as a vector space,
where C[SLs] is the algebra of polynomial functions on SL;. **I lost some of what NR
said about this** When G is compact, La(G) = @, End(V;), but you need some completions.
Horrible things happen in the non-compact C*° case. For example, C*°(SL2[C]) does not have the
above decomposition, because the representation theory of S L2 includes irreducible representations
infinite in both directions, and these contribute. C.f. “SLy(R)” by S. Lang, or the yellow book by
Wolfe ** 7%

So one should probe that the algebra generated by a, b, c,d with equations 31.3 and 31.9 is still
isomorphic to C[SLs|[[h]] as a vector space. This follows from a version of the PBW theorem.

Exercise 49 Complete this proof. Hint: ¢"a*d'b™ is a convenient basis. O

So this completes the following square, where by h — 0 we mean the definition lim a 4 mod h:

0
Upsly —— 9L 0197,
b0 b0 (31.10)
Usly dual | o5r,)

Let us fix a linear isomorphism C[SLs|[[h]] = Cp[SL2], for example one can identify alphabetized
monomials. Then let us understand the identity

ROD 7020 _ ) (0 p(1) (31.11)

where 71 = 1 ® 1, mp = 1 ® 7. Then we see in End(C? ® C?) ® Cy[SLs], we have

H®H

ROY =14 2n +E®F | +0(h?) (31.12)

r

where r is the classical R-matrix. Recall that H = (1 01>, E= <O 1), and F = (0 O). We

0 - 0 0 1 0
see that: ]
" mf] (= g5) = bt + 000 (31.13)
In this way,
lim (—%) (ab — ba) % {a,b} (31.14)
whence ) L 0o
(7, 70} = [, 7V alV] (31.15)
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Question from the audience: In the classical case, we saw that each of these objects has two
different duals: the dual Hopf algebra, and the dual arising from the bialgebra/Poisson structure.
But your square only has one dual? Answer: Well, yes, and we already have some of this, since
Ch[SL2] has some form of PBW theorem, so it should be considered as a universal enveloping
algebra. In fact, it will be the same as quantized universal enveloping algebra for slo-dual, but with
a different topology.

31.2 ¢-Schur-Weyl duality

Let us consider Hy = VU ®---@V (1) where there are N copies. There are two natural algebras that
act on this: Ujsly with the diagonal action, and the braid group By = (s;,1 <i < N —1s.t. s;5; =
88 for |Z — ]‘ > 173i:|:13i3i:|:1 = Sisi:tlsi>-

We recall the relation for the universal R-matrix:
Ri9R13R23 = RogRi3 R (31.16)
where R12 = R® 1, etc. So we consider S = PRMVe=h/2 and this then satisfies
SH)1eS)el)=15)(S®1)(1w29) (31.17)

So C[By] acts on H,, by s, — 1®---®S®---®1, where S is in the (i, + 1)th spots. Let ¢ = e”,
then

S_{ll (31.18)

so the eigenvalues are ¢ with multiplicity 2 and —¢~! with multiplicity 1, and (S — ¢)(S + ¢~ !) =
0.

Next time we will discuss this more fully, and introduce Temperly-Lieb.

Lecture 32 April 17, 2009

**1 arrived five minutes late, in the middle of an historical discussion: Euler, Bernouli,
et al. The question was the introduction of the letter ¢.**

32.1 Hecke-Iwakori algebra

We return to the discussion of the Braid group and the Hecke algebra.
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The Hecke-Iwakori algebra is a quotient of the braid group:

Hy(q) % C(@)[Bn)/{(5i — q)(si + a7 1) (32.1)

It is an algebra over C(q), the rational functions in ¢, where ¢ is a formal variable. There is
an isomorphism of vector spaces: Hy(q) = C(q)[Sn]. One can study irreducible representations
of H,(q), which are enumerated by the same data as the representations of S,; this is a special
topic.

Consider .7, = (V1))@ Then we defined

e 0, 0 0 ]
0 0 1 0
:—h/2 (1,1): Yy v 4L YU
S=e¢"“PR 0 1 e (32.2)
0 0! 0 1
This has block form:
oh
0 1
S = P (32.3)
1

So the eigenvalues of S are ¢ Lf eh with multiplicity 2 from the top and bottom blocks, and the
middle one is 2x 2, and we can check that g and —¢~'. So the eigenvalues of S are ¢ with multiplicity
3 and —¢~! with multiplicity 1. We see that S! = S, so we can write it in spectral decomposition:
SqP(3)(q) — qilP(l)(q), where P®) and PV are orthogonal projections.

Therefore (S —q)(S+ ¢~ ') =0, and so C[B,] ~ 4, by s;—~1® - ®S®---® 1, where the S is
in the (7,7 + 1) spot. Then this representation C[B,,] — End(H,,) factors through H,(q).

Proposition 32.1 Irreducible representations of H,(q) are parameterized by partitions of n: H,(q) =

Dr4n End(W)).

Thus we can build the Temperley-Lieb quotient or Temperley-Lieb algebra, by T L, (q) = Hy(q)/In,
where T'L,,(q)|y» = 0 if A has more than two rows. Thus I,, is the sum @ End(W)) where A has
more than two rows.

I,, is generated by elements Piitlit2 = 1-— q_l(si + Si+1) + q_2(si5i+1 + Si+18i) — q3sisi+1si.

Question from the audience: When ¢ is a root of unity, the isomorphism is not true. Answer:
That’s correct. For us, ¢ is a formal variable. When ¢ is an [th root of unity, H,(¢q) behaves like
the representation theory of S, in characteristic I.

Another describtion:

TL,(q) = (e; s.t. e? =e;,ee016 = (q+ q_l)eiiﬁ (32.4)

Then the homomorphism H,(¢) — TL,(q) is s; — q(1 — e;) — ¢ 'e;. The proof is purely alge-

braic.
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So we have three important algebras. C[B,] — Hy,(q¢) — T'L,(q), and we know that H,(q) —
End(s%,).

Theorem 32.2 In fact, TL,(q) — End(54,).

Question from the audience: We defined 77, over formal power series in h. But now we are
working with rational functions in q. Answer: What we do is that among the rational functions in
q, some of them are regular at ¢ = 1, and these can be expanded as formal power series. Conversely,
we can extend the h action to a g action.

Question from the audience: We are just aiming to understand U;slo. Answer: Yes. For
Uysly,, there will not be Temperley-Lieb. Question from the audience: The “2” in T'L is the 2
in sl57 Answer: Yes.

Proof: We have H,(¢) — End(J%,) by s — 1®---® S®---®1 = 5;, and we know that
(Si—q)(Si+q 1) =0,s08;=¢q(1— P(g_l - q_lPi(’Brl, so this PZ(BFI is a natural candidate for e;.

7

This just comes from S = ¢gP®) — ¢=1PM) and 1 = PB) 4 pO),

0
oh/4

From last time, we saw ¢ : V(0 — V() @ V() gends U(()O) — —h/4

—e

Now we do some linear algebra. The orthogonal projector onto cb(v(()o)) is P():

0
P(l) 1 6h/4 h/a hja [ ql/2 ; -1 -| 1
T g 24 g2 —e—h/4 @§<O € —€ 0)" {__1q—hﬂl qt/2 + g~ 1/2
0 1
(32.5)
O
**There is general concern about ¢ versus ¢'/2.** We check that véo) is the eigenvector of
0 0
©) oh/2 g\
S. In fact, the formula should be vy~ = —h/2 = —12 | So we need to make a
—e —q
0 0
correction in the last lecture. Then:
-1 1
pO —— |- LT 32.6
N R (32.6)

1 1 1 “1y—2p(1
Lemma 32.3 PisiZLlPi(Jr)ZHg,Pi(,ill =(q+q") ZPi(,izrl
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To understand this, we write

p) - ;q_lx (32.7)

Look at the lectures on TQFT from Amsterdam on NR’s website.

The correct way to say this. Consider the category where objects are points on a line —eeeee— up
to isotopy, and morphisms are diagrams that you can use to connect such points:

%

D)

/T (32.8)

And the point is that there is a functor from diagrams to vector spaces.

So the way to understand the above statement is:

m
m

where the value of a loop is ¢ + ¢~'. The lemma is another diagram:

\/

_ Y (32.10)
=

~

**I need to write some code to draw these diagrams quickly.**

**NR said this quickly, but I didn’t catch it live. To clarify, we have /1 = gb(v(()o)) and

\ = qb(v((]o) )T its transpose, or perhaps the other order depending on whether you read
diagrams up or down.**

Lecture 33 April 2, 2009

Last time we introduced the Temperley-Lieb algebra. Today we develop this further, including the
graphical language for this algebra.

We first defined the category of self-avoiding diagrams. We need to describe: objects, morphisms,
composition.
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objects These are parameterized by non-negative integers. You should think of these as equiv-
alence classes of points on a line, equivalence up to homotopy, which lets you move points
around but not past each other. **draw**

morphisms Morphisms Mor(m, n) are equivalence classes of self-avoiding diagrams, up to regular
isotopy. There can be no intersections, and “regular isotopy” means no cusps, etc. **draw**

composition We explain by picture: **convention is that D, over D; is called DyD;**.
We take a geometric representative of each morphism, glue them together, and then take the
equivalence class.

This is a category with many nice properties. We will actually take the Z-linear envelop: morphisms
are Z-linear combinations of equivalence classes.

