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1 Intro duction

In thesenoteswe proposean approad towards enriched elliptic objects over a manifold
X . We hope that once made precise, these new objects will becomecocyclesin the
generalizedcohomologytheory tmf (X) introduced by Hopkins and Miller [Ho], in a
similar way as vector bundlesover X represem elemens in K (X ). We recall that one
important role of K (X) is asthe home of the index of a family of Fredholm operators
parametrizedby X, e.g.the family of Dirac operatorsofa b erbundleE ! X with spin
b ers. This is the parametrizedversionof the A?-gerus in the senseahat the family index
in K (X) reducesto the A’-gerus of the b erif X is a point. Similarly, oneimportant
role of tmf (X) is that it is the home of the parametrized version of the Witten gerus
in the sensethat a b erbundleE ! X whose b ersare string manifolds (cf. section5)
givesrise to an elemen in tmf (X) [HBJ]. If X is a point this reducesto the Witten
gerus [Wil] of the b er (modulo torsion).

It would be very desirableto have a geometric/analytic interpretation of this para-
metrized Witten gerusalongthe linesdescriked above for the parametrized;b-gerus. For
X = pt, a heuristic interpretation was given by Witten who described the Witten gerus
of a string manifold M asthe S-equivariant index of the *Dirac operator on the freeloop
space'of M [Wil] or asthe “partition function of the super symmetricnon-linear -model'
with target M [Wi2]; alas, neither of these things have been rigorously constructed
yet. The construction of the parametrized Witten gerus in tmf (X) is instead purely
homotopy theoretic; the main ingrediert is a Thom-isomorphismin tmf-cohomologyfor
vector bundleswith string structures. This is completely analogousto a description of
the /*?-gerus basedon the Thom isomorphismin K -theory for spin vector bundles.

The cohomologytheory tmf (X) derives from cohomologytheories of the “elliptic’
avor. The rst sud theory was constructed by Landweber and Stong [La] using
Landweber's Exact Functor Theorem and the elliptic gerus introduced by Ochanine
[Och]. Ochanine'sgerus can be interpreted as coming from the formal group law assai-
ated to a particular elliptic curve; varying the elliptic curve usedin the Landweber-Stong
construction leadsto a plethora of elliptic cohomolay theories. The cohomologytheory
tmf (X) is not strictly speaking one of these, but essetially the “inverselimit' (over
the categoryof elliptic curves) of all thesecohomologytheories. (There are considerable
technical di culties with making this precise,in fact sofar no completewritten accourt
is available.) Sinceintegral modular forms canbe de ned asaninverselimit of an abelian
group valued functor over the samecategory of elliptic curves,the elemets of tmf (pt)
are called topological madular forms. There is a ring homomorphismfrom tmf (pt) to
the ring of integral modular forms which is rationally an isomorphism.

Unfortunately, the current geometric understandingof elliptic cohomologystill is very
much in its infancy despite the e orts of various people;see[Sel, [KS], [HK], [BDR].
The starting point of our new approad are the elliptic objects suggestedoy Graeme
Segalin [Se], which we call Segal elliptic objects. Segal'sidea was to view a vector



bundle E! X with connectionasa 1-dimensional eld theory over X in the following
sense:To eat point x 2 X, the bundle E assiatesa vector spaceE,, and to eat path
in X the connectionon E assaiates a linear map between these vector spaces. Segal
suggestedhat a 2-dimensionalconformal eld theory over X could be usedasa cocycle
for someelliptic cohomologytheory. It would assaiate Hilbert spacesto loopsin X,
and Hilbert-Schmidt operatorsto conformal surfaces(with boundary) in X .

The main problem with Segalelliptic objects is that excisiondoesnot seemto hold.
One of our cortributions is to suggesta modi cation of the de nition in order to get
around this problem. This is wherevon Neumannalgebras(assaiated to points in X)
and their bimodules (assaiated to arcsin X) erter the picture. We will explain our
modi cation in detail in the comingsectionsof this introduction. In the caseX = pt, we
obtain in particular a modi cation of the notion of a vertex operator algeba (which was
shown to be equivalent to a Segalelliptic object in [Hu], at leastfor gerus zerosurfaces;
the super symmetric analogueappearedin [Ba]).

Another, moretechnical, problemin Segal'sde nition isthat hehadto introduce rig-
gings' of 1- and 2-manifolds. Theseare certain additional structures (like parametriza-
tions of the boundary circles) which we shall recall after De nition 4.1.1. Our rst
obsenation is that one can avoid these extra structures all together by enriching the
conformal surfaceswith fermions, and that these fermions give rise naturally to the
degreeof an elliptic object. This degreecoincidesfor closedsurfaceswith the correct
power of the determinart line as explainedin [Se2]and in fact the spaceof fermionsis
a natural extensionof the determinart line to surfaceswith boundary (in the absenceof
parametrizations).

In De nition 4.1.3we explain the resulting Cli or d elliptic objects of degree n which
includesa “super symmetric' aspect. The reader should be warned that there remains
an issuewith how to make this super symmetric aspect precise;we formulate what we
needas Hypothesis3.3.13and useit in the proof of Theorem 1.0.2 below.

We motivate theseCli ord elliptic objectsby rst explaining carefully the K -theoretic
analoguesin Section 3. It turns out that the idea of a connection has to be modi-
ed becauseone needsthe result of “parallel transport' to depend on the length of the
parametrizing interval. In other words, we explain how a K -cocycle is given by a su-
per symmetric 1-dimensionalEuclidean eld theory, seeDe nition 3.2.2.In this simpler
case,we do formulate the super symmetric aspect in detail and we discusswhy it is
essetial for K -theory. As is well known, the bestway to de ne K -theory in degreen,
K"(X), isto introducethe nite dimensionalCli ord algebrasC,. We shall explain how
these algebrasarise naturally when enriching intervals with fermions. We concludein
Section 3.2 the following new description of the K -theory spectrum:

Theorem 1.0.1. For any n 2 Z, the space of super symmetric 1-dimensional Eu-
clidean eld theories of degree n has the homotopytype of K ,, the ( n)-th space in
the -spectrum representingperiodic K -theory.

There is an analogousstatemert for periodic K O-theory, usingreal eld theories.
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Roughly speaking, Segal'sidea, which we aretrying to implemert here,wasto replace
1-dimensionalby 2-dimensional eld theoriesin the above theorem in order to obtain
the spectrum of an elliptic cohomologytheory. The following result is our rst point of
cortact with modular forms and hencewith tmf"(X).

Theorem 1.0.2. Givena deggree n Cli or d elliptic object E over X, one getscanonically
a Laurent series
MF(E)2 K "OO)[dla '

Moreover, if n is evenand X = pt, then MF(E) 2 Z[[d][q 1] is the g-exmnsion of
a weak' madular form of weight n=2. This means that the product of M F(E) with a
su ciently large power of the discriminant  is a modular form.

In terms of our newde nition of K -theory, the mapE 7! M F (E) is given by crossing
with the standard circle S, and henceis totally geometric. As we shall explain, the
length of an interval is very important in K -theory, and by crossingwith St it is turned
into the conformal modulus of an annulus. The above result shavs that the modularity
aspectsof an elliptic object are satis ed with only minor modi cations of Segal'soriginal
de nition. This is related to the fact that for X = pt the de ciency regarding excision
is not preseit.

In Section4 we make a major modi cation of Segal'selliptic objects and explain our
enriched elliptic objects which are de ned sothat excisioncan be satis ed in the theory.
Ead enriched elliptic object givesin particular a Cli ord elliptic object (which is closely
relatedto a Segalelliptic object) but there are alsodata assignedo points and arcsin X,
seeDe nition 1.2.1. Roughly speaking,in addition to Hilb ert spacesassaiated to loops
in X, we assignvon NeumannalgebrasA (x) to points x 2 X and bimodulesto arcsin X,
in a way that Segal'sHilbert spacecan be decompmpsedas a Connesfusion of bimodules
wheneer the loop decompsesinto arcs, seeSection 1.2. One purposeof the paper is
to make thesestatemers precise. We shall not, howe\er, give the ultimate de nition of
elliptic cocyclesbecausevarious aspects of the theory have not beencompletely worked
out yet.

Our main result, which to our mind justi es all de nitions, is the following analogue
of the tmf -orientation for string vector bundles[Ho, x6], [AHS]. As the underlying Segal
elliptic object, we in particular recover in the caseE = TX the “spinorbundle’ over the
loop spacelLX . Our enrichmert expresseshe locality (in X) of this spinor bundle. We
expect that this enriched elliptic object will play the role of an elliptic Euler classand,
in a relative version, of the elliptic Thom class.

Theorem 1.0.3. Let E be an n-dimensional vector bunde over a manifold X . Assume
that E comesequipped with a string structure and a string connection. Then there is a
canonical degree n enrichal elliptic object over X suchthat for all x 2 X the algebas
A(x) are hyper nite type lll ; factors. Moreover, if one varies the string connection then
the resulting enrichal elliptic objects are isomorphic.
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A vector bundle over X hasa string structure if and only if the characteristic classes
wy; W, and p;=2 vanish. In Section5we de ne a string structure on an n-dimensionalspin
bundle asa lift of the structure group in the following extensionof topological groups:

1! PUA) ! String(n) ! Spin(n) ! 1

Here A is an explicit hyper nite type Ill; factor, the ‘local fermions on the circle’,
cf. Example 4.3.2. Its unitary group is cortractible (in the strong operator topology)
and therefore the resulting projective unitary group PU(A) = U(A)=T is a K(Z; 2).
The extensionis constructed sothat 3 String(n) = 0 which explainsthe condition on
the characteristic classp;=2. This interpretation of string structures is crucial for our
construction of the enriched elliptic object in Theorem1.0.3,the relation being given by
a monomorphism
String(n) ! Aut(A)

which arises naturally in the de nition of the group extension above. It should be
viewed as the ‘fundameral represetation’ of the group String(n). The notion of a
string connection, usedin the above theorem, will be explainedbefore Corollary 5.3.6.

1.1 Segal elliptic objects and Excision

A Seaal elliptic object over X [Sel p.199] asseiatesto a map of a closedrigged
1-manifoldto atarget manifold X atopologicalvector spaceH ( ), andto any conformal
riggedsurface with map : ! X avector () In the vector spaceasseiatedto the
restriction of to @ (we will de ne riggingsin De nition 4.1.2below). This is subject
to the axiom

H(19 2)=H(1) H(2)

and further axiomsfor  which expressthe fact that the gluing of surfaces(along closed
submanifoldsof the boundary) correspndsto the composition of linear operators. Thus
an elliptic object over a point is a conformal eld theory asaxiomatized by Atiyah and
Segal:it's a functor from a category C(X) to the category of topological vector spaces.
Herethe objectsin C(X ) are maps of closedrigged 1-manifoldsinto X, and morphisms
are maps of conformal rigged surfacesinto X .

Originally, the hope wasthat theseelliptic objects would leadto a geometricdescrip-
tion of elliptic cohomology Unfortunately, excisionfor the geometrictheory de ned via
elliptic objects didn't seemto work out. More precisely considerthe Mayer-Vietoris
sequence

I E"(X) ! E"(U) E™V) ! E"(U\ V) !

assaiated to a decomposition X = U[ V of X into two opensubsetsU;V  X. This is
an exactseguene for any cohomologytheory X 7! E"(X). For K -theory the exactness
of the above sequenceaat E"(U) E"(V) comesdown to the fact that a vector bundle
E ! X canbe reconstructedfrom its restrictionsto U and V.
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Similarly, we expect that the proof of exactnessfor a cohomologytheory built from
Cliord elliptic objects of degreen would involve being able to reconstruct an elliptic
object over U [ V from its restriction to U and V. This doesnot seemto be the case:
suppose(H; ) is an elliptic object over U[ V and considertwo paths ;; , between
the points x andy. Assumethat the path ; liesin U, that , liesin V, and denoteby

> the path , run badkwards. Then the restriction of (H; ) to U (resp.V) contains
not enoughinformation on how to reconstruct the Hilbert spaceH( ;[ ,) assmiated
to theloop [ 2INnUJ[ V.

1.2 Decomp osing the Hilb ert space

Our basic idea on how to overcomethe dicult y with excisionis to notice that in
the basic geometric example coming from a vector bundle with string connection(see
Theorem 1.0.3), there is the following additional structure: To a point x 2 X the string
structure assaiatesa gradedtype I11,-factor A(x) andto a nite number of points Xx; it
assignsthe spatial tensor product of the A(x;). Moreover, to a path from x to y, the
string connectiongivesa gradedright module B( ) over A(@) = A(x)°? A (y). There
are canonicalisomorphismsover A(@) = A(y)°® A (x) (using the “conjugate' module
from Section4.3).

B()=8B()

The pundhline is that Hilbert spacedikeH( ;[ ) discussedabove canbe decompmsed
as

H(1[ 2)=B(1) aw@)B(2):

where we used the fusion product of modules over von Neumann algebrasintroduced
by Connes[Col, V.B. ]. Following Wassermann[Wa], we will refer to this operation
as Connesfusion. Connes'de nition was motivated by the fact that a homomorphism
A ! B of von Neumannalgebrasleadsin a natural way to an B A-bimodule sud
that composition of homomorphismscorrespndsto his fusion operation [Col, Prop. 17
in V.B. ]. In [Wa], WassermanrusedConnesfusionto de ne the correct product on the
category of positive energyrepresetations of a loop group at a xed level

We abstract the data we found in the basic geometricexamplefrom Theorem 1.0.3
by giving the following preliminary

De nition 1.2.1. (Preliminary!) A degree n enriched elliptic object over X is a tuple
(H; ;A;B; & u), where

1. (H; ) isadegreen Cliord elliptic object over X . In particular, it givesa Hilbert
spacebundle over the free loop spacelLX ,

2. A is a von Neumannalgebrabundle over X,



3. B is a module bundle over the free path spacePX. Here the end point map
PX 1 X X isusedto pull badk two copiesof the algebrabundle A to PX, and
theseare the algebrasacting on B. The modulesB( ) comeequipped with gluing
isomorphisms(of A (x;)°° A(x3)-modules)

B( ; %:B( [xz 0) T B() A(X2)B(O)

if is a path from x; to x,, and Cis a path from X, to Xs.

4. 4 is anisomorphismof Hilbert spacesasseiated to ead pair of paths ; and ,
with @1 = @2:

H( 1 2):H(1[le 2 T B(1) a@)B(2):

All algebrasand modules are Z=2-gradedand there are seweral axioms that we require
but haven't spelled out above.

Remark 1.2.2. This is only a preliminary de nition for seeral reasons.Among others,

we left out the conditions for surfacesglued along non-closedparts of their bound-

ary. Thevectors () ofaCliord elliptic objectscomposenicely whentwo surfaces
are glued along closel submanifoldsof the boundary, compareLemma2.3.14. Our

enriched elliptic objects composein addition nicely when two surfacesare glued

along arcsin the boundary, seeProposition 4.3.10.

we left out the super symmetric part of the story. We will explain in Section 3.2
why super symmetric data are essetial evenin the de nition of K -theory.

we left out the fermions from the discussions. Thesewill be usedto de ne the
degreen of an elliptic object, and they are extra data neededsothat a conformal
spin surfaceactually givesa vector in the relevant Hilb ert space.If the surface is
closed,then a fermion is a point in the n-th power of the Pfaan line of . Since
the Pfa an line is a square-rat of the determinart line, this is consistem with the
fact that a degreen elliptic object should give a modular form of weight n=2 when
ewvaluated on tori, seeSections3.3and 4.1.

Segal'sHilbert spaceassaiated to a circle will actually be de ned by 4 above,
rather than introducing the isomorphisms . Soit will not play a certral role
in the theory, but can be reconstructed from it. At this point, we wanted to
emphasizehe additional data neededto resole the problemwith excision,namely
a decompsition of Segal'sHilbert space.

Most of these de ciencies will be xed in Section4 by de ning a degreen enriched
elliptic object as a certain functor from a bicategory D,(X) made from d-manifolds
(with n fermions) mapping into X, d = 0;1;2, to the bicategory vN of von Neumann
algebras,their bimodulesand intertwiners.



We end this introduction by making a brief attempt to expressthe meaning of an
enriched elliptic object over X in physics lingo: it is a conformal eld theory with
(0;1) super symmetry (and target X), whosefermionic part has been quartized but
whose bosonic part is classical. This comesfrom the fact that the Fock spacesare
a well establishedmethod of fermionic quartization, whereasthere is up to date no
mathematical way of averagingthe maps of a surfaceto a curved target X. Moreover,
the enriched (0-dimensional)aspect of the theory is somekind of an open string theory.
It would be very interesting to relate it to Cardy's boundary conformal eld theories.

1.3 Disclaimer and Acknowledgmen ts

This paper is a survey of our current understanding of the geometry of elliptic objects.
Only ideasof proofs are given, and someproofs are skipped all together. We still beliewve
that it is of serviceto the researb comnunity somake sud work in progressaccessible.

It is a pleasureto thank Dan Freed, GraemeSegaland Antony Wassermanrfor mary dis-
cussionsabout conformal eld theory. Graeme'sdeepin uence is obvious, and Dan's ap-
proac to Chern-Simonstheory [Frl] motivated many of the considerationsin Section5.
Antony's groundbreakingwork [Wa] on Connesfusionfor positive energyrepresetations
was our starting point for the certral de nitions in Section4. He also proof-read the
operator algebraic parts of this paper, all remaining mistakes were produced later in
time.

Many thanks go to Vincente Cortez, Mike Hopkins, Justin Roberts, Markus Rosellen
and Hans Wenzl for discussionsabout various aspects of this paper.

Part of this project was deweloped during our stay at the Max-Plandk Institute in Bonn,
and we are very grateful for the wonderful researt ervironmert it provided. In March
2002,we held a preliminary workshop at the Sonderforshungskereid in Meunster, and
we thank all the participants for their support, and in particular Wolfgang Luck for
initiating that workshop.

2 Field theories

Following Graeme Segal [Se2], we explain in this section the axiomatic approad to
eld theories,leadingup to a de nition of "Cliord linear eld theoriesof degreen' (cf.
de nitions 2.3.16and 2.3.20)after introducing the necessarpadground on Fock spaces,
spin structures and Dirac operators.

2.1 d-dimensional eld theories

Roughly speaking, a d-dimensional eld theory asseiates to a closed manifold Y of
dimensiond 1 a Hilbert spaceE(Y) and to a bordism from Y; to Y, a Hilbert



Sdmidt operator E(Y;) ! F(Y2) (a boundedoperator T is Hilbert-Schmidt if the sum
of the norm squaresof its matrix elemerts is nite). The main requiremen is that gluing
bordisms should correspnd to composing the assaiated operators. As is well-known,
this can be made preciseby de ning a d-dimensional eld theory to be a functor

E:BY ! Hilb;

from the d-dimensionalbordism category B¢ to the category Hilb of complex Hilbert
spaceswhich are compatible with additional structures on these categoriesspelled out
below. The precisede nition of the categoriesB? and Hilb is the following:

The objects of the d-dimensionalbordism category B¢ are closedorierted manifolds
of dimensiond 1, equipped with geometricstructures which characterizethe a-
vor of the eld theory involved (seeremarks below). If Y;, Y, are objects of BY,
the orientation preservinggeometricdi eomorphisms from Y, to Y, are morphisms
from Y, to Y, which form a subcategoryof BY. There are other morphisms,namely
oriented geometricbordismsfrom Y; to Y;; i.e., d-dimensionaloriented manifolds
equipped with a geometric structure, together with an orientation preserving
geometricdi eomorphism @ = Y;q Y, whereY; is Y; equipped with the opposite
orientation. More precisely two bordisms and °are consideredthe samemor-
phismif they are orientation preservinggeometricdi eomorphic relative boundary.
Composition of bordismsis given by gluing; the composition of a bordism  from
Y, to Y, and a di eomorphism Y, ! Yz is againthe bordism , but with the iden-
tication @ = Y;q Y, modied by composition with the di eomorphism Y, ! Ya.

The objects of Hilb are separableHilbert spaceqover the complexnumbers). The
morphisms from H; to H, are the boundedoperators T: H; ! H,; the strong
topology on the spaceof boundedoperators makesHilb a topological category

Without additional geometric structures on the objects and the bordisms, sud a
eld theory would be referredto asa topological eld theory. If the geometricstructures
are conformal structures on bordisms and objects, the assaiated eld theory is called
conformal (for short CFT). If the conformal structure is a replacedby a Riemannian
metric, one obtains what is usually referred to as a Euclidean eld theory (EFT) to
distinguish it from the Lorentz case.We sometimesusethe term eld theory (FT) if the
geometricstructures are not speci ed.

The main examplesof eld theoriesin thesenoteswill have at leasta conformalstruc-
ture on the manifolds, and in addition all manifoldsunder considerationwill be equipped
with a spin structure (seeDe nition 2.3.4for a careful explanation of spin structures on
conformalmanifolds). It is important to point out that ewvery spin manifold hasa canon-
ical involution assaiated to it (which doesn't move the points of the manifold but ips
the two sheetsof the spin bundle). This hasthe e ect that all algebraicobjects assi-
ated to spin manifoldswill be Z=2-graded. This is the rst steptowards super symmetry
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and our reasonfor introducing spin structures in the main De nitions 2.3.16and 2.3.20.
We should point out that thosede nitions (where the categoriesof geometricmanifolds
are denotedby CB? respectively EB}) introduce the spin structures (and the degreen)
for the rst time. The following warm-up discussionsjn particular De nition 2.1.3,only
usean orientation, not a spin structure (even though the notation CB? respectively EB*
is very similar).

Summarizing, the readershould expect spin structures whene\er there is a degreen
in the discussion.Indeed, we will seethat the degreemakessenseonly in the presence
of spin structures.

De nition  2.1.1. (Additional structures on the categories BY and Hilb).

Symmetric monoidal structures. The disjoint union of manifolds (respectively
the tensor product of Hilbert spaces)gives B¢ (resp. Hilb) the structure of sym-
metric monoidal categories.The unit is given by the empty setand C, respectively.

Involutions and anti-in volutions. There are involutions B4! BY and Hilb !
Hilb. On the category BY this involution is given by reversing the oriertation on
the d-manifold (objects) aswell asthe bordisms (morphisms); this operation will
be explainedin detail in De nition 2.3.1. We note that if is a bordism from Y,
to Y,, then with the opposite orientation can be interpreted as a bordism from
Y;: to Y,. For an object H 2 Hilb, H is the spaceH with the opposite complex
structure; for a morphismf : H; ! H,, the morphismf :H; ! H,isequalto f
asa map of sets.

There are also anti-involutions (i.e., cortravariant functors) :BY ! BY and

: Hilb ! Hilb. Theseare the identity on objects. If T: H; ! H, is a bounded
operator,then T : H,! Hj isits adjoint; similarly, if is a bordism from Y; to
Y,, then is with the opposite orientation, consideredasa morphism from Y,
to Y;. Finally, if is a di eomorphism from Y; to Y, then et 1

Adjunction transformations. There are natural transformations
BU::Yiq Y2) ! BYYyY2)  Hilb(CiHi Hy) ! Hilb(Hi;Hy)

On B¢ this is given by reinterpreting a bordism from ; to Y; q Y, asa bordism
from Y; to Y,. On Hilb we canidentify Hilb(C;H; H;) with the spaceof Hilb ert-
Sdmidt operators from H; to H, and the transformation is the inclusion from
Hilb ert-Schmidt operatorsinto all bounded operators. It should be stressedthat
neither transformation is in generalsurjective: in the categoryBY, adi eomorphism
from Y; to Y, is not in the image;in Hilb, not every boundedoperator is a Hilb ert-
Sdmidt operator. For example,a di eomorphism givesa unitary operator E( )
(if the functor E presenesthe anti-involution above). In in nite dimensions,a
unitary operator is newer Hilb ert-Schmidt.
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Remark 2.1.2. In the literature on eld theory, the functor E always respects the
above involution, whereaskE is called a unitary eld theory if it alsorespectsthe anti-
involution. It is interesting that in our honestexamplein Section4.3 there are actually
3 (anti) involutions which the eld theory hasto respect.

De nition  2.1.3. The main examplesof eld theories we will be interested in are
2-dimensionalconformal eld theoriesand 1-dimensionalEuclidean eld theories. We
will usethe following terminology: A conformal eld theory or CFT is a functor

E:CB2! Hilb

compatible with the additional structures on the categoriesdetailed by De nition 2.1.1
where CB? is the “conformal' version of B2, i.e., the bordisms in this category are
2-dimensionaland equipped with a conformal structure. A Euclidean eld theory or
EFT is a functor

E:EB'! Hilb

compatiblewith the additional structuresof De nition 2.1.1whereEB? isthe "Euclidean’
versionof B?, i.e., the bordismsin this categoryare 1-dimensionaland equipped with a
Riemannian metric.

Example 2.1.4. Let M beaclosedRiemannianmanifold, let H = L?(M) bethe Hilbert
spaceof squareintegrable functionson M andlet :H ! H bethe Laplaceoperator.
Then we can construct a 1-dimensionalEFT E: EB!! Hilb by de ning

E(p) =H  E(ly=e' E(S)=tr(e " ):

Here pt is the one-mint object in EBY, I, is the interval of length t, consideredas a
morphismfrom pt to pt, and S; 2 EBY(; ;;) is the circle of length t. We note that unlike
the Laplaceoperator the heatoperator e ' is a boundedoperator, even a trace class
operator and henceit is meaningfulto take the trace of e ! .

It is not hard to shawv that the properties in De nition 2.1.1allow us to extend E
uniquely to a real EFT. More interestingly, the operator E() : E(Y1) ! E(Y;) assai-
ated to a bordism from Y; to Y, can be descrited in terms of a path integral over the
spaceof mapsfrom to M. This is the Feynman-Kacformula, which for = 1, gives
el .

De nition  2.1.5. More generally if X is a manifold, we may replace the category
BY above by the category B4(X), whoseobjects are closedorierted (d  1)-manifolds
equipped with a piecewisesmooth map to X ; similarly the morphisms of B4(X) are
oriented bordismsequipped with mapsto X and orierntation preservingdi eomorphisms
compatible with the given mapsto X . We note that BY(X) can be identied with B¢
if X is a point. The four structures described above on the bordism category B¢ can
be extendedin an obvious way to the categoryB¢(X). We de ne a d-dimensional eld
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theory over X to be a functor E: B4(X) ! Hilb which is compatible with the monoidal
structure, (anti)-in volutions, and adjunction transformations mertioned above. Analo-
gously we can form the categoriesCB?(X) (resp. EB(X)) of 2-dimensionalconformal
bordismsover X (resp. 1-dimensionalEuclidean bordismsover X).

