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Abstract

The Batalin-Vilkovisky approach to integration converts the question of computing expecta-
tion values into a question in homological algebra, and reinterprets the asymptotics of oscillating
integrals in terms of (quantum) deformations of (derived) intersections. The move to homological
algebra makes these computations tractable by combinatorial means — a special case includes
the Feynman-diagrammatic description of Gaussian integration. In this talk, I will try to ex-
plain both the derived geometry and the homological perturbation theory. Most of this story is
known to experts, and a little of it is joint work with Owen Gwilliam.
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For now, let X denote a compact (finite-dimensional) real manifold without boundary. More for

convenience than necessity, I will also assume that X is oriented. Then let p € Q*P(X) be a

nowhere-vanishing smooth measure on X. Our primary goal is to understand the map that sends
_ S iu

a function f € €°°(X) to its expectation value (f) = T By “understand” I mean a number of

things. For example, often it happens that f,  depend on some parameters, and I would like to
compute the asymptotics as those parameters take limiting values. I would also like definitions and
formulae that lend themselves well to generalizations (smooth Artin stacks, infinite-dimensional
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manifolds, singular varieties, etc.). We will approach this question of “understanding” from a
homological-algebraic point of view.

1 Expectation values as homological algebra

The beginning of Batalin and Vilkovisky’s story is well-elucidated by Witten in [Notes on the
antibracket, 1997]. I will write top for dim X. Recall that Q%P (X) is really the last term in a chain
complex (Q°(X),d), and that [y : Q*°P(X) — R is a chain map, meaning that it vanishes on exact
forms. (It vanishes on all non-top forms; that it vanishes on exact top forms is Stoke’s formula,
since 0X = (.) It is convenient to regrade Q° so that [, be a degree-0 map, so we will work with
a complex whose degree-k part is Q*P~*(X). In writing —k rather than k, I have also switched
the sign convention, so that I am working with homological rather than cohomological gradings:
the differential d decreases degree. Nevertheless, I'll still write H® rather than, say, H,, for the
homology of any complex.

Anyway, the fact that [ is a chain map almost pins it down. Indeed, suppose that X is connected.
Then H°(Q'*°P~*(X)) is one-dimensional, and so [y is determined up to multiplication by a real
scalar by the dimensions alone.

Actually, we’d really like to study the map f ~— (f), which is built out of [y and a choice of
measure p. So what we’d really like is a complex whose degree-0 part is ¢°°(X), rather than
QP(X); it should be isomorphic to (Q'°P~*(X),d), with an isomorphism that extends the map
f = fu from € to Q©P. I will describe this complex in a moment, but let’s see first how it
“solves” the problem of computing (f). If X is connected, then H°(this complex) will be one-
dimensional, and by construction (-) will be a chain map to R. So (-) will be determined up to
real constant, but by definition (1) = 1, so (-) is uniquely determined. If X is not connected, then
still (-) consists of “finitely much” information, namely the “probability” of being in each piece of
X. (The un-normalized map f + [ fu is determined by the same complex and the “finitely much
information” consisting of the “volume” of each piece of X.)

So what is the complex we will write down? Recall the algebra MV*(X) = T'(T"*X) of anti-
symmetric multivector fields on X. It is a Z-graded (super) commutative algebra with A as the
multiplication. The degree-0 elements are functions on X; the degree-1 part is vector fields; etc.
Then the measure p determines an isomorphism as graded vector spaces of MV®(X) = QtP~*(X).
For e = 0, this map is “multiply by p : €°°(X) — Q%P(X)”. When e = top, the map takes a
top-degree multivector field and pairs it with p in the antisymmetric way extending the pairing
I(TX) ® QYX) — €°>°(X). In general, we have a map

T®e ® (T*)®t0p N (T*)(X)(top—o)

by taking the antisymmetric average over all possible contractions, but this clearly factors through

the antisymmetric parts
TA® Q (T*)/\top N (T*)/\(top—.)
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Atop

and then we plug p into the (T*) slot.