The Temperley-Lieb quotient T'L(7), where 7 is a formal variable, by doing nothing with objects
but we assign a simple closed loop to have the value 7 (multiplication), and then we remove the loop.
So now the morphisms are Z[r]-linear combinations of self-avoiding diagrams with no loops.

Question from the audience: So we can have nested loops, and these are the same as disjoint
loops? Answer: Yes, in the quotient. Not in the the original. Question from the audience:

And that has value 72 or 27?7 Answer: 72.

Theorem 33.1 Mor(n,n) in TL(7) is isomorphic to T'L, (7).
Proof: We give a correct definition of the Temperley-Lieb algebra:

TLn(7) o (e s.t. 612 = Te€j, €i€i+i€; = €;) (33.1)
Then the morphism from Mor(n,n) — TL,(7) is E; — e;, where E; is the diagram with vertical
strands for each spot 1,...,n except i,7+ 1, and a cap-cup conbination at spot 7,7+ 1. **draw**[]

Exercise 50 Finish the proof. You check that the two algebras have the same dimension. It is
a nice combinatorial exercise to compute the number of such diagrams in Mor(n,n). The word
“Catalan numbers” is everywhere here. So the exercise is:

Construct a basis of diagrams.

The category of ribbon tangles is a generalization of knots and braids. We really should talk about
n-categories here, which are becoming very popular in every area. But we will just talk about the
1-category for now. But there are more or less one or two steps from what we are doing now to
very modern results in the theory of knot invariants, the so-called “Categorification” business. See,
you think of these diagrams as slices of soap bubbles in three dimensions. Imagine a movie of a
plane passing through bubbles. Then at most times you get a self-avoiding diagram, and the two-
morphisms are the soap bubbles. We will derive Jones’ Polynomial today, and in this two-category
viewpoint you can refine this, and find out that Jones is a g-Euler characteristic of the dimensions
of the homologies of the Khovanov categorified story. On the representation-theory side, one can
try to categorify representations. If you have an algebra over the integers and a basis in which all
morphisms are integer matrices, then you can ask for a category where instead of linear maps you
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have functors, and the integers in the matrices are dimensions of certain spaces of morphisms. So
we replace the algebra by a category and the category of modules by a two-category. We will not
have time to do this.

Anyway, the category of ribbon tangles:
objects collections of signs (e1,...,€;) where ¢; = +.

morphism You put a diagram in the middle, where now the components are oriented, and agree
with the signs on the boundary given by the rule **+ =|, — =71.** We mod out by the
following equivalences:

e Regular homotopies just as before.
e Reidemeisters 2 and 3. **draw** We allow all possible orientations.
So these are oriented planar diagrams with an extra crossing symbol. **draw**

Why is this the category of ribbon tangles? We image a plane R? with a chosen line, and points
positioned irregularly with respect to the line, so that the orthogonal projects do not align. Then
morphisms live in R? x I, and a geometrical braid is when m = n and it is a map ¢ : I — R?J
where all Os go to the bottom and all 1s go to the top, and a braid is an isotopy class of such an
embedding. So we are taking braids, but also allowing strings to go back to the top, and to have
loops.

The word “ribbon” is also called framed. This means that connected components are very thin
ribbons. In R3, we can always choose the framing to be orthogonal to the ribbon. Here’s a better
description of a component of a framed tangle. You choose an embedding of I, and afterwords you
pick a section of the normal bundle, or rather of the unit-normal sphere-bundle.

Proposition 33.2 For any geometrical tangle, there exists a blackboard framing.

We chose the two lines, and we assume that they are parallel. Then we have a projection to the
plane that includes these lines. We take any tangle, deform it slightly so that its projection is
regular, and then we pick the framing to be orthogonal to the plane.

Proposition 33.3 Any framing of a tangle corresponds to a blackboard framing of some diagram
of the tangle.

Theorem 33.4 FEquivalence classes of diagrams with respect to the Reidemeister moves are in
bijection with equivalence classes of framed geometrical tangles.

Actually, let’s say this this way: Let us write D for the category of ribbon tangles defined above,
and 7 for the category with objects sequences, and morphisms homeomorphism classes of framed
geometrical tangles such that the signs agree. The framing is required to be blackboard near the
boundary. The composition is gluing of representatives, and then taking equivalence classes of the
result.

Theorem 33.5 D and T are equivalent.
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Question from the audience: Do we lose the information of twists? Answer: No. Because we
do not have Reidemeister 1.

Question from the audience: I'm confused by signs. Do the signs say whether the framing is
towards the viewer or away? Answer: No. The tangles also have a long direction, and the signs
of the endpoints determine that direction.

F

We recall the correct definition of equivalence of categories. We want functors D < 7, so that
G

F o G is isomorphic as a functor to idp, and G o F' & id7.

Exercise 51 Construct these functors.

Let’s make D very precise. In addition to self-avoiding diagrams, we have two types of vertices:
overcrossings and undercrossings. So a diagram is a self-avoiding four-valent directed graph with
two types of vertices. **draw**

When studying 7, the two lines are essential; without them you get much more complicated
objects.

Now if you want to construct invariants of tangles, you sort of know what to do. You construct
a functor. An invariant of ribbon (framed) tangles is a functor D — C, where C is known. What
is the most known category? It’s the category of vector spaces. So we could do that. Next time,
we can construct Jones polynomials, which is essentially a functor from D to T'L(7). We will use
previous results about TL algebras to construct T'L(7) — Vect/Z(T).

Lecture 34 April 22, 2009

**We begin with some discussion of scheduling, voting for whether to hold a separate
class.** Next Wednesday (April 29) we will have an extra class, 4-6pm, in 939 Evans. The following
week (May 6) the Representations Theory seminar will be a discussion of U,g.

We begin by formulating an open problem in Schur-Weyl duality. This is a duality between Upsl,
and T'L,(e" +e™"). Last time we discussed diagrams and framed tangles. If 7 is the category of
framed tangles, we described the functor 7 — T'L(7). We did not discuss the functor T'L(7) — Vect.
An outline:

e We will do this.

e We will construct the category I' of framed tangled graphs.

We will then define the notion of a ribbon category C and of a ribbon Hopf algebra.

We will define I'(C) the category of C-colored graphs.
We will define the functor I'(C) — C.
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e We will pose a conjecture, with input data Ug and V), ® --- ® V), which will be reduce to
Schur-Weyl when g = sl,, and V), = C".

First, the functor. On objects, we define F(® ® ® ® @) — (C2)". On morphisms:

F = idee (34.1)

0
1/2
)2 (0 ¢2 ¢ 0)® q%l/z C?PeC*>C—-C?eC? (34.2)
m 0
There aren’t really 1/2s in the last equation: the matrix is just gs.

Theorem 34.1 There exists a unique covariant monoidal functor F : TL(7) — Vect/Z[q, ¢ '] that
extends F' above. Here the monoidal structure on TL(T) is given by disjoint (left-to-right) union.

Exercise 52 Prove the theorem. You will need to show that the above morphisms generate all

morphisms, modulo () =1 and ./J = I = ‘\/\.

So, we now take any framed knot K : S' < R3; this then defines a morphism () — ¢ in 7, and
hence in TL,(q + ¢~ ') and thus a number in Z[g,¢~!]. This number will be, up to a scalar, the
Jones polynomial of framed K.

**1 then missed some discussion, because I was fixing the above pictures.**
Ah, we never defined the functor from framed tangles to T'L(T).

We have 7 the category of framed tangles. Objects are sequences (€1, ..., €,) of signs, and mor-
phisms are regular homotopy classes of diagrams of tangles, and module the two Reidemeister
moves R2 and R3 **draw**. We want to define a functor to T'L, and we will define it, but the
definition will probably be wrong.

So, objects in T'L(7) are integers (no signs), and morphisms are regular homotopy classes of non-
self-intersecting diagrams with no loops. Composition is gluing and then evaluating all loops to
T.

So, we propose the functor that on objects simply forgets about the signs: F((el, e ,en)) =n. On
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the crossings, we take:

(34.3)

Xl T

T

(34.5)

On everything else (cups, caps, lines), we just forget the arrows and framings. **the pictures
need improvement**

Theorem 34.2 The mapping F defines a unique covariant monoidal functor T — TL(q+ q~1).

Proof: The strategy is twofold: 1. Prove that 7 is generated by the diagrams above. 2. Prove
that the functor respects the relations.

Question from the audience: In TL(q+¢~!), it seems that you can only multiply by ¢+ ¢~ '; it
is Z[q 4+ ¢ ']-linear. But we want it to be Z[q, ¢~ !]-linear. Answer: Ok, so now we have extended
TL, and we set 7 =g+ ¢~ L.

Ok, so let’s prove the Reidemeister moves. **I’m not going to keep up with the drawings
live. Do it yourself. Be sure to check both the down-down R2 and the down-up R2.
How do we define F' in a down-up crossing? We rotate the crossing by 90 degrees, and
use cups and caps.** We did R2; do R3 as Exercise 53. O

Thus the functor produces invariants of **framed** knots, and moreover given a **framed**
tangle it produces a linear map that depends only on the topology of the tangle.

This construction depended only on the tangle. Next time, we will extend the story to framed
graphs: graphs embedded in R? x I, but with a framing. So the edges are ribbons, and at any
vertex the framings are all parallel. We will then construct invariants, but we will need slightly
more than quasitriangularity: we will need a “ribbon” structure.