Example 2.1.6. This isa parametrized'versionof Example2.1.4(which in the notation
below is the caseX = pt and Z = M). Supposethat :Z ! X is a Riemannian
submersion.Then we can construct a 1-dimensionalEFT E: EB!(X)! Hilb over X as
follows. On objects, E assaiatesto amap from a0-manifoldY to X the Hilbert space
of L2-functions on the spaceof lifts f~: Y | Z j ~= gof ;in particular if Y = pt
and (pt) = x, then E(Y; ) isjust the spaceof L?-functions onthe b er over x. We can
asseiate an operator E( ;) : E(Yy; 1) ! E(Y2; 2) to abordism( ;) from (Yy; 1)
to (Y2; ») by integrating over the spaceof maps~: ! Z which arelifts of : ! X.
For = 1l;andif mapsall of to the point x, then the operator constructed this
way is via the Feynman-Kacformula just e ' x, where , is the Laplace operator on
the b er over x.

2.2 Cliord algebras and Fock modules

De nition 2.2.1. (Cliord algebras). Let V be a real or complex Hilbert space
equipped with an isometric involution :V ! V,v 7! v= (v) (C-anti-linear in the
complexcase). This implies that

b(v; w) gef hv; wi

is a symmetric bilinear form (hereh; i is the inner product on V, which is C-anti-linear
in the rst and linear in the secondslot in the complexcase).

The Cli or d algeba s the quotient of the real resp.complextensoralgebragenerated
by V by imposingthe Cliord relations

v v= blv;v) 1 v2V.

Suppressingthe dependenceon the involution in the notation, we'll just write C(V)
for this algebra. It is a Z=2-gradedalgebrawith grading involution : C(V) ! C(V)
inducedby v 7! v for v 2 V; the inner product on V extendsto an inner product on
the Cliord algebraC(V).

We will write V for the Hilbert spacefurnished with the involution . We will
adopt the convertion that if aninvolution onV hasnot beenexplicitly speci ed, then
it is assumedo be the identity. For example,

Cn def C(R") is the Cliord algebrageneratedby vectorsv 2 R" subject to the
relationv v=j vj? 1,
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Cn gef C( R") isthe Cliord algebrageneratedby vectorsv 2 R" subject to the

relation v v = jvj?> 1, and

Chm gef C(R" R™) is the Cli ord algebrageneratedby vectorsv 2 R", w2 R™
subject to the relationsv v= j vj? 1,w w=jwj? 1,v w+w v=0. Wewill
userepeatedly that C,., is of real type for all n:

Cn;n = M 2n (R)

The readershould be warned that convertions in the literature concerningCli ord alge-
bras vary greatly; our corvertions with regardsto C, and C,.,, agreefor examplewith
[Ka, Ch. I11, 3.13]and [LM, Ch. I, x3].

Remark 2.2.2. (Prop erties of Cliord algebras.) Usefulpropertiesof the construc-
tion V 7! C(V) include natural isomorphisms

C(V W)=C(V) CW) and C( V)= C(V)%; (2.2.3)

hereasthroughout the paper standsfor the gradel tensor product, herethe adjective
“graded'stipulates that the product of elemetss a b;a® P2 A B isde ned by

(@ b (& Bf)E( pidad’ b

where jbj;jaj are the degreesof b and a° respectively. The opposite B°P of a graded
algebraB is B asgradedvector spacebut with newa multiplication de ned by a &
( 1)@ib%p afor homogeneouglemerts a;b2 B of degreegjaj; jbj 2 Z=2, respectively. Any

gradedleft A B-module M can be interpreted asa bimodule over A B°P via
am bE( pmikia pm

for homogeneouglementss a2 A, b2 B, m 2 M) and vice-wversa. In particular, a left
module M overC(V W) may beinterpreted asa left module over C(V) C(W)°P; or
equivalertly, asa C(V) C(W)-bimodule, and we will frequerly appeal to this move.
We note that this construction is compatible with “passingto the opposite module’,
where we de ne the opposite of a gradedA  B-module M, denotedM, to be M with
the grading involution replacedby  and the right B-action modi ed by the grading
automorphismof B. This is consisten (by the above formula) with changingthe grading
and keepingthe sameA B°P-module structure.

De nition 2.2.4. (Fermionic Fock spaces). Let V be a Hilbert spacewith an iso-
metric involution asin De nition 2.2.1. There is a standard construction of modules
over the resulting Cliord algebraC(V) (cf. [PS, Ch. 12], [A]); the input datum for
this construction is a LagrangianL V. By de nition , this meansthat L is closed,b
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vanishesidentically onL andthat V = L L. Note that the existenceof L is a serious
condition on our data, for examplea Lagrangian cannot exist if the involution on V is
trivial.
Given a LagrangianL, the exterior algebra
M M
(L= (L) °*Hu)= P(L) P(L)
p even p odd

is a Z=2-gradedmodule over the Cli ord algebraC(V):

forv2L V C(V), the correspndingoperatorc(v): ( L)! ( L) isgivenby
exterior multiplication by v (‘creation operator’),

for v 2 L, the operator c(v) is given by interior multiplication by v ("annihilation
operator’); i.e., o(v) acts as a gradedderivation on ( L), andforw 2 L = (L)
we have c(v)w = b(v;w) = hw;vi.

We de ne the fermionic Fock space F (L) to bethe completionof ( L) with respectto the

inner product induced by the inner productonL V. We will referto Fu4(L) gef (L)

asthe algebanic Fock space; both of theseC(V)-moduleswill play an important role for
us.
We note that the adjoint ¢(v) ofthe operatorc(v): F(L)! F(L) isgivenby c(v) =
o(v) forany v 2 V. It is customaryto call 12 °L  F(L) the vacuumvector and
to write 2 F(L) forit. It is easyto seethat is a cyclic vector and henceF (L) is
a gradedirreducible module over C(V). The classi cation of thesemodulesis given by
the following well-known result (cf. [A])

Theorem 2.2.5 (I. Segal-Shale equivalence criterion). Two Fock representations
F(L) and F (LY of C(V;b) are isomorphicif and only if the composition of orthogonal
inclusion and projection maps,

L°) v L
is a Hilbert-Schmidt operator. Moreover, this isomorphism preservesthe grading if and
only if dim(L\ L9 is even.

We recall that an operator TpV ! W betweenHilbert spacess a Hilbert-Schmidt
operator if and only if the sum i1=1 jiTeji? corverges,wherefeg is a Hilbert space
basisfor V. We note that the spaceL \ L%is nite dimensionalif the mapL°! L isa
Hilb ert-Schmidt operator.

Remark 2.2.6. (Orien tations and bimo dules). Let V bearealinner product space
of dimensionn < 1 . Then there is a homeomorphism

fisometriesf : R"! Vg ! L d:EffLagrangiansubspacesL Vv R"g
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given by sendingan isometry f to its graph. By passingto connectedcomponerts, we
obtain a bijection betweenoriertations onV and (L. Accordingto the Segal-Shal& he-
orem(plus the fact that in nite dimensionsany irreducible module isisomorphicto some
Fock space),sendinga LagrangianL to the Fock spaceF (L) inducesa bijection between

oL and the setof isomorphismclassef irreducible graded(left) C(V R")-modules;
asexplainedin (2.2.3), thesemay in turn beinterpreted asC(V) C,-bimodules. Sum-
marizing, we can idertify orientations on V with isomorphism classesof irreducible
C(V) C,-bimodules S(V). We obsene that the opposite bimodule S(V), de ned
above 2.2.4, correspndsto the opposite orientation.

Remark 2.2.7. (Functorial aspects of the Fock space construction). Let Vi;V,
be Hilbert spaceswith involutions asin de nition 2.2.1andlet L, VW, V,; be a
Lagrangian. The asseiated algebraicFock spaceFg4(L1) (cf. De nition 2.2.4)is then
a gradedmodule over the Cli ord algebraC(V, V,); alternatively we canview it as
a bimodule over C(V,) C(V1). We wish to discussin which sensethe constructions
V 7! C(V) and L 7! Fg4(L) give a functor (cf. [Se2,x8]). Here the objects of the
‘domaincategory'areHilb ert spaces/ with involutions, and morphismsfrom V; to V, are
Lagrangiansubspace®f V, V;. GivenmorphismsL; V, ViandL, V3 Vs,
their composition is given by the LagrangianL; Vs V; obtained by ‘symplectic’

reduction from the LagrangianL def L, L; V def V3 Vo VS, V1, namely

Lred Sy u%e=L\ U VI ETy Y U=y,

Here U is the isotropic subspaceU = f(0;Vo;V2;0) j Vo 2 Vog V and U?® is its
annihilator with respect to the bilinear form b. We note that the reducedspaceV ' can
be identied with V; V.

The objects of the ‘range category' are graded algebras;the morphismsfrom A to
B are pointed, gradedB  A-bimodules;the composition of a pointed B A-bimodule
(M;mp) and a pointed C  B-bimodule (N; ng) is givenby the C  A-bimodule (N
M;ng mp). The following lemma shows that in the type | casecomposition of La-
grangiansis compatible with the tensorproduct of pointed bimodules,i.e., the construc-
tion V 7! C(V), L 7! (Fagq(L); ) is a (lax) functor. Here ‘type' refersto the type of
the von Neumannalgebrageneratedby C(V) in B(F (L)) as explainedin Section4.3.
Type | is the easiestcasewherethe von Neumannalgebrais just the boundedoperators
on someHilbert space.This correspndsgeometricallyto gluing alongclosedparts of the
boundary. Gluing along, say, arcsin the boundary correspndsto type |1l for which a
moredi cult gluing lemmais needed:Connesfusion appears,seeProposition 4.3.10. It
actually coversall types,sowe restrict in the argumerts below to the nite dimensional
case.That is all one needsfor 1-dimensionalEFT's, i.e. for K -theory.

Gluing Lemma 2.2.8. If the von Neumannalgeba genented by C(V,) hastype |, there
is a unique isomorphismof pointed, graded C(V3) C(V;) bimadules

(Fag(L2) cow) Fag(L1); 2 1) = (Fag(L3); 3):
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Here we assumethat L; intersect V, trivial ly (which is satis ed in the geometric appli-
cations if there are no clos&l components, cf. De nition 2.3.12).

Proof. We note that Fag(L2) c(v,) Fag(L1) is the quotient of Fag(L2) Fag(Li) =
Fag(L2 Li) = Fag(L) modulo the subspaceUF,4(L). Here U V is the sub-

spaceobtained from U de ned above by applying the involution v 7! v; explicitly,
U = f(0; wvo;v2;0) j vo 2 V,og; we obsene that for u = (0; wvy;v,;0) 2 U, and
P 2 Fa|g(Li) we have

c(u)( 2 1) = ( 1)j 2j( 20(V2) 1+ 2 o(V2) 1):

We recall that an elemeth u2 U V, which decommpsesasu=u;+ u, 2V =~L L
with u; 2 L actson Fa4(L) = ( L) asthe sumc(u;) + c(uz) of the “creation' operator
c(u;) and the "annihilation' operator c(u,). We obsene that by assumptionthe map
Lred U ! L givenby (v;u) 7! v+ up is an isomorphism. In nite dimensions,a
ltration argumert shows that the C(V"®%-linear map

( Lred) I ( Lred U):C(U)( Lred U)
is in fact an isomorphism. O

De nition  2.2.9. (Generalized Lagrangian). For our applicationsto geometry we
will needa slightly more generalde nition of a Lagrangian. This will also avoid the
assumptionin the gluing lemma above. A geneslized Lagrangian of a Hilbert spaceV
with involution is a homomorphismL: W ! V with nite dimensionalkernel so that
the closureL,y V of the imageofL is aLagrangian. In the geometricsituation we are
interestedin, W will be the spaceof harmonic spinorson a manifold , V will be the
spaceof all spinorson the boundary @, and L is the restriction map. Then we de ne
the algebnic Fock space

Fag(L) £ ©P(kerL)  ( Lw);

where ©P(kerL) = dmkerl)(kerL) isthe top exterior power of the dual spaceof the
kernelof L. The algebraicFock spaceis a module over the Cliord algebraC(V) via its
actionon ( Ly).

Unlike the casediscussedpreviously, this Fock spacehas only a canonical vacuum
elemen =1 1if kerL = 0. Otherwisethe vacuum vector is zerowhich is consistem
with the geometric setting where it correspnds to the Pfaan elemen of the Dirac
operator: it vanishes,if there is a nontrivial kernel. Therefore,the gluing Lemma?2.3.14
in the following sectionhasto be formulated more carefully than the gluing lemmaabove.
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2.3 Cliord linear eld theories

We recall that a d-dimensional eld theory is a functor E: B9 ! Hilb; in particular on
objects, it assigngo a closedoriented (d 1)-manifold Y a Hilbert spaceE(Y). It isthe
purposeof this sectionto de ne Cli or d linear eld theories E of degree n (for d = 1, 2).
Sud atheory assignsto Y asabove a Hilbert spaceE(Y) which is a right module over
C(Y) ", whereC(Y) is a Cliord algebraassaiated to Y. The formal de nition (see
De nition 2.3.16for d = 2 and De nition 2.3.20for d = 1) is quite involved. The reader
might nd it helpful to look rst at Example 2.3.3,which will be our basicexampleof a
Cliord linear eld theory (for d = 1) and which motivatesour de nition. This example
is a variation of Example 2.1.4with the Laplace operator replacedby the squareof the
Dirac operator.

De nition  2.3.1. (Spin structures on Riemannian vector bundles). Let V be
an inner product spaceof dimensiond. Motivated by Remark 2.2.6 we de ne a spin
structure on V to be an irreducible gradedC(V) Cg-bimodule S(V) (equipped with a
compatible inner product asin the caseof Fock spaces).If W is another inner product
spacewith spin structure, a spin isometry from V to W is an isometry f : V. I W
together with an isomorphismf: S(V) I f S(W) of graded C(V)  Cg-bimodules
with inner products. We note that f S(W) is isomorphicto S(V) if and only if f is
orientation preserving;in that casethere are two choicesfor f". In other words, the space
of spin isometriesSpin(V; W) is a double covering of the spaceSO(V; W) of orientation
preservingisometries. It is clear that spin isometriescan be composedand sothey can
be regardedasthe morphismsin a categoryof inner product spaceswith spin structures.

Now we can usea parametrizedversion' of the above to de ne spin structures on
vector bundles as follows. Let E ! X be a real vector bundle of dimensiond with
Riemannian metric, i.e., a b erwisepositive de nite inner product. Let C(E)! X be
the Cliord algebrabundle, whose b er over x is the Cliord algebraC(Ey). A spin
structure on E isabundle S(E) ! X of gradedirreducible C(E) Cgq4-bimodules. It is
tempting (at leastfor topologists)to think of two isomorphicbimodule bundlesasgiving
the samespin structure. Howe\er, it is better to think of the “categoryof spin structures'
(with the obvious morphisms), sincebelov we want to considerthe spaceof sectionsof
S(E) andthat is a functor from this categoryto the categoryof vector spaces.Then the
usual object topologistsare interestedin are the isomorphism classesof spin structures.
The group H1(X ; Z=2) acts freely and transitively on the set of isomorphismclasses.

To relate this to the usualde nition of spin structure expressedn terms of a principal
Spin(d)-bundle Spin(E) ! X (cf. [LM, Ch. Il, x1]), we note that we obtain a C(E)
Cq4-bimodule bundle if we de ne

S(E) =4 SpIN(E)  spin(a) Ca:

Moreover, we note that S(E) determinesan orientation of E by Remark2.2.6. We de ne
the opposite spin structure on E to be S(E) (whose b er over x 2 X is the bimodule
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opposite to S(E4) in the senseof Remark 2.2.6); this inducesthe opposite orientation
onE.

Remark 2.3.2. We note that there is a functor F from the categoryof spin-structures
onE R to the categoryof spin structureson E. Givena spin structure onE R, i.e.,

aC(E R) Cgsi-bimodule bundleS! X over, we de ne F(S) gef S*(E R), the
evenpart of S(E R). This isagradedC(E) Cg4-bimodule, if we de ne the grading
involuton on S*(E  R) by 7! e; e (e; 2 R is the standard unit vector), the left
actionofv2 E C(E)by 7! ve, andtheright actionofw2 RY Cyqby 7! ew.
The functor F is compatible with “passingto the opposite spin structure’ in the sense
that there is an isomorphismof spin structures F (S) = F(S), which is natural in S.

Example 2.3.3. (EFT associated to a Riemannian spin manifold). Let M be
a closed manifold of dimension n with a spin structure; i.e., a spin structure on its
cotangen bundle T M. In other words, M comesequipped with a graded irreducible
C(T M) C,-bimodule bundleS! M. A Riemannianmetric on M inducesthe Levi-
Civita connectionon the tangert bundle TM which in turn inducesa connectionr on
S. The Dirac operator D = Dy, is the composition

!

D:C*M:S) 1T ¢ctMm;TM S F ctMm;S);

where c is Cliord multiplication (given by the left action of T M C(T M) onS).
The Dirac operator D is an (unbounded) Fredholm operator on the real Hilbert space
L2(M;S) of squareintegrable sectionsof S. As in Example 2.1.4 we can construct a
1-dimensionalEFT E: EB!! Hilb by de ning

E(pt) = L3(M:S) rC E()=e P

Howe\er, there is more structure in this example:the b ersof S and hencethe Hilbert
spacel.2(M ; S) is a Z=2-graded right module over C,, (or equivalertly by Remark2.2.2,a
left module over CP = C ). Moreover, D and henceE (I;) commutewith this action. It
should be emphasizedhat we are working in the graded world; in particular, saying that
the odd operator D commutes with the left C ,-action meansD(c x) = ( 1)*ic D(x)
for a homogeneouglemen c2 C , of degreejcj and x 2 E(pt).

De nition  2.3.4. (Spin structures on conformal manifolds). Let bea manifold
of dimensiond and for k 2 R let Lk ! be the oriented real line bundle (and hence
trivializable) whose b er over x 2 consistsof all maps : 9(T,) ! R sud that
(! )Y=j j*9 () forall 2 R. Sectionsof L% arereferredto asdensities they can be
integrated over  resulting in a real number.
Now assumethat is equipped with a conformal structure (i.e., an equivalence
classof Riemannian metrics wherewe idertify a metric obtained by multiplication by a
function with the original metric). We remark that for any k 6 0 the choice of a metric
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in the conformal classcorrespndsto the choice of a positive sectionof LK. Moreover,
the conformal structure on inducesa canonical Riemannian metric on the weightless
cotangentbunde T, E'L t T .

A spin structure on a conformal d-manifold is by de nition a spin structure on the
Riemannianvector bundle T, . The opposite spin structure on is the opposite spin
structure on the vector bundle T, . We will usethe notation for equippedwith the
opposite spin structure.

If ©is another conformal spin d-manifold, a conformal spin di e omorphismfrom

to %is a conformaldi eomorphism f: |  9together with an isometry betweenthe
C(T,) Cg-bimodulebundlesS() andf S( 9. Weobsenethat every conformalspin
manifold hasa canonicalspin involution = |, namely the idertity on together

with the bimodule isometry S() ! S() givenby multiplication by 1.

Example 2.3.5. (Examples of spin structures) The manifold = RY hasthe fol-
lowing “standard' spin structure: idertifying T, with the trivial bundle RY, the bundle

SE'RI Cc4! RYbecomesan irreducible gradedC(T,)  Cq-bimodule bundle. Re-
stricting S we then obtain spin structures on codimensionzerosubmanifoldslike the disc
DY RYortheinterval I, = [0;t] R.

The above spin structure on RY makes senseeven for d = 0; here R® consistsof one
point and S = R is a graded bimodule over C4 = R (i.e., a gradedreal line). We will
write pt for the point equipped with this spin structure, and pt for the point equipped
with its opposite spin stucture (the bimodule for pt is an “ewn' real line, while the
bimodule for pt is an “odd' real line).

If hasaboundary @ we note that the restriction T, ;g Is canonically isometric
to T,@ R. It follows by Remark 2.3.2that a spin structure on , i.e.,a C(T, )
C(RY%)-bimodule bundle S ! restricts to a spin structure S* ! @ on the boundary
@. In particular, the standard spin structure on D? restricts to a spin structure on
St = @2, which we referto asthe zem-bordant or anti-periodic spin structure; we'll use
the notation S@.

De nition  2.3.6. (The Cq4 1-Hilb ert space V(Y)). If Y9 ! is a conformal spin
manifold with spinorbundleS! Y, we de ne

VY)E L2y L 9);
the spaceof square-iriegrable sectionsof the real vector bundle E = L" S. Wenote
that usingthe b erwiseinner product of the spinor bundle S, we can pair sections’;
of E to obtain a sectionof LY * which in turn may be integrated over Y to obtain a real
valuedinner product hH; i onthe spaceof smaoth sectionsof E; completionthen gives

the real Hilbert spaceV (Y). We note that ead b erof E is a gradedright C4 ;-module,
which inducesthe samestructure on V(Y).
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De nition 2.3.7. (The Cliord algebra C(Y); d = 1;2). Let Y¢ ! beaconformal
spin manifold and let V(Y) be asabove. In particular, for d= 1, V(Y) is just a graded
real Hilbert space;for d = 2, the Cliord algebraCy ; is isomorphicto C and hence
V (Y) is a complexvector spaceon which the grading involution acts by a C-anti-linear
involution. After extendingthe R-valuedinner product to a C-valued hermitian product,

we can regard V(Y) as a graded complex Hilbert space. Sofor d = 1;2, V(Y) has
the structures neededto form the Cliord algebraC(Y) gl C(V(Y)) asdescrited in
De nition 2.2.1. Here the involution is given by the grading involution (which for

d = 2 anticommutes with the action of C; = C).

Example 2.3.8. (Examples of Cliord algebras C(Y)). If pt, pt are the point
equipped with its standard resp.its opposite spin structure asde ned in De nition 2.3.4,
then C(pt) = C; and C(pt) = C ;.

If Y = ;, then V(Y) is zero-dimensionaland consequetly, C(;) = R (for d = 1)
resp.C(;) = C (for d= 2).

De nition  2.3.9. (The generalized Lagrangian L() W () ! V(@)). Let

4 be a conformal spin manifold. Picking a Riemannian metric in the given conformal
classdeterminesthe Levi-Civita connectionon the tangert bundle of , which in turn
determinesconnectionson the spinorbundle S = S(T, ), the line bundlesL* and hence
Lk Sforall k2 R. The correspnding Dirac operator D = D is the composition

D:C*(; LY 8" ct(;T Lk S)
=ct(; L 1, s fF cl(; L 9); (2.3.10)

wherec is Cliord multiplication (given by the left action of T, C(T,) onS). It
turns out that for k = d—21 the Dirac operator is in fact independentof the choice of the
Riemannian metric.
According to Green'sformula, we have
d 1

D ;i h;Di=h() ;i , 2C'(;Lz S)

where ;; j is the restriction of resp. to @ and is the unit conormal vector
eld (the sectionof T, ;@ correspnding to 1 2 R under the natural isomorphism
To j@e = To@ R). Replacing by e; in the formula above and using the fact that
multiplication by e, is skew-adjoirt, we obtain

D e; i+h ;Des=h() je; ji: (2.3.11)
Let W() ®"kerD* whereD* hasdomainC? ( LY S*) and considerthe restriction
map to the boundary

L() :W() ! L¥@;L7T S)=V(@
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The closureL of the imageof L() is the Hardy space of boundary valuesof harmonic
sectionsof Lz S*. The kernel of L() is the spaceof harmonic spinorson which
vanish on the boundary. If denotesthe subspaceof closedcomponerts of then
kerL() = kerDJ’0 is the ( nite dimensional) subspaceof harmonic spinorson .

The Green formula shawvs that L is isotropic with respect to the bilinear form
b(v;w) = h (v); wi, wherethe involution is givenby (v) = ¢( )ve;. Comparisonwith
Remark 2.3.2 shows that  is preciselythe grading involution on S* de ning the spin
structure on @ and it agreeswith the gradinginvolution on V(@). Analytically, much
more involved argumerts showv that L is in fact a Lagrangian subspace[BW]. This
impliesthat L() is ageneralizedLagrangianin the senseof De nition 2.2.9.

Moreover,themapL() :W() ! V(@ islinearwith respectto C$' = Cq4 1, Since
the Dirac operator D comnutes with the right Cg-action.

We give the following de nition only for dimensionsd = 1;2 becausetheseare the
caseswhere C4 ; is comrmutative and henceone has a good de nition of the “exterior
algebra'over Cy4 ;. For higher dimensions,one could ignorethe Cq4 ;-action, but we will
not discussthis caseasit's not important for our applications.

De nition  2.3.12. (The C(@)-mo dules Fuq() and F()). Usingthe gener-

alized Lagrangian from the previous de nition, we de ne Fyq() gef Fag(L()), the

algebraicFock module over C(@) from De nition 2.2.9. This is a real vector spacefor
d = 1 and a complexvector spacefor d = 2. Recall that

Fag(L()) = "P(kerL()) (L) (2.3.13)

and that L (and hencethe exterior algebra)is equipped with a natural inner product.
If o denotes again the subspaceof closed componerts of  then kerL() =
kerD” . We note that D*_ is is skew-adjoirt by equation (2.3.11) with respect to the
natural hermitian pairing between the domain and range of this operator: for 2
Cl(; L@ s*yand 2 C!(; LE@D=2 S )the point-wiseinner product of e,
and givesa sectionof L2 which may be integrated over to give a complexnumber;
this allows us to idertify L?( ;L@*D=2 S ) with the dual of L?( ;L 922 S*) In
particular, 'P(kerL()) = ™P(kerD" ) isthePfaan line Pf() ofthe skew-adjoirt
operator D , which comesequipped with the Quillen metric [BF] (this is a real line for
d = 1 and a complexline for d = 2). Henceboth factors on the right hand side of
equation 2.3.13are equipped with natural inner products and we obtain a Hilbert space
F() asthe completion of Fy4(), which is still a module over C(@). We note that
the Fock spaceF () canberegardedasa generalizationof the Pfaan line, sincefor a
closal the Fock spaceF () is equalto Pf().
Ford= 1wehave Fa4() = F() becauseboth are nite dimensional.