In local coodinates, u = p(z)dz! A--- A dz'°P, and it takes the section 91 A --- A O € T(T™) to
p(x) dzPtL Ao A dat°P maybe with some signs and combinatorial factors. In a bit, we will want
to work with partial derivatives, so rather than using the symbol 9; € T'(TX) for the section %, I
will call this section &;.

So this is our desired isomorphism g : MV*(X) = Q©P~*(X) of graded vector spaces, and we
can use it to move the differential d to A, = p~*odop on MV*(X). As we said above, if X is
connected, then (-) is (the restriction to MV of) the unique chain map (MV®(X),A,) — R that
sends 1 to 1. I want to point out that the map A, is invariant under changes y — apu for a € R*,
because we multiply and divide by it. I’ll come back to this point in a bit.

2 Some Gerstenhaber geometry

The isomorphism is not a map of algebras, and A, is not a derivation of the wedge product on
MV?®. So (MV*(X),A,) is not a dga. The remarkable fact is that A, is a second-order differential
operator, which vanishes on 1 (since p is d-closed) — this is why I call it “A”, and in general
it is the BV Laplacian. Indeed, its principal symbol (i.e. the symmetric biderivation defined by
P(f.9) = Au(fg) — (Au(f) g+ f Au(g)), with the appropriate signs since we’re in Z-graded/super
land) is precisely the Gerstenhaber / Nijenhuis-Schouten bracket on MV*®, which is the extension
qua derivation of the bracket on vector fields.

Indeed, this can be checked directly in local coordinates. It is a theorem of Moser’s that for any
smooth measure u there exist local coordinates {z'} with p = dz! A ---d2'P. Locally in these
coordinates, MV®*(X) = €°°(z!,...,2"P)[¢1,. .., opl, Where the & variables are in homological
degree 1, and hence are fermionic. Then

AW (f(a:) Hfz) =pu'd <f(m) <H da:Z)) =pt (Z g;;dxj Hdﬂ) =
iel igl J iZl

0 0?
X8 T 6= 00 (/0 T

i€, i#j icl

The principal symbol of }~; 613728{]_ is the symmetric biderivation }7; (% ® a%]_ + (%_ ® %). A
little thought shows that this defines the Nijenhuis-Schouten bracket in any coordinates. (If you
shift e ~> e — 1, so that the bracket has homological degree 0, then to do the shifting you really
tensored with a one-dimensional vector space in homological degree 1. But “symmetric” for odd
vector spaces is “antisymemtric” for even ones, so the bracket really does have the statistics that
you think it has on the underlying vector space, but “internal to the category of graded vector
spaces” it is symmetric.)

I’ve been writing MV*®(X), but of course anyone in our “Witten in the 80s” seminar will recognize
it as the algebra of functions on the supermanifold 7 T* X, the odd cotangent bundle. You know that
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T* X is symplectic in a canonical way. Well, 7T*X is also “symplectic”, except that the “Poisson
bracket” is actually this Gerstenhaber bracket P. Then A, is a second-order differential operator
on MV*(X).

I will leave as an exercise checking that A, although not a derivation of A, is a “Lie derivation”,
meaning that it is a derivation of the bracket P.

Here is a question: what happens when you switch p +— e®u? Then Ags, also has to satisfy the
conditions above: it is a second-order operator with principal symbol P; it is a derivation of P; it
vanishes on 1. It follows that A.s, — A, is a vector field on 7T*X (i.e. a derivation of MV*(X)
as an algebra), which should be a “symplectic vector field”. An easy calculation shows that this
vector field is precisely the Hamiltonian vector field P(s, —).