Then we will need examples. Hopf algebras were invented in the late 60s, early 70s, but there
were no examples, except for Sweedler’s prototype of U;by. So the subject became dormant for
many years until U, g was invented. Luckilly, our framed graph construction will extend to many
examples.
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Lecture 35 April 24, 2009

35.1 Harold: The Belavin-Drinfeld Classification
Although the classification can be extended, we restrict to the case when g is a simple finite-
dimensional complex Lie algebra. Then:
Theorem 35.1 Any bialgebra structure § on g is quasitriangular.
We will outline the proof of this. First we state two facts:
1. HY(g,V) =0 for all V.
2. (/\39)g is one-dimensional, generated by [Q12, Q23], where € is the Casimir.

By the first statement, 4 must be a one-coboundary, as by definition it is a one-cocycle. Recalling
the Chevalley complex:

Homc(C, A\%g) LA Home(g, A%g) — ... (35.1)

So there is some 7 € A%g so that § = d; : # — [z®1+1®x,7]. Then it is a general statement that
§ satisfies co-Jacobi if and only if CY B(7) € (A*g)?, where C'Y B(—) is the classical Yang Baxter
function. We want CY B(r) = 0.

Let us use the second statement to write CY B(7). Then CY B(F) = ¢[Q12,Q23]. Then we define

r g /. Since Q is central, it’s clear that r and 7 define the same 0.

Moveover, r + 191 = 2,/c£), so if ¢ # 0, then (g,0) is factorizable. Recall, this means that r + ro;
defines a nondegenerate form on g*, i.e. an isomorphism j : g — g*.

Thus, we see that classifying factorizable structures on g reduces to classifying r-matrices with
r 4+ 191 = ) up to a rescaling.

Ok, so let T be a set of simple roots. Let I'1,I'y C T' and 7 : I'y — I's. Then (I'1,I'2,7) is a
Belavin-Drinfeld triple (BD triple) if:

1. 7 is an orthogonal bijection.
2. VYa € I'y, there exists n such that 77 (a) € I'g N\ T'y.

Example 35.1 In sl,1 (n roots), let I'; be the leftmost n — 1 roots and I'y the rightmost n — 1
roots, and let 7 be the shift map once to the right. %

We remark that 7 extends to ZI'y — ZI'9, and we get a partial order on A, where a < fif "o = (3
for some n.

Theorem 35.2 If (I'1,I'y, 7) is a BD triple, and if ro € h ® b satisfies:
1. ro+ 731 = Qo (the “b-part” of Q)
2. (ta®id)ro+ (id® a)rg =0 for all a € T'y.
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Then

Pt Y faeeat Y funes (352
aEA L a,BEA L
a<f

is an r-matriz with r + r21 = Q.

Conversely, all r matrices with r + r2 = Q are of this form for some choice of h,T, (I'1,Ta, 7).

The strategy: study r by studying the induced map f et oj : g — g (whence r = (f®id)Q).
For example, r + 791 = Q iff f + f* =id. Then CY B(r) = 0 iff for all z,y € g we have:

(f =id)[f (@), f()] = fI(f = id)(z), (f —id)(y)] (35.3)

We write 1 = id. Let’s say that both f and f — 1 were invertible — this can never happen. Then
we write = (f —1)~'2, and the same for y, and we drop the hats. Then equation 35.3 would say:

FE =D eyl = [F(F =) 2 f(F = )7 (35:4)
Of course, this is nonsense. What we can define is a map 6 which we will think of as f/(f — 1),

where 0 : Im(f — 1)/ ker f — Im f/ker(f — 1). To make clear that this makes sense, if = € ker f,
then (f — 1)(—x) = x, so the quotient makes sense.

We has another condition: f + f* = 1. Then ker f = Im(f — 1), and ker(f — 1) = (Im f)*.
Because f(z) = 01iff (f(x),y) = 0Vy iff (z, f*(y)) = 0Vy iff (x,(1— f)(y)) =0Vy iff x L Im(f —1).
We continue to play with the formula, discovering;:

Lemma 35.3 If f + f* = 1, then equation 35.3 holds iff ¢ def Im(f — 1) and ¢ def Im(f) are

subalgebras and 0 is an isomorphism.

So we started out being interested in r-matrices that symmetrize to the Casimir, and now we’re
interested in subalgebras. We say that ¢, co are the Cayley transform of f.

How does all this connect with BD triples? We remark that if g;, ¢ = 1,2 is the subalgebra
{ha;s€as fa € ZT';}, then 7 induces an isomorphism g3 — go by 7(hy) = hra, etc. So both BD
triples and r-matrices give isomorphisms of subalgebras.

Goal: construct (cq,c¢o,60) corresponding to (I'1,T'2,7), and figure out what r we get. Let’s fix

notation: each g; = n; @h@nj. Then we write ntl def (Ceq s.t. a € ZI'1) and n, def (Cfast.ad

ZI'5). We mean these to be subalgebras.

Well, so we saw a rather strong condition: ¢; D cf-. And we also want ¢; O g;. So, we chose
¢ = g1 ®nl, @V, where Vi C bi satisfies Vit C (h NVi). Then ¢f = nT; @ Vi- C ¢1, and
¢i/ci = g1 @ Vi/(Vi- N hti). Likewise, we define ¢y = ga @ n, @ Va.

We want f such that 6|g, = 7. Since 0 respects the decomposition g = n_ @ h @ n,, we should hope
that f does this as well: f = fi + fo + f—, where fi :ng — ny, etc.
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For this to work, we had better have: Im(f —1) =¢; = g1 ®n’; ® Vi, Im f = ¢o, and ker f = ¢f =
nt, @ Vi/(VihNgt) and ker(f — 1) = c3.

In particular, ker(f — 1) lives only in the negative nilpotents and the Cartan. In particular, (fy —
14) :ny — ny is invertible, and et f+/(f+ — 1) should be:

+
0 renyy

P(z) = { (z) went (35.5)

We remark that since we want ¢ — 1, = (fy — 1,)7!, then ¢, — 1, is invertible if and only if
(f+ — 14) is invertible. This gives the second condition in the definition of BD triple:

Lemma 35.4 ¢ — 1, is invertible iff Yo € 'y, there exists n such that 7" () € Ty N T'y.
Proof: If the latter condition folds, then 1 is nilpotent and (1) — 14)71 = — 37,50 ¢

Conversely, suppose that for some o € I'y, 7"(«v) € I'y for all n. Since 7 is a bijection and I'; is
finite, then eventually a = 7" () for some n. So ¢ has 1 as an eigenvalue, and so the map is not
invertible. ([l

So one we know f,, using f+ f* = 1, we can figure out f_. Figuring out what everything is, we see
that f = fo — > ,>1¢¥" +id_ + 3,,>1(¥*)", where ¢* undoes 9 on the negative nilpotents.

Moreover, we know how to get an r-matrix from f, and using this gives equation 35.2. Most of the
tools for the converse are here.

Lecture 36 April 27, 2009

36.1 Manny: Quantum GL,

Most of this lecture is from Brown and Goodearl, Lectures on Algebraic Quantum Groups.

Recall that for a field k, GLy(k) is an algebraic group. This means that it’s an algebraic variety, and
that the group structure is compatible. In particular, it’s a variety with coordinate ring — well, the
coordinate ring for 2 x 2 matrices is the four-dimensional polynomials k[a, b, ¢, d|, and to make all our
matrices invertible, we localize at D = ad—bc — so the coordinate ring of GLa(k) is k[a, b, ¢, d][D™1].
NR: So it’s polynomials in five variables, with the added condition that D = ad — bc. M: Sure,
that’s another way to say it.

Let us recall the notation from Matt’s lecture a while back. We define O,(M3(k)), the quantized
coordinate ring of 2 x 2 matrices, to be the noncommutative ring generated by a, b, ¢, d with relations
ab = gba, ac = qca, bd = qdb, cd = qdc, bc = cb, ad — da = (¢ — ¢~ ')bc. Here we either take q € k*
a non-zero element of the field, or we take ¢ a formal variable and replace k with k(q) the field of
rational functions.

We define the quantum determinant to be Dy, = ad — gbc.
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Proposition 36.1 D, is a central element of Oy(Ma(k)).

Proof: It’s enough to check that D, commutes with the generators. **Manny does this for
a¥* O

NR: This fact follows from the structure of the category of modules. It follows from the functorial
isomorphisms 1®V 2 V®1. In particular, the chain (V@V*)@V — 10V S Vel - Ve(VF*eV)
should give the fact that D, is central. Let us leave this as Exercise 54. It’s a nice way to do
it, because the same thing holds in GL,, where you can also check it by hand but it becomes
tedious.

M: Great. So we have a central element, and we now move to defining the coordinate ring
O4(GL2(k)). In noncommutative land, the noncommutative localization is doable but difficult

and technical. However, localization at a central multiplicative subset is as easy as it gets. Take my
word for it: writing things as fractions all works. So, we define Oy(GL2(k)) e Oq(My(k))[D, ],
the localization of Oy(M,(k)) at {Dy"}7%,.

B and G present a motto: “Quantized coordinate rings should be noetherian affine domains.”
“noetherian” should mean left- and right-noetherian, and “domain” should mean no zero divisors.
“affine” means finitely generated algebraic.