If is a conformal spin bordism from Y; to Y,, then F() is a left module over
C(@ = C(Y)% C(Y>); in other words,a C(Y,) C(Y1)-bimodule.
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We needto understandhow theseFock modulesbehare under gluing surfacesogether
(we shall not discussthe 1-dimensionalanalogueexplicitly but the readerwill easily Il
this gap). Solet ; be conformal spin surfaceswith decompsitions

@1=Y1[ Yo, @2=Y2[ Y3
where Y; \ Yj.; could be nonempty (but always consistsof the points @;).Let 3 gef
1[v, 2. Then this geometricsetting leadsto the algebraicsetting in Remark 2.2.7:

We have V, gef V(Y;) and L; =l . sothat we can derive a gluing isomorphism. Note
that there are two casesdepending on the type of the von Neumannalgebragenerated
by C(V,) = C(Y,): If Y is closedthen we are in type |, and if Y hasboundary we are
in type I11 wherea more sophisticatedgluing lemmais needed.Note alsothat we really
have generalized_agrangiansL ( ;) which areusedin the gluing lemmabelow. It follows
from our algebraicgluing lemma (for type I) together with the canonicalisomorphisms
of Pfa an lines for disjoint unions of closedsurfaces.

Gluing Lemma 2.3.14. If Y, is a closa 1-manifold, there are natural isomorphisms
of graded C(Y3) C(Y,) bimadules

Falg( 2) C(Y2) I:alg( 1) = I:alg( 3):

Again thereis a re ned versionof this lemmafor all typesof von Neumannalgebras
which usesConnesfusion, seeProposition 4.3.10. It will actually imply that the above
isomorphismare isometriesand hencecarry over to the completionsF ( ;).

Remark 2.3.15. A dierent way to seethe isometry for completionsis to obsene that
our assumptionon Y, being closed(i.e. that the von NeumannalgebraA(Y>) is of type)
implies that A(Y;) = B(H;) for someHilbert spacesH; and alsothat

F( 1)= HS(Hz,Hl), F( 2): HS(Hg,Hz), F( 3): HS(H3,H1)

Then the isomorphism for Lemma 2.3.14 is just given by composing these Hilb ert-
Sdmidt operators. Note that if Y; bound conformal spin surfacesS; then we may
chooseH; = F(Sj) in which caseewerything becomescanonical. It is important to note
that in the caserelevant for string vector bundles, this last assumptionwill be satis ed
becausewe will be working in a relative situation whereY; consistsof two copiesof the
samemanifold, onewith a trivial bundle, and with a nontrivial bundle over it.

After thesepreliminaries, we are now ready to de ne Cliord linear eld theoriesof
degreen. To motivate the following de nition, we recall Example2.3.30f a 1-dimensional
EFT: herethe Hilbert spaceE (pt) assitated to the point pt hasadditional structure:
E(pt) is a Z=2-graded left module over the Cliord algebraC ,, = (C(pt)°?) " (see
Example 2.3.8). Roughly speaking, a Clior d eld theory of degree n is a eld theory
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(of dimensiond = 1 or 2) with extra structure ensuringthat the Hilbert spaceE(Y)
asseiated to a manifold Y of dimensiond 1 is a gradedleft module over the Cli ord

algebraC(Y) " Qef (C(Y)°P) ™. To make this precise,we de ne Cliord linear eld
theoriesof degreen as functors from CB2 (resp. EB}) to the categoryof Hilbert spaces;
here CB? (resp. EB}) are ‘larger' versionsof the categoriesCB? (resp. EB') suc that
the endomorphismsof the object givenby Y cortains the Cli ord algebraC(Y) ". This
implies that for such a functor E the Hilbert spaceE(Y) is left module over C(Y) " (or
equivalertly, a right module over C(Y) ").

De nition 2.3.16. (CFT of degree n). A Clior d linear conformal eld theory of
degree n 2 Z is a cortinuous functor

E:CB2 ! Hilb;

compatible with the additional structures in De nition 2.1.1 on both categories. We
recall that theseare the monadial structures, involutions and anti-in volutions, and ad-
junction transformations on both categories.In addition we require that the functor E
is compatible with the linear structure on morphismsin the sensethat the equations
2.3.17below hold. For brevity's salke, we will refer to suc a theory alsojust as CFT
of degree n (we note that we have de ned the notion of "degree’'only for theseCli ord
linear theories).

The objects of CB2 are closedconformal spin 1-manifoldsY . If Yi, Y, are objects of
CB2, there are two typesof morphismsfrom Y; to Y,, namely

pairs (f;c) consisting of a spin di eomorphism f:Y; ! Y, and an elemen c 2
C(Y1) "; here C(Y1)* standsfor the gradedtensor product of jkj copiesof C(Y;)
if K 0resp.C(Y)° if k < 0. In particular, there are morphisms

f € (F:12C(Y) ") 2CB2(YY,) and ¢ (1y,;0) 2 CBA(Yy; YY)

pairs( ; ), where isaconformalspinbordismfromY;toY,, and 2 Fyq()
HereF = Faq() isthe algebraicFock space,and F¥ standsfor the gradedtensor
product of jkj copiesof F if kK Oresp.of F if k 0. A conformal spin bordism
from Y; to Y, is a conformal spin manifold together with a spin di eomorphism
@ = Y1 Y,. More precisely we idertify the morphisms( ;) and( % 9 if
there is a conformal spin di eomorphism ! 0 compatible with the boundary
identi cation with Y;q Y, sud that issert to °underthe inducedisomorphism
on Fock spaces.Werecallfrom de nition 2.3.12that if hasno closedcomponerts,
then F44() Is aFock spacewhich by de nition 2.2.4hasa canonical cyclic vector
Then "2 Faq() " andwe will write

EC M2 BA(YLY):
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We note that ewery 1-manifold hasa unique conformal structure; henceour de nition of
spin structure and the construction of the Cli ord algebraC(Y) appliesto ewery oriented
1-manifold Y. Composition of morphismsis given as follows:

If (f1;c) is a morphism from Y; to Y, and (f,; ;) is a morphism from Y, to Yj,
then (f,;c) (fy;¢) = (f2 fi;f;6 ¢). In particular, interpreting as above a
spin di eomorphism f : Y; ! Y, asa morphism from Y; to Y,, and an elemen
c2 C(Y,) " asan endomorphismof Y; we have (f;c) = f c.

If ( 1; 1) isamorphismfrom Y;to Y,, and( ,; »)isamorphismfrom Y, to Ys,
their compositionisgivenby ( 2[ v, 1; 2[v, 1), where 3= 5[y, 1isobtained
by “gluing' along the common boundary componert Y,, and the fermion 3 =

2[ v, 10n 3isobtainedby "gluing' the fermions , and 4, i.e., it isthe image
of 1 under the (( n)-th power of the) “fermionic gluing homomorphism’
from Lemma 2.3.14:

Fag( 2) c(v) Fag( 1) ! Fag( 3):

In the presen cortext whereY; is closed,the assumptionsof Lemma 2.3.14 are
indeedsatis ed.

Composing a morphism ( ;) from Y; to Y, with a dieomorphism f: Y, ! Y;
isagain( ; ), but now regarding asa bordismfrom Y; to Y;, and Faq4() as
a bimodule over C(Y3) C(Y1) by meansof f. Precompsition of ( ;) by a
di eomorphism is de ned analogously

Forc 2 C(Y;) " CB2(Y;;Y;) we have
¢ () =( ;¢ ) and (;) ca=(; c):

We note that Fug() is a C(Yz) C(Yy)-bimodule and henceFy4() " is a
C(Y2) ™ C(Yy) "-bimodule, which explainsthe products c, and ¢

We require that a CFT E: CB2 ! Hilb is compatible with the linear structure on
morphismsin the sensehat given a spindi eomorphism f : Y; ! Y, or a conformalspin
bordism from Y; to Y, the maps

C(Y)) " ! Hilb(E(Y1);E(Y1)  Fag() " ! Hilb(E(Y1);E(Y2) (2.3.17)
givenby c7! E(f;c) (resp. 7! E( ;)) arelinear maps.

Remark 2.3.18. (Basic prop erties of Cliord conformal eld theories) Let

be a bordism from Y; to Y, with no closedcomponerts. Then " is a cyclic vector
in the C(Y2) " C(Yy) "-bimodule Fa4() " and henceewvery morphism ( ;) can
bewritten as( ;c; "ci))=¢ (; ") c. This showsthat the morphismsin the
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category CB2? are generatedby di eomorphisms f, Cliord elemerts ¢, and conformal
bordisms = ( ; ") (with no closedcomponerts).

We note that the spin involution =  (seeDe nition 2.3.4) on a conformal spin
1-manifold Y inducesthe grading involution on the assaitated Cli ord algebraC(Y).
This impliesthat asmorphismsin the categoryCB?2, it comnuteswith the even elemerts
of the Cliord algebraC(Y) ", while it anti-commutes with the odd elemens. In par-
ticular, if E: CB2 ! Hilb isa CFT of degreen, then the Hilbert spaceE(Y) is a graded
left C(Y) "-module (or equivalertly, a right C(Y)"-module). If is a conformal spin
bordism from Y; to Y5, then the “spininvolution’ restrictsto v, onthe boundary and
hencewe have the relation

Y2 = Y1
in CB2. In particular, the correspnding bounded operator E() : E(Y1) ! E(Yy) is
even
We claim that E() is in fact a Hilbert-Schmidt operator from E(Y;) to E(Y,). To
seethis, obsenethat 2 CB2(Y1;Y,) isin the imageof the natural transformation

CBZ(;;Y1q Y2) ! CBA(Y1;Y2)

by regarding asa bordismfrom ; to Y; q Y,. This impliesthat E() isin the image
of the correspnding natural transformation in Hilb

Hilb(C;E(Y1) E(Y2)) ! Hilb(E(Y1); E(Y2));
which consistsexactly of the Hilb ert-Schmidt operatorsfrom E(Y;) to E(Y>).

Remark 2.3.19. Wenotethat if isabordismfrom Y;to Y,, andE isaCliord linear
theory of degreen thenthemap F() " ! Hom(E(Y1);E(Y2), 7!'E( ;) infact
inducesa C(Y;,) "-linear map

E() :F(O) " cemy » E(YD) ! E(Y2)

De nition  2.3.20. (EFT of degree n). A Clior d linear 1-dimensional Euclidean
eld theory of degree n is a cortinuous functor

EB! 1 Hilb

compatible with the additional structures in De nition 2.1.1 and the linear structure
on the morphisms(equation 2.3.17). Here the 1-dimensionaldegreen bordism category
EB! is de ned asfor CB2, exceptthat the dimensionof all manifolds involved is down
by one: the objects of EB! are 0-dimensionalspin manifolds Y and the bordisms are
1-dimensional;furthermore the geometricstructure on thesebordisms are Riemannian
metrics rather than conformal structures. We want to emphasizethat now the Cli ord
algebrasC(Y) and the Fock spaced=() are nite dimensionalreal vector spaces
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We note that we can de ne real EFT's; theseare functors from EB} to the category
Hilb® of real Hilbert spaces with the sameproperties. In fact our motivating example
2.3.3is the complexi cation of a real EFT.

It should be pointed out that there are no naive ‘real' versionsof CFT's, sincee.g.
the map C(Y) " ! Hilb(E(Y);E(Y)) is required to be linear, which meanscomplex
linear if Y is 1-dimensional(in which caseC(Y) is an algebraover C). Consequetly, we
can't restrict the vector spaces=(Y) to bereal.

De nition  2.3.21. (Cliord linear eld theories over a manifold X). As in
de nition 2.1.5we de ne Cliord linear eld theoriesover a manifold X asfollows. Let
CBZ(X) resp.EBL(X) be categoriesvhoseobjects are asin the categoriesCB2 resp.EB]
exceptthat all objects Y (given by manifolds of dimension 1 resp. 0) come equipped
with piecewisesmaoth mapsto X . Similarly all bordisms comewith piecewisesmaoth
mapsto X. The additional structures on CB2 and EB} extend in an obvious way to
CB2(X) and EB}(X), respectively. We de ne a Clior d linear CFT of degree n over X
to be a functor E: CB2 ! Hilb compatible with the additional structures.

Similarly a Clior d linear EFT of degree n over X is a functor E : EBY(X) ! Hilb
compatible with the additional structures.

Example 2.3.22. (Basic example of a Cliord linear EFT over X). Let ! X
be an n-dimensional spin vector bundle with metric and compatible connection over
a manifold X. Let S( ) ! X be the assaiated spinor bundle (a C( ) C,-bimodule
bundle, seeDe nition 2.3.1). ThenthereisaCliord linear EFT over X of degreen: this
is a functor E: EBY(X) ! Hilb which mapsthe object of EB}(X) givenby pt 7! x 2 X
to the Hilbert spaceS( )x; on morphisms,E(c) for c2 C(pt) " = C2 is given by the
right C,-module structure on S( ). If :Iy! X isa path from x to y represeting a
morphism in EB}, then E( ): S( )x ! S( )y is given by parallel translation along
The propertiesof a Cli ord linear eld theory then determinethe functor E.

2.4 Twisted Cliord algebras and Fock modules

In this sectionwe shall generalizeall the de nitions givenin Section2.3 to the twisted
case,i.e. wherethe manifolds are equipped with vector bundlesand connections. This
is a straightforward step, sowe shall be fairly brief. At the end of the de nition of the
twisted Cli ord algebra (respectively twisted Fock module), we'll explain the relative
version of the constructions, which involves the twisted and untwisted objects. It is
theserelative objects which will be usedin Section5.

De nition 2.4.1. (The Cq4 :-Hilb ert space V( )). Let Y% ! be a conformal spin
manifold with spinor bundle S, and let ! Y be a vector bundle, equipped with a
Riemannianmetric. De ne

VOELGLT s ),
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the spaceof square-iriegrable sectionsof the real vector bundle E = L= S . Eadh
b er of E is a gradedright Cy4 ;-module, which inducesthe samestructure on V( ).

De nition 2.4.2. (The Cliord algebras C( ) and C( )). The above de nition
givesfor d = 1 a gradedreal Hilbert spaceV( ); for d = 2, the Cliord algebraCy ;
is isomorphic to C and henceV( ) is a complex vector spaceon which the grading
involution acts by a C-anti-linear involution. As in De nition 2.3.7,V( ) hasthus the
structures neededto form the Cliord algebraC( ) Qef C(V()) ford= 1;2.

In casethat = E is the pullback of an n-dimensionalvector bundleE ! X via

asmooth map :Y ! X, wede ne the following relative Cli ord algebra:
c()¥c( E) c(Y)"

For example,if Y = pt and (pt) = x 2 X then this givesthe algebraC(x) = C(Ey)
C ,. Recallthat a spin structure on E, can then be descriked as a gradedirreducible
(left) C(x)-module.

De nition  2.4.3. (The generalized Lagrangian L( ):W()! V(@)). Let ¢
be a conformal spin manifold with boundary Y. Assumethat the bundle extendsto a
vector bundle with metric and connectionon . We denoteit againby andlet @ be
its restriction to Y. Let S bethe spinorbundleof andrecallfrom De nition 2.3.4that
the restriction of S* to Y is the spinor bundle of Y. Considerthe twisted (conformal)
Dirac operator

D:C!(; L7 s H)Yhct(;T L= s )
d+1 S

=Cl(; Lz T,

d+1

y FCct; L2 s ) (24.9

wherer is the connectiononL*z" S determinedby the connectionon and the

Levi-Civita connectionon Lz~ S for the choice of a metric in the given conformal

class. Let W( ) £ kerD* whereD* hasdomain C! ( ;L*" S* ) and consider

the restriction map to the boundary

L():W() ! L@;LZT S )=V(@)

The closureL of the imageimageof L( ) is the twisted Hardy space of boundary values

of harmonic sectionsof L=~ S* . kerL( ) is the spaceof twisted harmonic spinors
which vanishon the boundary. If denotesthe subspacef closedcomponerts of
and g is the restriction of , thenkerL( ) = kerD*0 is the ( nite dimensional)subspace
of twisted harmonic spinorson . As before,one shavsthat L( ) is C4 ;-linear and
that L is a Lagrangian subspaceof V(@).
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De nition  2.4.5. (The C(@)-modules Foy( ) and F( )). Wedene Fug( ) &

Fag(L( )), the algebraic Fock module over C(@) determined by the generalizedLa-
grangianL( ) : W( ) ! V(@), seeDe nition 2.2.9. As before, this is a real Hilbert
spacefor d = 1 and a complexHilbert spacefor d = 2. As in De nition 2.3.12,Fyq4( )
can be completedto the Hilbert spaceF( ) = F(L( )).

In casethat = E is the pullback of an n-dimensionalvector bundleE ! X via
asmoothmap : ! X, we de ne the following relative Fock modules:

FO) £F( E) F(O) "andFag() E'Faug( E) Fag() "

These are left modules over the relative Cliord algebra C( ) from De nition 2.4.2,
where = jy. It isimportant to note that the vacuum vector for is by de nition
2 Falg( E).

If is closedthen Pf() gef Fag() isthe relative Pfaan line.

There are again gluing laws for twisted Fock spacesasin Lemma 2.3.14and Propo-
sition 4.3.10.

3 K-theory and 1-dimensional eld theories

3.1 The space of 1-dimensional Euclidean eld theories

We recall from de nition 2.3.20that an EFT of degreen is a cortinuousfunctor E from
the Euclidean bordism category EB! to the category Hilb of Hilbert spacescompatible
with the symmetric monoidal structure, the (anti-) involutions and , the “adjunction
transformations' (see2.1.1) and the linear structure on morphisms(seeequation2.3.17).
An important featureis that the Hilb ert spaceE (pt) assaiated to the point is a graded
left C ,-module, or equivalertly, a gradedright C,-module. In our basicexample2.3.3,
E (pt) is the spaceof squareintegrable sectionsof the spinor bundle S! M of a spin
n-manifold, wherethe right C,,-action is induced by the right C,-action on S.

It might be important to repeat the reasonwhy the algebraC , comesup: The
geometricexampledictatesthat E (pt) be aright C, module. (This goesbadk to the fact
that a frame for a vector spaceV is an isometry R" ! 'V, and henceO(n) acts on the
right on theseframes.) Howeer, from a functorial point of view, the endomorphismsof
an object in a categoryact on the left. This is presened under the covariant functor E.
Sincewe built in C , asthe endomorphismsof the object pt 2 EB!, E(pt) becomesa
left C ,-module. Equivalertly, this is a right C,-module, exactly what we wart.

In this subsectionwe considerthe spaceof EFT's. We want to assumethat the
(right) C,-module E (pt) is a submadule of some xed gradedcomplexHilbert spaceH
(equipped with aright C,-action sud that all irreducible modulesoccur in nitely often)
in order to obtain a setof sud functors.

28



Prop osition 3.1.1. There is a bijection
fEFT's of degreeng T Hom(R. ; HSZ"*%(H))

Here R, is the additive semi-groupof positive real numbers, and H S¢"**(H) is the
semi-groupof Cli ord linear, ewven (i.e., grading preserving),self-adjoirt Hilb ert-Schmidt
operators with respect to composition.

De nition  3.1.2. (Construction of R). Let R be equipped with the standard spin
structure (seeExample 2.3.5). We note that the translation action of R onitself is by spin
isometries,allowing us to identify all the spin 0O-manifoldsftg with the object pt of the
bordism categoryEBL. Werecall C(pt) = C; (Example 2.3.8)andhenceC(pt) "= C ..

Fort > Olet I, 2 EB}(pt; pt) be the endomorphismgiven by the Riemannian spin
1-manifold [0;t] R. We note that the composition Iy I is represeied by gluing
together the spin 1-manifolds [0;t9 and [0;t], identifying 0 2 [0;t] with t° 2 [0;t9 by
meansof the translation t° 2 R,. This results in the spin 1-manifold [0;t + t9. We
note that I, = I, sincere ection at the midpoint of the interval |; is a spin structure
reversingisometry.

As discussedn remark 2.3.18,if E: EBL ! Hilb isa Cliord linear EFT of degree
n, then E(pt) isaright C,-moduleand E(l;): E(pt) ! E(pt) isanewen,Cliord linear
Hilb ert-Scdhmidt operator. Furthermore,dueto I, = |, andthe requiredcompatibility of
E with the anti-involution , the operator E(l+) is self-adjoirt. Therelationl; 1y = 4o
in the category EB! implies that

R. | HSZ*(E(pt)) t 7 E(1y) (3.1.3)

is a semi-grouphomomorphism. Extending the Hilbert-Schmidt endomorphismE (1;)
of E(pt) H to all of H by setting it zeroon E(pt)* de nes the desiredsemi-group
homomorphismR(E): R, | HSZ™*%(H).

Sketchof proof of Proposition 3.1.1. Concerningthe injectivity of the map R, we obsene
that the functor E: EB} ! Hilb can be recovered from E (pt) (as gradedright module
over C,) and E(l,) asfollows. Every spin 0O-manifold Z is a disjoint union of copiesof
pt and pt and henceE(Z) is determined by the Hilbert spaceE (pt), E(pt) = E(pt)
and the requiremen that E sendsdisjoint unions to tensor products. Concerningthe
functor E on morphisms, we note that E(c) forc 2 C(pt) " = C , EBL(pt; pt)
is determined by the (left) C ,-module structure on E (pt) H. Similarly, the im-
age of the endomorphism 2 B7(pt;pt) is the grading involution on E(pt). Now the
morphismsof the categoryEB} are geneated by I, c2 C(pt) " and usingthe opera-
tions of composition, disjoint union, the involution and the adjunction transformations
EBL(;;Z19 Zy) ! EBL(Z4;Z,). For example,l; can be interpreted as an elemein of
EBL(pt;pt) or EBL(;;ptq pt) or EBi(pt gpt;;). The secondand third interpretation
correspnd to ead other via the involution ; the rst is the image of the secondunder
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the natural transformation EBX(;;pt g pt) ! EBX(pt;pt). It can be shawvn that the
composition

I optgpt (3.1.4)

is the circle SiP,o of length t + t°with the anti-p eriodic spin structure, while

. ¥ ptgpt ' ptgpt 1 (3.1.5)

is SiFl, the circle of length t + t° with the periodic spin structure. The best way to
remenber this result is to enbed | asthe upper semicircleinto the complexplane. For
x 2 |, therealline S; (1) canbeiderti ed with the complexnumberswhosesquareliesin
T4l  C. It followsthat the spinorbundle S* (1) is a bandtwistedby =2 (or a "quarter
twist’). This is consisten with the fact that S(@) consistsof one ewven line, and one
odd line (which are orthogonal). Gluing two sud quarter twisted bandstogether gives
a half twisted band (i.e. the anti-p eriodic spin structure on the correspnding circle).
This alsofollows from the fact that this circle boundsa disk in the complexplane,andis
thus spin zero-tordant. Gluing together two quarter twisted bands using the half twist
givesa fully twisted band (i.e. the periodic spin structure on S?).

The fact that the morphismsin EB! are generatedby I;, andc?2 C(pt) " implies
that the functor E is determined by the semi-grouphomomorphismE(l;). Hencethe
map E 7! E(l,) is injective. Surjectivity of this map is proved by similar argumeris by
analyzing the relations betweenthesegenerators. O

Remark 3.1.6. Asin our motivating Example 2.3.3for a Cli ord linear eld theory, let
M be a Riemannianspin manifold of dimensionn and considerthe semi-groupof Hilb ert-
Scmidt operatorst 7! e ° acting on the Hilbert spaceL2(M ;S). Then Proposition
3.1.1(or rather its versionfor real EFT's) shows that thereis areal Cliord linear EFT
of degreen with E(pt) = L2(M;S) and E(l;) = e P”.

This EFT cortains interestinginformation, namelythe Cli or dindexof D, anelemen
of KO, (pt), segLM, x11.10]. Werecall(seee.g.[LM, Ch. I, Theorem9.29])that K O, (pt)
candescritedasK O, (pt) = M (Cp)=i M (C,+1), whereM (C,) isthe Grothendiek group
of gradedright modulesover the Cliord algebraC,,, andi is induced by the inclusion
map C, ! C,:1. Hencethe C,-module kerD? represets an elemen of K O, (pt). The
crucial point is that [kerD?] 2 K O,(pt) is independent of the choice of Riemannian
metric usal in the construction of D. The argumert is this: the eigenspaceE of D?
with eigervalue isaC,-module;for > 0the automorphism 2D of E hassquare

1 and anti-commutes with right multiplication by v 2 R"  C,. In other words, the
gradedC,-module structure on E extendsto a C,,+; -module structure. This shows that
[kerD?] = [E< ]2 KOy (pt), whereE< (D?) for > 0Oisthe (nite dimensional)sum of
all eigenspace& with eigervalue < . Choosinga not in the spectrum of D?, the
C,-module E< (D?) canbeidertied with E. ((D9?) for any su ciently closeoperator
D in particular for Dirac operators corresmpnding to slightly deformedmetrics on M .
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This shaws that [E< (D?)] 2 K O,(pt) is independen of the choiceof > 0 aswell as
the metric on M. We note that in terms of the EFT, the Cli ord index canbe descriked
as[E- (E(I1))] 2 KOx(pt), whereE. (E(l;)) isthe sumof all eigenspacesf E(I) with
eigervalue> (a nite dimensionalgradedC,-module); the argumen above shows that
this is independent oft and > 0.

This example suggeststhat the spaceof 1-dimensionalEFT's of degreen cortains
interesting ‘index information' and that we should analyzeits homotopy type. Unfortu-
nately, the result is that it is cortractible! To seethis, useProposition 3.1.1to identify
this spacewith the spaceof semi-groupst 7! P; of even, self-adjoirt, C,-linear Hilb ert-
Scimidt operators. We note that if P, is sud a semi-group,then soist 7! stP; for any
s 2 [0; 1], which implies that the spaceof thesesemi-groupsis corntractible.

3.2 Super symmetric 1-dimensional eld theories

After the "bad news' expressedby the last remark, we'll bring the "good news'in this
section: if we replacel-dimensionalEFT's by suger symmetric EFT's, then we obtain a
spacewith a very interesting homotopy type. Before stating this result and explaining
what a super symmetric EFT is, let us motivate a little better why super symmetry is
to be expectedto comein here.

Remark 3.2.1. Let E beareal EFT of degreen. Then motivated by Remark3.1.6,one
is tempted to de ne its Cliord index in K O,(pt) to be represeted by the C,,-module
E. (E(ly)) (the sumofthe eigenspacef E(l) with eigervalue> ). Howewr, in general
this doesdependont and ; moreover, for xed t; replacingthe semi-groupE(l) by
the deformed operator S'E(l;) leadsto a trivial module for su ciently small s!' This
simply comesfrom the fact that this operator has no Eigervalues>  for su ciently
small s.