Running this argument in reverse, we see that the space of second-order operators A satisfying
the above axioms is an affine space, and is a torsor for the space of symplectic vector fields on
7w T*X. We should now remember that not all symplectic vector fields are Hamiltonian, although
locally they are. Similarly, not all BV Laplacians (second-order differential operators A satisfying
A(1) =0, A is a derivation of P, and the principal symbol of A is P) on 7#T*X come from measures
on X — the ones that do are a torsor for the Hamiltonian fields (because any two positive measures
are related by es°mething) - This isn’t too surprising: A, only sees p up to overall scalar, and so
exists even for “measures” that change by a scalar as you move around X. We have almost proved
a theorem of Koszul’s: the space of BV Laplacians on 7 T*X is canonically isomorphic to the space
of flat connections on the line bundle (T*)"°PX. (A generalization for Gerstenhaber manifolds
whose algebra of functions is generated in homological degrees 0 and 1 is due to Ping Xu.)

3 Some derived geometry

One problem that often comes up in physics is to understand integrals of the form [y exp(s/h) p for
some manifold X, measure p, and action s € €°°(X), where h is a physical parameter. (Depending
on context, maybe I want i to be negative or pure imaginary or ....) More often, one wants
to understand expectation values f — (f) = [ fes/"u/ [e/"u. When X is connected, we have
seen that to compute such expectation values, it suffices to compute the differential on MV*(X) =
¢ >° (7 T*X) that corresponds to es/ . (Well, “compute” might be an overstatement, but we’ll come
back to that.) Suppose that A, is “known”. Then we have seen that Aeypis/nyy = P(hts,—) +
Ay

All we really care about is (MV*(X),P(h~'s,—)+A,) as a chain complex. So if  is invertible, we
can just as easily compute the complex with differential P(s, —)+hA,. If h>> 1, then h™1P(s, —)+
A seems like the correct differential to use. If & < 1, then P(s, —) + hA, seems more reasonable.
Let’s focus on the situation when h < 1. For example, perhaps we’d like to compute explicitly the
h — 0 asymptotics of (-).

As a warm-up, what happens when i = 0?7 I.e. what is the complex (MV*(X),P(s,—)) for s €
€¢>*°(X)? Recall that MV*(X) = €*°(7T*X) is a commutative (super) algebra. Since P(s,—)
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is a derivation (it is the Hamiltonian vector field for s), it makes 7#T*X into a @-manifold, and
an object of (commutative) derived geometry, which is the “algebraic geometry” of commutative
dgas.

7

The word derived in “derived geometry” means to do algebraic geometry, but every time you see
a tensor product, take the left derived tensor product instead. What I mean is the following.
Suppose that X,Y, Z are affine schemes, with closed embeddings X — Y and Z — Y. Then the
intersection X Ny Z is precisely the tensor product O(X) ®oyy O(Z). Indeed, intersections are
a form of fibered product, and we will start to conflate the two. In the derived world, you do not
take intersections, but derived intersections.

I claim that 7T*X with the Q-structure P(s,—) is an example of a derived intersection of two
Lagrangians in a symplectic manifold: namely, it is the intersection of the zero section X «— T*X
with the section ds : X — T*X. The derived intersection is precisely (spec of) the derived tensor
product

T ({p = 0}) Do (1-x) € ({p = ds})

where p is short for the fiber coordinate. To compute this, we should resolve one of the two
tensorands by projectives.

As a warm-up, let’s resolve {pt} — V by projectives, where {pt} is mapping to the origin in the
vector space V. This corresponds to the €°°(V)-module structure on R in which the generators
ol o8 act by 0. (I have picked a basis vy, ..., vqm of V, and the dual basis is v!, ..., pdim in
V*.) Because I'm not very good at algebra, I'll just use free modules for my projective modules.
Then in homological degree 0 I'll put €°°(V'), the free module on the generator 1 € R. I want the
homology to be R = (v = 0), so in homological degree 1 I'll put the free € (v, ..., v4™)-module
on the basis ¢!, ..., ¢%™ where the ¢* are dummy variables with homological degree 1, and the
differential I'll use is ¢’ — v*. Ok, this still have kernel, of the form z'v/ — 27v*. So in homological
degree 2 T'll put the module generated by symbols {¢‘¢’}, with the convention that ¢'¢/ = —¢7 ¢,
and the differential sends ¢'¢) = —@J ¢’ to z'v? — 27v’. You can see where I'm going. At the
end, my complex is precisely € (v', ..., 0™ [¢!, ..., ¢4™M] as a graded commutative algebra, with
differential )", :UJ a . This is precisely €*(V & 7TV)

