
 1 3D Topologicalgauge theory

The past decade led to an understanding that

3D topological gauge they A model

is controlled by
Hyperkahlerspaces closely relate to the Toda system

key stepsalong the way

Seiberg Witten on 3D gauge theory for Su 21
Argyles Farag i et al for suint
Seiberg a Intriligator on 3D mirror symmetry
Witten Hanany on Coulomb branches
Bezrukarnilov Finkelberg Mirkoric
Topologicalconstructionof TodaspacesfromaffineGrassmannian
Your distinguishedspeaker on Gromov Witten boundary andus
Bulli more Dimofte Gaiotto abelian Coulomb branches
Braverman Finkelbug Nakajima polarized matter
Braverman et al proposal forquaternionic matter
l l construction it

Template QFT moduli spaceof vacua ill
controls lowenergyregimeoftheory

In Susy gauge theories Coulomb and Higgs branchesof M
3D X hyperkahler with G action

Higgs X g Coulomb Toda G quantum
corrections



representation X

2 Refresher on the Toda spaces 13,4 Gid

Classical ItPeriods Ky
Hyperkahter manifolds orbifoldst with
completely integrable abelian group structures over

13 Belly tew 94 Gallo To W

Abelian cases T Ter Ta x Ter
Hk Itm
HamEYE

General affine blow ups ofWeylquotients
to It63 Gid HI RG

Pontryaginproductby Gid KE R 1
BFM

Hopf algebras over HI KE

Boundary conditions for the 3D gauge they
come from symplecticmanifolds w Hamilt G action
They define Lagrangians in the Toda spaces

Eg representation Y Lagrangian an graphs of

423 Ilm us Jet
y
exp law

T

Ta F H I I m EYETE GLSMSuperpotentials
for V GM m mass parameters



3 Main Theorem on Coulomb branches 63,4 Gi E

G compact connoted Lie gp E quatunionic rep
polarized means E V04

Nakajima Bulli men Din ft Gaiotto yours truly
Braverman Finkelberg Nakajima Braverman et al

I Them exist constructible equivariantcoefficientsystems
Ite Ke over the loop Grassmann ian Gage 1648277

MEEEE
2 They are Ez multiplication under Pontryaginproducts
and the in equivariant cohomologies b u Gi E an E3
Poisson structures ofdegree 2

3 They are multiplication in E HE 07 HE F

so 93,4 GE x 83,4 G FI 83,6 Gj EOF I

4 Non polarizedÉtezuin the removal of obstructions
5 HECRGHE and KE RG TE an birational to

63 by and are expiate to be the Coulomb branches fr EG

6 Abelionization 83,4 GE I 83,6 IT E Din W

if E contains the roots of of

7 Polarized case construction from Glsm boundary and
a



4 Construction of Coulomb branches polarized case

Physics Nakajima B F N B D G

Moralconstruction E Y Y choose one of them

PR tweak

Get an index bundh H H IP Pg V along P
over the moduli BunaKP Nfa of holomorphi
Ga bundles on IP

cheat

Build the linear span Ly Spe sym of its indexsheaf

Get coefficient systems He Be by fuming cohomology
with compact vertical supports

shift the strata of Bung P by fiberwise Eulerclasses

Morally 13,4 GE StecHE RG Ht 74

Product structure is expected to come from the
3D pair ofpants by solving theDiracequation with
prescribed boundary conditions

Med spanofsolution T
in El

s
Buna Pt xBun AP BungUP



5 Algebraicgeometry rewording BEN

The analysis for the respective Dirac esuation is
not complete but an alternativedevelopedby BEN
exploit the Rx a splitting of 113 to reduce the
Dira ez to F and hence to complexgeometry

See paper fr details but an tiny sphere instead of P
two copies of the disk glued away from O

Toduli of Ga bundles Gala
1271 loan

is the same homotopy type do as Buno P

Multiplication can bedefinedby Hecke correspondences

6 Theorem Global structure polarized case

63,4 Gi Vox't is obtained bygluing two copies of
13,4 G o sheared by the Lagrangian shift exp dw
For the G LSM potential W

Reformulate 63,4 Gmt Toda base t T W
has two Lagrangian sections from Y Y'twhose ratio
is the said Lagrangian shift and it is coveredby the
two Toda chants definedby these sections

quasi ton calculus for Toda group scheme



7 Non polarized case

Invoking the earlier construction fr E instead of V
leads to the doubled Coulomb branches l3,4 GEDE

So the problem is to extract square root A HEE KEE
that is of fiberwise Euler classes

Away to cut a complexspace in half by a real structure
KOSKuInvestigate BU

B G É BI re Es Eko Is Ike
G map

A polarization of E would give a lift of ME to KU
Obstructedby yo SEE e ko

In any case we'd want an Ez lift so obstruction

really is BG Bsp I 2316

seems unhelpful until we recall that
we don't need a complete lift
Just enough to build the coefficientsystems

So the obstruction is the image via 24J into

2404 H2 or I Ch Ku or 2964 IG



For cohomology obstruction clan in H BG 2 2

Wi and is Cale mod 2 Wy E

For Ko theory a secondary obstruction re 451139242
wa is defined if Wy E 0

For KU theory the 2ndobstruction is Bre 461Boi Z
Ws Essentially IG E

theorem nasty calculation

If G is connected and Wyle D then Br 0

Fails fordisconnectedgroups

Improvement Om can weaken the obstruction to

Wa is the square of a clan in H2139 2

One can even reduce to the obstructionpredictedby
Ed Witten Wy has a square root e H 13922

af the price of collapsing
the cohomology grading mod 2

22 5

136 É BS I 212 4

homologygrading E 3