What goes wrong is this: the argumens in Remark 3.2.13 shav that there is a
non-negatiwe, self-adjoirt, even operator A (not bounded!) on somesubspaceH® H
which is an in nitesimal generator of the semi-groupE(l;) in the sensethat E(l;) =
e 2 HSI*(HY  HSZ™(H) (this inclusion is given by extending by 0 on the
orthogonal complememn of H®in H). Howeer, in generalA is not the squareof an odd
operator D, and sothe argumert in Remark 3.1.6shawving that [E. (E(l{))] 2 K O, (pt)
is independen of t; fails.

The argument goesthrough for those semi-groupsR. ! HSZ"**(H) whosegenera-
tors are squaresof odd operators; we will seethat theseare preciselythose semi-group
which extendto “suger homomorphims'Ry* ! HSg (H).

De nition  3.2.2. (Susy EFT of degree n). A super symmetric 1-dimensional Eu-
clidean eld theory (or susyEFT) of degreen is a cortinuous functor

E:SEB! ! Hib
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satisfying the compatibility conditions 2.1.1. Here SEB! is the “super' version of the
1-dimensionalbordism categoryEB?, wherel-dimensionalRiemannianmanifolds (which
are morphismsin EB!) are replaced by super manifolds of dimension (1j1) with an
appropriate “super' structure correspnding to the metric.

We referto [DW] or [Fr2] for the de nition of super manifolds. To a super manifold
M of dimension(njm) we canin particular assaiate

its “algebraof smooth functions' C! (M), which is a Z=2-graded,graded commu-
tativ e algebra;

an ordinary manifold M "¢ of dimensionn sothat C* (M "¢ (the smooth functions
on M "®¢9) is the quotiert of C' (M) by its nil radical.

One assumesghat C! (M) is a locally free module over C! (M'ed). A basicexampleof
a super manifold of dimension(njm) is R"™ with

(anm)red - Rn and Cl (anm) — Cl (Rn) Rm:

More generally if  is a manifold of dimensionn and E ! is a real vector bundle of

dimensionm, then there is an assaiated super manifold M of dimension(njm) with
M= and C'(M)=C'(; E);

whereC? ( ; E ) isthe algebraof smooth sectionsof the exterior algebrabundle E

generatedby the dual vector bundle E .

In particular, if is a spin bordism between 0-manifolds Y; and Y,, then we can
interpret  as a super manifold of dimension (1j1) (using the even part S* ! of
the spinor bundle) and Y;; Y, as super manifolds of dimension(0j1); in fact then isa
“super bordisms' betweenY; and Y, with "¢ being the original bordism between Y,
and Y, 4. The questionis what is the relevant geometric structure on , which reducesto
the Riemannianmetric on the underlying 1-manifold "®9? We note that a Riemannian
metric on an oriented 1-manifold determinesa unique 1-form which ewvaluatesto 1 on
ead unit vector represeting the orientation. Conversely a nowhere vanishing 1-form
determinesa Riemannian metric. We generalizethis point of view by de ning a metric
structure on a (1j1)-manifold to be an even 1-form! (see[DW, x2.6]for the theory of
di erential forms on super manifolds) sud that

I and d! are both nowhere vanishing (interpreted as sectionsof vector bundles
over "®9%) and

the Berezinintegral of I over (0j1)-dimensionalsubmanifoldsis positive.

On red sudr a form ! restricts to a nowhere vanishing 1-form which in turn
determinesa Riemannianmetric on "¢,
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Example 3.2.3. For example,on the (1j1)-dimensionalsuper manifold RY* with even
coordinate t and odd coordinate , the form! = dz+ d isa metric structure (we note
that d! = d ~d 6 O;the form d is an odd 1-form and hencecommuteswith itself
accordingto equation (2.6.3) in [DW]). The Berezinintegral of ! over ftg R%! gives
the value 1 for every t (the form dt  d givesthe value 1 and henceis not a metric
structure). The form ! restricts to the standard form dz on (RY1)'® = R by setting

= 0. In particular, the metric structure ! inducesthe standaid Riemannian metric on
(lel)red = R.

With this terminology in place we can de ne SEB.. It is a category (enriched over
super manifolds!) and its morphisms consist of “super bordisms' as in EB}, except
that 1-dimensionalspin bordisms equipped with Riemannian metrics are replacedby
(1j1)-dimensionalsuper bordisms equipped with a metric structure. In particular, the
endomorphismspace®f eat object are now super semigroupscompareDe nition 3.2.7.

1-EFT's and the K-theory spectrum. We can now give a preciseformulation of
Theorem1.0.1from the introduction. It saysthat the spaceEF T, of sSusyEFT's of degree
n hasthe homotopy type of K ,, the ( n)-th spacein the -sp ectrum K represeting

periodic complexK -theory. HereK, = ! K is the 0-th spacein the spectrum K, and
all the spacesK,, n 2 Z are related to eat other by K, ' K, ;. Note that this

implies that the connectedcomponerts of the spaceof susyEFT's of degreen are the

homotopy groupsof the spectrum:

o(EFTh) = o(K 1) = K "(pt) = Kn(pt) (3.2.4)

Remark 3.2.5. Thereis an R-versionof the above result (with the sameproof), namely
that the spaceEF T.? of real susyEFT's of degreen is homotopy equivalert to KO ,
the ( n)-th spacein the real K -theory spectrum K O.

To corvince the readerthat onecanreally do explicit constructionsin terms of these
spacesof eld theories,we will descrilke the Thom classof a spin vector bundle and the
family Dirac index of bundle with spin b ersin terms of maps into these spaces(see
Remarks3.2.22and 3.2.21).

The “super' analogof Proposition 3.1.1is then the following result.

Prop osition 3.2.6. There is a bijection

EFT, T Hom(RY';HSZ(H))

Here HS& (H) is the super (Z=2-graded) algebra of self-adjoirt Cy-linear Hilbert-
Scimidt operators on a Hilbert spaceH which is a gradedright module over C,, (con-
taining all irreducible C,-modules in nitely often). The “super semi group' RY* and

homomorphismsbetween super semigroupsare de ned as follows.
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De nition  3.2.7. (The super group R%Y1). We give RY! the structure of a “super
group' by de ning a multiplication

RUL RUL 1 R (ty )ity ) 7N (tu+ tot 125 1t o)

here the points of RY* are parametrizedby pairs (t; ), wheret is an evenand is an
odd variable.

What do we meanby “odd' and "ewen' variables, and how do we make senseof the
above formula? A conveniert way to interpret theseformulasis to extend scalarsby some

exterior algebra and form RYL() %' (RUY! ) e calledthe -points of R4, Here
RYt = R R isjust consideredasa gradedvector spacewith onecopy of R in ewen, the
other copy of R of odd degree,sothat (RY¥* ) &= e odd Now considering(t; )
asan elemen of RYY() the formula in De nition 3.2.7makessense:for t1;t, 2 ¢ and

1, 22 %4 wehavet;+t,+ 1,2 ®and 1+ ,2 °dandit iseasyto chek that
in this fashionwe have given RY%() the structure of a group. But how about a “super
group structure' on RY? itself? Well, in one approad to super groups putting a super
group structure on RY? is by de nition the sameasputting a group structure on R5%()
for every , depending functorially on . In particular, the formula in De nition 3.2.7
givesRY?! the structure of a super group.

Hopefully, the reader can now guesswhat a homomorphismA | B betweensuper
groupsis: it is a family of ordinary group homomorphismsA() ! B() depending
functorially on . A particularly interesting exampleof a super homomorphismis given
in Example 3.2.9.

Remark 3.2.8. It is well-known that the group of orientation preservingisometriesof
R equipped with its standard orientation and metric can be idertied with R acting on
itself by translations. Similarly the group of automorphismsof the super manifold Rt
preservingthe metric structure ! = dz+ d canbeidenti ed with the super group R3!
acting on itself by translations. Let us ched that for (t; ) 2 RY? the translation

T, :R¥ 1 RYL ()T (t+z+ ; o+ )
presenesthe form ! :
T, dz=d(t+z+ )=dz d T.d =d( + )=d
and hence
T, !=(dz d)+(+ )d =dz+ d =1!:
The -p oints Rijl() of the super spaceRJl,jl consistofall (t; )2 & odd 'where

the °-componert of t is positive. We note that the multiplication on RY? restricts to

a multiplication on RY*, but there are no inverses;i.e., R?" is a “super semi-group'.

It is the analog of R, (where ‘'multiplication’ is given by addition): we can interpret
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R* as the moduli spaceof of intervals equipped with Riemannian metrics; similarly,
RY! can be interpreted as the moduli spaceof “super intervals with metric structures'.

The multiplication on R, (resp. RY ) correspndsto the gluing of intervals (resp. super
intervals).

Example 3.2.9. (A super homomorphism). Let H bethe Z=2-gradedHilbert space
of L2-sectionsof the spinor bundle on a compact spin manifold, let D be the Dirac
operator acting on H, and let HS¥(H) be the spaceof self-adjoirt Hilb ert-Schmidt
operatorson H. Then we obtain a map of super spacesRiJl ' HSg* (H) by de ning
it on -p oints in the following way:

Riil() = & odd | HS?(H)() = (HS%(H) ) e
t )7'e ™+ De®%

Heree ®° is de ned for real-valued t > 0 via functional calculus; fer a generalt, we
decommset in the formt = tg + tg with tg 2 R, = ¢ andtg 2 p—1 2 (physics
terminology: tg is the "body' of t, while ts is the “soul' of t). Then we use Taylor
expansionto de ne e '°° = e (te*ts)0? a5an elemen of H SS3(H) (we note that the
Taylor expansiongivesa nite sumsincets is nilpoternt). We notethat and D are both
odd, sothat e °* + De '’ is indeedin the even part of the algebraH S3(H)

We will ched in the proof of Lemma 3.2.14that the map de ned above is in fact a super
homomorphism.

De nition  3.2.10. (Construction of R). We recall from Remark 3.2.8 that for
(t; ) 2 RY! the translation T, : RY? | RY! presenes the metric structure given
by the even 1-form! = dz+ d from example3.2.3. Fort > 0, we will write | for the
(1j1)-dimensionalsuper manifold [0;t] RY9! RY! equipped with the metric structure
givenby ! (the -p oints of [0;t] RY! consistofall (z; ) 2 RY! sud that zg, the “body"
of z is in the interval [O; t]). We considerl asa super bordism betweenpt = o ROl
and itself by idertifying 0 R%! with ftg RY%! by meansof the translation T, y. The
composition of I,., and I,. , in the category SEB} (given by gluing of these “super
bordisms') is then given by

Itz; 2 Itl; 1= |t1+t2+ 125 1+ 29

sincewe usethe translation T,. , to idertify [0;t;] RO9! with [ty;t; + t]  RY9L. This
then " ts' together with [0;t;] RY! to form the bigger domain [0;t; + t,] RY%, the
relevant identi cation betweenfOg RY! and the right hand boundary ft, + t,g RY!
of this domainis givenby Ti,. , Ti;:; = Tittor 4 00 1+ -

This implies that

R(E): R I HS(E(pt) HS(H) ()7 E(ly)
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is a super homomorphism. As in De nition 3.1.2it followsthat E(l ) is a self-adjoirt
operator. Howewer, in generalit won't be even unlike the situation in the categoryEB}
in the super bordism category SEB} the spin involution = | (seede nition 2.3.4)
doesnot commute with I ; rather we have

It; = It; . (3211)

To seethis, we recall that the spin involution  of a conformal spin manifold is the
identity on  and multiplication by 1 onthe b ersof the spinorbundleS() ! . If
is d-dimensional,this is an involution on the (dj2%)-dimensional super manifold S().

In particular for = f0g R, S() canbeidentied with fOg R%! R3Y! onwhich
actsby (z; ) 7! (z; ). It iseasyto ched that the translation T;. and the involution
(consideredas automorphism of RY') satisfy the relation T, = Ty . Thisin
turn implies the relation (3.2.11) betweenendomorphismof pt = f0g R9!
The equation(3.2.11)shawvsthat restricting a super symmetricEFT E : SEB ! Hilb
to the semi-groupof morphismsl, 2 SEB!(pt;pt) givesa Z=2-equi\ariant semi-group
homomorphismR(E) asdesired.

The proof of Proposition 3.2.6 is analogousto the proof of Proposition 3.1.1, so we
skip it. The proof of Theorem 1.0.1is basedon a description of K -theory in terms of
homomorphismsof C -algebras. We recall that a C -algebraA is a subalgebraof the
algebraof boundedoperators on someHilb ert spacewhich is closedunder the operation
a 7! a of taking adjoints and which is a closedsubsetof all bounded operators with
respect to the operator norm. Equivalertly, A is an algebra(over R or C) equipped with
a norm and an anti-involution  satisfying somenatural axioms[BR],

[Co1l], [HR].

The examplesof C -algebrasrelevant to us are:

The C -algebra Cy(R) of cortinuous real valued functions on R which vanish at
1 with the suprenmum norm and trivial -operation. This is a Z=2-gradedalgebra
with grading involution : Co(R)! Co(R) inducedby t7! tfort2 R.

The C -algebraK(H) of compactoperators on a Hilbert spaceH ; if H is graded,
K(H) is a graded C -algebra. More generally if H is a graded module over the
Cliord algebraC,, then the algebraKc,(H) of C,-linear compactoperatorsis a
gradedC -algebra.

If A, B aregradedC -algebras,let C (A; B) bethe spaceof grading preserving -homo-
morphismsf: A! B (i.e, f(a) = f(a) ; sud maps are automatically cortinuous)
equipped with the topology of pointwise corvergence,.e., a sequencd ,, corvergesto f
if and only if for all a2 A the sequencd ,(a) corvergesto f (a).
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Theorem 3.2.12 (Higson-Guen tner [HG]). Let H be a real Hilbert space which
is a graded right module over the Clior d algeba C, (containing all irr educible C,,-
modulesin nitely often). Then the spaae C (Co(R); K¢, (H)) is homotopyequivalentto
the ( n)-th space in (the -spectrum equivalentto) the real K -theory spectrum K O.

Remark 3.2.13. This picture of K -theory is derived from Kasparos's KK-theory, see
e.g. [HR]. It is also closely related to a geometric picture of K O-homology due to
Graeme Segal [Se3]. We note that if ' : Co(R) ! K(H) is a -homomorphism (not
necessarilygrading preserving), then ' (f) for f 2 Cy(R) is a family of commnuting
self-adjoirt compact operators. By the spectral theorem, there is a decomposition of
H into mutually perpendicular simultaneouseigenspacesf this family. On a particular
eigenspac¢he correspnding eigervalue (f) of' (f ) determinesarealnumbert 2 R[ 1
sud (f) = f (t) (any algebrahomomorphismCy(R) ! C is givenby evaluation at some
point t 2 R[ 1 ). The eigenspacesre necessarily nite dimensional (except possibly
fort = 1), and the only accunulation point of points t 2 R correspnding to a non-
trivial eigenspacas 1 . Hencea C -homomorphism' determinesa con guration of
points on the real line with labels which are mutually perpendicular subspacesof H
(given by the correspnding eigenspaces)¢cornversely sud a con guration determinesa
C -homomorphism' . The conjugation involution on the spaceof all -homomorphisms
Co(R) ! K(H) (whose xed point setisC (Cy(R); K(H))) correspndsto the involution
on the con guration spaceinducedby t 7! t and the grading involution on H. We
obsene that this implies that ewery grading preserving -homomorphism' : Cy(R) !
K(H) isof the form f 7! f(D) 2 K(H9 K(H), whereH® H is the subspacegiven
by the direct sum of all subspaces; of H which occur as ‘labels' of points t 2 R of the
con guration correspndingto ' . The operator D: H°! H%hasE, asits eigenspace
with eigervalue t; the equivariance condition implies that D is an odd operator.

A geometricmodel for C (Co(R); K¢, (H)) is obtained by requiring that the points
t 2 R arelabeledby C,-linear subspace®f H.

Theorem 1.0.1follows from Theorem 3.2.12and the following result.
Lemma 3.2.14. The inclusion mapHS& (H)! K& (H) inducesa homotopyequiv-
alen@ of the correspnding spaces of homomorphismsof suger groups from RY' to
HSg* (H) resp. K@ (H). Moreover, there is a homeémorphism
C (Co(R)iKe, (H)) ! Hom(RY: KE (H)

Sketchof proof. Let usoutline the proof of the secondpart. The homeomorphisnis given
by sendinga grading preserving -homomorphism' : Co(R) ! Kc,(H) (which may be
considereda super homomorphism!) to the composition Ry* | Co(R) ! Kg, (H),
where is the map of super spaceggivenon -p oints by

RU() = o o 9 CuR)() = (Co(R;))
t )7 e ™+ xe *:
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Herethe expressione *” + xe ™* is interpreted the sameway asin example3.2.9: for
t2 R, e e X* xe %* are obviously elemetts of Co(R); for generalt = tg + ts we
use Taylor expansionaround tg.

Let uschedk that () isin fact a homomorphism:

2 2 2 2
(e t1x + 1xe t1x )(e tox + zxe t1x )
=) (t1+1t2)x? 1 2X26 (ti+t2)x? 4 (1+ 2)xe (t1+1t2)x?
= g ittt 3 2)x% 4 (1+ )xe (t1+1t2)x?

2 2
= g (titte+ 1 2)x% 4 (1+ )xe (tr+ta+ 1 2)x

Here the minus sign in the secondline comesfrom permuting the odd elemen x past
the odd elemen ,; the secondequality follows by taking the Taylor expansion of
e (t+te* 12%* round the point t, + t,; the third equality follows from the obsenation
that the higher terms of that expansionare annihilated by multiplication by ;+ ».
To nish the proof, oneneedsto show that the above map inducesan isomorphism
of gradedC -algebras _
C (R¥) = Co(R)

wherethe left hand sideis the C -algebrageneratedby the super semigroupRi”. O

Theorem1.0.1and its real analogidentify in particular the componerts of the space
EF T, (resp. EF T.X) of complex(resp.real) super symmetric 1- eld theoriesof degreen;
there is a comnutativ e diagram

def

EFTR I KOu(pt) € M(Cn)=i M(Cns1)
3 ) 5 .
Yy Yy ;

EFTn ! Ku(pt) ' MC(Cp)=i MS(Cour)

where the horizontal isomorphismsare given by the theorem and the vertical maps
comefrom complexi cation; M (C,) (resp. M €(C,)) is the Grothendiedk group of real
(resp. complex) graded modules over the Cliord algebraC,, andi is induced by the
inclusionmap C, ! C,.; (this way of relating K -theory and Cli ord algebrasis well-
known; seefor example[LM, Ch. I, Theorem 9.29]). Explicitly, the map is given by
assaiating to a eld theory E (real or complex)the gradedC,,-module E. (E(l;)) (the
nite dimensionalsum of the eigenspace®sf E(I;) with eigervalue > ); the argumert
in Remark 3.1.6shawvs that its classin K -theory is independernt oft; and dependsonly
on the path componert of E in EF T,.

By Bott-p eriodicity, K o1 (pt) = 0and K = Z. This isomorphismcanbe descriked
explicitly asfollows.
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Lemma 3.2.15. For n eventhe map
MS(C)=i M®(Chs1) ! Z  [M]7!'str( ":M! M)

is an isomorphism. Here &) #2j1%2¢, 2 C;, Cand "= 2C, =
C C 1, wheeC', = C, grCisthecomplexied Clior dalgeba.

Proof. The complex Cli ord algebraC", is isomorphicto the algebra of complex 2

2-matrices.Let = C? bethe irreducible module over C*,; make agradedmodule by
declaringthe grading involution to be multiplication by the "complexvolume elemen
lc=ie1e 2 C, [LM, p. 34]. It iswell-known that ¥ (the gradedtensor product of k
copiesof ) represets a generatorof M ©(Cy)=i M ¢(Cye1) [LM, Ch. |, Remark9.28].

We have .
9 i 1

= = éele2= E!CZC‘l C‘]_: C‘z:
We note that for any homomorphismf : M ! M on a gradedvector spacewith grading
involution we have str(f) = tr( f ). In particular, for M =  with grading involution
= | ¢ we obtain
str(c: ! ) =tr(0d)=1tr(L )=dim =2
This impliesstr( 2: ! ) = 1andhencestr( 2: kI Ky = 1. O

The above lemma motivatesthe following

De nition 3.2.16. If M isa nite dimensionalgradedC,, module we de ne its Cli or d
super dimensionas

sdime, (M) E'str( ":M I M)
More generally if f : M ! M is a C,-linear map then we de ne its Cli or d suger trace
as

strcn(f)d=efstr( "f:M! M):

We note that the de nition of the Cli ord super trace cortinuesto make sensefor not
necessarily nite  dimensional modules M, provided f is of trace class,i.e., f is the
composition of two Hilbert-Schmidt operators (this guararteesthat the in nite sums
giving the super trace above corverge).

The simplestinvariants assaiated to a eld theory E are obtained by consideringa
closedd-manifold  equipped with a fermion 2 Fy4(), andto regard( ;) asan
endomorphismof the object ;; then E( ;) 2 Hilb(E(;);E(;)) = Hilb(C;C) = C. For
d = 1 we obtain the following result:
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Lemma 3.2.17. Let I, the interval of lengtht, let SP*" (resp.S resp.S;) ke the circle
of length t with the periodic (resp. anti-periodic resp. unspeci e d) spin structure. Let

t Fag(lt) ' Fag(St) be the fermionic gluing map and let 2 Fuq(l;) ". If E is a
EFT, then

E(S™; () =str(E(l)) E(S™® () =t(E(ly))

This lemma follows from decommsing Sf; o resp. Sife as in equation 3.1.4 (resp.
3.1.5) and noting that the algebraicanalog of this chain of morphismsis just the trace
(resp.super trace) of E(Iy, 1t,) = E(lt,+t,)-

Remark 3.2.18. We remark that unliketr(E(l¢; )) the function str(E(l; )) isinde-
pendentof t: super symmetry implies that the generator A of the semi-groupE(l;) =
e “W:E(pt) ! E(pt) is the square of an odd operator. This implies that for any
c2 C(pt) " = C , the cortributions to the super trace of E(I;;c ") = E()E(ly) =
E(c)e “ coming from eigenspaceof A with non-zero eigervalues vanish and hence
str(E(c)e ") = str(E(c): kerA! kerA) isindependen of t (cf. Remark 3.2.1).

De nition  3.2.19. If E isa EFT of degreen, we will call the function

Ze(t) Estre, (E(1)) = str( "E(1)) = E(SP"; () ")

the partition function of E. The previous remark shaws that this function is constart
if E is super symmetric. This terminology is motivated by the fact that physicists refer
to the analogousfunction for higher dimensional eld theoriesas partition function (see
De nition 3.3.5for the caseof 2-dimensionalconformal eld theories).

Putting Theorem1.0.1,Lemma 3.2.15and Lemma 3.2.17together, we obtain:

Corollary 3.2.20. There is a bijection
oEFTx ! Z
which sendsthe EFT E to its (constant) partition function Zg(t) 2 Z.

It is desirableto descrile certain important K -theory classeqlik e the families index
or the Thom clasg as mapsto the spaceEF T, of eld theoriesof degreen. Below we
do somethinga little less:we descrite mapsto the spaceHom(Rfl; H S22 (H)), which is
homeomorphicto EF T, by Proposition 3.2.6;in other words, we descrile the assaiated
EFT only on the standard super interval |;. .

Remark 3.2.21. (The index of a family of spin manifolds). Let :Z ! X be
a b er bundle with b ersof dimensionn. Assumethat the tangert bundle alongthe
b ershasa spin structure; this impliesthat inducesamap :KO(Z)! KO "(X)
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called 'Umkehr map' or “integration overthe b er. If ! Z isarealvector bundle, the

elemen
()2KO "(X)=[X;KO ,]1=[X;EFTH]

canbe descriked asfollows. Let S! Z bethe C( ) C,-bimodule bundle represeting
the spin structure on . Then we obtain a C,-bundle over X whose b er over x 2 X
isL%(Zx;(S  )jz,), the Hilbert spaceH, of L2-sectionsof S restricted to the b er
Zy. The Dirac operator D, on Z, ‘twisted by ' actson H, and commutes with the
(right) C,-action on H, inducedby the action on S. Sincethe spaceof C,-linear grading
preservingisometriesis cortractible, we may identify H, with a xed real Hilbert space
Hr with C,-action. Then the map

X | HomRILHSE(HR) = EFTR  x 70 (6 ) 7' fr (Dx )

represets the elemen  ( ); heref, = e ** X =e **+ xe ** 2 Co(R) for (t; ) 2
RY%; functional calculuscanthen be appliedto the self-adjoirt operatorD,  to produce
the super semi-groupf. (Dx ) of even self-adjoirt Hilbert-Schmidt operators.

Remark 3.2.22. (The K O-theory Thom class). Let : ! X beann-dimensional
vector bundle with spin structure given by the C( ) Cp-bimodule bundleS! X (see
Remark 2.3.1). We may assumethat there is a real Hilb ert spaceH which is a graded
C,-module, and that S is a C,-linear subbundleof the trivial bundle X Hg. We note
that for v 2 the Cliord multiplication operator c(v): Sy ! S, is skew-adjoirt, and
c(v) is selfadjoirt ( is the gradinginvolution); moreover, c(v) commuteswith the right
action of the Cliord algebraC , = C( R") if welet w2 R" act via c(w). Then the
map

I Hom(R¥:; HSE (Hg)) = EFTR
v7i((t ) 7y (e(v) 2HSE (S ) HSE (Hr)

extends to the Thom spaceX and represets the K O-theory Thom classof in
KO"(X )= [X ;EFTR].

3.3 Conformal eld theories and modular forms

In this sectionwe will shov that CFT's of degreen (seeDe nition 2.3.16) are closely
related to modular forms of weight n=2. For a precisestatemert see Theorem 3.3.4
below. Let us rst recall the de nition of modular forms (cf. [HBJ, Appendix]).