You can do exactly the same argument for vector bundles. The inclusion {p = 0} — T*X has
a resolution by projectives as the Q-manifold (T* @ 7 T*)X, with the obvious differential, and its
obvious bundle structure over T*X. Now it’s clear how to intersect this with {p = ds}. Write
the coordinates on (T* @ #T*)X as x on the base, p on the T* fiber, and £ on the 7 T* fiber.
Then intersecting with {p = ds(z)} kills the p coordinates, but leaves the £ coordinates untouched.
The differential was . pj(%_. Setting p; = g ~ leaves us with the manifold #T*X with differential

- Bt ag =P(s,—).

As an aside, what’s the intersection {pt} Ny {pt}? It is not {pt}, but rather 7V with the zero differ-
ential! You can tell that {pt} is the wrong answer, because when computing derived intersections,
codimensions add exactly.

Anyway, the general picture of perturbative BV integration is this. We start with a symplectic
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manifold T*X and two Lagrangians {p = 0} and {p = ds}. We take their derived intersection,
getting a zero-dimensional derived manifold (7 T*X, P(s, —)) which comes naturally equipped with
a Gerstenhaber bracket P. Now we try to “deform” or “quantize” or “perturb” this manifold into
something “noncommutative” (not even an associative algebral!) by modifying P(s,—) by adding a
BV Laplacian hA, where the most important things are that A commute with the bracket and that
it be a second-order operator with principal symbol P. Choices of such A correspond, more or less,
to choices of measures on X. Note that this story has a chance of making sense in vast generality:
X could be a derived space itself (e.g. a derived quotient), or it could be infinite-dimensional
(if you understood infinite-dimensional symplectic/Poisson geometry), or T*X could be some old
symplectic manifold with some Lagrangians in it, or #T* X could be the basic data, or . ...

4 Example of homological perturbation: Feynman diagrams

In this section I will describe joint work with Owen Gwilliam. Probably the experts know it already,
but we could not find it written anywhere, so we wrote it up and put it online.

We consider the manifold X = R" with action s(z) = ¥, a;;a'a? /2 4+ Ab(z), where \ is some
“small” parameter, a is nondegenerate, and b is cubic+higher at the origin. We would like to know
everything there is to know about the (degree-zero part of the) corresponding complex € (z*)[&;],

with differential aijxia%j + A 68; 8%1- +h 8:1:(228&' Note that the homological degree is the polynomial

degree in the odd variables &;.

Every degree-zero function is closed. Which are the exact ones? Given f7(z)¢;, we compute:

ofi(x)

ob .
At A+ h f? :
7 aIL’Z

9¢ 0z 9§ 8:1:1'8&) [fj (x)gj} = ajjz’ f7(x) + /\8:1:

Since a is invertible, if f(0) = 0 then we can write f(z) = a;;2’ f/(z) for some functions f7(z). It
follows that for any € (z*)[¢;] we have

(x)+h

( .0 b 0 o2
ai; T

f(x) = f(0) + (higher degree in A) + (higher degree in h) mod exact.

One can write explicitly the higher-degree terms, and iterate the procedure. Then f(z) = some
formal power series in A, i. In fact, this power series has the property that one can specialize either
A or h so long as you keep the other as a formal variable. When writing the power series, it is
convenient to organize the combinatorics, and they are precisely (and somewhat automatically)
organized by the usual Feynman diagrams. By a spectral sequence argument (or simply by inspec-
tion), the homology of the complex is one-dimensional. So this power series is the unique number
(f) € R\, h] solving (f) = f mod exact.
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5 Using homological perturbation theory

There is a much more general machine, which is less combinatorial but also computes to all orders
the asymptotics of solutions to (f) = f mod exact.