Then O4(My(k))[D; '] is clearly affine. Let’s check that it’s noetherian. This requires that we talk
about “skew polynomial rings”. Let R be a ring with an endomorphism o : R — R. A (left)
o-derivation § : R — R is an abelian group endomorphism satisfying:

§(xy) = 6(x)y + o(z)d(y) (36.1)
If you take o = id, you get the usual notion of derivation.
Given such 0,9, the skew polynomial ring T = R|x; 0, ¢] is defined by:
1. T is an overring of R, with z € T.
2. T=@2yR-z" is a free left R-module (i.e. any f € T can be written uniquely as Y apz™)
3. Vr € R, we have:
xr =o(r)x+0(r) (36.2)
So, if you take ¢ = id and § = 0, then you get the usual polynomial ring. This is some twist-
ing.
Today we only care when ¢ is an automorphism.

Multiplication is determined by x™r, which is a complicated formula. But an induction argument
shows that a"r = o"(r)z"+lower degree in z. More generally,

m n
(Z Tixi> (Z ijj) = 7m0 (sn)2™ " + lower degree (36.3)
i=0 =0
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From this we can prove:

Proposition 36.2 Let R be a ring. Then Rlz;0,0]| is a domain iff: R is a domain and o is
one-to-one.

Similarly, there is a noncommutative version of the Hilbert Basis Theorem, which says in the
commutative case that if R is commutative noetherian, then so is R[z].

Theorem 36.3 (Hilbert Basis) Suppose that o is an automorphism. Then if R is left- (right-
)noetherian, then so is R[x;0,d].

There are lots of examples showing that this fails if ¢ is not an automorphism.

So, if we can realize quantized coordinate rings as iterated skew polynomial rings over some noethe-
rian domain, then we win: the quantized coordinate rings will be noetherian domains.

NR: Conceptually, the skew polynomial ring construction defines a ring structure on the tensor
product. You take two algebras, R and k[x], and you build a ring structure on the tensor product.
We have seen this construction already in the case of Hopf algebras: the Double, the Smash Product.
Then the polynomiality is asking for a filtered version of this. Are there other generalizations? M:
Yes. There are skew group algebras. Normally in a group algebra the scalers commute with the
group elements, but you can do a skew version. Also when R = k[z], o0 = id, and 6§ = J,, then
R[y;0,9] is the differential operators in one variable. But I don’t know of any presentation that
puts all of these together.

Example 36.1 What about O,(Mz(k))? Well, we build B = k[z][y; 02][z; 03] by 02 :  — ¢ 'z
and o3 : & — ¢ 'x,y — y. The derivations are all 0.

Now we define 04 : B— Bby z— z, y — ¢ 'y, and 2z — ¢~ '2.

At this point, we haven’t used any derivations, but now we build 6, : B — B by = — (¢ — ¢~ ')yz,
Y,z +— 0. Then the claim is that:

Oq(Ma(k)) = Blw; 04, 4] (36.4)
O

Proposition 36.4 O,(Ma(k)) is a noetherian domain by Hilbert Basis, etc. Ou(GL2(k)) is qua
localization of Oy(Ma(k)).

Lastly, we suggest how this related to quantum SLs. In the commutative case, there is an iso-
morphism O(GLy(k)) = O(SLy(k))[zT!]. It turns out that this extends to the quantum case:
O4(GLa(k)) =2 Oy(SLa(k))[z%!]. Then in fact it turns out that

Oy(My) = Oy(SLa) — Oy(GLg) (36.5)
NR: There are connections to this and symplectic leaves. There are papers by the same authors.
Take M, xn(C), with the standard Poisson structure — it’s the structure on GL,, but this is

algebraic, so it extends, and there there is a rather explicit coorespondence between this and that
**missed**.
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36.2 NR: We give a short by useful definition

This Wednesday 4-6, everyone can make it? We're also thinking about a barbecue with the RTG
seminar. This would be next Friday, at then end of next week, which is the last week of classes.
There will be one more student lecture, which will concern the zoo of these algebras at roots of
unity, where the representation theory is almost completely different.

A ribbon Hopf algebra is a refinement of the notion of a quasitriangular Hopf algebra. It is a triple
(A, R,T), where A is a Hopf algebra, R € A®2 invertible defining a quasitriangular structure on A,
and 7 € A central and invertible satisfying:

o ¢(1)=1
o S(1)=T
e A(T) = (1®7)(c(R)R) **0 now is the flip map?**

So 7 is almost a “grouplike” element. A grouplike element in a bialgebra is g s.t. Ag =g ® g. It is
called this because of the bialgebra structure on C[G].

Another definition: A ribbon braided monoidal rigid category. We have:
rigid existence of duals
monoidal V ® W functorial
braided cyw : V@ W 5 W @ V functorial with conditions.
ribbon There exist functorial isomorphisms 7 : V= V such that:
o 71 =idy
o T4 = (T4)*
® TagB = TA® TB(CBACAB)
We will say ribbon category for a category with everything above.

For example, if (A, R, 7) is a ribbon Hopf algebra, then its category of modules is ribbon. It’s rigid
because A is a Hopf algebra, braided with cap = Pap(ma ® mp)R, where P is the flip map. And
we now set 74 = w4 (7).

Next time we will see that the ribbon structure corresponds to the twist, and so ribbon categories
allow us to represent the category of framed tangles. We will see that Upsly has such a 7, and so
its category provides invariants of framed graphs.

After this, we will study Uysls over k(q), and the culmination will be the structure of such algebras
when ¢ is a root of unity.

About this barbecue: May 7th starting around 4, ish?
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Lecture 37 April 29, 2009

We begin by correcting the signs in the definition from last time.

A triple (A, R, T), where A is a Hopf algebra and R is a quasitriangular structure and 7 € Z(A),
is ribbon if: e(1) =1, S(7) =7, and A(1) = (7®T) (O’(R)R)_l. **Later in the lecture we add
the axiom that 7 be invertible.** Then a rigid (existence of duals) braided (a crossing cap)
monoidal (®) category is ribbon if there is a system of functorial isomorphisms ¢4 : A = A such
that: 61 =idy, 04+ = (QA)*, and O gp = (9,4 ®93)(CBACAB)-
Proposition 37.1 (A, R, 7)-mod is ribbon with 84 = ma(T).
Theorem 37.2 Let (A, R) be a quasitriangular Hopf algebra. Let R = Y, a; ® [;, and define
u=>3;8(Bi)o = m"p<(id®5)(R)>. Then:

o c(u)=1

e $%(a) = uau~!
o S(w)u = us(u) € Z(A)
e Au=u® u(a(R)R)il

Proof: See the paper by Drinfeld “On central elements in quasitriangular Hopf algebras”, or see
NR’s TQFT notes. O

Let use assume that there exists b € A invertible such that Ab =b® b and $?(a) = bab~! for every
a € A. Then e(b) = 1 and S(b) = b~'. For example, let A = Uysly, and choose b = eM1/2,

Proposition 37.3 If such b exists, then (A, R, T) is ribbon with 7 = b~ u.

Incidentally, in any ribbon Hopf algebra, we can choose b = ur~!. Question from the audience:
Is it obvious that 7 is invertible from the axioms? Answer: Let’s add this property.

Example 37.1 In Upsle, we have u = >; S(5;)a; and 7 = e "H/2y e UYysly. Now, T is central, so
it must act as a scalar on any irreducible representation. So let V) be an irreducible U,sls-module
with highest weight A and highest-weight vector vy, whence Fvy = 0 and Hv) = A\v,.

Then R = exp(%H ® H) > >0 an(h)E™ ® F". Then we compute

m(id @ §)(R)) = m® < > ﬂam(h)H”Em ® 5(F)mH"> (37.1)

n,m>0 n!
—h/2)"
=Y #am(h)S(F)m H>" E™ (37.2)
n,m>0 n

Then uwvy has only terms with m = 0, since Fvy = 0, and so

wy =3 (=h/2)" \on _ =N /2,, (373)

|
S0 n!
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But this is not the action of the central element. The central element is 7 = e /2y, which acts
as

oy = e~ $AOF) (37.4)

and this is c2(A) = A(A 4 2) is the value of the second casimir for Usls on vy. Since 7 is central, it
acts by this scalar on the entire irreducible representation.

We define:
7y & e i) (37.5)
O
Corollary 37.3.1 Let us compute
(mx @) (0(R)R) = (ma(7) @ mu(7)) (ma @ ) (A(r 1)) (37.6)
= TaTu(my ® ™) (A(Tﬁl)> (37.7)
But we also have:
Atp
(my @ m,)(Aa) = Z m(a)P, (37.8)
v=[A=u|

if a is central. Therefore once we know the decomposition Vy @ V,, = @, V,,, then we have

Mn
(m@m)(c(R)R) = Y mamr 'P (37.9)
v=[A—p

The story for general simple Lie algebra is just the same as for slo, except that there can by
multiplicity in the tensor product: Vy ®@ V,, = @, (V, ® W,). Then the formula remains the same
except that Py is not multiplicity-free.

We are moving slowly towards the generalization of Schur-Weyl duality. In the classical case it is
a duality between the action of SLs and the symmetric group, and in the quantum case between
quantum SLs and the Hecke algebra.