De nition  3.3.1. A madular form of weightk is a function f : h! C which is holo-
morphic (alsoat i1 ) and which hasthe following transformation property:

f(220) = (c +d* () forall (28)2 SLy(2): (3.3.2)

c +d
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Let us recall what "holomorphicat i1 ' means. The transformation property for the
matrix (3 1) implies the translation invariance

f(+1)=f():

It followsthat f: h! C factors through h=Z, which is conformally equivalert to the
punctured open unit disc D3 by meansof the map

h | DZ 7N q=¢€":

Then f () is holomorphicat i1 if the resulting function f (g) on D3 extendsover the
origin (note that ! i1 correspndsto q! 0). Equivalertly, in the expansion

X
f()= a,q" (3.3.3)

n2z

of f (q) asa Laurent seriesaround O (this is calledthe g-expansion of f ), we require that
a, = 0forn< 0.

Theorem 3.3.4. If E is a CFT of degree n, thenits partition function Zg: H! C (see
de nition 3.3.5 below) hasthe transformation property 3.3.2 of a modular form of weight
n=2.

De nition  3.3.5. (P artition function). We recall from De nition 2.3.12that for a

closa conformal spin surface the fermionic Fock spaceFyq4() is the Pfaan line

Pf(). Givena CFT E of degreen and an elemen 2 Pf "() gef Fag() ", the pair

( ;) represets a morphismsin the categoryCB2 from ; to ;; hencewe can apply the
functor E to ( ;) to obtainanelemen E( ;) 2 Hilb(E(;);E(;)) = Hilb(C;C) = C.
SinceE( ;) dependslinearly on , we obtain an elemen

Ze() 2 Pf"() = Hom(Pf "() ;C) given by TVE( ;) :

We recall that if g: ! 0is a conformal spin di eomorphism and g: Pf "() !
Pf "( 9 is the induced isomorphismof Pfaan lines, then for any 2 Pf "() the
pairs ( ;) and( %g) represeh the samemorphismin CB2(;;;). In particular we
have

E(;) =E(%g) 2C and  g(Ze()) =Ze( )2 PE"( O (3.3.6)

This property can be usedto interpret Zg asa sectionof a complexline bundle Pf"
over the Teichmeller spacesof conformal spin surfaceswhich is equivariant under the
action of the mapping classgroups. The partition function of E is obtained by restrict-
ing attention to conformal surfacesof gerus one with the non-bounding spin structure.
This spin structure is presened up to isomorphismby any orientation preserving dif-
feomorphism,i.e. by SL,(Z), whereasthe other 3 spin structure are permuted. This
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will ultimately have the e ect of obtaining a modular form for the full modular group
SL,(Z) rather than for an (index 3) subgroup.

Let us descrile the Teichmeuller spaceof this spin torus explicitly. Given a point
in the upper half planeh C, let gl C=(Z + Z ) be the conformal torus obtained
asthe quotient of the complexplane (with its standard conformal structure) by the free
action of the groupZ + Z C acting by translations. Let A be the conformal annulus
obtainedasa quotient ofthe strip fz2 Cj0 im(z) im( )g by the translation group
Z. The annulus is a bordism from St = R=Z to itself if we identify R with the horizontal
linefz2 Cjim(z) = im( )gvias7! s+ . Sowhile A asa manifold dependsonly on
the imaginary part of , the identi cation between @\ and the disjoint union of SP®'
(circle with periodic spin structure) and SP¢" dependson the real part of . Note that if
we equip C with the standard spin structure given by the bimodule bundleS= C C,,
then the translation action of C on itself lifts to an action on S (trivial on the second
factor). This impliesthat the spin structure on C inducesa spin structure on  (which
is the non-bounding spin structure) and A .

For Y = SP¢' the spaceHilbert V(Y) from De nition 2.3.6 can be idertied with
complexvalued functions on the circle. In particular, the constart real functions give us
anisometricenmbeddingR  V(SP¢") and hencean embedding of Cli ord algebrasC; =
C(R)! C(SP¥). Let 2 Fag(A ) bethe vacuumvector,let 2 C; C C(SP*) C
be the elemen constructedin Lemma3.2.15,and let 2 Fy4( ) bethe imageof
under the fermionic gluingmap : Fag(A )! Fag( ). If E isa CFT of degreen (not
necessarilysuper symmetric), we de ne its partition function to be the function

Zeg:h ' C TE( ; "):

We note that for g = (28) 2 SLy(Z) and 2 hthemapC! C,z 7! (c +d) 'z
sendsthe lattice Z+Z toZ+Zg ,9 =2 :3. This conformaldi eomorphism lifts to a
conformal spin di eomorphism g: ! g » Which inducesan isomorphismof Pfa an

linesg : Pf( )! Pf( g4).

Lemma 3.3.7. The induced mapPf( ) 2! Pf( ) ?sends 2to(c +d) =

Proof of Theorem 3.3.4. We note that the previous lemma and equation 3.3.6 implies
that if E isa CFT of degree2k, then

Ze()=E( 5 *)=E(g:9( *)=E(g:(c +d) “4%)
=(c +d) “E( g; ¢™)=(c +d) “Ze(g) (338)

This shows that the partition function of E hasthe transformation property (3.3.2) of a
modular form of weight k as claimed by Theorem 3.3.4. O

Now we would like to discusswhether the partition function Zg( ) of a conformal
eld theory E of degree2k is a modular form of weight k; in other words, whether
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Ze () is holomorphicand holomorphicat il . The key to this discussionis the following
result whoseproof is analogousto that of the correspnding result Lemma3.2.17for the
partition function of a 1-dimensionalEFT.

Lemma 3.3.9. Zg( )=str(E(A ;( ) M).

We note that E(SP®") is a graded module over the Cliord algebra C(SP®) " by
letting c2 C(SP®") " act on E(SP®") via the operator E(c). We note that the operator
E (A ) doesnot comnute with the action of the algebraC(SP¢") ", but it doescommnute
with the subalgebraC , = C," C(SP*) " generatedby constart functions. Express-
ing (A ;( ) ")) 2 CB2(SPe"; SPer) asthe composition " A we obtain the following
alternative expressionfor the partition function (cf. De nition 3.2.16):

Ze( ) = str(E( "E(A ) = stre, (E(A )): (3.3.10)

The compatibility of E: CB2! Hilb with the involution on both categoriesmplies
that the homomorphism

h! HSE (E(SP)) 7VE(A) (3.3.11)

is Z=2-equinariant, whereZ=2 actsonh by 7! andonH S, (H) by taking adjoints.
Any homomorphism : h! HSg (H) hasthe form

()=d°g° qg=¢"'

where Lg; Lo are two commnuting, ewen, C,-linear operators (in general unbounded),
sudh that the eigervaluesof Ly Lo are integral. Moreover, the homomorphismis
Z=2-equinariant if and only if the operatorsLg, L, are self-adjoirt.
We want to emphasizethat the homomorphism(3.3.11) is completely analogousto
the homomorphism
R, ! HSZ*(E(pt)) t 70 E(Iy)

asseiated to a 1-dimensional EFT (see Equation (3.1.3)). We've shovn that E(l;)
is always of the form E(l;) = e ¥ for an (unbounded) self-adjoirt, even operator A.
Moreover, if E is the restriction of a super symmetric EFT, i.e., if E extendsfrom the
bordism category EB! to the “super bordism category' SEB?, then A is the squareof an
odd operator. This had the wonderful consequencé¢hat for any c 2 C, the super trace
str(cE(l:)) is in fact independentof t.

Similarly, we would like to arguethat if the Cliord linear CFT E is the restriction
of a "super conformal' eld theory of degreen, then the in nitesimal generatorLq of

E(A) = g°qg° (3.3.12)

is the squareof an odd self-adjoirt operator Go. Hereby “super conformal' eld theory of
degreen we meana functor E: SCB2 ! Hilb (satisfying the usual requiremerts), where
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SCB? is the “super version' of the categoryCB2, in which the conformalspin bordismsare
replacedby super manifolds equipped with an appropriate "geometricsuper structure’,
which induces a conformal structure on the underlying 2-dimensionalspin manifold.
Unfortunately our ignorance about super geometry has kept us from idertifying the
correct version of this "geometricsuper structure’, but we are con dent that this can
be done (or has beendone already). In this situation it seemsreasonableto proceed
assumingthis. In other words, from now on the resultsin this sectionall will be subject
to the following

Hyp othesis 3.3.13. There is an appropriate notion of "super conformal structure' with
the following properties:

1. on the underlying 2-dimensionalspin manifold it amountsto a conformal structure;

2. if E: CB2! Hilb is a CFT of degree n which extendsto a (yet unde ned “suger
symmetric CFT of degree n' then L, is the squae of an odd operator G, (where
Lo is asin equation (3.3.12).

We want to emphasizethat the usual notion of “super conformal structure' is not
what is neededhere; we will commen further in Remark 3.3.18.

Theorem 3.3.14. AssumingHypothesis3.3.13, the partition function Zg of a susyCFT
of degree n is a weak integral modular form of weight 3.

De nition 3.3.15. (W eak integral modular forms). A weak modular form is a holo-
morphic function f : h! C with the transformation property (3.3.2), whoseg-expansion
(3.3.3) hasonly nitely many terms with negative powersof g; equivalertly, the function
f (9) onthe disc hasa pole, not an essetial singularity at q= 0.

A (weak) modular form is integral if all coe cien ts a, in its g-expansionare integers
(this low-brow de nition is equivalert to more sophisticatedde nitions). An exampleof
an integral modular form is the discriminant  whoseg-expansionhasthe form

\1 ny\ 24
=q @@ J)*

n=1

Other examplesof integral modular forms are the the Eisensteinseries

X X
Ci= 1+ 240 (K =1 504 s(K)d;
k>0 k>0

(modular forms of weiglt 4 respectively 6) where (k) = gxd". The ring of integral
modular forms is equalto the quotient of the polynomial ring Z[c4;Cs; ] by the ideal
generatedby ¢ & (12)°.

Let us denoteby M F the gradedring of weak integral modular forms; it is graded
by the degree of a madular form to be twice its weight; the motivation here being that
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with this de nition the degreeof the partition function of a susyCFT E agreeswith the
degreeof E. Recallthat the discriminant  hasa simple zeroat q= 0. It follows that
if f is a weak modular form, thenf N is a modular form for N su ciently large. As a
consequence,

MF = Z[a e ;  YHG & (12)°)
Proof of Theorem 3.3.14. By equations(3.3.10) and (3.3.12) we have

Ze( ) = stre, (g-°q-°):

We recall that the eigervaluesof L, Lo areintegral; let Hy, E(SP®") be the subspace
correspnding to the eigervalue k 2 Z. According to our hypothesis 3.3.13we have
Lo = G3. This allows usto calculatethe partition function Zg () asfollows:

Ze() = stre, () = stre, (dg.. ) (3.3.16)

= stre, (g% p )= d<sdime, (kerlo\ Hy) (3.3.17)
k2z k27

Here the secondequality follows from the fact that the eigenspacef L, with non-zero
eigervalue don't cortribute to the supertrace (seeremark 3.2.1); the last equality follows
from the fact that restricted to the kernelof L, the operatorLo = Ly Lo which in turn
is just multiplication by k on Hy. This implies that Zg( ) is a holomorphic function
with integral coe cien ts in its g-expansion.

To seethat all but nitely many coe cien ts ax with negative k must be zero, we note
that if kerLo\ H¢ were6 O for an in nite sequenceof negative valuesof k, we would
run into a cortradiction with the fact that g-°qg-° is a Hilb ert-Schmidt operator. O

The above proof suggeststo assaiate to a susy CFT E of degreen the following
homomorphismof super groups

«RYL L OHSc (H) () 71 €@ i(thori™ Go);

By the result of the previoussection,the super homomorphism , represets an eleme

k(E) 2 o(EFT,) = K,(pt). Let us calculate the image of this elemen under the
isomorphismK ,(pt) = Z (for n even), which is givenby assaiatingto (E) its partition
function. By the argumerns leadingto corollary 3.2.20,it is given by

stre, (€2 1(t0) acting on Hy) = sdimg, (kerLo\ Hy)

which is the coe cient a in the g-expansionof Zg( ) by comparisonwith the proof of
theorem 3.3.4.
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Sketchof proof of Theorem 1.0.2. This is a "parametrized’ version of the above argu-
mert: if C is a Cliord elliptic object over X, then given a point x 2 X, we obtain

a susyCliord linear CFT asthe composition E,: SCB2 ! SCB2Z(X) ¥ Hilb; here
the rst map is given by using the constart map to x 2 X. From E, we manufacture
a collection of homomorphisms (x): RY* I HSc, (Hy) as above; these depend con-
tinuously on x. By the results of the last subsection,the map ¢ from X to the space
of homomorphismsrepresets an elemen of K "(X), giving the coe cient of ¢f in the
Laurent seriesM F(C) 2 K "(X)[[dll[a . O

Remark 3.3.18. We would like to concludethis sectionwith somecommerts on our
Hypothesis3.3.13. The function ( ) = g-°q-° can be rewritten in the form

( ) — qLoqLo — e2 i[ULO+VLO];

whereu= andv = . Geometrically the new coordinatesu; v can be interpreted as
follows: If we think of = x + iy with coordinatesx;y of h  R? and with Euclidean
metric ds®> = dx? + dy?, then the Wick rotation y 7! t = iy givesa new coordinate t
with respect to which the metric becomeghe Minkowski metric dx? dt?. We note that
u; v are the light conecoordinates with respect to the Minkowski metric (i.e., the light
cone consistsof the points with uv = 0). In other words, if we write R2 for R? with
coordinates x; y and the usual Euclidean metric and RZ for R? with x;t coordinates
and the Minkowski metric, then the Wick rotation givesus an iderti cation RZ2 C =
R2  C betweenthe complexi cations. Let : Lie(RZ) Lie(RZ)c! Endc,(H) be
the Lie algebrahomomorphisminducedby , extendedto the complexi cation Lie(R2)c.
Interpreting the translation invariant vector elds @@, g on RZ aselemetts of Lie(R2)

and 2, & aselemerts of Lie(R, )c, the above equation shaws that

(@@) =2 L, (@@): 2 0Ly

Let Rﬁ,’ll be the super Minkowski space(super spacetime) of dimension (2j1) with
even coordinatesu; v and oneodd coordinate (see[Wi2, x2.8]or [Fr2, Lecture 3]). This
comesequipped with a natural geometric ‘super structure' extending the Minkowski
metric on the underlying RZ, . It hasa group structure sud that the translation action
on itself presenes that geometric structure. The correspnding super Lie algebrais
given by the spaceof invariant vector elds; a basisis provided by the two ewen vector
elds ;2 and the odd vector eld Q = @+ &. The odd elemen Q commutes (in
the graded sense)with the even elemerts; the crucial relation in this super Lie algebra

Lie(R2") is (see[Wi2, p. 498)):

ooz o2 @
E[Q!Q]_Q_@

47



This shows that if the represemation : R2 ! Endc, (H) extendsto a represetation
of the super Poincare group Rf}ll, then the operator L, isthe squae of an odd operator.

We note that the usual 'super conformal structure' on super manifolds of dimension
(2j2) [CRY], [Ba] is not the geometricstructure we are looking for. This is too muchsuper
symmetry in the sensethat if a Cliord linear conformal eld theory E: CB2 ! Hilb
would extend over these super manifolds, then both geneators L, and L, of the semi-
group E(A ) would be squaresof odd operators, thus making the partition function
Zg () constant

4 Elliptic objects

In this sectionwe descrike varioustypesof elliptic objects (over a manifold X ). We start
by recalling Segal'soriginal de nition, then we modify it by introducing fermions. After
adding a super symmetric aspect (asin Section3.2) we arrive at socalled Cli or d elliptic
objects. Theseare still not good enoughfor the purposesof excision,as explainedin the
introduction. Therefore, we add data assaiated to points, rather than just circlesand
conformal surfaces. Theseare our enriched elliptic objects, de ned as certain functors
from a geometricbicategory D, (X ) to the bicategory of von NeumannalgebrasvN.

4.1 Segal and Cliord elliptic objects
We rst remind the readerof a de nition dueto Segal[Sel,p.199].

De nition 4.1.1. A Saal elliptic object over X is a projective functor (X ) ! V satis-
fying certain axioms. HereV is the categoryof topological vector spacesand trace class
operators; the objects of C(X) are closedoriented 1-manifolds equipped with mapsto
X and the morphismsare 2-dimensionaloriented bordisms equipped with a conformal
structure and amapto X. In other words, C(X) is the subcategoryof the bordism cate-
gory CB?(X) (seede nition 2.1.5)with the sameobjects, but excludingthosemorphisms
which are given by di e omorphisms

The adjective "projective’ basicallymeansthat the vector space(resp. operator) asso-
ciated to map of a closed1-manifold (resp. a conformal 2-manifold) to X is only de ned
up to a scalar. As explainedby Segalin x4 of his paper [Se3 (after De nition 4.4), a
projective functor from C(X) to V can equivalertly be descrited as a functor

B:G(X) ! V;

wheren 2 Z is the central charge of the elliptic object. Here G,(X) is some extension'
of the category C(X), whoseobjects and morphisms are like those of C(X), but the
1-manifoldsand 2-manifolds(giving the objects resp. morphisms) are equipped with an

extra structure that we will referto asn-riggings. The functor B is requiredto satisfy a
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linearity condition explainedbelov. We will usethe notation ® for Segalelliptic objects
and E for Cliord elliptic objects (De nition 4.1.3).

The following de nition of n-riggings is not in Segal'spapers, but it is an obvious
adaptation of Segal'sde nitions if we work with manifolds with spin structures as Segal
proposesto do at the end of x6 in [Se].

De nition 4.1.2. (Riggings) Let Y be a closedspin 1-manifold which is zerobordant.
We recall that assaiated to Y is a Cliord algebra C(Y) (seeDe nitions 2.3.6 and
2.3.7), and that a conformal spin bordism ©from Y to the empty set determinesan
irreducible (right) C(Y)-module F( 9 (the 'Fock space'of ¢ seeDe nition 2.3.12).
The isomorphismtype of F( 9 is independentof °©

Given an integer n, we de ne an n-rigging of Y to be a right C(Y) "-module R
isomorphicto F( 9 " for some ° In particular, sud a conformal spin bordism ©
from Y to ; determinesan n-rigging for Y, namely R = F( 9 ". This appliesin
particular to the caseSegaloriginally considered: if Y is parametrized by a disjoint
union of circlesthen the samenumber of disks can be usedas °

Let be a conformal spin bordism from Y; to Y, and assumethat Y; is equipped
with an n-rigging R;. An n-rigging for is an elemen in the complexline

Pf"( ;R1;Ry) «f Homc(v,) n(R1;R2 covpy) n F() ")

which is well de ned sinceby De nition 2.3.12F () isaleft moduleover C(Y1)°? C(Y,).
If is closed,this is just the ( n)-th power of the Pfaan line Pf() = F(). More
generally if the riggings R; comefrom conformal spin bordisms © from Y; to ;, then
the line Pf"( ;Ry;R,) canbeidentied with the ( n)-th power of the Pfaan line of
the closedconformalspin surface %[y, [v, 1

We want to point out that our de nition of a 1-rigging for a closedspin 1-manifold Y
is basically the “spin version' of Segal'sde nition of a rigging (as de ned in section4 of
[Se2],after De nition 4.4). As Segalmertions in a footnote in x6 of [Se2]a rigging (in his
sense)is the datum neededon the boundary of a conformal surface in orderto de ne
the determinart line Det() (which is the dual of the top exterior power of the spaceof
holomophic 1-formson for a closed ). Similarly, an n-rigging on the boundary of a
conformal spin surface makesit possibleto construct the n-th power of the Pfa an
line of .

Our notion of rigging for a conformal surface,howe\er, is di erent from Segal's(see
De nition 5.10in [Se2]);his is designedto give the datum neededto de ne non-integral
powers of the determinart line Det() (correspndingto a non-integral certral charge).
This is then usedto resole the phaseindeterminancy and get a non-projective functor.
In our setting, only integral powers of the Pfa an line arise, sothat our de nition has
the samee ect.
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A Segalelliptic object o G (X) ! Visrequiredto be linear on morphismsin the
sensehat the operator I‘E’( ; ;) asseiated to a bordism equippedwith an n-rigging
dependscomplexlinearly on

If isatorus, Pf ?() is canonicallyisomorphicto the determinantline Det(). In
particular, an n-rigging on a closedconformal spin torus amourts to the choiceof an el-
emen 2 Det"?(). Evaluating a Segalelliptic object ® over X = pt of certral charge
n on the family of tori = C=(Z + Z ) parametrizedby points 2 h of the upper
half plane (equipped with the non-bounding spin structure), we obtain a sectionof the
complexline bundle Pf" ! h; it is givenby 7! ( 7! B( ; )) 2 Hom(Pf "( );C)
(compare De nition 3.3.5). By construction, this section is SL,(Z)-equivariant; it is
holomorphicby Segal'srequiremert that the operator Ii_f’( ; ) assiated to a conformal
spin bordism  equipped with a rigging depends holomorphially on the conformal
structure (the Teichmeller spaceof conformal structures on  is a complex manifold);
sud CFT's are referredto as chiral. Moreover, the sectionis holomorphic at in nit y
thanks to the “cortraction condition' on B (see[Sel,x6]). In other words, this construc-
tion assaiatesa madular form of weightn=2 to a Segalelliptic object over X = pt.

Chiral CFT's are rigid' in a certain senseso that they are not generalenoughto
obtain an interesting spaceof sud objects (this is not to say that elliptic cohomology
couldn't be descriked in terms of chiral CFT's; in fact it might well be possibleto
obtain the elliptic cohomologyspectrum from a suitable symmetric monoidal categoryof
chiral CFT's the sameway that the K -theory spectrum is obtained from the symmetric
monoidal category of nite dimensional vector spaces). We proposeto study ‘super
symmetric' CFT's which are non-chiral, but whosepartition functions are holomorphic
asa consequencef the built-in super symmetry, seethe proof of Theorem1.0.2in section
3.3.

De nition  4.1.3. A Clior d elliptic object over X is a Cliord linear 2-dimensional
CFT in the senseof De nition 2.3.21,together with a super symmetric re nement. The
latter is given just like in the K -theoretic cortext described in Section3.2 by replacing
conformal surfacesby their (complex) (1j1)-dimensionalpartners. This is explainedin
more detail in Section3.3.

Roughly speaking, the relationship betweena Segalelliptic object of certral charge
n and a Cliord elliptic object of degreen is analogousto the relationship betweenthe
complexspinor bundle Sc( ) and the Cli or d linear spinor bundle S( ) asseiated to a
spin vector bundle of dimensionn = 2k over a manifold X (see[LM, I1.5]). Givena
point x 2 X the b er Sc( )« is a vector space,while S( )4 is a graded right module
over C,, or equivalertly, a gradedleft moduleover C ,, = C(pt) "; we canrecover Sc( )
fromS()asSc()= ¥ ¢, S().

Similarly, given a Cliord elliptic object E over X of degreen, we can produce an
assaiated functor

B:G(X) ! V
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as follows:

given an object of G,(X), i.e. a closedspin manifold Y with arigging R and a map
Y1 X,wedene B(Y;R;) to bethe Hilbert spaceR ¢y » E( );

Givena morphism( ;; ) in G(X) from (Y1; 1;R;1) to (Ys; »;R»), i.e. a confor-
mal spin bordism  from Y; to Y, equipped with an n-rigging 2 Pf"( ;R1;R»),
we de ne the operator E( ; ; ) to bethe composition

1

B( 1) =R, cory) "E(1) ""Ra cvyy n FO) " covay n E( )

"IV R e nE(2)= B( 2 (4.1.4)
seeRemark 2.3.19for the meaningof E ().

It shouldbe emphazisedhat the resulting functor B is not a Segalelliptic object: in
generalthe operators I*_f’( ;) won't depend holomorphically on the complex structure
on , sincethere is no sud requiremen for E() in the de nition of Cliord elliptic
objects. Howewer, as mertioned above, the built in super symmetry for E will imply
that the partition function (for X = pt) of B is holomorphic and sowe obtain a (weak)
modular form of weight n=2.

4.2 The bicategory Dj(X) of conformal 0-,1-, and 2-manifolds

A bicategory D consistsof objects (represemed by points), 1-morphisms(horizontal ar-
rows) and 2-morphisms (vertical double arrows). There are composition maps of 1-
morphismswhich are assiative only up to a natural transformation betweenfunctors,
and an identity 1-morphismexists (but it is only an idertity up to natural transforma-
tions). There are also compositions of 2-morphisms(which are strictly assaiative) and
strict idertit y objects. In particular, given objects a; b there is a categoryD(a; b) whose
objects are the 1-morphismsfrom a to b and whosemorphismsare the 2-morphismsbe-
tweentwo sud 1-morphisms;the composition in D(a;b) is given by vertical composition
of 2-morphismsin D. Given another object ¢, horizontal composition givesa functor

D(b;c) D(a;b) ! D(a;0);

which is assaiative only up to a natural transformation. We refer to [Be] for more
details.

We will rst descrike the geometricbicategory D, (X ). The objects, morphismsand
2-morphismswill be manifolds of dimension0, 1 and 2, respectively, equipped with con-
formal and spin structures, and mapsto X aswell asthe fermionsfrom De nition 2.3.16.
Note that the conformal structure is only relevant for surfaces.

Following is a list of data necessaryo de ne a bicategory We only spell out the case
X = pt, in the generalcaseonejust hasto add piecewisesmooth mapsto X, for all the
0-,1-, and 2-manifoldsbelow. Soit will be easyfor the readerto Il in thosede nitions.
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objects: The objects of D, = D,(pt) are O-dimensionalspin manifoldsZ, i.e. a nite
number of points with a gradedreal line attached to ead of them.

morphisms: A morphismin D,(Z1;Z5,) is either a spin di eomorphism Z; ! Z,, or
a 1-dimensionalspin manifold Y, together with a spin di eomorphism @ ! Z;q Z,.

Comp osition of morphisms:  For two di eomorphisms, one usesthe usual compo-
sition, and for 2 bordisms, composition is given by gluing 1-manifolds, and pictorially

by

Y2 Y1 Y2[ z,Y1
_ .
Z30 Z,0 Zq = 230 ———74;

The composition of a di eomorphism and a bordism is given as for the category By,
namely by using the di eomorphism to changethe parametrization of one of the bound-
ary piecesof the bordism.