Let X be a manifold and s € €°°(X) an “action” function. As before, we are interested in the
complex € (rT*X) = MV*(X) with the differential P(s,—) + hA for some BV Laplacian §. We
expect this to be “controlled” by the derived critical locus (%‘X’(WT*X ), P(s, —))

If the intersection {p = 0} N {p = ds} is transverse (or even if not, if you’ll take the following as
definitional), then

restrict : (%OO(WT*X),P(S, —)) — <(€°°({ds =0}), 0)

is a homomorphism of dgas, and a quasi-isomorphism. Since the codomain has no differential, this
is a quasi-isomorphism of the complex onto its homology.

We can choose a splitting of this map as chain complexes (although not, in general, as dgas). For
example, it suffices to trivialize the tubular neighborhood of {ds = 0} inside T*X. Moreover,
choose a homotopy. Then we find ourselves in the following position:

L ¢ (M, 0) Dn

where L = € (nT*X), (M,0) = (MV*®,P(s,—)), ¢ is the restriction map, and ¢, n are choices. We
ask these to satisfy:

w=idg, ¢u=idy —[0,n], wm=n"=np=0
The last few equations are called side conditions.

Suppose now that § is any small perturbation of 9, in the sense that 9 + ¢ is a differential for M
and (id — nd) is invertible. Then the homotopy perturbation lemma says that

) 4 o(id—ns) 1t
(L,con(id —dn)~" o ¢) = (M,0+9) D n(id—ém)~*
id—dén)~to

is also a homotopy equivalence.

The homological perturbation implements the following geometry. Recall that ¢ : M — L is the
restriction to the critical locus, and we have seen already that the perturbation § = AA encodes the
measure. The deformation ¢ o (id — n§)~! : M — L has the interpretation of “integrating over the
fibers” if the homotopy corresponded to trivializing the tubular neighborhood. The new differential
essentially amounts to a “measure” on the critical locus.

Put another way, we are interested in describing explicitly the (hopefully unique) chain map (M, 0+
§) — R. We have constructed a quasi-isomorphism (M,d + &) — (L,¢ o n(id — dn)~! o ¢), and
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generically the complex L = ¢°°(nT*{ds = 0}) is much smaller than M = ¢°°(7T*X). If through
potentially some other means we can construct the map L — R, we win.

6 Why this is useful

The primary application, of course, is not to finite-dimensional integrals. In problems of physical
interest, X is an infinite-dimensional manifold, and there is no hope of making analytic sense of
a “measure” on X. What we can do, usually, is describe MV*®(X), and sometimes it makes sense
as a Poisson algebra. Then we might try to define a “measure on X” to be a BV Laplacian for
MV*(X).

Moreover, often the infinite-dimensional manifold X comes equipped with an action whose Taylor
coefficients are elliptic operators. Then the complex L = Hqo(MV*(X), contract with ds) is finite-
dimensional. So if we have found a suitable BV Laplacian, we can determine the expectation values
up to the finite-dimensional space of chain maps L — R. For many problems that you thought you
needed an honest integral for, this is good enough.

We conclude by remarking that in addition to potential generalizability to infinite-dimensional
spaces, the BV description of the problem of finding (asymptotic) expectation values makes perfect
sense in the world of derived stacks. Recall that 7T*X was a “derived intersection”, in the sense
that in a certain construction, a tensor product was replaced by a left-derived tensor product.
A derived stack is similar: to quotient a space by a group action can be written (on algebras of
functions) in terms of hom, and we instead use the right-derived hom. In this way, BV integration
is a “generalization” of BRST integrals (which we have not discussed today, but have discussed
recently in the “Witten In The 80s” seminar at UC Berkeley). But it is my opinion that those
who say that “BV is a souped up version of BRST” are mostly wrong: what’s actually true is
that BV and BRST are largely orthogonal, but both consist of generalizations of integration that
have a chance of working for derived stacks (and potentially for infinite-dimensional manifolds),
and that both rely on (or at least are most naturally worded in terms of) super/graded/derived
geometry.
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