37.1 Framed ribbon tangled graphs

A geometric standard framed tangled graph is: a pair (I, ¢), where I' is a graph with special
properties, and ¢ : I' — R? x [0,1] is an embedding of the graph. **There is a third bit of
data, mentioned later: a framing. From a previous time, this is a choice of section of
the unit normal bundle of the edges.** We demand:

e Write OT for the set of 1-valent vertices. Then ¢(dI') C (L x {0} U (L x {1}) € R? x [0, 1],
where L is a chosen line in R?. **There is a picture**

e I should have oriented edges.
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e For each vertex, the set of adjacent edges is totally ordered. **another picture**
e ¢(I) is transversal to R? x {0} and R? x {1} at the boundary, and at every vertex.

e The framing is perpendicular to L at the boundary points and is pointing to the positive
direction.

e The framing is parallel at each vertex. **a complicated picture**

A standard framed tangled graph is the isotopy class of a geometric tangled graph. In other words,
we take a geometric graph up to continuous deformations which are constant at the boundary.
There are several versions: either constant at the boundary, or you could allow isotopies at the
boundary, but the points and framings should not collapse.

These tangles form a natural category. The category of blah blah tangled graphs: Objects are
sequences of signs (e€1,...,€,), and morphisms form € to o are blah tangled graphs such that the
orientation at the boundary agrees with the +s and —s as in previous days. Composition is by
stacking: you can always choose representatives that agree at the boundary, and then you take
isotopy class. This is a standard construction in topology. It’s very hard to compose geometric
objects, because you need smoothness, but gluing topological objects is easy: you take a geometric
representative, chosen to be smooth, glue, and then take isotopy classes.

So, let us simplify this. We have already done so in the pictures **that I haven’t drawn yet**:
we replace three-dimensional objects with two-dimensional pictures of objects.

Thus, we introduce another category, the category of diagrams, and we choose it in such a way
that it is equivalent to the category of tangles.

A geometric diagram is a regular projection of a geometric tangled graph to the plane L x [0, 1].
Here “regular” means that the only singularities are double points — the crossings.

So essentially it is a graph with oriented edges with two types of vertices: special four-valent vertices
called undercrossings and overcrossings, and also the inner vertices of the graph.

A diagram is an equivalence class of geometric diagrams with respect to regular homotopies, plus
Reidemeister moves R2 and R3, and an extra move that allows you to pull vertices past cross-
ings.

Theorem 37.4 To be continued 4pm-6pm in 939.

Lecture 38 April 29, 2009, extra session 4:00—6:00pm

This morning, we introduces the notion of a framed tangled graphs. It is a category 7: objects are
sequences of +s and —s, and morphisms are geometric trangled graphs that look like **picture**,
with a rule how the orientation agrees with the signs at the boundary **and rules about the
framing that we described this morning**.
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There is another category D, of diagrams of framed tangled graphs. It has the same objects as
above, and you should think of the morphisms as regular projections of geometric tangled graphs,
with morphisms given by equivalence classes of regular isotopy and the framed Reidemeister moves:
**pictures. R2 and R3 are well-known. What I would call R% is a strand with two
opposite-oriented R1s that pulls through to the identity string.**

**We need also the rule that we can pull graph-vertices past crossings.**

Theorem 38.1 The categories T and D defined above are equivalent, meaning that there are func-
tors F': T «— D:G with FoG 2= idp and G o F = idr.

These functors are trivial on objects. On morphism, F' finds a representative of an isomorphism
class of embedded graphs such that the projection to the plane is regular and such that the framing
is always perpendicular to the plane — i.e. the representative has “blackboard framing” — and we
project to get a geometric diagram, and then we take its diagram equivalence class. In the other
direction, G picks out a geometric diagram from the equivalence class, and lifts it to a geometric
tangle, and then takes the isotopy class of the lifting.

Let us now define colored tangled graphs, colored by a ribbon category C. This is a category with
objects being sequences of pairs (A1, €1), ..., (An, €,), where ¢; is a sign and A; € C. The morphisms
are framed tangled graphs, colored as follows: we assign an object of C to each edge **agreeing
with the objects on the boundary** and we assign a morphism to each vertex. The assignment
on the vertices is as follows. Remember we had a total ordering of the incoming edges for each
vertex. Then we pick a morphism ¢ : 1 — ; B;, where B; = A; if the edge is incoming, and A} if
the edge is outgoing.

One more remark: the framing at each vertex should be compatible with the total ordering. Here
is what we mean by this. Let’s take R? with the standard orientation e; A ey. It you have a total
ordering, then there is a unique embedding of the vertex into R? such that the total ordering is
counterclockwise. Then this orientation plus the framing at the vertex should be the orientation of
R3.

Once we pick a framing, then at each vertex infinitesimally the vertex lies in a plane perpendicular
to the framing. We are now demanding that the edges arrive in counterclockwise order.

We can now also define colored diagrams. Objects are (€1, 4;), ..., (€n, Ay ), morphisms are diagrams
with edges assigned to objects. For diagrams, we require that at each vertex the edges are totally
ordered, and that this total ordering agrees with the cyclic ordering in R%2. Then we assign a
morphism ¢ : 1 — A; ® A5 ..., where as before incoming means the object that labels the strand,
and outgoing means the dual.

So we have two categories. One is the three-dimensional category 7 (C) with colored framed tangles,
and the other is a combinatoreal two-dimensional category D(C) of colored diagrams, where C is
the ribbon category of coloring. As before, we have an equivalence of categories, and this is a small
generalization of what we had before: 7(C) = D(C).

We make a side remark, which is important to CFT and **missed**. We defined these categories
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by saying that the endpoints of the 7 (C) morphisms are on special lines. There is an equivalent
category — another version of 7 (C) — where the objects are simply enumerated points in R?, and
the morphisms are “the same” as above, i.e. isotopy classes of tangles, where we demand that the
isotopies are constant at the boundary. This is a very geometric category: it is topological in R?
but geometric in R?. Then we can generalize this category to the one where the morphisms are
three-manifolds with tangles inside them, and the objects are two-manifolds with marked points.
When you glue, the geometric information of the intermediate plane disappears, because you take
isotopy class.

Well, now if you try to find a representation of this category, you have to ask: morphisms go
where? objects go where? If you move the points around, you will need to represent mj(R?
{the marked points}). In any case, the mapping from this topological/geometric category to the
topological one by putting the points along the line in order.

**the last two paragraphs should have the word “framed” sprinkled about**
Theorem 38.2 D(C) is a ribbon category.

Proof: Arnold first said: “I am more an expert in posing problems than in solving problems.”
monoidal (e1,...,6,) @ (01,...,0m) = (€1,---,€n,01,-..,0,) and 1 = ()

braiding c., =**crossing with top line from NE to SW**

ribbon The twist **again NE-SW is on top, and the loop is in the east with the open
ends in the NW and SW**

rigid We need to define the duals. We use ((el,Al), e (en,An)>* = ((—en,Aj;), e (—61,A1)>.
Then e: (A, e)* ® (A,€) — 1 is the cap, and i is the cup. O

Theorem 38.3 There is a functor F' : D(C) — C. It acts on objects as F' : (e1, A1), ..., (€n, An)) —

A @@ A, where AT f A and A- € 4* we define F(la) = ida, F(nva) =eq: AA®A — 1,

F() =141 :1— A® A*, and we define the other cups and caps using the ribbon structure. For
example, F(~4) = exq 0 (id®b: ). Here *A is the left dual of A, and A* is the right dual. The
braiding is cap **all these should be re-drawn. We let c4p be the crossing with A on
top from NE to SW, and B on bottom from NW to SE.**

The last part of the definition says how to act on morphisms from the emptyset. To the diagram
with one vertex labeled by f and all the strands going straight up to the top of the page, we assign
f:]l—>A1®A§—>....

The theorem is that the F' given above extends uniquely to a monoidal functor D(C) — C.

By the way, if the category C is H-mod, where H is a Hopf algebra, then (7, A)* = (7(5(a))*, A*),
and *(m, A) = (7(571(a))*, A*), the right- and left- duals.

Proof: Look in the book by Turaev, Quantum Topological Invariants. ([l

So now we have a tool. We have a tool how to produce morphisms in the category C. We have
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7(C) — D(C) — C, and so if we take any colored tangle, it will go to some morphism in C, and this
is an invariant of such tangles.

So this is one application. If you think about it, it produces some interesting spaces of morphisms
for C. Let’s consider morphisms of 7 (C) that near the boundary all the strands point down, and
have the same objects (A41,...,A,). Then for any such tangle, F((t) € Hom¢(A; @ -+ ® Ap, A1 ®
e ® An)'

Problem: Describe the image of all F(¢) in the algebra of endomorphisms End(4; ® --- ® Ap).
We said “algebra”: we assume that C is abelian, whence this is really an algebra, and the image
under F'is a special subalgebra. Question from the audience: These are tangled graphs? Then
of course it’s onto. Answer: Yes. We don’t want graphs. Just tangles. Let’s call the image of
non-graph tangles under F' by the name tEnd(A4; ® --- ® A,).

Example 38.1 Let C = Upslo-mod, and let Ay, ..., A, be finite-dimensional Uf,sls-mod.
Theorem 38.4 tEnd(4; ® --- ® A,,) is the centralizer of Upsly.
In particular, if A; =V = C2, then tEnd(V®") = T'L,(e"). O

Question from the audience: So what is the statement of the problem? Answer: For simple
g a Lie algebra, and C = Upg-mod, then tEnd(A4; ® A,,) is the centralizer of the Upg ~ A1 ® A,,. 1
think it has not been proven, but it must be true.