2-morphisms:  Given two bordism type morphismsYy, Y, from the object Z; to the
object Z,, then a 2-morphismin D,(Y;Y,) consistseither of a spin di eomorphism
Y. ! Y, (rel. boundary), or it is given by a conformal spin surface together with a
di eomorphism @ = Yi[ z,;z, Yo; this is shematically represeted by the following
picture:

As in the categoryCBJ, we needin addition the following datum for a 2-morphismfrom
Y: to Y,: In the caseof a di eomorphism, we have an elemei ¢ 2 C(Y;) "; in the case
of a bordism, we needa fermion  in the n-th power of the algebraicFock spaceF ()
from De nition 2.3.12.Moreover, we de ne two sud pairs( ;) and( ¢ 9 to givethe
same2-morphismfrom Y; to Y,, if there is a conformal spin di eomorphism : ! ©
sending to °

Givenonespin di eomorphism :Z;! Z, andonebordismY, then onecanform a
closedspin 1-manifold Y by gluing the endsof Y togetheralong . Then a 2-morphism
from to Y is a conformal spin surface together with a fermion in Fy4() and a
di eomorphism @ = Y . Again, two sud 2-morphismsare consideredequalif they are
related by a conformal spin di eomorphism.

Comp osition of 2-morphisms: Depending on the caseat hand, (horizontal and
vertical) composition in the 2-categoryD,, is either given by gluing surfacesor composing
di eomorphisms. This is very similar to the category CB?, so details are omitted.
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As for K -cocycles,it will be important that our enriched elliptic objects presene a
symmetric monoidal structure, certain involutions on the bicategories,aswell as certain
adjunction transformations. The monoidal structure on D, is simply given by disjoint
union, which hasa unit given by the empty set.

The involutions in D,. In the caseof By we mertioned two involutions, called and
. The rst rewversedthe spin structure on (d 1)-manifolds, the secondon d-manifolds.
Soin the caseof D,, it is natural to have 3 involutions in the game,eadt of which reverses
the spin structure of manifoldsexactly in dimensiond = 0; 1 respectively 2. We call these
involutions (in that order), op, and ewenthough it might seemfunny to distinguish
thesenames. Note however, that there'll be analogousinvolutions on the von Neumann
bicategory vN and we wish to be able to say which involutions are taken to which by

our enriched elliptic object.

The adjunction transformation in D,. Given objects Z,, Z, of D,, there is a

functor
Dn(;;Z19 Z2) ! Dn(Z:;Z,): (4.2.1)

On objects, it reinterprets a bordism Y from ; to Z; q Z, as a bordism from Z;* to
Z,. Similarly, if Y1, Y, are two sud bordisms,and is a morphism from Y; to Y, in
the category D,(;;Z1 q Z,), then it can be reinterpreted as a morphism between Y;
and Y, consideredas morphismsin D,(Z:"; Z,). This is natural in Z;, Z,; expressedn
technical terms, it is a natural transformation betweenthe two functors from D, D,
to the category of topological categoriesgiven by the domain resp. range of the functor
4.2.1. 1t is clear that the functor 4.2.1is not surjective on objects or morphisms, since
no di eomorphisms can lie in the image.

4.3 Von Neumann algebras and their bimo dules

Referencedor this sectionare [VN], [Col], [BR] and [Ta] for the generaltheory of von
Neumannalgebras.For the fusion aspectswe recommendin addition [J2], [J4] and [Wa].
We thank Antony Wassermannfor his help in writing this survey.

General facts on von Neumann algebras. A von Neumannalgebr A is a unital

-subalgebraof the boundedoperatorsB (H), closedin the weak (or equivalertly strong)
operator topology. We assumeherethat H is a complex separableHilbert space. For
example,if Sisany -closedsubsetof B(H ), then the commutant (or symmetry algebra)

S'%'fa2 B(H)jas= sa 8s2 Sg

is a von Neumann algebra. By von Neumann's double comnutant theorem, any von
Neumann algebra arisesin this way. In fact, the double comnutant S®is exactly the
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von Neumann algebrageneated by S. For example, given two von Neumann algebras
A; B(H;) onede nes the spatial tensor productA;, A, B(H; H)) to bethe von
Neumannalgebrageneratedby A; and A,.

Just like a comnutative C -algebrais nothing but the cortinuous functions on a
topological space,onecan show that a commutative von Neumannalgebrais isomorphic
to the algebraof boundedmeasurablefunctions on a measurespace.The correspnding
Hilb ert spaceconsistsof the L2-functions which are acted upon by multiplication.

On the opposite side of the story, one needsto understand factors which are von
Neumann algebraswith certer C. By a direct integral construction (which reduces
to a direct sum if the measurespacecorrespnding to the certer is discrete), one can
then combine the commutativ e theory with the theory of factors to understandall von
Neumannalgebras.

The factors comein 3 types, depending on the range of the Murray-von Neumann
dimension function d(p) on projections p 2 A. This function actually characterizes
equivalenceclassesof projections p, or equivalertly, isomorphismclassesof A%“modules
pH. Typel factorsarethosevon Neumannalgebrasisomorphicto B (H) wherethe range
of the dimensionis just f0;1;2;:::;dimc(H)g (wheredimc(H) = 1 is not excluded).
For type Il factors, d(p) can take any real value in [0; 1] and for type II; any value
in [0;1 ] (‘cortinuous dimension'’). Finally, there are type Ill factors for which the
dimensionfunction canonly take the valuesO and 1 . Thusall nontrivial projectionsare
equivalernt. It is an empirical fact that most von Neumannalgebrasarising in quantum
eld theory are of this type.

Example 4.3.1. (Group von Neumann algebras). For a discrete courtable group

onede nes the group von Neumannalgeba asthe weak operator closureof the group
ring C in the boundedoperatorson “?(). It is always of type |1, and a factor if and
only if ead conjugacyclass(of a nontrivial group elemem) is in nite. There are marny
deepconnectionsbetweensud factors and topology descriked for examplein [Lu]. An
application to knot concordanceis givenin [COT].

Example 4.3.2. (Lo cal Fermions). Considerthe Fock spaceH = F() ofaconformal
spin surface asin De nition 2.3.12. If Y is a compact submanifold of the boundary
of we can considerthe Cli ord algebraC(Y) insideB(H). The weak operator closure
is a factor A(Y) which is of type | if Y itself has no boundary. Otherwise A(Y) is a
type Il factor known asthe local fermions [Wal].

We remark that by taking an increasingunion of nite dimensionalsubspace®f the
Hilbert spaceof spinorsV(Y), it follows that A(Y) is hyper nite , i.e. it is (the weak
operator closure of) an increasingunion of nite dimensionalvon Neumann algebras.
It is a much deeper fact that a group von Neumann algebra as in Example 4.3.1is
hyper nite if and only if the group is amenable.

There is a classi cation of all hyper nite factors due to Connes[Col, p.45] (and
Haagerup[H] in the 111, case). The completelist is very short:
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ln: A= B(H) wheren = dimc(H) is nite or courtably in nite.

[11: Group von Neumannalgebras(of amenablegroupswith in nite conjugacyclasses).
All of theseturn out to be isomorphic!

II; : The tensor product of typesl; and ll;.
[11p: The Krieger factor asseiated to a non-transitive ergadic o w.

Il : The Powers factors, where 2 (0;1) is a real parametercoming from the ~ ow of
weights'.

[111: The local fermionsexplainedin Example 4.3.2. Again, theseare all isomorphic.

This classi cation is obtained via the modular theory to which we turn in the next
section. For example, a factor is of type |11, if and only if there is a vacuum vector
for which the modular ow " on the vacuum represemation only xes multiples of .

Tomita-T akesaki theory . We start with a factor A B(H,) and assumethat there
is a cyclic and separatingvector 2 Hg. (Recall that this just meansthat A and
A° are both densein Hg). Then Hg is called a vacuum representation (or standard
form) for A, and the vector isthe vacuumvector. It hasthe following extra structure:
Considerthe (unbounded)operatora 7! a andlet S beits closure. Then S hasa
polar decommsition S = J 72, whereJ is a conjugatelinear isometry with J2 = id and

is a positive operator (usually unbounded). By functional calculusone getsa unitary
ow " referredto asthe modular ow correspndingto , and the main fact about
this theory is that

JAJ = A° and "A T=A

Note that in particular Hy, becomesa bimodule over A by de ning aright action of A on
Ho by 9(a) ) (a) J in terms of the original left action (a). This structure encales
the " ow of weights' which classi esall hyper nite factors as explainedin the previous
section.

It turns out that up to unitary isomorphism,there is a unique pair (Hg;J) consisting
of a (left) A-module Hy and a conjugatelinear isometry J: Ho ! Hg with JAJ = AC
sudh a pair is referedto as vacuum representation of A. For a given von Neumann
algebraA there is a more sophisticatedconstruction of sud a pair, evenin the absence
of a cyclic and separating vector. In this invariant de nition (see[Col, p.527]), the
vacuum represetation is denotedby L?(A), in analogyto the comnutativ e casewhere
A = L' (X) and L?(A) = L?(X) for somemeasurespaceX . Similarly, if A is a group
von Neumannalgebracorrespnding to  then L?(A) = ‘2().P If one chgeses to be
the -function concetrated at the unit elemen of , then J(' ,ag) = . ag * and

= id.
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Remark 4.3.3. A vacuumvector de nes a faithful normal state on A via

@ %h i,
Dening (a) &' 1225 12 2 A for entire elemens a 2 A (this is a densesubsetof A
for which  is de ned, see[BR, | 2.5.3]) one can then verify the relation [BR, | p.96]

(=" ( a) ()

for all ertire elements a;bin A. It followsthat ' isatraceif andonly if = id. Sud
vacuum vectors can be found for typesl| and I1.

Remark 4.3.4. The independencefrom implies that the image of the modular ow
(given by conjugationwith ' on A) de nes a canonicalcertral subgroupof Out(A) gef
Aut(A)=Inn(A). As discussedin the previous remark, this quotient ow is nontrivial
exactly for type I11. Alain Connessometimesrefersto it asan ‘intrinsic time', de ned

only in the most noncomnutativ e setting of the theory.

Example 4.3.5. Considerthe exampleof local fermionsin the specialcasethat = D?2
and @ = Y[ Y. isthe decompmsition into the upper and lower semicircle. It wasshavn
in [Wa] that in this casethe operatorsJ and ™ can be descrited geometrically: J
acts on the Fock spaceF () by re ection in the real axis, which clearly is of order two
and interchangesA(Y) and A(Y.) = A(Y)% Moreover, the modular ow ' on A(Y) is
induced by the Mebius ow on D? (which xes 1= @). This impliesin particular
that the Fock spaceis a vacuum represemation (with asthe vacuum vector):

F() = L2A(Y))

The last statemert is actually true for any surface and any Y @ which is not
the full boundary. In the latter case,A(@ = B(F()), soF() is not the vacuum
represetation of A(@). In fact, the vacuum represetation L?(B(H)) of B(H) is
given by the ideal of all Hilb ert-Schmidt operatorson H (with the operator J given by
taking adjoints, and = id). This is a good exampleof a construction of the vacuum
represemation without any canonicalvacuum vector in sigh.

Bimo dules and Connes fusion. Given two von Neumann algebrasA;, an A,
Aj-bimaduleis a Hilbert spaceF togetherwith two normal (i.e. weak operator cortinu-
ous) -homomorphismsA,! B(F) and AP ! B(F) with comnuting images.Here A%
denotesthe opposite von Neumann algebrawhich is the sameunderlying vector space
(and same operator) as A but with the order of the multiplication reversed. One can
imagine A, acting on the left on F and A; acting on the right.

Givenan A; A, bimodule F, and an A, A; bimodule F;, on can construct an
Az A; bimodule F, A, F1 known asthe Connesfusion of F, and F; over A,. This
construction is not the algebraictensor product but it introducesa certain twist (by the
modular operator ) in orderto stay in the categoryof Hilbert spaces.
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De nition  4.3.6. (Connes fusion). It isthe completionof the pre-Hilbert spacegiven
by the algebraictensor product F, F;, where

def
F2 = Bag (Hoi F2)

are the boundedintertwiners from the vacuumHgy = L2(A,) to F,. An inner product is

obtained by the formula

hx Y idzefh;(x;y) IFy 7 2F Xy2F;

wherewe have usedthe following A,-valued inner product on F,:

def
(X;y) = Xy 2 Baz(Ho; Ho) = Ay

Note that this makesF, into a right Hilb ert module over A, and that the Connesfusion

is nothing but the Hilbert module tensor product with F; and its A,-action. SinceA3P

and Aj still act in the obvious way, it follows that the Hilbert spaceF = F, a, F;1is

an A; Aj-bimodule.

This de nition looks tantalizingly simple, for exampleone can easily ched that the
relations
xa X a =0 a2A; 2F;x2F

aresatised in F, a, F1 (becausehis vector is perpendicularto all elemeints of F, F;
with respect to the above inner product). This assertionis true usingthe obvious A3°-
action on F, for which xa(v) = x(av); v 2 Hy. Howewer, if onewants to write elemerts
in the Connesfusionin terms of vectors in the original bimodulesF; and F, (rather than
usingthe intertwiner spaceF,), then it turns out that this action hasto be twisted by .
This can be seenmore preciselyasfollows: First of all, one hasto pick a vacuum vector

2 Hy (or at leasta normal, faithful semi nite weight) and the construction belowv will
depend on this choice. There is an obvious enbedding

iR Ry x 7 x()

and the crucial point is that this map is not As-linear. To do this calculation carefully,
write  (a) for the left A, action on Hy and ©°(a) for the right action. Recall from
the previoussectionthat °(a) = J (a) J which implies the following formulas, using
J = = andthat S=J 2 hasthe de ning property S( (a)) = (a) .

x() a=x(°a)) =xQ (@J)

— X(J 1=2 1=2 (a) 1=2)

x(S( 2 (@ H))
x(? (@ )
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Recall from Remark 4.3.3that (a) = *2a 2 2 A, is de ned for ertire elemeits
a2 A,. Thenwe seethat i hasthe intertwining property

i (x (a) =1 (x)a forall ertire a2 Aj: (4.3.7)

This explains the connection between the Connesfusion de ned above and the one
givenin [Col, p.533]as follows. Considerthe AJP-invariant subsetF, = im(i ) of the
bimodule F,. Theseare exactly the = -boundedvectors'in [Col, Prop.6, p.531]where
in our casethe weight is simply givenby (a) = ha ; in,. One canthen start with
algebraictensors

2 1W|th 12 Fi; 22 F» F,

instead of the spaceF; F, usedabove. This is perfectly equivalent exceptthat the
-twisting of the map i translatesthe usual algebraictensor product relationsinto the
following "Connes'relations which hold for all ertire a2 Aj:

a8 1= 2 (&) 1= 2 ¥ 2. 12F; 22F; F

Remark 4.3.8. (Symmetric form of Connes fusion) There is the following more
symmetric way of de ning the Connesfusion which was introducedin [Wa] in order to
actually calculate the fusion ring of positive energy represetations of the loop group
of SU(n). One starts with the algebraictensor product F, F; and de nes the inner
product by

o Xiiys i & MXiy1 1 XoY2 ine = WYoXoXyyr 5 iw,  fOr Xiyi 2 F

One can translate this "4-point formula' to the de nition given above by substituting

= x1() ; = yi(). It usesagainthat x;y; 2 A, and also the choice of a vacuum
vector. After translating this de nition into the subspaced; of F;, onecan alsowrite
the Connesrelations (for ertire a in A,) in the following symmetric form:

2 a ™ 1= Ha Y i 2F Fi

Remark 4.3.9. (Subfactors). We shouldmertion that the fusionof bimoduleshashad
a tremendousimpact on low dimensionaltopology through the work of Jones, Witten
and many others, see[J3] for a survey. In the cortext of the Jonespolynomial for knots,
only the hyper nite 11, factor wasneededsothe subtlety in the Connesfusiondisappears
(because = id if one usesthe trace to de ne the vacuum). Howewer, the interesting
data camefrom subfactorsA B, i.e. inclusionsof one factor into another. They give
riseto the A B bimodule L?(B). Ilterated fusion leadsto very interesting bicategories
and tensor categories,compareRemark 4.3.13.

The main reasonConnesfusion arisesin our cortext, is that we want to glue two
conformal spin surfacesalong parts of their boundary. As explainedin Section2.2, the
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surfaceslead naturally to Fock modulesover Cli ord algebras.Using the notation from
the Gluing Lemma 2.3.14,the questionariseshow to expresskF( 3) asa C(Ys) C(Yy)
bimodule in terms of F( ;) and F( ;). In Lemma 2.3.14 we explained the case of
type | factors, wherethe modular operator = id sothere is no di erence betweenthe
algebraictensor product and Connesfusion. This caseincludesthe nite dimensional
setting (and hencekK -theory) aswell asthe gluing formulasfor Segaland Cli ord elliptic
objects (as explainedin Example 4.3.2,type | corresppndsexactly to the casewherethe
manifold Y alongwhich one gluesis a closal 1-manifold).

After all the preparation, the following answer might not come as a surprise. We
only formulate it in the absenceof closed componerts in ;, otherwise the vacuum
vectors might be zero. There is a simply modi cation in the generalcasewhich uses
isomorphismsof Pfa an lines of disjoint unions of closedsurfaces. Similarly, there is a
twisted versionof this result which we leave to the reader. We note that in the following
the de nition of fusion hasto be adjusted to take the grading on the Fock modulesinto
accourt. This canbe doneby the usualtrick of Klein transformations.

Prop osition 4.3.10. There is a unique unitary isometry of C(Y3) C(Y:) bimaodules

F(2) awngF( 1) T F(3)
sending » 1o 3.

Recall that A(Y;) is the von Neumann algebrageneratedby C(Y;) in the bounded
operatorson F( ;). One knowsthat F( ;) is a vacuum represetation for A(Y,) with
vacuumvector , [Wa]. Therefore,the above expression ; 1 is well de ned in the
Connesfusion. The uniquenessf the isomorphismfollows from the fact that both sides
areirreducible C(Y3) C(Y;) bimodules.

The bicategory VN of von Neumann algebras. The objectsofvN arevon Neumann
algebrasand a morphism from an object A; to an object A, isaan A, A; bimodule.

Comp osition of morphisms: Is given by Connesfusion which will be denoted pic-
torially by

F2 Fi1

A0 A0 A = A——A;;

Recall that this operation is assaiative up to higher coherence(which is ne in a bi-
category). Moreover, the idertity morphism from A to A is the vacuum represetation
Ho = L?(A) which thereforeplays the role of the “trivial' bimodule. This is in analogyto
the trivial 1-dimensionalrepresetation of a group.
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2-morphisms:  Giventwo morphismsF,, F, from the object A; to the object A,, then
a 2-morphismfrom F; to F, is a boundedintertwining operator T 2 Ba, a,(F1;F2), i.e.
a boundedoperator which comnutes with the actionsof A; and A,. Pictorially,

F1

SN

Az,\ T Al

N g

F2

vertical composition: Let Fj, i = 1;2;3 be three morphismsfrom A; to A,, let T,
be a 2-morphismfrom F; to F, and let T, be a 2-morphismfrom F, to F3. Then their
vertical composition is the 2-morphism T, Ty, which is just the composition of the
boundedoperators T; and T,. Pictorially,

Fi
m {/—\
Ag,\o—':”; A = T2 Ta
\\_TZ/ \/
Fs Fs

horizon tal comp osition:  The following picture should be self explaining.

Fa a,F1
T2 Ao T1 = T2 Ta
Fa a,F2

Additional structures on vN. The bicategoryvN hasa symmetric monoidal struc-
ture given on objects by the spatial tensor product of von Neumann algebras. There
are also monadial structures on the categoriesof bimodules by consideringthe Hilbert
tensor product of the underlying Hilb ert spaces.

Involutions on vN. There are also3 involutions
A 7! A°P; F7!F;: T7'T

on the bicategory vN, wherethe rst was explained above and the third is the usual
adjoint map. The conjugateA; A, bimodule F (for a A, A; bimodule F) is given
by the formula

a; vV a OI:Ef(a2 vV a); V2F:
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We leave it to the reader to extend the above de nitions so that they really de ne
involutions on the bicategory vN. This should be done sothat the functoriality agrees
with the 3 involutions in the bicategory D, (X ) becauseour enriched elliptic object will
have to presene theseinvolutions.

Adjunction transformations on vN. Justlikein D,(X), we arelooking for adjunc-
tion transformations of 1- respectively 2-morphisms

VN(C;A; Ay) ! VN(AT;A;) and VN(C;F2 aF1) ! VN(Fz;Fy):

where the left hand side is de ned by consideringthe inclusion of the algebraictensor
productin A; A,. The resulting bimoduleis still referredto asaA; A,-module because
the bimodule structure is in somesenseboring.

To addressthe right hand side,let A = A; A, and consideran A-module F; and an
A°P-module F, (both thought of aslying in the image of the left hand side transforma-
tion). Then we may form the ConnesfusionF, A F; asthe completionof F, F4, see
De nition 4.3.6. There is a natural map

F, Fy ! Ba(FaFy); X 7! . where . (y) d:Qf(y;x):

Here we have usedagain the A-valued inner product (y;x) = y x on F,, aswellas the
linear isometry

Fo = Baow(Ho; F2) ! de:efBA(Ho;Fg) X 71 x £ xJ:

Recallthat F, is an A-module and sois F».
Lemma 4.3.11. In the alove setting, the mapping . is indeed A-linear.

Proof. We usethe careful notation usedto derive equation4.3.7,where (a) denotesthe
A-action on Hy and °(a) = J (a) J the A°-action. Then we get that for a2 A and
y2F;

ay=y °(@=yJQ (@JI)=(y (@) =vya

This implies
x (@y) = (ya;x) = (ya) X
=ay x = a(y;x)
=ay (Y)
which is exactly the statemert of our lemma. O
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Note that  takesvaluesin the Banad spaceof A-intertwiners with the operator
norm. It actually turns out that it is anisometrywith respectto the fusioninner product.
To ched this statemert, we assumefor simplicity that A is of type Ill. Then thereis a
unitary A-intertwiner U : Ho = L?(A) ! F, and heth_pey x = (y U)(U x) is a product
of two elemerts in A andjjy Ujj = jjyjj. Nowletf = ,Xx; ; beandarbitrary elemen
in F,  Fy. Then the norm squaredof ( f) is calculated asfollows:

P -
i yxi) i

i ¢ )ii*= sup

06 y2F, jiii®
= oup ViU ;J;EJLZJ Xi) ilj?
X X |
=0 UXx)iit= hixUU X jig
X T x X |
= hi;(Xi;X) jirp,=h Xi 5 X ilF Ry

] i j
= jitii§, &

This implies the following result becausewe have a functorial isometry which for F, =
L2(A) clearly is an isomorphism. Note that the sameresult holds for bimodules, if there
are two algebrasacting on the left of F, respectively the right of F;.

Prop osition 4.3.12. The alovemap extendsto an isometry
:F2 aF1 T Ba(F2Fy)

In order to de ne our adjunction transformation announcedabove, we now have to
comparethe right hand side of the isometry to VvN(F,; F1). If onethinks of the latter
as all A-intertwiners then there is a seriousproblem in relating the two, becauseof the
twisting property 4.3.70of the inclusioni : F, ] F,. This iswherethe modular operator

hasto comein. At this momert in time, we don't quite know how to resol\e the issue,
but it seemsvery likely that onehasto changethe de nition of vN(F;; F;) slightly. Note
that onecan't usethe right hand side of the above isometry becausetheseintertwiners
cannot be composed, certainly not in an obvious way. This problem is related to the
fact that in the exampleof a string vector bundle, we can only assiate vectorsin the
fusion product to conformal spin surfaces.

Remark 4.3.13. It isinterestingto point out the following special subcategoriesof the
bicategory above. In the Jonesexamplefor a subfactor A B, there are two objects
(namely A and B) and the morphismsare all bimodulesobtained by iterated fusion from
AaL?(B)g. The crucial nite index property of Jonesguararteesthat for all irreducible
bimodules oFg that arise the vacuum represetation Hg is contained exactly oncein
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F g Fand F A F. This condition expressedhe fact that F has nite ‘quartum
dimension'. In [Oc], these bicategorieswere further deweloped and applied to obtain
3-manifold invariants.

If one xes a singlevon NeumannalgebraA, then one can considerthe bicategory
‘restrictedto A'. This meansthat onehasonly A A bimodulesand their intertwiners,
together with the fusion operation. This is an exampleof a tensor category. Borrowing
some notation from Section 5.4 we get the following interesting subcategory: Fix a
compact simply connectedLie group G and a level ° 2 H4BG). Then there is a
canonicallll,-factor A and an embedding

:G ! Out(A) = Aut(A)=Inn(A):

We can thus considerthose bimodules which are obtained from twisting L2(A) by an
elemen in Aut(A) which projectsto ( g) for someg 2 G. We beliewe that a certain
“quartization' of this tensor categorygivesthe categoryof positive energyrepresetation
of the loop group LG at level ".

4.4 Enric hed elliptic objects and the elliptic Euler class

De nition 4.4.1. An enrichd elliptic object of degree n over X is a cortinuousfunctor
Dn(X)! VN to the bicategory of von Neumannalgebras.It is assumedo presene the
monadial structures (disjoint union getstaken to tensor product), the 3 involutions op,

and , aswell asthe adjunction transformations explainedabove. Finally, it hasto be
C-linear in an obvious senseon Cli ord algebraelemens and fermions.

Again, this is only a preliminary de nition becausesomeof the categoricalnotions
have not beende ned yet, and it doesnot cortain super symmetry. The main example
of an enriched elliptic object comesfrom a string vector bundle, hopefully leading to
an Euler classand a Thom classin elliptic cohomology In fact, we hope that it will
ultimately leadto a map of spectra

M String ! tmf

We explain the construction of the Euler classmomertarily classbut we shall usese\eral
notions which are only deweloped in the coming sections. Thus the following outline can
be thought of asa motivation for the readerto read on.

We next outline the construction of a degreen enriched elliptic object correspnding
to an n-dimensionalvector bundle E ! X with string connection. This is our proposed
“elliptic Euler class'of E and it is the main examplethat guidedmany of our de nitions.
In Remark5.0.7we explain brie y how the analogousK -theory Euler classis de ned for
a vector bundle with spin connection. As usual, this will be our guiding principle.

Recallfrom De nition 4.4.1that anenrichedelliptic object of degreen in the manifold
X is a certain functor betweenbicategories

Ez :Dnh(X) ! VN
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Sowe have to explain the valuesof Ez in dimensionsd = 0;1;2. Let S be the string
connectionon E asexplainedin De nition 5.0.9. This de nition is crucial for the under-
standingof our functor Ez and we expect the readerto comebadk to this sectiononce
sheis familiar with the notion of a string connection.