Let g be a simple Lie algebra, and fix a borel b C g, and so simple roots I' C A, C A. For
convenience, let’s enumerate simple roots. Then we define Uy g is an associative algebra over C[[h]]
generated by H;, E;, F; as ¢ runs through I', with defining relations:

[H;, H;] =0 (38.1)
[HZ', Ej] = aijEj (382)
[HZ‘, F]] = —aiij (383)

and also the g-deformed Serre relations: if 7 # j and a;; # 0, then
[[Ei, Ej]ehaij/Q, Ej]ehaij/Q o= 0 (385)

and similarly for k. This should be the usual Serre relations (adg,;)' =9 E; = 0. The symbol [,], is
the “g-commutator; we will take

[A,B], ¥ ¢AB — ¢'BA (38.6)

Next time we will give the correct definition.

The interesting and important fact about such algebras is that Uxg is a Hopf algebra with the
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comultiplication acting on generators by:

AH;=H;®1+1® H; (38.7)
AE; = E; @ "2 11 ¢ (38.8)
AF;=F; @1+ M2 o (38.9)

Question from the audience: Can you say more about the g-commutators? Answer: We will
give an example. Above are the g-Serre relations. Before Serre, one would describe g by the entire
root system. Chevalley noticed the Serre relations, and Serre noticed that they are enough.

Example 38.2 For Uysl,, the g-Serre relations are:

E?Eipy — (" + e "EiEip1 Fy + B E? =0 (38.10)

which rearranges to
€h/2EZ' <€7h/2EiEZ'+1 — eh/QEH_lEZ-) — €7h/2 (eih/QEiEH_l — €h/2EZ‘+1EZ'> E;, =0 (3811)
O

So what is important about this algebra? Well, there are many important things. But one is that
there is an important analogue of the Weyl group. And another is:

Theorem 38.5 Ug is quasitriangular with

h & " hd;
R =exp <2 Z bini®Hj) <1+Zsinh< 5 )E1®Fl+> (38.12)
=1

i,j=1

where 1 is the rank of g and a;j is the Cartan matriz, and b = (da)~!, where (da);j = d;a;j is the
symmetrized Cartan matriz. And ... are the higher terms in E, F.

Another important fact:

Exercise 55 $2(a) = e%Hf’ae_%HP, where H, is the element of the Cartan corresponding to p =
1
52 acA, Q.

Corollary 38.5.1 Let 7 = Y, 5(Bi)ase 2P, Then (Ung, R, 7) is a ribbon Hopf algebra.

Question from the audience: We motivated ribbon categories so as to compute invariants of
tangles. Is there a computer somewhere that actually does this? Answer: I can imaging two
questions in the direction you're asking. One: are these actually computable? Two: are they
useful? As to One: See the homepage of D. Bar-Natan. Two: we can ask how precise are these
invariants? And the answer is that they are still not very precise, that they cannot distinguish
certain tangles. But an important part of these tangle invariants is that they are not just tangle
invariants, but they have a long history with physics and quantum field theory.

**NR tells a story, but has declared it off the record.**
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Lecture 39 May 1, 2009

Last time we started talking about Uyg for arbitrary simple g. At this case, it is better to do a
slightly different version, called U,g. We first explain this for sly:

39.1 uq5[2

This is an algebra over rational functions C(g), generated by K +1 E, F with defining relations

K- K1
q—q7!
Then the mapping Uysly — Upsla[h™!] given by ¢(q) = "2, ¢(K) = M2 ¢(E) = E, and
¢(F) = F, induces an algebra homomorphism. Then we can easily guess that Usly is a Hopf

KE =¢e*FEK, KF = ¢ *FK, [E,F] = (39.1)

algebra with

AK=K®K AE=E®K+1QFE, AF=F1+K 'o@F (39.2)

However, they are different algebras. In particular, Uysly is not a quasitriangular Hopf algebra.
The R-matrix for Uysly does not pull back to an element in the completion of (Uysl2)®2. Question
from the audience: What is the completion? Answer: We localize near ¢: add formal power
series in (¢ — 1). But then K — 1 is not close to 0. See, the element R = exp(%H QH)(1+...)
does not come from any natural construction in Uysls. You could complete U5l to power series in
K — 1, but then you really would get back Upsle, and in particular you would lose representations
if you do this.

There are two types of finite-dimensional representations of Usly, called VY, where e = &£, and
A € Z>p. Then C§ = Cvj(e) @ - @ Cv(e). So the dimension is just the dimension of Vy the
representation of sly. The action is:

Kv)(€) = eq* 20 (e) (39.3)
Euv)(e) = e[\ + 1 —n] up_(e) (39.4)
Fude) = [+ g (6 (39.5)

Proposition 39.1 Finite-dimensional Uyslo modules are completely reducible.

Atp Vee

In particular, one can show that Vy ® Vlfl =D,y Vo

In particular, contained within the category of U,sly modules is the category Uqsly — mod™, of
objects with e = 4. It is a monoidal subcategory.
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Moreover, Ugsly — mod™ is braided. This is trivial because we can use the braiding from Upsly
evaluated at gq. The following is a simple exercise:

R = exp(%H ® H) Z 7((1 —q )"

——E"® F" (39.6)
n>0 [ ]Q'

h/2

where ¢ = e"/“. Then let’s understand the action of R on a product of irreducibles:

(12 © W) (R) = exp(oma(H) © mu(H))(a) (30,7

The E,F part is fine, because they act by Laurant polynomials in ¢. THe only problem is the
other part, and it’s only a problem because of the h/4, so we really ought to extend by scalars
Uysly — mod™ ®c¢g 1] Clg*/?).

A diagram commutes:
uq 5[2[h_1]

+
geh/? Lml Im

End@id(VO([h ", ]

Proposition 39.2 U,sl; — mod™ is braided monoidal.
Proof: Exercise 56
K¢ '+ K g
(g—q71)?
Proof: Similar to Usls. ]

Theorem 39.3 Z(U,sly) = Clc|, where c = EF +

Let us now describe the integral forms of Usls.

We will tautologically get rid of the denominators. We introduce the following notations:

A= Zg,q Y [ml, (" g™ /a-qg ) eA (39.8)
(mlg! € [mly - [1]y € A (39.9)
[ m), quq__[;f ¢ (30.11)
{K;c} d:efﬁ [K;c+1—s|, (39.12)

L PR [s]q
(39.13)
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Lemma 39.4

[K;m]q = [K; 0]~ ™ + [m]g K (39.14)
A[K;0], = [K;0],® K + K ' ®[K;0], (39.15)
S([K;0]y) = —[K;0] (39.16)
e([K;0]g) =0 (39.17)

of E" of F"
Then we define U sly the subalgebra of U,sly generated over A by p 4 .l (n) &ef W,
njq! n)q!

{K;c} and K+
r
Proposition 39.5 Uysls is a Hopf algebra over A.
Proof: We only outline the proof. You can find the details in **7%*
We have
. 2n.
{K ’ ’”} EM = g {Kq ’1 (39.18)
c c
{KC T} j ON (39.19)

Moverover, [|s commute between themselves and K. Also, there is a long inductive proof that:
EMpm) — plm) p)  (pin=1)ph=1) L pm=2) pn-2) L (39.20)

where () are counits **7** of [|.

Exercise 57 Find this relation.

For example,
EF™ = pmEp 4 ()pm=1) (39.21)

Now for the coalgebra structure. We check that A[] = > (coeff in A)[] ® []. Moreover, it is a
computation exercise to prove that

k=0
AF®) = 3 o=k ) g =nk) g (4 (39.23)
k=0 O

Did MH mention the notion of Chevalley groups last semester? **I don’t remember them, but
it seems that the answer is “briefly”.**

These are important when working over positive characteristic.
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q = 1 We define Uzsly the subalgebra of |Uusly generated by:

M

E" F"
JEM = pr = (39.24)

nl’ n!

Then Uzsly is a Hopf algebra over Z. See, the universal enveloping algebra is bad mod p:
[H,E] = 2E, and so [H,EP] = 2pEP. In particular, EP is central over F,. But in this
divided-polynomial ring, it’s not too bad: the center is still reasonable.

We will see that the same happens at roots of unity. You can either do divided powers, which is
what we did above, or you can work with the universal enveloping algebra, which is another integral
version with completely different properties at roots of unity.

Lecture 40 May 4, 2009

Last time we described integral versions of Uysly over Zlg, ¢~ ']. One of these had divided powers,

generated by E) p) {K;: C} , K*1. The other does not have divided powers, and is generated
_ _ q

by E=(qg—q "), F=(qg—q ")F,K*"

Let us call A = Z[g, ¢ '], and let us call the divided-power version U 4slo. Then the other is U 451y,

a subring of Uysl2/C(q). The only problematic relationship is [, F], and after multiplying by
(g —q ') we have [E, F] = (¢ — ¢ 1) (K — K1), so Uysly really is defined over A.

Let us turn our attention now to U,g for g simple. Let I' be the set of simple roots, which we
identity with the noes of the Dynkin diagram. We have a Borel subalgebra b C g, and let us write

a;j for the Cartan matrix (i,j € T), d; = (i, ;)/2, and ¢; = ¢%, so that qf” =q;”".

Then we define U,g to be generated by Kiil, FE;, F; subject to

y g K; — Kt
KiE; = ¢/ E;K;, KiF; = ¢; " F;K;, [E;, Fj] = (;_7(1_@1, KiK; = K;K; (40.1)
i 4
We also have the g-Serre relations:
1—aij 1— .
> (=1y { T“”} E YRR =0, i#j (40.2)
r=0 qi
and the same for F'. In particular, when ¢ = 1, we have:
1—ay;
k(1= @i\ p1-ai;—k k
> (-1) B E,Ef =Y |E;,...|E;, [E;, E}j] (40.3)

l—aij times
This is all over the rational functions C(g), but it doesn’t have to be C.

Drinfeld introduced this in analogy with sls.
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Theorem 40.1 U,g is a Hopf algebra with AK; = K; ® K;, AE; = E; ® Ki_1 +1® E;, and
AF, =F, @1+ K; ' ® F;, and with ¢(E;) = ¢(F;) = 0 and ¢(K;) = 1.

There is a whole collection of integral forms. In sly, you could for example take divided powers
in F but not in F; then we’d get a mixture of the forms in the first paragraph. It’s a perfectly
valid integral form with its own interesting representation theory. The same thing happens for
Uqg: there are two extreme examples, either with all divided powers or with no divided powers.
And then there are many intermediate forms. In fact, writing down the entire list probably isn’t
a difficult problem, but it hasn’t been done. We will list the two extreme examples, both defined
over A = Z[q*!].

divided powers We define U 4g the subalgebra of U, g over A, generated by +i() FZ-("), {
)

K{C}
q

r

K iﬂ. Well, actually we need divided powers of all the roots — we want E&n — but we haven’t

even defined F, for o not a simple root.

We make a digression, looking for E&n). To define this, we will need to understand the action of
the Weyl algebra. We understand the quantum Weyl group thusly:

Let us define B(g) the braid group for g.

Bg)=( Ti: TTyTTy... = TyTIT; . .. (40.4)

m;; times m;; times
Where we write m;; = 2,3,4,6 for a;jaj; = 0,1,2,3, respectively. If we also impose TZ»2 =1, we get
the Tits group, which for finite root systems is isomorphic to the Weyl group.

For example, for the groups of A-type, we get the usual braid group:

B(An) = (T; : TTj = TjT;, a5 # 0, T = TyT Ty, a5 = —1) (40.5)

We make the following claim: the Weyl group W(g) = B(g)/(T? = 1).

Let g be a simple Lie algebra. We fix h C b C g. Then W(g) acts by reflections on h. Rhetorical
question: can the action of W on § be extended canonically to all of g?

No. Consider sly, generated by H, E, F. Then W is generated by a unique reflection T, which acts
by T(H) = —H. We could extend this to T'(E) = F and T(F') = E, but in fact we could extend it
to T(E) = AF,T(F) = A"'E. So there is a one-parametric family of extensions.

In fact, this is the action of N(H) = Z/2 x C*, the normalizer of the Cartan subalgebra in SLy(C).
Then SL2(C) acts via ad™ on sly, and so N(H) C SL2(C) also acts naturally on slo.

Once we pick a basis, we can set T(E) = F and T(F) = E — for any such reflection, there is
unique a basis in which it looks like this.
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In any case, we pick a basis of g a simple Lie algebra, and present the action with A = 1 of W(g)
by:

T,(Ei) = —F;, T;,(Fy) = —E;, Ti(H;) = Hj — a;;H;, (40.6)
iy

TE; =Y (- B BB (40.7)
r=0

and similarly for Fj;, where EZ-(n) = E/nl.
Any standard textbook on Lie algebras or on Chevalley groups will have this.
Theorem 40.2 (Lusztig) The mapping T; defined by

Ti(Ey) = —FK;, Ty(F,) = =K' E;, Ti(K;) = K;K; ", (40.8)
= (~aij—r)
TE =S (-1~ % E " EE (40.9)
r=0

and similarly for F; (with ¢"), where Ei(n) = E/[n]y! — This mapping extends to the action of
B(g) by automorphisms of Uyg.

Question from the audience: The group acts on g, but now on Ug? Answer: It acts by auto-
morophism on g so extends to Ug. Question from the audience: But what about equation 40.77
Answer: This is the Serre relation; it really is in g, because it is primitive.

Lemma 40.3 (parametrization of positive roots) Let wg be the longest element of Wg. Re-
member that W is generated by elements si1,...,s,, where s; = [T;] is the equivalence class when
quotienting by T? = 1. Then any w can be written as w = s;, -+~ 8;,; we say this is a reduced
expression if [ is as small as possible for that w.

So, now we fix a reduced expression for the longest elements: wo = s;, -+ - Sip, where N = |A4] is
the number of positive roots.

Then the set {cu,, Siy (Qiy), SiySiy(Qis), .. } is the set AL of positive Toots.

This is a combinatorial statement, which we didn’t prepare a proof of. For example, in sl,, the
simple roots are elements E; ;1. Then s;(ai+1) = [Eiit1, Pit1,i+2] = Eiito.

Then, we now define the root elements of U,g by E y =Ti, - Ty, (Eyy ., ), and similarly

for F.

sy siy, (i ix \ g1

In this way, we define E,, I, for a € A.

But if you think about this definition, you realize that it is rather artificial. But there is no
better definition. The definition depends on a choice of decomposition of wy. There are many of
these decompositions. For each decomposition, you have a set of positive roots. All these different
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definitions agree on the first element: all the definitions agree on simple roots. This is a non-obvious
theorem.

The bad news is that the definition is non-canonical. The good news is that different choices of
the decomposition are conjugate in W(g), and the corresponding choices of positive roots are also
conjugate. So the choice is almost canonical.

Next time we will have more discussion of this, and we will give a description of the R-matrix.

K;;c ).

Now fix {E,, Fy}. Then we define U4g to be generated by {E((xn), F(g"), Kiﬂ, -
q

So this is one extreme of the definition. Well, this is a theorem that this definition works over A.
In any case, this is very important for QFTs, because at roots of unity the representation theory
of this specific integral form gives quantum Chern-Simons theory.

One final remark. The other integral form, generated by E, = (¢ — ¢~ ')E, and by F,, and Kiil.
You can check that this is also defined over .A.

When ¢ = 1 case, you can see that these are very different mod p.

Lecture 41 May 6, 2009

**We began with course evaluations.**
Last time we described two integral forms of Ug.
i (n) po(n) el Kisr
Uag , generated by divided powers of root elements E5 7, Fy’, K;-, and .
€ g

Uag , generated by E, = (qa — ¢ ) Eay Fo = (¢o — ¢, ') F., and Kiil. Here g, is defined to be
(a,0)/2
q .

others The above are two extremes, and the others should lie between them. Classifying all
integral forms has not been finished, but Noah should do it soon.

These definitions are not entirely canonical. They depend on a choice of wy = s;, - - s;,. There
are nontrivial isomorphisms relating the different choices.

41.1 Multiplicative formula for R

Everything we do works over Q[[h]]. We have Upsly over Q[[h]]. Let us define (Upsla)w to be the
algebra Q[[h]] generated by E, F, H,w, such that

wEw_l — —eh/2F, wa—l — —e_h/2E, wHw_l — _H’ w2 =T (41.1)
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where €2 = 1 (a choice of £1) and 7 is the ribbon element defined earlier. We should write the last
equation simply as (w?71)? = 1.

Theorem 41.1 The mapping A : (Upsle)w — <(Uh5[2)W>®2, given by the the comultiplication on

hH/2

Upsly and by Aw = R~ w ® w; and we extend S : w — we and €(w) =1 — these are a Hopf

algebra structure on (Upsly)w .
Remarks:

1. G acts on sly, and so on Usly via adg. Then G contains the subgroup N(H) = W x H,
and this also acts on Usly. Then W = N(H)/H, and so does not act canonically. But if
we choose for each w € W an element w € [w] C N(H), where [w] is the preimage of w,
and so has size H — if we choose representatives, then we can make ady(a), and then form
Usly x C[N(H)]. Then the defining relations is that Wz~ = ady(z). Question from
the audience: How good do we need these choices to be? Answer: We are choosing a
splitting of the semidirect product W x H. Question from the audience: Don’t we have
too many elements? Answer: Oh, yes. Any choice of splitting - : W — N(H) defines a
subalgebra (Usly, W) of Usly x C[N(H)]. Question from the audience: So we are making
this choice? Answer: Yes, the demand that (w?7~!)? = 1 pins down the splitting. It’s not
that important, but it is convenient; what’s important is that w? be central.

2. One more remark: We can add a copy of the Cartan to the quantum algebra defined above,
to get (Upsla)w x CIH] = (Usly x C[N(H)])p. In general, one can take any algebra A and
group I' acting on it by automorphisms, and build A x C[I']. When you do this as above for
slp, it turns out that Usly x C[N(H)] is a Hopf algebra.

3. (Upsly)w is not canonical. It depends on the choice of splitting. (Upsl2)w x C[H] is canonical.
The extra H lets us get from any choice to any other.