The functor Eg in dimension 0. This is the easiestcasebecausewe can just set
Ee(X) = S(x) foramapx : Z ! X of a 0-dimensionalspin manifold Z. Recall that
S(x) is a von Neumannalgebrawhich is completely determined by the string structure
on E (no connectionis needed).By construction, the monoidal structures on the objects
of our bicategoriesare presened.

The functor Eg in dimension 1. Foread piecewisessmoothmap :Y ! X ofaspin
1-manifold Y, the string connectionS( ) is agradedirreducible C( ) S(@) bimodule.
Here C( ) is the relative Cli ord algebrafrom De nition 2.4.2. To de ne Eg( ) we use
the sameHilbert spacebut consideredonly asa C(Y) " S(@)-bimodule. Note that
this meansthat the module is far from being irreducible. If one takesorientations into
accour, one gets a bimodule over the incoming-outgoingparts of @. The gluing law
of the string connectionS translates exactly into the fact that our functor Ez presenes
composition of 1-morphisms,i.e.it presenes Connesfusion.

The functor Eg in dimension 2. Consideraconformalspinsurface andapiecewise

smothmap : ! X,andletY = @ and = jy. Then the string connectionon
Is a unitary isometry of left C( )-modules
S() :F() =3S()

Herewe usedthe relative Fock module F() = F( E) F() " from De nition 2.4.5.
Recall from the samede nition that the vacuum vector of liesin F( E). Given
afermion 2 Fy4() ", we may thusde ne
. def = .
Be( ;) €SO ) 2S()=E():
This is exactly the datum we needon 2-morphisms( ; ) in D(X),. The behavior of the
string connectionwith respectto a conformalspindi eomorphism : !  C%impliesthe
following important condition on an enriched elliptic object. Assumingthat restricts

to the identity on the boundary and noting that conformality implies o= F( )( ),
we may concludethat

E=( SF()0) =S YHF( X ) = S ) =Ee( )

Finally, Ez preseneshorizontal and vertical composition by the gluing laws of the string
connectionS aswell asthose of the vacuum vectors.
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5 String structures and connections

Givenan n-dimensionalvectorbundleE ! X, wewant to introduceatopologicalnotion
of a string structure and then the geometricnotion of a string connection on E. As usual
we start with the analogy of a spin structure. It is the choice of a principal Spin(n)-
bundleP ! X togetherwith anisomorphismof the underlying principal GL (n)-bundle
with the frame bundle of E. In particular, onegetsan inner product and an orientation
on E becauseone can usethe sequencef group homomorphisms

Spin(n) 1 SO() O(n) GL(n):

Recall that the last inclusion is a homotopy equivalenceand that, for n > 8, the rst
few homotopy groups of the orthogonal groupsO(n) are given by the following table:

k 0 | 1 [2]3]4][5]6]7
O [z=2[z=2[0(z|0]0]|0]Z

It is well known that there are topological groupsand homomorphisms
S(n)! Spin(n)! SOM)! O(n)

which kill exactly the rst few homotopy groups. More precisely SO(n) is connected,
Spin(n) is 2-connected,S(n) is 6-connected,and the above maps induce isomorphisms
on all higher homotopy groups. This homotopy theoretical description of k-connected
covers actually works for any topological group in place of O(n) but it only determines
the groupsup to homotopy equivalence. For the 0-th and 1-st homotopy groups,it is also
well known how to construct the groupsexplicitly, giving the smallest possiblemodels:
onejust takesthe connectedcomponert of the identity, and then the universalcovering.
In our casethis gives SO(n), an index 2 subgroupof O(n), and Spin(n), the universal
double covering of SO(n). In particular, both of thesegroupsare Lie groups. Howe\er,
a group S(n) cannot have the homotopy type of a Lie group since 3 vanishes.To our
best knowledge, there has yet not beenfound a canonical construction for S(n) which
hasreasonable size'and a geometricinterpretation.

The groups String (n). In Section5.4 we construct sud a concretemodel for S(n)
as a subgroup of the automorphism group of “local fermions' on the circle. Theseare
certain very explicit von Neumannalgebras,the easiestexamplesof hyper nite typelll;
factors. We denote by String(n) our particular models of the groups of homotopy type
S(n), and we hope that the choice of this name will becomeapparert in the coming
sections.In fact, Section5.4 dealswith the caseof compactLie groupsrather than just
Spin(n), and we thank Antony Wassermanrfor pointing out to usthis generalization. It
is also his result that the unitary group U(A) of a hyper nite 111,-factor is cortractible

(seeTheorem5.3.3). This is essehal for the theorem belov becausat implies that the

correspnding projective unitary group PU(A) Qef U(A)=T isaK (Z;2).
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Theorem 5.0.2. Consider a compact, simply connected Lie group G and a level * 2
H4(BG). Then one can assaiate to it a canonical von Neumannalgeba Ag- which is
a hyper nite factor of type lll ;. There is an extensionof topological groups

11 PUAg) | G 1 G I 1

such that the boundary map 3G ! ,PU(Ag:) = Z is givenby * 2 H4BG) =
Hom( 3G;Z). Moreover, there is a monomorphism

G Aut(Ag:)

suchthat the composition i is given by the inclusion of inner automorphismsinto all
of Aut(Ag:).

Applied to G = Spin(n) and * = p;=2 2 H4(B Spin(n)) (or ‘level 1') this givestype
I11, factors A, (= A;") and groups String(n) as discussedabove.

De nition  5.0.3. A G--structure on a principal G-bundleis a lift of the structure group
through the above extension. In particular, a string structure on a vector bundle is a
lift of the structure group from SO(n) to String(n) usingthe homomorphismsexplained
above.

Corollary 5.0.4. A G--structure on a principal G-bunde E ! X givesa bunde of von
Neumannalgebas over X .

This bundle is simply induced by the monomorphism above, and henceover eah
x 2 X the b er A(x) comesequipped with a G-equivariant map

x :1s06(G;Ex) ! Out(Ac;;A(X))

where Out(A; B) def Iso(A; B)=Inn(A) are the outer isomorphisms. G-equivariance is

de ned using the homomorphism€ : G! Out(A). It is not hard to seethat the pair
(A(x); x) cortains exactly the sameinformation as the string structure on E,. We
shall usethis obsenation in De nition 5.3.4and henceintroducethe following notation
(abstracting the caseV = E, above):

De nition  5.0.5. Given(G; ) and a G-torsor V, dene aG- V-pointed factor to be
a factor A together with a G-equivariant map

11sog(G; V) | Out(Ag:;A)

where G-equivarianceis de ned using the homomorphism€ : G! Out(A). The choice
of (A; ) isaG--structureonV.

For the purposesof our application, it is actually important that all the von Neumann
algebrasare graded. It is possibleto improve the construction for G = Spin(n) so that
the resulting algebrais indeed graded by using local fermions rather than local loops,
seeSection5.4. The above algebraA, is then just the even part of this gradedalgebra.
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Characteristic Classes. The homotopy theoretical descriptiongivenat the beginning
of Section 5 implies the following facts about existenceand uniquenessof additional
structures on a vector bundle E in terms of characteristic classes.We point out that
we are more careful about spin (and string) structure asis customary in topology: A
spin structure is really the choice of a principal Spin(n)-bundle, and not only up to
isomorphism. In our language,we obtain the usual notion of a spin structure by taking
isomorphismclassesn the category of spin structures. Similar remarks apply to string
structures. The purposeof this re nement canbe seenquite clearly in Proposition 5.0.6.
Let E be a vector bundle over X. Then

E is orientableif and only if the Stiefel-Whitney classw;E 2 H1(X ; Z=2) vanishes.
Orientations of E arein 1-1 correspndencewith H°(X ;Z=2).

In addition, E hasa spin structure if and only if the Stiefel-Whitney classw,E 2
H (X ;Z=2) vanishes.lsomorphismclasseof spin structures on E arein 1-1 cor-
respondencewith H(X ;Z=2).

In addition, E hasa string structure if and only if the characteristic classp;=2(E) 2
H4(X ; Z) vanishes.lsomorphismclassef string structureson E arein 1-1 corre-
spondencewith H3(X; Z).

More generally a principal G-bundleE (classiedby c: X | BG) hasa G--structure
if and only if the characteristic classc () 2 H4(X ; Z) vanishes.lsomorphismclassesf
G--structureson E arein 1-1 correspndencewith H3(X; Z).

In the next two sectionswe will enhancethesetopological data by geometric ones,
namelywith the notion of a string connection. Thesearenneededo construct our enriched
elliptic object for a string vector bundle, just like a spin connectionwas neededto de ne
the K -cocyclesin Section3.

Since String(n) is not a Lie group, it is necessaryto comeup with a new notion of
a connectionon a principal String(n)-bundle. We rst presen sud a new notion in the
spin case,assumingthe presenceof a metric connectionon the bundle.

Spin connections. By De nition 2.3.1, a spin structure on an n-dimensionalvector
bundle E'! X with Riemannianmetric is a graded irreducible bimodule bundle S(E)
over the Cliord algebrabundle C(E) C,. For apoint x 2 X, we denotethe resulting
bimodule S(Ey) by S(x). It is aleft module over the algebraC(x) = C(Ex) C , from
De nition 2.4.2. We now assuman addition that X is a manifold and that E is equipped
with a metric connection.

Prop osition 5.0.6. A spin connectionS on E givesfor each piecewisesmamth path

from x; to x,, an isomorphismbetween the followingtwo C(@) def C(x1)°" C(x5) (left)
maodules: )
S():F() T Homg(S(x1);S(X2));
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where F( ) is the relative Fock module from De nition 2.4.5 (de ned using the con-
nection on E). We assumethat S varies continuously with  and is independentof the
parametrization of | . Moreover, S satis es the following gluing condition: Given another
path ©from X, to xs, there is a commutative diagram

S( Txz )

F(°[x ) /Hom(S(xg); S(xs))

F(9 e FO) 1220 Hom(S(x2): S(Xs))  cxay HOM(S(X1); S(X2))

whete the left vertical isomorphismis the gluing isomorphismsfrom Lemma2.3.14.

Remark 5.0.7. The vacuumvectorsin the Fock modules 2 F( E) de ne a parallel
transport in S(E) asfollows: Recallthat F( ) = F( E) F(I) " andthat F(l) =
C;. Thus the vector 2 F( E) together with the idertity id 2 C , = F(I) "
gives a homomorphismfrom S(x;) to S(xz) via S( )( id). One cheds that this
homomorphismis in fact C,-linear and coincideswith the usual parallel transport in the
spinor bundle S(E).

It is interesting to obsene that thesevacuumvectors  exist for any vector bundle
E with metric and connectionbut it is the spin connectionin the senseabove which
makesit possibleto view them as a parallel transport.

Remark 5.0.8. Thereis auniquespin connectionin the setting of the above proposition.

In the usual language,this is well known and follows from the fact that the b er of the

projection Spin(n) ! SO(n) is discrete. For our de nitions, existenceand uniqueness
follows from the fact that all the bimodulesare irreducible (and of real type) and hence
the isometriesS( ) are determinedup to sign. Sincethey vary cortinuously and satisfy

the gluing condition above, it is possibleto seethis indeterminacy in the limit where

is the constart map with imagex 2 X . Then the right hand side cortains a canonical
elemen, namelyids) and our gluing condition implies that it is the imageunder S( )

of id. Hencethe indeterminacy disappears.

These are the data a spin structure assaiates to points in X and a spin connec-
tion asswiatesto paths in X. It is easyto extend the spin connectionto give data
asseiated to arbitrary 0- and 1-dimensionalspin manifolds mapping to X, just like in
Proposition 3.1.1.

In the next section, and in particular Lemma 5.1.4, we shall explain how all these
data are really derived from ‘trivializing' a 2-dimensional eld theory (called Stiefel-
Whitney theory in this paper). This derivation is necessaryo motivate our de nition of
a string connectionasa ‘trivialization' of the Chern-Simons(3-dimensional) eld theory.
Becauseof the shift of dimensionfrom 2 to 3, a string connectionwill necessarilyhave
0-, 1- and 2-dimensionaldata. As above, it is enoughto formulate the top-dimensional
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data for manifoldswith boundary (intervalsin the caseof spin, conformal surfacesn the
caseof string), sincethe usual gluing formulas determinesthe data on closedmanifolds.
Also as above, the 0-dimensionaldata are purely topological,and in the caseof a string
structure are given by the von Neumannalgebrabundle from Corollary 5.0.4.

String connections.  Werecall from De nition 2.4.2that thereis a (relative) complex
Cliord algebraC( ) de ned for ewery piecewisesmaoth map :Y ! X, whereY is
a spin 1-manifold and X comesequipped with a metric vector bundle E. If Y is closed
then a connectionon E givesa preferredisomorphismclassof gradedirreducible (left)
C( )-modules as follows: Considerthe conformal spin surfaceY | and extend the
bundle

E [ Bdim(E) d:ef( E 0q(Y 1 Rdim(E))

overY f0;1gto abundle E° (with connection)onY | (this usesthe fact that E is
orientable, and hencetrivial over 1-manifolds). In De nition 2.4.5we explainedhow to
construct a Fock module F (E9 from boundary valuesof harmonicsectionsonY 1. It is
a gradedirreducible C( ) module and the isomorphismclassof F (E9 is independen of
the extensionof the bundle with connection. It will bedenotedby [F( )]. If : ! X
is a piecewisesmooth map of a conformal spin surfacewith boundary :Y ! X, then
a connectionon E givesa particular represetative F () in this isomorphismclassas
explainedin De nition 2.4.5.

De nition 5.0.9. Let E! X be an n-dimensionalvector bundle with spin connection.
Assumefurther that a string structure on E has beenchosenand denote by A(x) the
b er of the correspnding von Neumann algebrabundle. A string connection S on E
consistsof the following data.

dim O0: Foreah mapx : Z ! X of a 0-dimensionalspin manifold Z, S(x) is a von
Neumann algebra given by the von Neumanntensor product A(x;) ::: A(Xp)
if X(Z) consistsof the spin points x;;:::;X,. By de nition, A(x) = A(x)°? and
S(;) = C. All thesedata are completely determinedby the string structure alone.

dim 1: For eath piecewisesmooth map :Y ! X of aspin1l-manifoldY, S( ) isa
gradedirreducible C( ) S(@) bimodule. Theset togetherto bimodule bundles
over Mapy(Y; X ) and we assumethat on thesebundlesthere are lifted actionsS( )
of the spindi eomorphisms 2 Di (Y;Y9 which arethe idertity on the boundary:
It is clearthat theseare bimodule mapsonly if onetakesthe action of on C( )
into accoun, aswell asthe action of jg on S(@).

Given anothersudr °:Y?! X with O-dimensionalintersectionon the boundary

x @\ @°=@ = @ °thereareC( [x 9 S(@ [x 9) bimodule
isomorphisms

SC; 9:SCIx ) 7T S() swS(H
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where we used Connesfusion of bimodules on the right hand side, and also the
iderti cations

C([x )=C() C(Yands(@ [x ) S(@) S(@)

The isomorphismsS( ; 9 must satisfy the obvious ass@iativity constrairts. Note
that for closedY, we just get an irreducible C( )-module S( ), multiplicativ e
under disjoint union. We assumethat S( ) is a (left) module in the preferred
isomorphismclass[F ( )] explainedabove.

dim 2: Considera conformal spin surface and a piecewisesmooth map : ! X,
andletY = @ and = jy. Then there aretwo irreducible (left) C( )-modules
in the sameisomorphismclass,namely F() and S( ). The string connectionon

is a unitary isometry of left C( )-modules

S() tF() =S()

sud that for eah conformalspindi eomorphism :( ;) ! ( % 9 the following
diagram comnutes:

s0)
F(O) —S()
F()‘ SCie)

F( 9> 25 9

The module mapsS() t togetherto cortinuoussectionsof the resulting bundles
over the relevant moduli spaces. The irreducibility of the modules in question
implies that there is only a circle worth of possibilities for eacy S(). This is the
conformal anomaly.

Finally, there are gluing laws for surfaceswvhich meetalonga part Y of their bound-
ary. If Y is closedthis can be expressedasthe composition of Hilb ert-Schmidt op-
erators,. If Y hasitself boundary one usesConnesfusion, seeProposition 4.3.10.

Note that the irreducible C( )-module S( ) for 2 LM plays the role of the spinor
bundle on loop spaceLM . We explain in Section4.4 how the vacuum vectorsfor con-
formal surfacedeadto a "conformalconnection’of this spinor bundle. All of Section5.2
is dewoted to discussthe motivation behind our above de nition of a string connection.
This de nition canalsobe givenin the languageof gerbeswith 1- and 2-connection,see
e.g. [Bry]. But the gerbe in questionneedsto be de ned on the total spaceof the prin-
cipal Spin(n)-bundle, restricting to the Chern-Simonsgerbe on eat b er. We feel that
sud a de nition is at leastas complicatedasours, and it lacks the beautiful connection
to von Neumannalgebrasand Connesfusion.
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5.1 Spin connections and Stiefel-Whitney theory

We rst explain a 2-dimensional eld theory basedon the secondStiefel-Whitney class.
We claim no originality and thus skip most proofs. Stiefel-Whitney theory is de ned on
manifolds with the geometric structure (or classical eld) given by an oriented vector
bundle with inner product, and henceis a functor

SW:B3° ! Hilbg

where B3 is the categoryexplainedin Section2.1, wherethe geometricstructure is an
oriented vector bundle with inner product. In the following de nitions we could used
Z=2 instead of R asthe values, but it will be corveniert for further useto stay in the
languageof (real) Hilbert spaces. We usethe enbeddingZ=2=f 1g R and note
that theseare the numbersof unit length. Note alsothat a Z=2-torsor is the samething
asa 1-dimensionalreal Hilb ert space,alsocalled a real line below.

De nition  of Stiefel-Whitney theory . Stiefel-Whitney theory SW asseiatesto a
closedgeometric2-manifold E ! the secondStiefel-Whitney number

SWE! ) ¥hw(E)[]i2Zz=2=f 1g R

To a closedgeometricl-manifold E ! Y it assaiatesthe real line

SWE! Y)EF(F;njr2RF! Y [1;Fjys o= E[ RI™E)g=
whereR" denotesthe trivial bundle and (F1;r;) (Fo;r») if and only if wo(F1[ Fo !
Y SY) ri=r. lf @ =Y and E°! extendsE ! Y, then the equivalenceclassof
(F;wWo(E [ F [ RI™E))) is awell de ned elemen

SW(E°®! ) 2SWE! @ :

It is independen of the choiceof the bundle F by additivit y of w,. This theory by itself
is not very interesting but we shall make se\eral variations, and ultimately generalize
it to Chern-Simonstheory. The rst obsenation is that one can also de ne the value
SW(E ! Z) fora0-manifoldZ. Accordingto the usual eld theory formalismwe expect
that this is a category whosemorphism spacesare real lines (which can then be used
to calculated the value of the eld theory on 1-manifolds). In the spirit of the above
de nition, we start with vectorbundlesF ! Z | which extendthe bundle E [ RY™(E)

onZ f0;1g. Thesearethe objectsin a categorySW(E ! Z) with morphismsde ned
by

Mor(Fi:F,) ¥'SW(F.[ F,! Z  SY) = Mor(F,; Fy)

To completethe description of the theory, we needto assaiate somethingto a bundle
E°! Y overal-manifoldwith boundary Z = @ (with restricted bundleE = EY;). It
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shouldbe an "elemeti in the categorySW(E ! Z) which canthen be usedto formulate
the appropriate gluing laws of the theory. There are various possibleinterpretations of
sud an “elemeti but in the best case,it would mean an object a in the category In
orderto nd sud an object, we slightly enlargethe above category allowing as objects
not just vector bundlesover Z | but more generally vector bundles over Y with
@ = Z f0;1g. The readerwill easilyseethat this hasthe desirede ect.

De nition 5.1.1. Stiefel-Whitney theory is the extende 2-dimensional eld theory de-
scribed above, wherethe geometricstructure on 'Y is given by an oriented vector bundle.
Here the word extende refersto the fact that SW also assignsa small category to
0-manifolds, and objects of this categoryto 1-manifoldswith boundary:.

Relativ e, real Dirac theory . There is an interesting reformulation of the theory
which usesthat fact that our domain manifolds are equipped with a spin structure
and that the bundle E comesa with connection. Enhancefor a momern the geometrical
structure on by a conformal structure. Then we have the Dirac operator D , aswell
asthe twisted Dirac operator Dg. If 2 is a closed,we get an index in KO, = Z=2. For
a closedconformal 1-manifold Y the Dirac operator is just covariant di erentiation in
the spinor bundle from De nition 2.3.1. Henceit comesequipped with a real Pfa an
line Pf(Dy), seeDe nition 2.3.12.1f Y = @ then the relative index of is an elemen
of unit length in Pf(Dy). The sameholds for the twisted case. Finally, for a bundle
with metric over a 0-manifold, we de ne the following relative, real Dirac category. The
objects are Lagrangiansubspaced. in V ? R", whereV is again the orthogonal sum
of the b ersand n is the dimensionof V. TheselLagrangiansshould be thought of as
boundary conditionsfor the Dirac operatoronabundleonZ | which restrictsto V[ R"
on the boundary. In particular, the boundary valuesof harmonic sectionsof a bundle E
over 1-manifold Y de ne an object in the categoryfor Ejgy = Vo[ Vi by rewriting the
spacesn questionasfollows

Vo? RD?2 M? RY=( Vu?W?((R? R

This is in total analogyto the above rewriting of the isometry groups. The morphisms
in the categoryare given by the real lines

Mor(L1; L2) € Homew) ¢, (F(L1);F(L2);

where F (L;) are the Fock spacesfrom De nition 2.2.4. They are irreducible graded
bimodules over the Cliord algebrasC(V) C,. Recall from Remark 2.2.6 that the
oriertation of V speci es a connectedcomponert of suc LagrangiansL and we only
work in this componert.

Lemma 5.1.2. Thereis a canonical isomorphismbetween the two extende 2-dim. eld
theories, Stiefel-Whitney theory and relative, real Dirac theory. For n = dim(E) this
means the following statementsin the various dimensions
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dm 2: SWE'! ) = index(D E) n index(D )2 Z=2,

dm 1. SWE ! Y) = Pf(Dy E) Pf "(Dy), suchthat for Y = @ the element
SW(E®! ) is mapped to the relative index.

dim O: For aninner product spce V, the category SW(V) is equivalentto the aloverel-
ative Dirac categgory, in a way that the objects de ned by 1-manifolds with boundary
correspnd to each other.

The extra geometric structure of bundes with connection is needed to de ne the right
hand side theory, as well as for the isomorphismsalove.

Proof. The 2-dimensionalstatemert follows from index theory, and for the 1-dimensional
statemernt one usesthe relative index on Y |. In dimension zero, recall from Re-
mark 2.2.6that a Lagrangiansubspacel in V ? R" is given by the graph of a unique
isometry V I R". Moreover, parallel transport along a connection gives exactly the
Lagrangian of boundary valuesof harmonic spinorsalong an interval. O

Spin structures as trivializations  of Stiefel-Whitney theory . Fix a manifold X
and an n-dimensionalorierted vector bundle E ! X with metric connection. One may
restrict the Stiefel-Whitney theory to thosebundles(with connection)that are pull-backs
of E via a piecewisesmaooth map Y ! X. Thus geometricstructuresonY make up the
set Mapg(Y; X ), and we call the resulting theory SWEe.

Lemma 5.1.3. A spinstructureon E! X givesa trivialization of the Stiefel-Whitney
theory SWE in the following sense:

dim 2: SWg( ! X)=0if is aclosa 2-manifold.

dim 1: SWe(Y ! X) is canonically isomorphicto R for a closel spin 1-manifold and
all elementsSWe( ! X) with @ = Y are mappd to 1.

dim 0: The set of objects ob(SWe(Ex)) = SO(Ey;R") of the category for a point
x 2 X comeswith a nontrivial real line bunde and isomorphismsMor(by; ) =
Hom( p,; 1) Which are compatible with composition in the category.

Moreover, the last item is equivalentto the usual de nition of a spin structure, and
so all the other items follow from it.

Proof. The 2-dimensional statemert follows from the fact that w,(E) = 0, and the
isomorphismin dimensionl is induced by the relative secondStiefel-Whitney class. To
seewhy the last item is the usual de nition of a spin structure on Ey, recall that the
real line bundle is the sameinformation asa double covering Spin(Ey; R"), and that the
isomorphismsbetweenthe morphism spacedollow from the group structures on SO(n)
and Spin(n). O
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Spin connections as trivializations  of relativ e, real Dirac theory . For the next
lemma, we recall from Remark2.2.6that for ainner product spaceE of dimensionn, the
isometriesO(E; R") are homeomorphicto the spacelL (x) of Lagrangiansof E, ? R".

Lemma 5.1.4. A spin connection S on an oriented bunde E ! X with metric and
connection givesa trivialization of the relative, real Dirac theory on Maps( ;X) in the
following sense:

dim 2: index(Ds g) = n index(D )2 Z=2if is aclosa 2-manifold andf : ! X
is use to twist the Dirac operator on by E.

dm 1: Forf : Y ! X, Y aclosa spin 1-manifold, there is an isomorphism S(f) :
Pf(f E) = Pf"(Y), taking twisted to untwisted indices of Dirac operators of sur-
faces with @ =Y.

dim 0: For eachx 2 X, there is a gradal irreducible C(Ex) C, bimodule S(x) =
S(Ex) which givesa nontrivial line bunde over the connected component of L (x)
(given by the orientation of E,). Here the line over a LagrangianL 2 L(X) is
Homc () (S(x); F (L)), where C(x) = C(Ex) C , (and hene S(x) is a left C(x)-
maodule). Moreover, for eachpath  from x; to X,, the spin structure on E induces
an isomorphismbetween the following two left modulesover C(x1)°®  C(X»):

S():F() T Homr(S(x1);S(x2))

wheee F () is the relative Fock module from De nition 2.4.5. When two paths are
composel along one point, then the gluing laws from Proposition 5.0.6 hold.

Note that the bimodulesS(x) = S(E4) t togetherto givethe C,-linear spinor bundle
S(E), sowe have nally motivated our De nition 2.3.1of spin structures. The vacuum
vectorsin the Fock modulesF ( E) de ne a parallel transport in S(E). It is interesting
to note that thesevacuumvectorsexist evenfor an oriented vector bundle E (with metric
and connection) but it is the spin structure in the senseabove which makesit possible
to view them as a parallel transport in the spinor bundle.