Ok, so now we replace sl by g, and choose a splitting w; +— w;, but we will leave off the -s. Then
we define (Upg)w as the algebra generated by Upg and elements w;, where we declare that

W;W;W; = WiW;W; Qi5 = -1 (41.2)
WiW;W; W5 = WjW;W;5W; Qi5 = —2 (41.3)
W W W; W Wi = Wi W; W5 Wi W5 Qi = -3 (41.4)

and also that w;aw;” ! = Tji(a), where T} is the Lusztig automorphism giving the action of B(g).
Then the quadropole (E;, F;, H;, w;) generates a copy of (Upsla)w corresponding to the root i.

Theorem 41.2 The algebra (Upg)w is a Hopf algebra with Aw; = R(i) ™ w; ® w;, where

hd; (g —q )"
n=0 4

also S(w;) = wie M2 and e(w;) = 1.
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Then this is essentially Uyg x B(g).

So sl is remarkable because the Weyl group has only one generator, and it is the longest root and
the only root. When you act by it **7%*

So, let us choose a decomposition wg = s;, - -+ 8;,,. Then let us look at wg = wy, - - - w;,. If we are
lucky, maybe, we could hope that

Aty = R~V @ il (41.6)
If this is true, then we would have a wonderful product formula:
Awiy) - Awiy) = R g, - wiyy @ wiy -+ - wiy (41.7)
But the left-hand-side we can express:
(R(i1) " ws, @ wi, ) -+ (R(in) M wiy ® wiy) (41.8)

Then we move the factors of R past the w;s, and then cancel the w;s. Then we would see that
the universal R matrix could be expressed as a product of slo- R-matrices, twisted by the w action.
Remember that we said that the roots are given in terms of the decomposition by twisting the
decomposition by reflections. Then if everything works we would have

R = R(ei,) ™" R(siy (i)™ -+ R(siysip - sin_y (Qiy) H R (41.9)
a€A+
where in the last expression the product is ordered by the decomposition of wy.
So this would be wonderful. But we have to deal with the question mark in equation 41.6.

Well, it is false. But it is almost true. What is actually true is if we take out the part of R that
goes with the Cartan.

~ .~ 1\n
Let us define R(i) = exp(—hfiHi ® H)R(1) = Y02 ME? @ F'. Then we define w; =

[n]qi'

h(i
e 8sz Then

Aw; = R(i) " w; @ wy (41.10)
Look in Ch. and P., or in Korog. and Soib.

Theorem 41.3 Awg = R 1byQuy, where wy = Wi, - Wiy, and R = exp(% Zij(B_l)ini(X)Hj)R,
with B;; = d;a;; and so that R is the “nilpotent part” of R.

h
Corollary 41.3.1 R =exp (4 Z(B )ijHi @ H; ) H R(a

ij a>0

Here the order of the product and also the multiplicands R(a) depend on the decomposition, but
the total product does not.

Rla) =" MB” ® " (41.11)

n>0 [n]qQ :
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Let us say something about the theory over all. We have presented it without proofs, and this is
fine.

1. One can do it completely algebraically: Uyg = Uy(ny) @UH @ Ug(n_), generated by E,, Kiil,
and F, respectively. This works when ¢ is generic.

2. One can specialize ¢ — €, where € = 1, i.e. € is a root of unity. Then the representation is
completely different, and there are two extremes. On the one hand, the representation theory
of Uy, with divided powers, is a lot like the theory of Chevalley groups, which are Ug over
F,. The other, U4, has very large centers. There is some duality between these.

3. Lastly, one can chose ¢ € C, and try to build a x-structure on the algebra a — a* that is an
algebra antiautomorphism — (ab)* = b*a* — and is C-antilinear — (\a)* = Aa*. Then you
can ask for s-representations, i.e. representations with a C-antilinear bilinear form, so that
we have a notion of Hermetian operators: we ask for 7(a*) = 7(a).

Then such * structures exists for ¢ € R and for |¢| = 1, and these are different. They are
related to Harmonic Analysis on Lie groups, but haven’t been developed.

By the way. On Friday, the whether is kind of strange. We will have pizza at the pizza place on
Oxford. It is called “Orso”, and they have good pizza and good beer. 6pm.

Lecture 42 May 8, 2009

42.1 Dan HL: Quantum sl, at Roots of Unity

We follow Chari and Pressly, chapters 9 and 11, and also Kassel has a nice treatment.

Notation, we write A = Z[q, ¢!] and U = Usly. Then we define U, the algebra over Q(q) generated
by E,F, K* with KEK' = ¢, KFK~' = ¢ 2F,and [E,F] = (K — K~ ')/(¢g—q'). Thisis a
Hopf algebra over Q(g), but the presentation does not makes sense under specializations ¢ — 14/,
So we introduce other presentations that specialize better.

Let us do the “restricted” one. We define U7 to be the A-subalgebra of U, generated by K * and
also the divided powers E(™ and F(. We also have the upper- and lower-triangular parts: Z/{;QZSJr

generated just by E(™) L{;eg_ generated by F(™ | but now the 0 piece needs all these weird brackets:

K- r K c+1—s _ K—l s—1—s
u;eio is generated by K* and { r,c} = I I 4 — d . In the full algebra, these extra
’ . q° —q
=1

S
weird brackets are commutators of the divided powers.

Theorem 42.1 {E™}  are a basis over A of Z/{(f;r. {F(™M}2  are a basis over A of Wz -

r r
A-modules.

{{K;O} K {K;O} 120, are a basis for U™, The multiplication gives U~ @ U’ @ UT — U of
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NR: This, and especially the last line, is the PBW theorem.

We will continue to quote facts, which are all checkable or are in Chari and Pressley.
So, U® @4 Q(q) = Uy.

From here on out, we pick € a primitive /th root of unity (I is odd).

Then we define U7 def T ®A Zle]. And U def 7 ®z19 Q(e). This inherits a Hopf algebra

structure all the way through, ad we will turn our attention to its representation theory.
Proposition 42.2 In U!*, E'=F'=0, K* =1, and K" is central.

Proof: KEK~! = ¢*E. Moreover, we have EV) = E!/[l],!, and we clear denominators: E! =
[1,/EW. But the g-factorial [I],! goes to 0 when g — 1'/!. The rest of the claims are similar. O

Some things stay true in the specialization. E.g. PBW theorem. But we will come back to
this.

In the rational Hopf algebra, there are relations between the divided powers. For example, B E() =
[mts] EO+s),
r g

Let’s divide r by I: » = rg + lr1, where 0 < ry < [. Then

(Dyr
B0 — g (E7) (42.1)

7"1!

Then U™ is generated over Q(¢) by K¥,

KT’ 0} for 0 <r <, and E® and FO.
q

NR: Over Q, isn’t the bracket generated by K7 NR: Shouldn’t there be more of the Cartan?

Well, CP treat it a little differently. They say that there is a finite-dimensional Hopf algebra Z/IE%
generated by E, F, K*, and:
Uy — urs s Uy (42.2)

where the last map is a characteristic-0 analogue of the Frobenius. It takes

K—1
/D
0 BT Alr
BT = { 0, else
{KZ 0} —H

Then equation 42.2 is exact in the sense that the kernel is the two-sided ideal generated by the
augmentation ideal of Ug%.

In any case, PBW applies to Z/[E%, soits basisis E©), ..., pU-D pO  pl=1) {K;O} ey [lKﬂ K [KO;O] e

132



Oh, one thing. There is a rational Frobenius map. When we write Uz in equation 42.2, we mean the
thing defined by Chevalley: the integral subalgebra of the thing over C generated by the divided
powers.

So, even though the ring is not a product of the two outside guys in equation 42.2, the representation
theory will still split into those two pieces.

Because K2 = 1, in any finite-dimensional representation K acts semisimply with eigenvalues +¢”.
So you use it the same way you use the Cartan element in sls to pull apart a representation.

We say that a representation is Type Iif K' = 1 in the representation. To consider just Type I is no
loss of generality. Indeed, there is a one-dimensional representation where K! = —1, so tensoring
with it will get the other irreducible representations.

NR: This sign is very important, and is related to the theory of Poisson Lie groups. In any Poisson
Lie group, there is factorization similar to the upper-triangular and lower-triangular. But then you
have to decide where to send the diagonal. The standard decision is to take the square root, but
there is an ambiguity 2%, because you have to fix signs in the square root.

Sure, but to understand the representation theory, you can bounce back and forth. NR: Yes, there
is a Galois theory.
So, a lot of the proofs are just like in the usual Lie theory. We have the following result in analogue

to classical sly: E® and FU act nilpotently, and [KZ;OL has integer eigenvalues. Idea: decompose

V' = @mo.my Vimoymy» where K = €™ on Vi m, and [KZ;OL — my is nilpotent. Then E® and FU
raise and lower the indices, and if we’re finite-dimensional, they must be nilpotent.

So, say m = mg + lm;. Then define V,,, = {v € V s.t. Kv = ™0, [@L v = mqv}. Then it turns

out that we can completely decompose V = @,,ez Vim- So this is a little stronger than before: now
we're saying that the bracket is diagonal.

NR: So EW, FU and the bracket are an sly-triple.

So you push through the sls representation theory. What you find out is that for each m € Z, there
is a unique irreducible module V'**(m) with highest weight m, and each is of this form. Moreover,
as U ® modules we have:

Ve (m) = V% (mo) © VIS (Ima) (42.3)

Moreover, restricting V" (mg) to U™ gives an irreducible module, and V***(Imy) is isomorphic to
V(m1) under the Frobenius map.

So the representation theory is complete.

List of Homework Exercises
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