Proof. The result follows directly from Lemmas5.1.2 and 5.1.3. In dimension O one
de nes S(Ey) in the following way: For a given Lagrangian L we have a Fock space
F (L) but alsothe line | from Lemma5.1.3(sincel is the graph of a unique isometry).
Moreover, given two LagrangiansL; we have given isomorphisms

F(Li1) o, =F(L2) o,

which areassaiative with respectto athird Lagrangian. Therefore,we may de ne S(Ey)
as the direct limit of this system of bimodules. Note that S(Ey) is then canonically
isomorphic to ead bimodule of the form F (L) L and so one can recover the line
bundle from S(Ey). In fact, the bimodule and the line bundle cortain the exactsame
information. O
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5.2 String connections and Chern-Simons theory

We want to explain the stepsanalogousto the onesin the previous sectionwith w, 2
H2(BSO(n); Z=2) replacedby a\level" * 2 H4(BG;Z). The most interesting casefor
us is the generatorp;=2 of H4(B Spin(n); Z) which will lead to string structures. The
analogueof Stiefel-Whitney theory is (classical) Chern-Simonstheory which we brie y
recall, following [Fr1]. We shall restrict to the casewherethe domain manifolds are spin
asthis is the only casewe needfor our applications.

Let G be a compactLie groupand x alevel " 2 H4BG;Z). Ford= 0;:::;4 we
consider compact d-dimensional spin manifolds M ¢ together with connectionsa on a
G-principalbundle E'! M. The easiestinvariant is de ned for a closed4-manifold M 4,
and is given by the characteristic number hcc (7);[M]i 2 Z, wherece : M ! BGisa
classifyingmap for E. It is independen of the connectionand one might be tempted
to view it asthe analogof SW(E ! ) 2 Z=2 of a closedsurface . Howeer, this is
not quite the right point of view. In fact, Chern-Simonstheory is a 3-dimensional eld
theory

CS=CS :BY ! Hib¢

in the senseof Section 2.1, with geometric structure being given by G-bundles with

connection. The value CS(M 3;a) 2 S for a closed3-manifold is obtained by extending
the bundle and connectionover a 4-manifold W with boundary M, and then integrating
the Chern-Weil represetativ e of * over W. By the integrality of ° on closed4-manifolds,
it followsthat onegetsa well de ned invariant in S! = R=Z, viewed asthe unit circle in

C (just likez=2= f 1gwasthe unit circle in R). Thus we think of this Chern-Simons
invariant asthe analogueof SW(E ! ). One canthen usethe tautological de nitions

explainedin the previoussectionsto get the following valuesfor the invariant CS(M ¢; a),

leadingto an extendel 3-dimensional eld theory.

|d|[M%closed |@1°6; |
4 || elemen in Z | elemen in R reducingto invariant of @V
3 || elemen in S | point in the hermitian line for @\

2 || hermitian line | object in the C-categoryfor @V

1 || C-category

By a C-category we mean a category where all morphism spacesare hermitian lines.
In Stiefel-Whitney theory we asseiated an R-categoryto 0-manifolds. So R has been
replacedby C and all dimensionshave moved up by one. It will be crucial to understand
the O-dimensionalcasein Chern-Simonstheory, wherevon Neumannalgebraserter the
picture.

Relativ e, complex Dirac theory . First we stick to dimensionsl to 4 as above and
explain the relation to Dirac operators.
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Theorem 5.2.1. For G = Spin(n) at level = p;=2, the alove extendel Chern-Simons
theory is canonically isomorphic to relative, complexDirac theory.

In Dirac theory one has conformal structures on the spin manifoldsM which enables
oneto de ne the Dirac operator Dy, , aswell asthe twisted Dirac operator D,. Herewe
usethe fundamertal represetation of Spin(n) to translate a principal Spin(n)bundle into

relative, complexDirac theory is given by the following table of classicalactions. It is a
(well known) consequencef our theoremthat the relative theory is metric independent.
Let M be a closedd-manifold and E an n-dimensional vector bundle E over M with
connectiona.

def

d| Dmda) &

4 || index®(M;a) £ Lindex(D,) % index(Dw) 2 Z
3| (M%a) 2 St

2 || Pf"®'(M2; a), a hermitian line

1] [Fr¥(M1;a)], a C-categoryof represemations

Proof of Theorem 5.2.1. The statemern in dimension4 follows from the index theorem
(seebelon) which implies that the relative index in the above table equalsthe char-
acteristic classhp;(E)=2;[M 4)i on closed4-manifolds. In dimension3, we rst needto
explain the invariant . It is onehalf of the reduced -invariant which shavs up in the
Atiy ah-Patodi-Singerindex theoremfor 4-manifoldswith boundary (where we are using
the Dirac operator twisted by the virtual bundle E R"):

Z

index(Dy+,) n indexDy)= AM)&E C;a) ~@;a) 2R
M

Both indicesabove are even dimensionalbecauseof a quaternion structure on the bundles
(coming from the fact that the Cli ord algebraC, is of quaterniontype). Applying this
obsenation together with the fact that the Chern character in degree4 is given by
pi(E C)=2= pi(E) onegets
Z
pi(E;a) ~@1;a) mod 2Z

M
Sincewe are assumingthat E is a spin bundle, the left hand sideis an ewven integer for
closedM . Therefore,we may divide both sidesby 2 to obtain a well de ned invariant
rel(@; a) in R=Z which equalsCS(@\ ; a).
In dimension2, oneneedsto understandthe Pfa an line of the skew-adjoirt operator
D7, aswell asthe correspnding relative Pfa an line

Pf'®(M;a) = Pf(a) Pf(Dy) "
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in the above table. The main point is that the relative -invariant above canbe extended
to 3-manifoldswith boundary sothat it takesvaluesin this relative Pfa an line. There-
fore, one can de ne an isomorphism of hermitian lines CS(M2;a) | Pf'®((M2;a) by
assiating this relative -invariant to a connectionon M? | (extending a respectively
the trivial connection).

Finally, for a closed1-manifold, [F "®(M *; a)] is the isomorphismclassof twisted Fock
spacesexplained in De nition 2.3.12. They can be de ned from harmonic boundary
valuesof twisted Dirac operatorson M | . The isomorphismclassof the bimodule does
not depend on the extensionof bundle and connectionto M |. Ead of these Fock
spacess a complexgradedirreducible represetation of the Cli ord algebra

Crel(M;a) — C(E;a)Op C(M) dim(E);

the latter replacingC,, = C(pt) " from Stiefel-Whitney theory. Given the isomorphism
classof sud a bimodule, there is an assaiated C-category whose objects are actual
represemations in this isomorphismtype, and whosemorphismsare intertwiners. The
equivalenceof categoriesfrom CS(M; a) to the C-categoryde ned by [F®(M;a)] is on
objects given by sendinga connectionon M! | (extending a respectively the trivial

connection)to the Fock spacede ned from harmonic boundary valuesof twisted Dirac
operatorson M |. By de nition, this is an object in thecorrect category To de ne
the functor on morphisms,one usesthe canonicalisomorphism

PF(M*  S%a) = Homcray sia(F™(M  1;20);F™™(M  1;a))

wherea is a connectionon a bundle over M S* which is obtained by gluing together
two connectionsag;a; on M |. OJ

5.3 Extending Chern-Simons theory to points

Fix a compact, simply connected,Lie group G and a level = 2 H4(BG). Recall from
Theorem 5.0.2 that there is a von Neumann algebrasA = Ag: and a G-kernel (see
Remark 5.4.3)
e:G | Out(A) £ Aut(A)=Inn(A)

canonicallyassaiatedto (G; ). Moreover, € de nes the extensionG- of G by PU(A) =
Inn(A) and lifts to a monomorphism : G-! Aut(A). We want to usethesedata to
de ne the Chern-Simonsinvariant of a point.

On a G-bundle V over a point, we rst pick a G--structure. Recall from De ni-
tion 5.0.5that this is an algebraA, togetherwith a G-equivariant map

v 11sas(G;V) | Out(A: Ayv) £ Iso(A; Ay)=Inn(A)

It turns out that the Out(A)-torsor Out(A; Ay ) is actually de ned independertly of the
choice of such a G--structure.
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De nition 5.3.1. We de ne CS(V) to be the Out(A)-torsor Out(A; Ay).

The above independenceargumert really shows that there is a map
Isog(V1;V2) | Out(Ay,; Ay,)

which is well de ned without choosing G--structures. In particular, without knowing
what the algebrasA,, really are. When applying this map to the parallel transport of a
G-connectiona an interval |, we get the value CS(l ; a).

To motivate why this de nition really extends Chern-Simonstheory to points, we
proposea whole new picture of the theory.

Chern-Simons theory revisited. We propose a rigidi ed picture of the Chern-
Simons actions motivated by our de nition in dimension 0. For a given (G; "), the
Chern-Simonsinvariant CS(M ¢; a) for connectedd-manifolds would then take values
in mathematical objects listed in the table belov. Note that the valuesfor closedspin
manifolds are special casesof manifolds with boundary, i.e. the entries in the middle
column are subsetsof the ertries in the right hand column.

| d] M closed |96 ; |
4\ Z R
3| st U(A)
2 | PU(A) Aut(A)
1| Out(A) Out(A)-equivariant maps
0 || spaceof Out(A)-torsors

HereA = Ag. isthe von Neumannalgebradiscussedn the previoussection. The guiding
principle in the table aboveis that for closedconnectedd-manifoldsM , the Chern-Simons
invariant CS(M ¢; a) should be a point in a particular versionof an Eilenberg-MacLane
spaceK (Z;4 d) (whereasfor manifolds M with boundary one gets a point in the
correspnding cortractible space).More precisely for K (Z;4 d) we usedthe models

Z; S'=R=Z; Inn(A) = PU(A) = U(A)=S!; Out(A) = Aut(A)=Inn(A);

for d = 4;3;2;1. Our model of a K (Z; 4) is the spaceof Out(A)-torsors. This is only
a conjectural picture of classical Chern-Simonstheory but it should be clear why it
rigidi es the de nitions in Section5.2: Every point in PU(A) de nes a hermitian line
via the S*-torsor of inverseimagesin U(A). Moreover, every point in g 2 Out(A) de nes
anisomorphismclassof [F4] of A A-bimodulesby twisting the standardbimodule L2(A)
by an automorphismin Aut(A) lying above g. This de nes the C-categoryof A A-
bimodulesisomorphicto [F].
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Remark 5.3.2. The homomorphism€ : G ! Out(A) shouldbe viewed asfollows: An
elemet in G givesa G-bundle with connectionay on S* via the clutching construction.
Then €(g) = CY(St;a,). In the previous section we explained a similar construction
which givesCY(l ; @), and alsothe value of CS on points. Thus we haven't explainedthe
de nition of the rigidied Chern-Simonsinvariant only for surfaces.

We will not seriouslyneedthe new picture of Chern-Simonstheory in the following
becausewe really only want to explain what a “trivialization' of it is. But we do spell
out the basicresultswhich are necessaryto make this picture precise. Sincewe couldn't
nd these statemers in the literature (only the analogousresults for 11,-factors were
known before), were originally formulated them as conjectures. We recerily learned
from Antony Wassermanrthat they are alsotrue in the I11;-cortext. His argumert for
the cortractibilit y of U(A) is a variation of the argumern for type | givenin [DD], for
Aut( A) hereducesthe problemto the typell case.

Theorem 5.3.3. (W assermann). If A is ahyper nite type lll ;-factor then the unitary
group U(A) is contractible in the weak (or equivalently strong) operator topology. More-
over, the automorphismgroup Aut(A) is also contractible in the topology of pointwise
norm convegene in the predual of A.

It follows that PU(A) = U(A)=T is a K(Z;2). One hasto be more careful with
the topology on Out(A) = Aut(A)=PU(A) becausewith the quotient topology this is
not a Hausdor space(using the above topologies,PU(A) is not closedin Aut(A)). A
possiblestrategy could be to de ne a cortinuousmap X ! Out(A) to be any old map
but together with local cortinuous sectionsto Aut(A).

String connections as trivializations of Chern-Simons theory. LetE! X bea
principal G-bundle with connection. We get a Chern-Simonstheory for E by restricting
to those bundles with connection on spin manifolds M ¢ which come from piecewise
smooth mapsM | X via pullback. Thus the new geometric structures on M are
Maps(M ; X) and we get the Chern-Simonstheory C& .

De nition  5.3.4. Let G- be the group extensionof G at level = constructed in Sec-
tion 5.4. Then a gemetric G--structure S on E is a trivialization of the extended
Chern-Simonstheory CS: . For a closedspin manifold M in dimensiond this amourts to
the following “lifts' of the Chern-Simonsaction on piecewisesmooth mapsf : M9!1 X:

| d | valuesof S(f) = S(f : M1 X)) |
4 || the equation CS(f ) = 0, no extra structure!
3| S(f) 2 R reducesto CS(f) 2 R=Z

2 || S(f) isapoint in the line CY(f )
1

0

S(f) is an object in the C-categoryCY(f)
forx 2 X, S(x) isaG- Ey-pointed factor
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The last line usesDe nition 5.0.5. There are also data asseiated for manifolds M

with boundary, and thesedata must t togetherwhengluing manifoldsand connections.
Note that for d 3, S(f : M9 1 X) takesvaluesin the sameobjects as CS(F) if
F:w® 1 X extendsf, ie. @V = M. By construction, they both project to the
samepoint in the correspnding quotient given by CS(f). The geometric G- -structure
onF : W%l 1 X givesby de nition a point in this latter group. For example,if d = 2
then S(F) is the elemen of S* sud that

S(F) S(f) = CSEF) 2 CS()

Finally, we assumethat thesedata t togetherto give bundles (respectively sectionsin
thesebundles) over the relevant mapping spaces.

Note that the data ass&iated to points combine exactly to a G--structure on E as
explainedin De nition 5.0.3. Thus a geometric G--structure has an underlying (topo-
logical) G--structure.

Theorem 5.3.5. Every principal G-bunde with G--structure admits a geometric G--
structure, unique up to isomorphism.

In fact, the "space'of geometric G--structures is probably cortractible. The proof
of this theorem will appear elsewherebut it is important to note that the construction
usesa ‘thickening' procedureat ewery level, i.e. one crossesall manifolds M ¢ with 1
and extendsthe bundle f E with connectionover M | in a way that it restricts to
the trivial bundle on the other end. So one seriously hasto usethe fact that all the
structures explainedabove are really ‘relative’, i.e. twisted tensor untwisted, structures.

In the caseG = Spin(n) and ~ = p;=2 we needa more geometricinterpretation. This
is given by the following result which incorporates De nition 5.0.9. There, a geometric
String(n)p, = structure was called a string connection and we stick to this name.

Corollary 5.3.6. Given an n-dimensionalvector bunde E ! X with spin connection.
Then a string connection S on E induces the following data for closel conformal spin
manifolds M 9. In the table kelow, Dy is the conformal Dirac operator twisted by
f (E) for a piecewisesmmth mapf : M ! X andthe data t togetherto give bundes
(respctively sections in thesebundes) over the relevantmapping spaces.

| d | valuesof S(f) = S(f : M1 X)) |
4 || the equationindex(Ds g) = nindex(Dy ), no extra structure!
3| S(f) 2 Rreducesto "®'(M;f E)2 R=Z

2 || anisomorphismS(f) : Pf(f E)=Pf(M) "
1

0

a represetation S(f) isomorphicto [F (f )]
for x 2 X, S(x) is a String(n) Ey-pointed factor
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Again, the last line usesDe nition 5.0.5andthe data in dimensionO give exactly a string
structure on E.

The precisegluing conditionsin dimensions0; 1; 2 were explainedin De nition 5.0.9
and that's all we shall need. The main point is that the von Neumann algebrasfor
0-manifoldscan be usedto decompsethe represetations of closed1-manifoldsinto the
Connesfusion of bimodules. That's the locality condition we needfor our purposesof
constructing a cohomologytheory in the end. Note that by Theorem 5.3.5sud string
connectionsexist and are up to isomorphismdetermined by the topological datum of a
string structure.

Remark 5.3.7. In this Section5.2 we have not taken care of the actions of di eomor-
phismsof d-manifolds,d = 0;1; 2; 3; 4. This is certainly necessaryf onewants the correct
theory and we have formulated the preciseconditions only in De nition 5.0.9 (which is
important for elliptic objects). Howewer, we felt that the theory just presened is com-
plicated enoughasit standsand that the interestedreaderwill be ableto |l the gapsif
necessary

54 Type lll;-factors and compact Lie groups
In this sectionwe discusscanonicalextensionsof topological groups
1! PUA) ! G | G ! 1 (5.4.1)

one for ead projective unitary represetation of the loop group LG of a Lie group
G. The above extensionswere rst found for G = Spin(n) and the positive energy
vacuum represetation at level = = p;=2. We used local fermions'in the construction,
and arrived at the groups String(n) = G . Antony Wassermannexplainedto us the
more generalconstruction (in terms of “local loops') which we shall discussbelow.

In the extensionabove, A is a certain von Neumann algebra, the “local loop alge-
bra’, and one can form the projective unitary group PU(A ) = U(A )=T. If U(A ) is
cortractible, the projective group hasthe homotopy type of a K (Z; 2). In that caseone
getsa boundary map

G | L,PUA)=Z
which we call the levelof . In the special casewhereG is compactand is the vacuum
represemation of LG at level * 2 H4(BG), this leadsto an extensionG- ! G which

was usedin Theorem 5.0.2. By Wassermann'sTheorem 5.3.3, the unitary group is
cortractible in this case.

Lemma 5.4.2. If G is simply connected and compact, then the two notions of levelalove
agree in the sensethat
"2 HYBG) = Hom( 5G;2)

givesthe boundarymap 3G! ,PU(A )= Z in extension5.4.1if is the positive
enegy vacuumrepresentationof LG at level .
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The proof is given at the end of this section. It is interesting to remark that the
“local equivalence'result in [Wa, p.502]implies that the construction leadsto canonically
isomorphicalgebrasA andgroupsG if oneusesany other positive energyrepresetation
of LG at the samelevel ".

Remark 5.4.3. The extension5.4.1lis constructedasa pullback from a homomorphism
G ! Out(A ). Sud homomorphismsare also called G-kernels and they were rst
studied by Connesin [Co2]. He shaved that for G a nite cyclic group, G-kernelsinto the
hyper nite |1, factor are classi ed (up to conjugation) by an obstruction in H3(G; T) =
H4(BG). This result was extendedin Jones'thesisto arbitrary nite groups[J1]. In
a sense,the above construction is anextensionof this theory to compact groups (and
hyper nite 111, factors). More precisely Wassermannpointed out that the extensions
5.4.1 are extensionsof Polish groups and by a generaltheorem have therefore Borel
sections. Thereis then an obstruction cocyclein C. Moore's[Mo] third Borel cohomology
of G which measureghe nortrivialit y of the extension. By a aresult of D. Wigner [Wig],
onein fact hasH*BG) = H3 ., (G;T). In the simply connectedcase(and for tori),
Wassermannhas chedked that the obstruction cocycle in Borel cohomology actually
agreeswith the level * 2 H#(BG). This lead Wassermannto a similar classi cation as
for nite groups, using the unique minimal action (cf. [PW]) of the constant loopson
A .

For our applications to homotopy theory, this Borel cocycle is not asimportant as
the boundary map on homotopy groupsin Lemma 5.4.2. Howewer, it might be an
important tool in the understanding of non-simply connectedgroups becausethe iso-
morphism H4(BG) = H3_,(G;T) cortinuesto hold for all compactLie groups (even
non-connected).

Remark 5.4.4. One drawbad with this more general construction is that the von
NeumannalgebrasA arenot graded,whereasour original construction in terms of local
fermionsgivesgradedalgebrasvia the usualgrading of Cli ord algebras.Wheneer sut
a grading is needed,we shall revert freely to this other construction.

Remark 5.4.5. The “freeloop group’' LG is the group consistingof all piecewisesmaoth
(and cortinuous) loops. The important fact is that the theory of positive energyrepre-
sertations of smooth loop groupsextendsto theselarger groups(cf. [PS] and [J4]).

Let bea projective unitary represemation of LG, i.e., a cortinuoushomomorphism
:LG! PU(H) from LG to the projective unitary group PU(H) Qef U(H)=T of some
complexHilbert spaceH . This group carriesthe quotient topology of the weak (or equiv-
alertly strong) operator topology on U(H). Note that by de nition, we are assuming
that is de ned for all piecewisesmaoth loopsin G. Pulling bad the canonicalcircle
group extension

11 T ! UH) ! PUH) ! 1
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via , weobtain anextensionT ! CG ! LG, anda unitary represetation ~ CG!
U(H).

Let | St be the upper semi-circle consisting of all z 2 S! with non-negative
imaginary part. Let L;G LG be the subgroup consistingof thoseloops :S'! G
with support in | (i.e., (2) isthe idertity elemen of G forz 21). Let C,G < CG be
the preimageof L, G. De ne

A €060 B(H):

to be the von Neumann algebra generatedby the operators ) with 2 [|G. Re-
call that von Neumann'sdouble commutant theorem implies that this is preciselythe
weak operator closure (in the algebraB(H) of all bounded operators on H) of linear
combinations of group elemetts C, G.

To construct the group extension(5.4.1) we start with the group extension

1! LG ! PG ! G ! 1 (5.4.6)

whereP;]G =f 1! Gj (1) = 1g, the left map is given by restriction to | St
(alternatively we canthink of LG asmaps :I ! Gwith ()= ( 1) = 1), and
the right map is given by ewvaluation at z = 1. The ideais to modify this extension
by replacing the normal subgroupL, G by the projective unitary group PU(A ) of the
von NeumannalgebraA (the unitary group U(A ) A consistsof all a2 A with
aa = a a= 1), usingthe homomorphism

LG ! PUA);

given by restricting the represemation to L, G LG. We note that by de nition of
A B(H),wehave (L/G) PU(A) PU(H).

We next obsene that P;G actson L, G by conjugation and that this action extends
to a left action on PU(A ). In fact, this action existsfor the group P'G of all piecewise
smooth path | ! G (of which P;G is a subgroup): To descrite how 2 P'G acts on
PU(A ), extend : 1! G to apiecewisesmooth loop :S!! G andpick alift ~2 CG
of 2 LG. Wedecreethat 2 P'G actson PU(A ) via

[a] 7! [(m)a~(~ )I:

Herea2 U(A) B(H)isarepresemativefor[a] 2 PU(A ). It isclearthat (~)a~~ 1)
is a unitary elemen in B(H); to seethat it isin fact in A , we may assumethat a is
of the form a = ~~) for some~; 2 [, G (theseelemeits generateA asvon Neumann
algebra). Then (~)a~(~ 1) = «~—~ 1), which shavsthat this elemen is in fact in A
and that it is independen of how we extendthe path : 1! Gtoaloop :S'! G,
since o(z) = 1forz 21.
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Lemma 5.4.7. With the atove left action of P'G on PU(A ), the representation
L,G! PU(A) is P'G-equivariant. Therefore, there is a well de ned monomorphism

r:LiG ! PUA)OP'G r()E(( b )

into the semidirect product, whoseimageis a normal sulgroup.

Before giving the proof of this Lemma, we note that writing the semidirectproduct
in the order given, oneindeedneedsa left action of the right hand group on the left hand
group. This follows from the equality

(U101)(U2Q2) = U1 (GiU20; )i
becauseu 7! gug !is aleft actiononu 2 U.

Proof. The rst statemert is obvious from our de nition of the action on PU(A ). To
ched that r is a homomorphism,we compute

rC)r(2)= (1Y D0 (2Y; 2)
(D) (2D 1D 12
:((21)(11); 12)=((12 5 12

=r(12)

To chedk that the image of r is normal, it su ces to ched invariance under the two
subgroupsPU(A ) and P'G. For the latter, invariance follows directly from the P' G-
equivarianceof . For the former, we ched

(ubDOC D Nun=( Y )(u)
=ur(C HOu)h)
=(r( M)
This actually shovsthat the two subgroupsr (L, G) and PU(A ) comnute in the semidi-

rect product group. Finally, projecting to the secondfactor P' G one seesthat r is
injective. O

De nition  5.4.8. We de ne the group G to be the quotient of PU(A ) o P;G by the
normal subgroupr (L, G), in short

G €'PUA )0, cPiG
Then there is a projection onto G by sending[u; ]to ( 1) which haskernelPU(A ).
This givesthe extensionin 5.4.1.
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The representation of G into Aut (A ). Weobsenethat thereisagroupextension
G ! PUA)o_,cP'G ! G

wherethe right hand map sends[u; ]to (1). This extensionsplits becausene can map
gto [1; (g)], where (Q) isthe constart path with valueg. This impliesthe isomorphism

G o0G=PUA)o_cP'G

with the action of G on G de ned by the previous split extension. Note that after
projecting G to G this action becomeshe conjugation action of G on G becausethe
splitting usedconstart paths.

Lemma 5.4.9. There is a homomorphism

'PUA )0, cP'G ! AWA) (ul )%a ()

wheee ¢, is conjugation by u 2 U(A ) and ( ) is the previouslyde ned action of P'G
on A (which wasso far only usel for its induced action on PU(A )).

Proof. The statemen follows (by calculationsvery similar to the onesgiven above) from
the fact that

() Gw=cC(y(): ()

We summarizethe above results as follows.

Prop osition 5.4.10. Thereis a homomorphism :G o G ! Aut(A ) whichreduces
to the conjugation action PU(A ) Inn(A ) Aut(A ) on

PUA)=ker(G ! G)=ker(lG oG ! Go G)

The action of G on G in the right hand semidirectproduct is given by conjugation.
This implies that the correctway to think about the homomorphism is asfollows: It is
ahomomorphism o: G ! Aut(A ), togetherwith alift to Aut( A ) of the conjugation

action of G on Out(A ) (which is givenvia €,: G! Out(A )).

Proof of Lemma5.4.2. SinceP;G is cortractible, the boundary mapsin extension5.4.6

areisomorphisms.Therefore,we needto shavthat : ,L,G! ,PU(A ) isthe same
map asthe level * 2 H4(BG). If G is simply connectedthe latter canbe expressedisthe
inducedmap : ,LG! ,PU(H). Notethat we usethe sameletter for the original

represemation LG ! PU(H) aswell asfor its restriction to L, G. Now the inclusion
L,G ] LG inducesanisomorphismon , andsodoesthe inclusionPU(A )] PU(H).
For the latter one hasto know that U(A ) is cortractible by Theorem 5.3.3 (which is
well known for U(H)). Putting this information together, one gets the claim of our
lemma. O
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